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Abstract. Global solvability of a boundary value problem for nonline-
ar mass-transfer equations under innhomogeneous Dirichlet condition
for substance's concentration is proved. For a velocity vector we use a
homogeneous Dirichlet condition. The model under consideration generali-
zes the Boussinesq approximation since the reaction coe�cient depends
nonlinearly on substance's concentration and depends on spatial variables.
Su�cient conditions were established for initial data of boundary value
problem under which its solution is unique and also there were determined
the conditions under which the maximum principle for substance's concen-
tration is valid.

Keywords: nonlinear mass-transfer model, generalized Boussinesq model,
reaction coe�cient, global solvability, maximum principle.

1. Ââåäåíèå. Ïîñòàíîâêà êðàåâîé çàäà÷è

Íà ïðîòÿæåíèè äëèòåëüíîãî ïåðèîäà èíòåðåñ ê èññëåäîâàíèþ êðàåâûõ è
ýêñòðåìàëüíûõ çàäà÷ äëÿ óðàâíåíèé òåïëîìàññîïåðåíîñà òîëüêî óñèëèâàåòñÿ
(ñì., íàïðèìåð, [1, 2, 3, 4, 5, 6, 7, 8]). Íàðÿäó ñ ïîèñêîì ýôôåêòèâíûõ ìåõàíèç-
ìîâ óïðàâëåíèÿ ôèçè÷åñêèìè ïîëÿìè â ñïëîøíûõ ñðåäàõ, çàäà÷è óïðàâëåíèÿ
èìåþò è ðÿä äðóãèõ ïðèëîæåíèé. Ê óêàçàííûì çàäà÷àì â ðàìêàõ îïòèìèçàöè-
îííîãî ïîäõîäà ñâîäÿòñÿ íåêîòîðûå îáðàòíûå çàäà÷è (î êîððåêòíîñòè òàêîãî
ïîäõîäà ñì. [9, 10, 11]). Òàêæå îòìåòèì ïðèìåíåíèå ìåòîäîâ îïòèìèçàöèè ê
çàäà÷àì òåïëîâîé ìàñêèðîâêè [12, 13].
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Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ íåëèíåéíûõ óðàâ-
íåíèé ìàññîïåðåíîñà. Ïðåäïîëàãàåòñÿ, ÷òî êîýôôèöèåíò ðåàêöèè íåëèíåéíî
çàâèñèò îò êîíöåíòðàöèè âåùåñòâà, à òàêæå çàâèñèò îò ïðîñòðàíñòâåííûõ ïå-
ðåìåííûõ. Çäåñü îòìåòèì ðàáîòû [14, 15, 16, 17], òàêæå îáîáùàþùèå ïðèáëè-
æåíèå Áóññèíåñêà äëÿ ðàçëè÷íûõ ìîäåëåé, è ñòàòüè [18, 19, 20, 21, 22], ïî
èññëåäîâàíèþ ðÿäà ñëîæíûõ ãèäðîäèíàìè÷åñêèõ ìîäåëåé.

Â îãðàíè÷åííîé îáëàñòè Ω ⊂ R3 ñ ãðàíèöåé Γ ðàññìàòðèâàåòñÿ êðàåâàÿ çà-
äà÷à:

(1) −ν∆u + (u · ∇)u +∇p = f + βGϕ, divu = 0 â Ω,

(2) −div(λ(x)∇ϕ) + u · ∇ϕ+ k(ϕ,x)ϕ = f â Ω,

(3) u = 0, ϕ = ψ íà Γ.

Çäåñü u � âåêòîð ñêîðîñòè, ϕ � êîíöåíòðàöèÿ çàãðÿçíÿþùåãî âåùåñòâà, p =
P/ρ, ãäå P � äàâëåíèå, ρ = const � ïëîòíîñòü æèäêîñòè, ν = const > 0 �
ïîñòîÿííàÿ êèíåìàòè÷åñêàÿ âÿçêîñòü, λ = λ(x) > 0 � êîýôôèöèåíò äèôôóçèè,
β � êîýôôèöèåíò ìàññîâîãî ðàñøèðåíèÿ,G = −(0, 0, G) � óñêîðåíèÿ ñâîáîäíîãî
ïàäåíèÿ, f è f � îáúåìíûå ïëîòíîñòè âíåøíèõ ñèë è âíåøíèõ èñòî÷íèêîâ,
ôóíêöèÿ k = k(ϕ,x) èìååò ñìûñë êîýôôèöèåíòà ðåàêöèè, ãäå x ∈ Ω. Íèæå
ïðè çàäàííûõ ôóíêöèÿõ f , f, λ, β, k è ψ íà çàäà÷ó (1)�(3) ìû áóäåì ññûëàòüñÿ
êàê íà çàäà÷ó 1.

