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THE QUASIVARIETY SP(Ls). I. AN EQUATIONAL BASIS
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ABSTRACT. We prove that the quasivariety SP(Lg) is a variety and find
an equational basis for this variety.
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1. INTRODUCTION

In the present paper, we consider finite lattice Lg, see Figure 1, which is isomor-
phic to the suborder lattice of a three-element chain. Suborder lattices were in the
focus in a number of articles as they provide a convenient tool for proving certain
embeddability results.

By a theorem by D. Bredikhin and B. Schein [3], suborder lattices are lattice
universal; that is, each lattice is embeddable into a suitable suborder lattice. By
a theorem of B. Sivédk [18], a lattice L is embeddable into the suborder lattice of
a finite partial order if and only if L is finite and lower bounded in the sense of
R. McKenzie [11]. Suborder lattices were used in proving some main results on
embeddability of lattices into subsemigroup lattices of certain semigroups in V. B.
Repnitskif [13, 14] as well as in [17].

Suborder lattices were also studied in papers [15, 16]. In particular, it was shown
in [16] that for arbitrary n < w, the class SO, of lattices embeddable into suborder
lattices of posets of length at most n forms a finitely based variety. An equational
basis for this variety was found in [16]. There are still a number of unsolved prob-
lems which concern suborder lattices. In particular, Question 2 in [16] asks if the
quasivariety generated by a finite suborder lattice is a variety.
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In this paper, we give a positive answer to this question in a particular case.
More specifically, we prove that the quasivariety Q(Lg) generated by the lattice
Lg is a finitely based variety and find a finite basis for this variety. The method
we use was developed in [4]. In a subsequent article, the main result of this paper,
Theorem 12, will be applied for proving a duality result for the quasivariety Q(Lg).

2. DEFINITIONS AND AUXILIARY RESULTS

We assume all classes to be abstract; that is, closed under taking of isomorphic
copies.

2.1. (Quasi)varieties. A quasi-identity is a universal Horn sentence of the form
Vz Ap(T) & ... & Ap(T) — A(T),

where n < w and Ay(T), ..., An(T), A(T) are atomic formulas of a fixed type. An
identity is a sentence of the form

vz Ao(T) & ... & A, (T),

where n < w and Ay(Z), ..., A,(T) are atomic formulas of a fixed type. A qua-
sivariety is the class Mod(X) of models for a set X of quasi-identities. A variety
is the class Mod(X) of models for a set ¥ of identities. In this case, ¥ is called a
quasi-equational basis [an equational basis, respectively] of K. It is clear that each
variety is a quasi-variety.

For a type o, let K(o0) denote the class of all structures of type o. For an arbi-
trary class K C K(o) of algebraic structures, let S(K) denote the class of algebraic
structures from K(o) embeddable into structures from the class K, and let P(K)
denote the class of structures from K(o) isomorphic to Cartesian products of struc-
tures from K. Whenever K contains only one structure A (up to isomorphism), we
write O(A) instead of O({A}) for a class operator O. Let Q(K) denote the smallest
quasivariety containing K. It is well known [10] that for a finite structure A, the
class SP(A) is a quasivariety. Thus, Q(A) = SP(A) for each finite structure A.

2.2. General lattices. Let L be a lattice. For arbitrary two sets A, B C L, we say
that A refines B and write A < B if for each a € A, there is b € B such that a < b.
If € L, then A is a join cover of x if \/ A exists and = < \/ A; we also call the
inequality < \/ A a join cover in this case. A join cover z < \/ A is nontrivial if
z £ aforalac A x <\ Ais finite if the set A is finite. A join cover z < \/ A
is irredundant if © £ \/ B for all proper subsets B C A. A join cover z < \/ A is
minimal if A C B for each join cover < \/ B such that B < A. The lattice L
has the complete minimal join cover refinement property (CR)x for a set X C L if
each nontrivial join cover of each element from X can be refined to a minimal one.

For a lattice L, let J(L) denote the set of all join-irreducible elements in L and
let CJ(L) denote the set of all completely join-irreducible elements in L.

