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INTEGRATION OF THE LOADED MKDV-SINE-GORDON
EQUATION WITH A SOURCE

U.A. HOITMETOV

ABsTRACT. The work is devoted to finding the solution of the Cauchy
problem for the loaded modified Korteweg-de Vries—sine-Gordon (mKdV-
sG) equation with a source in the class of rapidly decreasing functions.
The problem is solved by the inverse scattering method. Several examples
are given illustrating the application of the obtained results.
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1. INTRODUCTION
The modified Korteweg-de Vries equation (mKdV)
ur + 6u2ux + Uy = 0

is one of the most well-known models fully integrable by the inverse scattering
method [33]. The mKdV equation can be applied in many areas, including Alfven
waves in a collisionless plasma [22], thin elastic rods [28], hyperbolic surfaces [31],
etc.

Sine-Gordon (sG) equation [1, 37]

Ugpt = SINU

is also a fully integrable nonlinear evolution equation. This equation has numerous
applications in differential geometry [9], magnetic flux propagation in Josephson
junctions [13], propagation of deformations along DNA double helix [36] and many
others. Despite its long history, the sG equation and its various extensions and
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generalizations still remain the object of close attention of researchers [3, 4, 6,
7, 11, 16]. The problems of the theory of solitons have been considered in many
monographs and articles, of which it should be noted |2, 20, 21, 30, 32, 38|.

The MKdV and the sG equations admit breather solutions which are known to
describe few-cycle-pulse (FCP) optical solitons [34]. The MKdV-sG equation

Ugpt + cuium + QUppes = bSinu

with parameters a, b, and ¢, gives a general (1 + 1) — dimensional model describing
FCP optical soliton propagation in two-component nonlinear media [5, 23, 25,
26, 27, 34, 35]. The MKdV-sG equation was studied for supersonic motion of a
crowdion, nonlinear wave propagation in an infinite one-dimensional monatomic
lattice, in which the anharmonic potential competes with the dislocation potential
and which can be solved by the method of inverse scattering transformation, which
is ahead of the light propagation of electromagnetic solitons in a nonequilibrium
medium [5, 23, 25, 26, 27, 34, 35]. The fully integrable form of the mKdV-sG
equation has the following form:

3, .
Ugt + @ iuxum + Uggas | = bsinu.

The integrable model of the mKdV—sG equation describes the propagation of ultra-
short optical pulses in a nonlinear Kerr medium, which demonstrates its remarkable
mathematical capabilities in describing the physics of solitons with several optical
cycles [5, 23, 25, 26, 27, 34, 35]. If in this integrable mKdV-sG equation b = 0, then
we get the mKdV equation, and if ¢ = 0, then we get the sG equation.

In this paper, we will consider the following

Uzt + P(u(xo,t)) (2uwum + umm> = Q(u(z1,t)) sinu + Q(u(za,t)) Uz

(1) N mgp—1

+22 Z s — 1(fk1fmk = szfmk - ]>

k=1 75=0

2) Ll =&fl+ifi™", Tm& >0, k=1T,N, j=0,1,...,my — 1,

system of equations. Where

. n! d ug Uy Ou(z,t)
- " =gt _
Co= o M=o —goetgo w=—g—
0%u(x,t) 0%u(x,t) 0*u(x,t)
Ugt = T ozt Uy = T 922 Uggws = T ozt

and P(u(xo,t)), Q(u(z1,t)), Q(u(xs,t)) are some polynomials in u(xo,t), u(xy,t),

u(xa,t), respectively. Here and in what follows, o1 = ( (Z) _OZ ), 09 = ( 8 BZ ),

o3 = 8 ) are Pauli matrices.

If in equation (1) all polynomials P(u(xo,t)), Q(u(z1,t)), Q(u(zs,t)) are poly-
nomials of degree zero, then we obtain, in the general case, the mKdV - sG equation
with variable coefficients and with a source, and if at least one of the polynomials
P(u(zo,t)), Qu(z1,t)), Qu(xs,t)) is not less than the first degree, then such equa-
tions are called loaded mKdV - sG equations. Loaded differential equations in the
literature [24] are called equations containing in the coefficients or on the right
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side some functionals of the solution, in particular, the values of the solution or
its derivatives on manifolds of lower dimension. The study of such equations is of
interest both from the point of view of constructing a general theory of differential
equations and from the point of view of applications. Among the papers devoted to
loaded equations, the papers [14, 15, 18, 19, 24, 29] and others should be especially
noted.