Â íàñòîÿùåé ðàáîòå äîêàçûâàåòñÿ ãëîáàëüíàÿ ðàçðåøèìîñòü è ëîêàëüíàÿ
åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è 1 è óñòàíàâëèâàåòñÿ ïðèíöèï ìàêñèìóìà è
ìèíèìóìà äëÿ êîíöåíòðàöèè ϕ. Â îòëè÷èå, íàïðèìåð, îò [17], íà ãðàíèöå çàäà-
åòñÿ íåîäíîðîäíîå óñëîâèå Äèðèõëå äëÿ êîíöåíòðàöèè ϕ. Ñ ôèçè÷åñêîé òî÷êè
çðåíèå ýòî áîëåå îïðàâäàíî, ïîñêîëüêó ïðè îäíîðîäíîì óñëîâèè Äèðèõëå ñëîæ-
íî îáúÿñíèòü áîëüøèå çíà÷åíèÿ ãðàäèåíòà êîíöåíòðàöèè âáëèçè ãðàíèöû, íà
êîòîðîé îíà äîëæíà ñòàòü ðàâíîé íóëþ. Áîëåå òîãî, ôóíêöèÿ ψ â (3) ìîæåò
èãðàòü ðîëü ãðàíè÷íîãî óïðàâëåíèÿ ïðè èññëåäîâàíèè ýêñòðåìàëüíûõ çàäà÷.
Íî ïðè ýòîì íà íåëèíåéíîñòü k(ϕ, ·)ϕ íàêëàäûâàþòñÿ äîïîëíèòåëüíûå îãðà-
íè÷åíèÿ, ïî ñðàâíåíèþ ñ óñëîâèÿìè â [17].

Ñ îäíîé ñòîðîíû, â íàñòîÿùåé ñòàòüå îáîáùàþòñÿ íåêîòîðûå ðåçóëüòàòû ðà-
áîò [2, 3] è [5, 6] ïî èññëåäîâàíèþ êðàåâûõ çàäà÷ äëÿ íåëèíåéíûõ ìîäåëåé òåï-
ëîìàññîïåðåíîñà â ðàìêàõ ïðèáëèæåíèÿ Îáåðáåêà-Áóññèíåñêà. Ñ äðóãîé ñòî-
ðîíû, îáîáùàþòñÿ íåêîòîðûå ðåçóëüòàòû ñòàòåé [11] è [24, 25, 26, 27] ïî èñ-
ñëåäîâàíèþ êðàåâûõ çàäà÷ äëÿ ïîëóëèíåéíûõ óðàâíåíèé ðåàêöèè-äèôôóçèè-
êîíâåêöèè. Çäåñü æå îòìåòèì ðàáîòû [28, 29, 30] ïî èññëåäîâàíèþ áëèçêèõ
ïîëóëèíåéíûõ ìîäåëåé ñëîæíîãî òåïëîîáìåíà.

2. Ðàçðåøèìîñòü çàäà÷è 1

Íèæå áóäåì èñïîëüçîâàòü ïðîñòðàíñòâà Ñîáîëåâà Hs(D), s ∈ R. Çäåñü D
îáîçíà÷àåò îáëàñòü Ω èëè íåêîòîðîå åå ïîäìíîæåñòâî Q ⊂ Ω, èëè ãðàíèöó Γ.
×åðåç ‖ · ‖s,Q, | · |s,Q è (·, ·)s,Q áóäåì îáîçíà÷àòü, ñîîòâåòñòâåííî, íîðìó, ïîëó-
íîðìó è ñêàëÿðíîå ïðîèçâåäåíèå â Hs(Q). Íîðìó è ñêàëÿðíîå ïðîèçâåäåíèå â
L2(Q) áóäåì îáîçíà÷àòü, ñîîòâåòñòâåííî, ‖ · ‖Q è (·, ·)Q. Ââåäåì ôóíêöèîíàëü-
íûå ïðîñòðàíñòâà

Lp+(D) = {k ∈ Lp(D) : k ≥ 0}, p ≥ 5/3,
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L∞λ0
(Ω) = {λ ∈ L∞(Ω) : λ ≥ λ0 > 0}, L2

0(Ω) = {h ∈ L2(Ω) : (h, 1) = 0}.
Ââåäåì ïðîñòðàíñòâî òåñòîâûõ ôóíêöèé äëÿ ñêîðîñòè u:

V = {v ∈ H1
0 (Ω)3 : divv = 0 â Ω}.