Definition 1. [4] For a set J C J(L), we say that L is a J-lattice if L possesses
the following properties:
(1) for each element a € L, there is a subset J, C J with a =\/ J,;
(2) for each element a € J and each nontrivial join cover a < ag V...V a, with
n < w and ag,...,a, € L, there is a finite set F' C J such that a < \/ F is
a minimal join cover and F < {ag,...,a,}.

We say that L is a C'J-lattice if L possesses the following properties:
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(1) for each element a € L, there is a subset J, C CJ(L) with a = \/ Jg;
(2) L has the property (CR)cy(z)-

It follows from the definition above that each upper continuous CJ-lattice is a
J-lattice for J = CJ(L).

In what follows, we consider the following identity of n-distributivity, where 1 <
n < w, which we denote by (D,,):

cA(YoVyr V...Vyp) = \/[m/\\/yJ]
i<n J#i
This identity was introduced and considered by A.P. Huhn [7]. It is clear that (D)
is just the identity of distributivity.
The following lemma is folklore and straightforward to prove, see for example
J.B. Nation [12].

Lemma 1. Let n > 0, let L be a lattice, let a set J C J(L) be such that for each
element a € L, there is a subset J, C J with a = \/ J,. The following conditions
are equivalent.
(1) (D) holds in L.
(2) If a < by Vb V...Vb, for some a € J and some by,by,...,b, € L, then
there is 1 < n such that a < \/#i b;.

Corollary 2. Let n > 1 and let L be a J-lattice for some set J C J(L). The
following conditions are equivalent.
(1) (D) holds in L.
(2) Ifa < boV...Vby, is a minimal nontrivial join cover for some a, by, ..., by €
J then 0 < m < n.

Proposition 3. [4] Let L be a complete dually algebraic lattice. Then the following
statements hold.

(1) If L is n-distributive then L is a J(L)-lattice.

(2) If L is in addition algebraic then L is a CJ-lattice.

Following [4], we denote the next identity by (C):

A (yoVy1)A(20V 21) z\/[x/\yi/\(zo\/zl)] \% \/[x/\zi/\(yo \/yl)] V
i<2 <2
\Y \/ [l’ A ((yo A ZZ) \ (yl A Zlfi))] .
<2
The next four statements were established in [4]. Since [4] is not published yet, we

give here proofs Lemma 4 and Lemma 6 for the sake of completeness. We emphasize
that these proofs are due to the authors of [4].

Lemma 4. [4] Let L be a lattice, let a set J C J(L) be such that for each element
a € L, there is a subset J, C J with a = \/ J,. The following conditions are
equivalent.
(1) (C) holds in L.
(2) If a < ag Vay and a < by V by are nontrivial join covers for some a € J
and some ag,a1,by, by € L, then there are co,c1 € L such that a < co V cq,
{C(),Cl} < {ao,al}, and {C(),Cl} < {bo,bl}.

D2

cD2
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Proof. We prove first that (1) implies (2). Indeed, let the assumptions of (2) hold.
Since (C) holds in L, we have

a=aA (aVa)A (b Vb) :\/[a/\ai/\(bovbl)} v \/[a/\bm(aovm)} v
i<2 i<2
V \/ [Cl N ((CL() AN bl) V (Cl1 N bl—i))] .
i<2
As a is a join-irreducible element, it equals one of the joinands on the right-hand
side of the equality above. If a = a A a; A (b V b1) or a =a Ab; A (ap V ay) for some
1 < 2 then a < a; or a < b; which is impossible by our assumption. Therefore, there
is i < 2 such that a = a A ((a() AN bz) \Y (a1 A\ blfi)) < (CLO A\ bl) V (a1 AN blfi). Putting
co = ag N\ b;, c1 = a1 ANbi_;, we get the desired conclusion.
We prove now that (2) implies (1). As inequality

\/[m/\yi/\(zo\/zl)] vV \/[m/\zi/\(yo\/yl)} Y,

i<2 i<2
V \/[.1?/\ ((yo /\Zi) V (yl /\Zl—i))} <
<xA(yoVyr)A(z0V 21)

holds in each lattice, in order to prove that (C) holds in L, we have to estab-
lish that the reverse inequality holds in L. To this end, choose arbitrary elements
u, ag, a, by, by € L. We put

w=\/[ura; A(boVb)] v \/ [unbiA(aovar)] v \/ [uA((agAb)V (a1 Ab1-y))].
1<2 <2 1<2
We have to show that
u/\(ao\/(h)/\(bo\/bl) S’LU