The system of equations (1)-(2) is considered under the initial condition

(3) u(z,0) = uo(z), z€R,
where the initial function ug(z) (—oo < x < 00) has the following properties:
1)
uo(x) = 0(mod 2w) at  |z]| = oo;
4 o0
D T @)+ @)+ @)+ ] < oo
2) The operator

d  ug(z,0) Uy (,0)
% — 9 g2 + B) g3

has no spectral singularities and has exactly N eigenvalues &;(0),&2(0),...,&n(0)
with multiplicities m1(0), m2(0),...,my(0) in the upper half-plane of the complex
plane.

L(O) =01

. , , T
It is assumed that the vector-functions f{ = ( [l (z,t), fio(x, t)) are normalized
by the conditions

1 > My — M — S m m S
) oo L R A e = ),

where A% _,_(¢) are initially given continuous functions of ¢ (t > 0), k =1,2,..., N,
S—O,l,.. mk—l.

Let the function u(zx,t) have sufficient smoothness and rather quickly tend to its
limits as x — 400, i.e.

u(x,t) = 0(mod 27) at |z| = oo;

(©) /m<( +|x|)u£xt|+2'auxt‘>da:<oo.

— 00

The main goal of this work is to obtain a representation for the solution u(x,t),
f,g(x,t), k=1,2,...,N, j =0,1,...,mp — 1 of problem (1)-(6) within the
framework of the inverse scattering method for the operator L(t). The inverse
scattering problem for the operator L(t) on the entire axis was studied in [10, 17].

2. PRELIMINARIES

Consider the system of equations

: u'(z)
U1z +i§v1 = — =5 V2

u'(w)
2

(7)

Vo — t€vy =

U1,
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on the entire axis (—oo < x < 00), with the potential u(x) satisfying the condition
(8) u(z) = 0(mod 27) for |z| — oo; / (1+ |z))|u/ (z)|dz < .

In this section, we present information concerning the direct and inverse scattering
problems for problem (7)-(8), in the case when the operator L(t) has multiple
eigenvalues.

Under condition (8), the system of equations (7) has Jost solutions with the
following asymptotics

so~<(1))e—i5w 1/”\*(?)6
(s

€x
(9) for z — —o0;
) —i€x

0 .
3~ i x
()

For real &, the pairs of vector functions {¢, ¢} and {¢, ¥} are pairs of linearly
independent solutions for the system of equations (7), therefore
—af(

(10) p=al@Y+bE)Y,  @=-a)y -+,

where

(11)

for x — +o0.

a(§) = W{p, ¥} = o1¢2 — o211,
&) =W{d, e}, a@)a(=¢) +bE)b(—E) = 1.

The function a() (a(£)) allows an analytic continuation to the upper (lower) half-
plane Im¢ > 0, (Im¢ < 0). For |£| — oo, Im& > 0, the a(§) function has the

asymptotic behavior of a(§) = 1+ O (\5\) In addition, the function a(§) (a())

can have only a finite number of zeros &, (&) in the half-plane Im¢ > 0 (Im¢ < 0).
The zeros & (&) of the function a(€) (a(¢)) correspond to the eigenvalues of the
operator L in the upper (lower) half-plane. It is assumed that the operator L has
no spectral singularities, which means that the function a(¢) does not have real
zeros, i.e. a(§) # 0, £ € R. We denote by my, the multiplicities of the eigenvalues
&k, (k=1,2,..., N), respectively.

Functions

(s) 0°
(LU gk) afs (.’IJ§|€ &k 821727"'7m/€_15

are called associated functions to the eigenfunction ¢(x, ). The associated functions
to the eigenfunction 1 (z, £x) are defined similarly.
The eigenfunctions and associated functions satisfy the equations

(Q‘Z)(I,gk) = fk (é)(xvgk) +s (Sszl)(xagk)a

(0)
e (x, &) = e(x, &), k=1,2,...,N, s=0,1,...,mp —1.