According to our assumption about L, it suffices to show that each element a € J
which is below u A (ag V a1) A (bo V b1) is also below w. Indeed, let a € J be such
that @ < w A (ag V a1) A (bg V b1); then @ < w and a < ag V ay, a < by V by. If
a < a; for some i < 2 then a <uAa; A (b Vby) <w. If a <b; for some i < 2 then
a<uAb;A(agVar) < w. Assume therefore that a < ag V a; and a < by V by are
nontrivial join covers. Applying (2), we obtain that there are elements cg,c; € L
such that a < ¢y V ¢1, {co,c1} < {ap,a1}, and {cg,c1} < {bo,b1}. Let ¢y < a;
and cg < b; for some 4,5 < 2. Then ¢; < a1—; and ¢; < by—;. Indeed, if, for
example, ¢; < a; then we would have a < ¢y V ¢; < a; which would contradict our
assumption that a < ag V a; is a nontrivial join cover. Therefore, ¢y < a; A b; and
c1 <aj—; Vbi_j;. Hence

a=al (CO V Cl) <uA ((al A bJ) \% (al,i A blfj)) < w,
which is our desired conclusion. [l

Corollary 5. [4] Let L be a 2-distributive J-lattice for some set J C J(L). The
following conditions are equivalent.

(1) (C) holds in L.
(2) If a < agVar and a < by V by are minimal join covers for some elements
a,ao,al,bo,b1 S J, then {CL(),CL1} = {bo,bl}.
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As in [4], we denote the following identity by (N}):

T A [(yo/\(zo\/zl)) \/yl] = [m/\yo/\(zov,q)] Y [m/\yl] vV \/[33/\ ((yo/\zi)\/yl)}.
i<2

Lemma 6. [4] Let L be a lattice, let a set J C J(L) be such that for each element
a € L, there is a subset J, C J with a = \/ J,. The following conditions are
equivalent.

(1) (N}) holds in L.

(2) If a < ap V ay is a nontrivial join cover and ag < by V by for some a € J

and some ag,a1,by,by € L, then a < (ag A b;) V ay for some i < 2.

Proof. We prove first that (1) implies (2). Indeed, let a < ag V a; for some a € J
and some ag,a; € L and let ag < bg V by for some by, b; € L. Since (N}) holds in L,
we have

a=an[(agA(boVb))Var] = [anagA(boVb1)]V[aAar] vV \/ [an ((agAb)Var)].
i<2
As a is a join-irreducible element, it equals one of the joinands on the right-hand
side of the equality above. If a = a A ag A (bp V b1) then a < ag. If a = a A a; then
a < a1. In both cases, we get a contradiction with our assumption that the join
cover a < agVay is nontrivial. Thus, there is i < 2 such that a = aA((agAb;)Vay) <
(ag A 'b;) V ag which is our desired conclusion.
We prove now that (2) implies (1). As inequality

[ AyoA(20V21)] V [z Ays] vV \/ [#A ((yoNz) V)] <@z A[(yoA(z0V21)) V]
i<2
holds in each lattice, in order to prove that (N}) holds in L, we have to establish

that the reverse inequality holds in L. In order to do this, we choose arbitrary
elements u, ag, a1, by, b1 € L and put

w=[unagA(boVb)]V[una] v\ [uA ((agAb)Var)].
i<2
We have to show that
u N [(ao A (bo \Y bl)) V 0,1} S w.