According to the definition of eigenfunctions and associated functions, there
exists a so-called chain of normalizing numbers {Xlg, b, X’fnk_l}, such that
the relations hold

ll()
(12) mfk leu O (x,&), k=1,2,...,N, 1=0,1,...,my — 1.
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The function v satisfies the following integral representation

(13) Y= < (1) )eigm —i—/OOK(ar,s)eiESds7

where K(z,s) = Kiy(@,s) . In representation (13), the kernel K(z, s) does not
Ks(x,s)
depend on ¢ and is related to u(x) by the equality
dK
(14) V(@) =K ), (@) = s

The components Ki(x,y), Ko(x,y) of the kernel K(z,y), in representation (13),
for y > x are solutions of the Gelfand-Levitan-Marchenko integral equations

Ki(z,y) — F(z +vy) +/OO /OO Ki(z,2)F(z + s)F(s + y)dsdz = 0,

o0

Kg(a:,y)+/

x

F(z+s)F(s+y)ds + /OO /OO Ko(x,2)F(z + s)F(s +y)dsdz = 0,

where
N mk—l
1 [ ; . Ld” [(z—&)™ ;
F = — + 'ngd — E E k il iz || _
({E) om /_Oor (5)6 5 Zk:1 ~ kafufly! dzv |: CL(Z) e | =&k

rt(€) = %, a(z) — analytic continuation of the function a(§), Im& = 0 to the
upper half-plane of Im z > 0. Now the potential u(z) is determined from the first
equality in (14).

The set

{rt(€), € eR; &, Im& >0; x5, k=1,2,....N, j=0,1,...,my—1}

is called the scattering data for the system of equations (7). The direct scattering
problem is to determine the scattering data from the potential u(z), and the inverse
problem is to reconstruct the potential u(x) from the scattering data of the system
of equations (7).

The following theorem is valid ([8], §6.2).

Theorem 1. The scattering data of the operator L uniquely determine the operator
L.

In what follows, we will often use the results of the following lemma.

Lemma 1. If the vector functions Y (x,() and Z(x,n) are solutions of the equations
LY =(Y and LZ = nZ, then their components satisfy the equalities

d .
I (Y122 — y221) = =i (C — 1) (Y122 + y221) ;

d )
I (Y121 +y222) = =i (C+ 1) (Y121 — Y222) -

This lemma is proved by direct verification.
For convenience, in what follows we introduce the following notation

Epg:@(magk)v k:]-v?a"'vN'



INTEGRATION OF THE LOADED MKDV-SINE-GORDON EQUATION 149

Corollary 1. Under the conditions of Lemma 1, the following equalities hold

s s . - —1)!
(15) Tipr — fiap2 = Z; (gigk))l—o—l (s — 'dac { P }’
and with £ # &
S _1 l '
(16) fljl@2+f}?2‘p1:lz( ( ))z+1( = 'd:z: {f )
0 , Mg — 1,

where VA{f,g9} = fig1 + f292.

Differentiating equality (15) n times by & and setting & = &, we obtain the
following corollary.

Corollary 2. The following equalities are valid

31() 1)

O + fr Blwne) = (fkl D6 + 1 o <m,fk>)+

(n)
W{f,z, sﬁ(m,gk)}, s=1,2,...,my — 1.

For convenience, in what follows we introduce the following notation

n) (n
Q(Plz—@(xfk) k=1,2,...,N.

Note that, according to (1), the follovving equalities hold:
!/
(17) Phat ohe = g (2u pr1e2 + (i1 — @ia) ) :

u/
(18) (Prione)’ = 5 (k1 = Pika)

Let us prove the following lemma.

Lemma 2. If o = (i1, gokg)T is an eigenvector function of the operator L with
potential u(z) corresponding to the eigenvalue &, then the equality

(o)
/ (gpil + goiQ) sinudr =0

—00

s true.

Proof. According to (17)-(18), we have

(o]
/ (gpil + 9022) sin u dx

— 00

1 o0 _ 1 [ .
— 573 (/ (Sﬁklsﬁm) ' sinudx + 5/ (wil . Sﬁig)/&nud;ﬂ)

1 > I ,
=& (—/ (pr1PK2) dcosu — 5/ (g2, — o) COSde) o
o .
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3. EVOLUTION OF SCATTERING DATA

Let the potential u(x,t) in the system of equations (7) be the solution of the
equation

3 .
(19) Uyt + P(u(xo,1t)) (2uggum + umm> = Q(u(z1,t))sinu + G,
where G tends to zero fast enough as z — 4o00. In what follows, we will assume
N my— 1
(20) G =Oulws, )uar +25° 3 Ch oy (FF 7 = flafiy ™).
k=1 j=0
Let’s put
zQ(u(rZ,f)) cosu iQ(u(zq,t)) sinu
A= ,
iQ(u(z1,t))sinu  iQ(u(x1,t)) cos u
i€ 48
. 3
(g + 5§ u2) (—2€2up — i€uge + % + =)

B = P(U(l'(),t))

3 .
(2620, — i, — % — =) (4388 - $42)
In the class of sufficiently smooth functions that are solutions of the equation Lv =
&v, the following functional equalities

] 0 1Q(u(z1,t)) sinu
(21) [L,A]=LA— AL = —i ( L Q(ufe, £ sinu 0 ) ,
[L,B]=LB - BL
(22) _ i ( 0 (3u2Usy + FUzzza) Plu(wo,t)) >
(iuQUW + um“) P(u(xo, t)) 0
hold. From the definition of the operator L(t), we get

oL ( 0 “2>
— =13 .
ot Yer ()

Combining the last equality with the formulas (21), (22) and with the equation
(19), we get that the equation (19) is identical to the operator relation

(23) OL 1L A+ [L,B) = iR,

ot
0 &
R:( 2).
g o0

Let ¢ (z,&,t) be the Jost solution of the equation

where

Lo = &p.
Differentiating this equality with respect to ¢ we obtain
(24) Lip + Lot = oy,

Let’s substitute L; from (23) into (24), we get
(25) (L —&I) (pr — Ap — Byp) = —iRp.



INTEGRATION OF THE LOADED MKDV-SINE-GORDON EQUATION 151

as the result. We will look for the solution (25) in the form

(26) ¢t — Ap — Bp = a(x)y + B(x)e.
To determine «(x) and B(x) we get the equation

(27) Moy + MByp = —Rep,
where

w-(2 %)

VM ="My =a, $TMy=¢"Mp=0,
where ¢ = (¢2 <p1)T, ¥ = (s 1)T. Multiplying (27) by ¢7 and T we get

AT T
(28) a, = Rw’ ﬁx:_w Rso.

a a

According to (9), we have

Based on (19), we have

. 1 itn
—Ap — By — (4z§3P(u(x0, t)) — 4£Q( u(xy, ))) ( 0 )e B —00.
Therefore, from (26) we deduce

é@(u(%,t)h alzx) >0 at z — —oo.

Solving the equations (28), we get

1 x
afa) = - / 5" Rod,

— 00

B (x) — 4i€> P(u(zo, ) —

8@) = —1 [T Rpde+ 418 Plulzo,t) — - Qu(r1.0).

4¢
Thus, the equality (26) can be rewritten as

1 xr
—A@—sza/ " Ropdz -
(29) -

(/ 97 Rpdo + 46 Plu(zo,t) - 12

Using (4) and passing in (29) to the limit at © — oo, we get

Qu(ar. ) )

(30) a; = —/OO VT Ry dx

j 1 [ b [ .
(31) by = 8i€3P(u(xo,t))b — Wb—t— E[m ¢TRo dx — a[m YT Ry da.

Therefore, for Im¢ = 0 we have

drt

(82) —- = <8i§3P(u(xo,t)) - ZQW(W) Lo

+, 2 2
2% rT+ 5,2 (Ges + Gpi) da.

— 00
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Lemma 3. If vector functions p(z,§) = ( #1(2,€) > and Y(z,§) = ( Yi(@,€) )

pa(2,€) Y2 (2, §)
are solutions of the equation (7), then their components satisfy the equalities
oo
(33) / G (191 + p2tp2) da = 0,
—o0
(34 |G+ 68 do = ical )R ulza, ),
Proof. Let’s introduce the following notation:
N mp— 1
D = Qs uze M =23 3" oy (S0 = Hafin ™).
k=1 5=0

Using these notations, the expression (20) can be written as
G=D+ M.
Let

mkl

My, =2 Z me—1 (fklfmk 1 szfmk - j)(@1¢1+<ﬁ2¢2),

then My = My, + My, where
mkfl

My = Z Cf;];qk—l [(fk1@1+fk2@2)( e %1 k - ]¢2>}
3=0

mp—1

+ 22 - o [ (o = Hhaen) (570 + 137 0 )]

my—1

My = Z Gt | (Fawz + flan ) (50702 = 13 ) | +

mk—l

+ Z erﬁkq [(flgﬁD? - fgz@l) (f/?frlij¢2 + f;’;’“’l’j%)} .
=0

According to (15), we have

mkl

My = Z M — 1[V{fk790}

my—1—3 . ( 1 )
mg — mip—1—j—s
P §+5k S‘H(mk—l—]—s USR]