According to our assumption about L, it suffices to show that each element a € J
which is below w A [(ag A (bo V b1)) V a1] is also below w. Indeed, let a € J be such
that a < u A [(ao A (bg \/bl)) Vv al]; then a < w and a < (ao A (bo V bl)) Voap. If
a<agA(bpVby)thena <uAagA(bygVb)<w Ifa<a thena <uAa <w.
Assume therefore that a < a( V a1, where aj = ag A (bo V b1), is a nontrivial join
cover. Since af, < by V by, applying (2), we obtain that there is i < 2 such that

a < (af)/\bi)\/al = (ao/\(bo\/bl)/\bi) Va = (ao/\bi)\/al,
whence a < u A ((ao Ab;)V al) < w, which finishes the proof. O

Corollary 7. [4] Let L be a 2-distributive J-lattice for some set J C J(L). The
following conditions are equivalent.
(1) (N}) holds in L.
(2) If a < ap V ay is a minimal join cover for some a,ag,a1 € J, then ag and
a1 are join-prime elements.

cN51
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We use the following notation, cf. R. Freese, J, Jezek, and J. B. Nation [5, Lemma
2.33].

Definition 2. Consider a J-lattice L, where J C J(L). For an element = € J, we
put

M(x) = {A CJ|I<|Al <w, < \/A is a minimal nontrivial join cover of 33}

For a set S C J, we put

s = g;
st = | J{A e m(@) |z e S}, n<w;
(S)am = [ J St

<w

For an element z € J, we write (z)on instead of ({z})m. It is straightforward that
(S)an = Upeg(@)om € J, whence ( )ox is an algebraic closure operator on .J. A set
S C Jis M-closed, it S = (S)om.

It is clear that 9M(z) = @ whence (z)ogp = {x} for each element z € J which is
join-prime.

For a set S C J, we define a binary relation I's on L as follows. If a,b € L then
we put

(a,b) eTTg ifand only if SN Ja= SN [b.

Lemma 8. [4] Let L be a J-lattice and let A C J. The following statements hold.

(1) If AC B for some B C J then g CT4.
(2) If A= U, Ai for some A; C J, i€, thenT'a = ()¢,
(3) If A is an M-closed set then T 4 is a congruence on L.

L'y

-

2.3. Suborder lattices. Let X be a set and let R C X2 be a partial order on
X; that is a reflexive, antisymmetric, and transitive binary relation. In this case,
we say that (X; R) is a partially ordered set or a poset for short. A subset R’ C R
is a suborder of R if the structure (X; R’) is also a poset. The set O(X, R) of all
suborders of a partial order R on X is a partially ordered set with respect to the
relation C of set-theoretic inclusion. Obviously, A = {(a,a) | a € X} is a least
suborder of R. Thus, A is the smallest element in O(X, R). It is also obvious that
R is the largest element in O(X, R). It is straightforward to check that for an
arbitrary family {R; | i € I} C O(X, R), the relation [,.; R; is also a suborder of
R; that is,

iel
A\ Ri=(Ri € O(X,R).
icl i€l
Thus, O(X, R) is a complete lattice, where
t
VEi= (U R)
i€l i€l

and Y* denotes the transitive closure of a binary relation ¥ C X2,
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M, 0

Puc. 1. Partially ordered set M; and lattice Lg = O(M;)

3. THE LATTICE Lg
Lemma 9. The suborder lattice O(My) is isomorphic to Le.

Proof. The order relation on M; is R = {(0,0),(0,a), (a,a),(a,1),(0,1),(1,1)}.
Then the suborders of R are exactly the sets

0= {(0a0)7 (a’a)v (17 1)};

A= {(O,a)} Uo;
B={(0,1)} UO;
C={(a,1)} UO;

X ={(0,a),(0,1)} UO;
Y ={(a,1),(0,1)} UO;
I=R=1{(0,a),(a,1),(0,1)} UO.

Then it follows that O(M;) & Lg, cf. Figure 1. O

4. AN EQUATIONAL BASIS FOR SP(Lg)
We pUt ZG = {(0)7 (D2>7 (Nj;))}

Proposition 10. Let L be a dually algebraic lattice such that L = Xg. Then for
each element b € J(L) which is not join-prime, we have

(byon = {a,b,c}, where b < aV c is a minimal join cover.
Moreover, L € SP(Lg).

Proof. According to Proposition 3(1), L is a J-lattice, where J = J(L) is the set
of all join-irreducible elements of L. If b € J is not join-prime, then according to
Corollary 5, M(b) = {{a,c}} for some a,c € J such that b < a V ¢ is a minimal
nontrivial join cover. According to Corollary 7, elements a and ¢ are join-prime,
whence (byoy = {a,b, c}.