s=0

mpE—1

+Z mkl

It is easy to show that on the right side (35) the coefficients of

V{fk,@} V{fkﬂ/}}

J . l

{ S }Z £+§ l+1 ]i’l) ddv{ ;ilﬁp}}-

=0
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and
V{fkﬂ/’} V{f;w@} 0<r+q¢g<my—1

are the same, so Qg1 is a hnear combination of expressions of the form

d
%(V{fzz,l/)}v{fga@})’ 0§T+q§mk_1;

o0

/ Mklda? =0.
— 00

/ Myodzx = 0.

Using the formulas (6), (7), (9) and (10), we have

and hence

Similarly, using (16), we get

| Dlorn + vy do = Outan.0) [ (orines + patruns) da
= 1 Qu(ao.0) [(prs + o) us )1
~2ute00) [ (e + prvfue + s + pavfu) da
= lim Q(u(zo, 1) (911 + pavre) (e, )| 7
~Uutz0,) | 264 i€00) (¢ iboa) ~h (U +iE1) U (¢l i) do
= lim Q(u(zo, 1) (911 + pavre) (e, )| 75
~2i0(ulan, ) [ (prva+ i) do

= Rlij)noo Qu(wo, 1)) [(pre1 + p2tbo) ug (x, 1) — 2i€ (Pr1ha +1192)]| T = 0.

The following integral is calculated in the same way:

oo

| D@+ e =) [ (B + ) do

— 00 — 00

= Jim Qulan, ) [( + Ao 0)] "~ ulin. 0) [ 2rotus+ieaphn)da

R— o0 o

= lim Q(u(zo,t)) [(@%‘F‘Pg) ux(x,t)”?R

R—o0
oo

Q(u(zo. 1)) / (26, (26} — 2iks) + 20} (~20), — 2i€pr)) da

— 00
o0

= hm Q(u(zo, 1)) [((pl —l—goz) Ug (x t” R—|—4Z€Q( u(xo, ))/_ (Lplgpg)'dx
= 4i€a(&)b(§)Q(u(wo,t)).

Taking into account the form of G, we obtain the required equalities. (]

Corollary 3. According to Lemma 8 and the equality (30), a; = 0, so
(36) my(t) = mk(0), &(t) =&(0), k=1,2,...,N.
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According to (32) and (34) for Im& = 0 we have

drt ' t
I (8ig* Plueo, 1)) — LUTLD) L oicqu(ay, 1) ) v
dt 2¢

Let us turn to finding the evolution of the normalization chain { X0, X1, --- X;L@,,L—l}
corresponding to the eigenvalue &,, n = 1,2,..., N. To do this, we rewrite the
equality (29) in the following form

(37)

— Ap — By

:_% (/OOG(<P1¢1+<P2¢2)dx<p_/ G(‘P%*’@%)daﬁw)

— 00

+ (46 Plutan, 1)) - 2R

Just as in the proof of Lemma 3, we represent

(38)

N
G (p1¢1 + patba) = D (101 + patfa) + > (M1 + Mya),
k=1

where
D = Q(u(x2,1))tgs,

mp—1m—1 s L _ ‘
e ETE et )

o= 55, g S (e ),

Likew1se

N
G(@%JFSQ%): ‘P1+902 JFZFlirsz
k=1
where
D= Q(u(x27t))uww7
mr—1mip—1—3 .
1)8 (mk —1- ]) ! d mi—1—7j—s j
Fkl Z SZ mk 1 k)8+1(mk*1*j*5)!%(v{k 7‘p}v{fk790}>7
mr—1mp—1—7 ( 1)5

flo= 2, 2, Cnagg —gm e Sy (Ve ().

Flrst using the formulas ( ) (7), we calculate the following integral:

/_-T D (47 + ¢3) dz = Q(u(2,t)) /_I U (93 + 93) da
= Qu(z,1)) lim (uz (07 +¢3))|"  — QAulas, ))/f 2u, (P19 + p2h) da
= Qu(zs,t))uz (#7 + ©3) =2 (u(22, ))/_x (201 (0l — i€p2) — 2005 () + i&ep1)) da

— Qurs, D)y (92 + 03) + 4iEQ (s, 1)) / (prp2) da

— 00
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= Qu(@s, t))us (97 + ¢3) + 4iEQ(u(@2, 1)) p102.
The validity of the following equality

/1 D (o191 + @at)o) dr = Q(u(x2,t))us (01901 + 02102) + 4iQ(u(z2,1)) 102

is shown in the same way.
Taking into account the expression for a(§) in terms of the Wronskian of the
Jost solutions and applying the equality (15) in the opposite direction, we obtain

T
mr—1—j mr—1—j s
mi,— 1/ ( k1 P11~ Ji2 ‘F’?) dx fi,

mr—1

/ My dxp— / Fidzyp = a(€ Z

. . T
where f] = (f,zQ, ,f’g1> . In the same way, applying the equality (16) in the
opposite direction, we get

mr—1

Z mE— 1/ (gk—l g 2+fmk e )dxflg

Based on the above, the equality (38) can be rewritten as

~Ap— By %Q(u(m,t))um ( Pe ) + 2060 (u(z2, 1)) ( sooz )
+ <4i§3P(U(330,t)) - ZQ(U(W) ( o )

/ ngdxtp—/ Frodxyp = a(€

4¢ P2
1 N myg— 1 . . .
52 Cink 1/ ( ﬁrli]%—f;grli]@z) dzfj
k=1 ;=0
1 N mk—l ) ) )
B 5N G [ (HT e T ) e

Differentiating the identity (39) m,, — 1 times with respect to £ and setting & = &,,
we get

(mn—1) . my,—1
9 n iQuri,t) R~ g )™, 10
- v
ot 4 ; Com gt .
(mn_l) (mn_Q)
—BoP(u(zo,1))  ¢on  —(my —1)B1P(u(zo,t))  on
m, — 1)(m,, — (M —3)
R @Pum»wn
my — 1)(my, — 2)(m, — (m,,—4)
1 - (”Zon—l) 0
= 5 Q(u(w2,1))us " |+ 2i0mn = DQw(2, 1) | (m,-2)
2 (m" 1)
©nl Pn2
. 0 .3 (mn_l)
+2in Qu(z2,1)) | (m,—1) | + 4, Pu(xo,t))  on
©n2
(mn_Q) (mn—S)

+12i€2 P(u(wo, 1) (mn — 1) " 12060 P(ul0,1)) (M — 1)(mn — 2) "
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my—4
—|—4i( - 1)(mn — 2)(mn — 3)P(u(zo, ) "Br
mn*l mp—1—1
l‘1, 1 " ( —-1- l)
Z o e P =5 (Ba(@) + Raf)
1 my,—1 ) T ( (
(40) ) > ernn—l/ (173 UG e 1 U e g
3=0 —o0
where
cosu  sinu d'
V= ( sinu  —cosu )’ Bl_dingE:&n’ 1=0,1,23,
N mkfl ) xT (m 71) (
R =30 3 G [ (a7 et ) o,
k=1 j=0 —o0
Nt x (m (M —1) ,
Rso(x) = Z Z ankil/ (;ﬁk 1—j @"n2 +fmk 1—j 90nn1 )d:cf,i
k=1 779 -
k#mn
Note that according to (15) and (16)
(41) zhﬁnolo Ri(z) = Il;ngo Ry(x) = 0.

Using Corollary 2 of Lemma 1, we can show that

my—1
Z mnfl/ <.f:ﬁk - ] Qan2 +fmk - J( n >dxfj

(42)

et @ (1) —1-9)
E Z Cfnn—l/ (f;ﬁnl n J +fmn*1 n j)dl'fj + Z Qg
=0 —oo

where @) () is a linear combination of expressions of the form W{f;, fp‘ﬂ)l} (rq =7j),

and therefore

(43) lim Q;(z) =

Tr— 00

According to the definition of the functions f; and g(oi)l s=0,1,2,...,m, — 1,
there are numbers dy, dy, ..., dpn, —1 such that

ZOSJ ?SDTH j:071727"'7mn—1'

Therefore, the following is true

my—1 T
> |

Jj=0

mp—1
My, — (mn—1-—j) e, — —1-—3) 5 (s)
[ (s )

mo —1 (Mn—1— m. —1 (Mmn—1— .
fnln ! Pn2 o +f nt Pnl J>d‘rf:r]z
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Mmp—1 my,—1 x
mn—1 (Mn—=1=7) mp—1 (Mn—1=7) (s)
§ : E , c; —105d;— s/ ( ni” Pn2 - Tln2" #Pnl dz ¢n
s=0 j=s