According to Lemma 8&(3), I't),, is a congruence on L for each b € J. Since
L is a J-lattice and J is an 9M-closed set, I'y = Ay is a least congruence on L,
whence L/T'; = L. As J = (J,c;{z)om, we conclude by Lemma 8(2) that L <

5-6
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Puc. 2. Lattice L/F(@m > Lg

[locs L/T (2)or - We fix an element € J. In what follows, let [2] denote the T'(,y,, -
equivalence class of an element z € L.

If x € J is join-prime, then (z)sn = {x}. Therefore, there are only two I'(;y,.-

equivalence classes: [0r] and [z]. Hence L/T'(,y,, = 2. If x € J is not join-prime,
then (x)om = {x,u,v}, where u,v € J are join-prime and < u V v is a minimal
nontrivial join cover. This implies in particular that v and v are incomparable and
that = ¢ Tu N Tv. The following three cases are therefore possible.
Case 1: u ¢ x and v £ x. In this case, elements z, u, and v are pairwise in-
comparable. This implies that z € u A v, u €  Av, and v £ z A u. Therefore,
[unv] =[xz Au] =[zAv] = [0L]. If v < 2Vu, then v <z or v < w as v is join-prime.
Both cases are impossible as {z, u, v} is an anti-chain. This implies that [z V u] and
[ V v] are incomparable elements in the lattice L/I,y,, . Moreover, [u V v] = [11]
as x < u V v. Therefore, for an arbitrary element z € L, we have in Case I that
one of the following cases occurs:

(xymNlz=0; ()mNlz={z,u,v};

@mnlz={z}; @mNlz=A{u}; ()N lz={v};

(@)m N1z =A{z,u}; (@) N ]z ={z,v},
see Figure 2. This implies that L/T'(,, has the following elements: [0z], [z], [u],
[v], [z Vul, [z Vo], [1L]. Hence L/T 4y, = L.

Case 2: u < xz. In this case, we have v £ z, whence z and v are incomparable.
Moreover, £ u Av and u £ z A v, whence [uAv] = [z Av] = [0z]. It is also clear
that [z V v] = [uV v] = [11]. Therefore, for an arbitrary element z € L, we have in
Case 2 that one of the following cases occurs:

(xymNlz=0; ()mNlz={z,u,v};
(ymNlz={z}; (@)mNlz={u}; (t)mNlz={v}

see Figure 3. This implies that L/Ty,, has the following elements: [0z], [x], [u],
[v], [11]. Hence L/T 13y, = N5 < Lg.
Case 3: v < x. This case is symmetric to Case 2 and therefore, L/T"(,y,, = N5 < Lg.
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[1]

[0]
Puc. 3. Lattice L/T"(,y,, = N5

The above implies that L is a subdirect product of lattices isomorphic either to 2
or to Ny, or to Lg. Since both lattices, 2 and N5, embed into Lg, we obtain that
Le SP(LG) U

Corollary 11. Let L be a bi-algebraic lattice such that L |= Xg. Then for each
element x € CJ(L) which is not join-prime, we have

[z]on = {z,a,b}, where a,b e CIp(L), x <aVb.
In particular, L € SP(Lg).

Proof. The argument is similar to the one in the proof of Proposition 10 and uses
Proposition 3(2). O

Theorem 12. The quasivariety SP(Lg) is a variety and 3¢ forms an equational
basis for SP(Lg).

Proof. Let L = Y6 and let F' be the dual filter lattice of L. Then F is dually
algebraic and F' = X¢. By Proposition 10, F' € SP(Lg) whence L € SP(Lg).
This proves that Mod(Xg) C SP(Lg). On the other hand, the lattice Lg has the
only nontrivial join cover b < a V ¢ of a join-irreducible element. Thus, Lg is 2-
distributive by Corollary 2. Moreover, Lg satisfies the condition (2) of Corollaries
5 and 7. This implies that Lg = X¢ and that SP(Ls) C Mod(Xs) which proves the
desired statement. |
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