My —1 muy—1—s T
= Z in—1 Z m,ﬁ1 s m,ﬁlfchs/ (

s=0 -0

My — M — ( ) (s)
fnln 1‘Pn2+f nt )dl‘)

my,—1 T

s Mmyp—1 gpmy—1—s Mmp—1 pmp—1—s (s)

= Z C’;n"il./ (fnln 1fn2n - +f’r " lfnln ' )dx@n
s=0 —o0

Thus, according to (42) the equality (40) can be rewritten as

(mn 1)
9 —1)m 1 (my =11 L (mn—1)
875 mn71 é’mn*l Pn _BOP<u(ant)) Pn
(mp—2) My, — 1 My, — 2 (mp—3)
~Oma— 1B P, 1) " = =) 1)
(""n_l)
my — 1)(my —2)(my, — 3 (mp—4) 1 - ©¥n
_( ) ) )BgP(u(xo,t)) Gn = =Q(u(w,t))ug Pn2
6 2 (mn—1)
®nl
. 0 3 (mn—1)
+2i(mp—1)Qu(x2, 1)) [ (m,—2) | +2i6Q(u(z2,1) (mn71> +4i&, P(u(zo,t))  ¢n
Qon2 S0n2
mMp—3
+12i€2 P(u(a0, £))(m —1)‘ B 412i€, P(ulxo, 1)) (m ><mn—2>‘ o
mn mnllmnflfl'(l)
Z By =8 (@) + ale)
(44)

mn—1 my—1
1S ¢ Mp—1 pmyp— Mp—1 pmy— () 1S j
_1 Z C’fnn—l/ (fmn=t pra=l=l 4 gma=1 pm,—1=l) x(p"_§ Z Q) f
j=1

1=0 -
Using (4), (12), (41), (43) we pass in the equality (45) to the redistribution at x —

oo. Equating the coefficients of (1) (iz)! - e¥n® with I =m, — 1, m, —2,...,0

we get
dxg 1Q(u(x
% - <8Z€2P(u(gjo’t)) B 62(2(fnl,t)) + 27:£7L9(u(z27 - *A > X 0>
an B e iQ(U(:El,t)) .
dit1 n (SléiP(U(IO’t)) 2, + 286, Q(u(z2,t) ) X7

+ (202 Ptuten 1) + 252D 1 vinuten 1) - 2A§L<t>) .

% = (82'55113 (u(zo, 1) — W + 26, Qu(w2, 1) — ;Ag(t)) X8

+ (202 Ptuteon 1) + LD L gieuton, ) - 1)

+ (24i§nP(u(:z:0,t)) - W - ;AS(t)> X0
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iQ(u(z1,1))

dxs _ (&'gf; P(u(zo,t)) — + 206, (u(xa, 1)) — 1A8(t)) X3

dt 26n
(mmp<um»+“”g?“LMM<u%» 410 )
+ (24i§nP(u(xo, ) - g;’ - )
+ (siP(ulan, ) + 5 )3

dxm, _1_, ,
Pnactow — (8igh Plu(ro, 1) + 26.02u(r2, 1)) X1,

+ (247,672LP(U,(1‘0, )) +27'Q( (1‘27 ))) Xm —2—v +247/§n (’LL(Z‘ t))an—?)—V
my—1
n N ( l)mn - SZQ( (‘Il’ )) 1 n n
+82P( (.73‘0, ))X'mn—él—u - Z < 2£mn s + 2Amn—1 s(t) Xs—vs
n=12...,.N, v=m,—1, m,—2,...,0.
Thus, the following theorem is proved.
Theorem 2. If the functions u(x,t), f,z(:c,t)7 k=1,2,...,N,7=0,1,...,m;—1
are a solution to the (1)-(6) problem, then the scattering data of the operator L(t)
change with respect to t as follows

= (s Putan. ) - LD 4 vigtutin, ) (g =0)
() =ma(0), &7 =0,

06 (sigaputan ) - LU 1 gie, 0(utea 1) - 345(0))
% = (&'EiP(u(wo, t)) - W + 206 Qu(22, 1)) — ;Ag(t)) X7
+ (24i§ZP(U(zo,t)) + W + 2iQ(u(z2, 1)) — ;A’f(t)) X5,
%g = <8i£ZP(u(wo,t)) W + 2i6,Q(u(w2, 1)) — ;Ag(t)) X3

(24z§ P(u(zo,t)) + W + 2iQ(u(wa, 1)) — ;A’f(t)) X

+ <Q4i§nP(u(a:o,t)) - W - ;Ag(t)> X0

=3

ddif = (SiﬁiP(u(:ro,t)) @(2(:)) 4 2i6,Q(u(@a, 1)) — % Ag(t)) N

iQ(u(1,1)) + 2iQ(u(z2,t)) — ;A?(t)) X2

262
+ (24¢§,,P(u(xo,t)) - W - ;AS(t)) X1

+ (siPtutan, ) + 25D - Ly i,

(24z§ P(u(xo,t)) +
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dX’rnn —1l—=v . . n
DUELot  (Si€3 P (o, 1) + 2i€u(w2,0) X, -1

+ (24i€5 Pu(wo, 1) + 20Q(u(@2, 1)) Xin,, 2y + 24860 P(u(0, )Xo, 30

my—1 .
) n = —1)™ =5 Q(ulx, t 1., n
+82P(u(‘r03t))an—4—l/ - Z <( ) 2£mnc—2§ ( : )) + 2Amn_l_5(t)> Xo—v>

S=v

n=12...,.N, v=m,—1m,—2,...0.

Remark 1. The obtained equalities completely determine the evolution of the
scattering data, which makes it possible to apply the inverse scattering method to
solve the problem (1)-(6).

Let a function ug(z) satisfying the condition (4) be given. Then the solution of
the problem (1)-(6) is found by the following algorithm.

e We solve the direct scattering problem with the initial function ug(z) and
get the scattering data

{r©), & X5, k=1,2,...,N, j=0,1,...,m—1}

for the operator L(0).
e Using the results of Theorem 2, we find the scattering data for ¢ > 0:

{rt 1), &), xX5), k=1,2,...,N, j=0,1,..., mp —1}

e Using the method based on the Gelfand-Levitan-Marchenko integral equation,
we solve the inverse scattering problem, i.e. we find the unique (according
to Theorem 1) u(x,t) from the scattering data for ¢ > 0 obtained at the
previous step.

e After that, we solve the direct problem for the operator L(t) with the
potential u(z,t) and find the functions f,g(x,t), i=0,1,....,mg_1, k =
1,N.

Example 1. Consider the following problem

1 3 1 . 2
(45) gt + 1 (uQum + umm> = g st g tee + 2 (fH — fia) -

2 xT
(46) Lfi =&h
(47) u(z,0) = 4arctan (e~>*) .
Here -
2/_00 Fua (@, ) fro(z, )dz = Ao(t) = —4t1+2.

It can be seen that in equation (45) all polynomials P(u(xq,t)), Q(u(z1,t)),
Q(u(z2,t)) of order zero, i.e. equation (45) is an mKdV-sG equation with variable
coefficients and with source.

It is easy to find scattering data for the operator L(0):

rt(€0)=0, &(0)=4i, xi1(0)=—2i.
By virtue of Theorem 2, we have

T+(£,t) = Oa fl(t) = iv Xl(t) = 721(2t + 1)
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Hence F(x) = (4t+2)e~*. Solving the Gelfand-Levitan-Marchenko integral equation,

we have
22t + 1)e >

K = .
H@y) =7 (2t + 1)2e—4e
Where do we find the solution of the Cauchy problem (45)-(47)

u(z,t) = 4arctan ((2t + 1)e™ "),

(2t +1)e=3® e "
t) = — t) = .
Jii(x,t) 15 @1 e fiz(z,t) 1T @212 1=
Example 2. Consider the following specific problem

t

4 arctan (t-s%l 2
(48)
4—(t+1)>u(=1In2,t In2,t
Sl G el 21 JEMPMNE 10 1) I Ugs + fi1 = fi,
8 arctan (t%) arctan (m)
(49) Lfi=&h
(50) u(z,0) = 4arctan (e™*), z€R.
Here Pl
+
Ap(t) = -

It can be seen that in the equation (48) all polynomials P(u(xo,t)), Q(u(z1,t)),
Q(u(z2,t)) of the first order, i.e. the equation (48) is a loaded mKdV-sG equation
with a source.

In this case, the solution to the problem (48)-(50) has the following form:

e 2 (t+1)e=3" (t+1)%e®
t)=darctan (S ); fri=-— 2% = CTJC
u(z, t) arctan (t 1) 0 S =Tl fi2 Gt te®
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