Ââåäåì ïðîèçâåäåíèÿ ïðîñòðàíñòâ H = H1
0 (Ω)3 ×H1

0 (Ω), W = V ×H1
0 (Ω) è

äâîéñòâåííîå ê H ïðîñòðàíñòâî H∗ = H−1(Ω)3 ×H−1(Ω).
Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
(i) Ω � îãðàíè÷åííàÿ îáëàñòü â R3 ñ ãðàíèöåé Γ ∈ C0,1;
(ii) λ ∈ L∞λ0

(Ω), f ∈ L2(Ω)3, f ∈ L2(Ω), b = βG ∈ L2(Ω)3, ψ ∈ H1/2(Γ);

(iii) äëÿ ëþáîé ôóíêöèè w ∈ H1
0 (Ω) èìååò ìåñòî âëîæåíèå k(w, ·) ∈ Lp+(Ω),

ãäå p ≥ 5/3 è íå çàâèñèò îò w, è íà ëþáîì øàðå Br = {w ∈ H1
0 (Ω) : ‖w‖1,Ω ≤ r}

ðàäèóñà r ñïðàâåäëèâî íåðàâåíñòâî:

‖k(w1, ·)− k(w2, ·)‖Lp(Ω) ≤ L‖w1 − w2‖L4(Ω) ∀w1, w2 ∈ H1
0 (Ω).

Çäåñü L � êîíñòàíòà, çàâèñÿùàÿ îò r, íî íå çàâèñÿùàÿ îò w1, w2 ∈ Br.
(iv) íåëèíåéíîñòü k(ϕ, ·)ϕ ÿâëÿåòñÿ ìîíîòîííîé â ñëåäóþùåì ñìûñëå:

(k(ϕ1, ·)ϕ1 − k(ϕ2, ·)ϕ2, ϕ1 − ϕ2) ≥ 0 ∀ϕ1, ϕ2 ∈ H1(Ω).

(v) ôóíêöèÿ k(ϕ, ·) ÿâëÿåòñÿ îãðàíè÷åííîé â òîì ñìûñëå, ÷òî ñóùåñòâóþò
ïîëîæèòåëüíûå êîíñòàíòû A1, B1, çàâèñÿùèå îò k, òàêèå, ÷òî

(4) ‖k(ϕ, ·)‖Lp(Ω2) ≤ A1‖ϕ‖t1,Ω +B1, p ≥ 5/3, t ≥ 0.

Çàìåòèì, ÷òî óñëîâèÿ (iii)�(v) çàäàþò îïåðàòîð, äåéñòâóþùèé èç H1(Ω) â
Lp(Ω), ãäå p ≥ 5/3, Íàïðèìåð,

k = ϕ2 (èëè k = ϕ2|ϕ|) â ïîäîáëàñòè Q ⊂ Ω è k = k0(x) ∈ L5/3
+ (Ω \Q) â Ω \Q.

Íàïîìíèì, ÷òî èç òåîðåì âëîæåíèÿ Ñîáîëåâà âûòåêàåò, ÷òî ïðîñòðàíñòâî
H1(Ω) âêëàäûâàåòñÿ â Ls(Ω) íåïðåðûâíî ïðè s ≤ 6 è êîìïàêòíî ïðè s < 6 è ñ
íåêîòîðîé êîíñòàíòîé Cs, çàâèñÿùåé îò s è Ω, ñïðàâåäëèâà îöåíêà

(5) ‖ϕ‖Ls(Ω) ≤ Cs‖ϕ‖1,Ω ∀ϕ ∈ H1(Ω).

Ñïðàâåäëèâà ñëåäóþùàÿ òåõíè÷åñêàÿ ëåììà (ïîäðîáíî ñì. [3, 5, 31]).

Ëåììà 1. Ïóñòü âûïîëíÿåòñÿ óñëîâèå (i) è k0 ∈ Lp+(Ω), p ≥ 5/3, u ∈ H1(Ω)3,

divu = 0, b ∈ L2(Ω)3, λ ∈ L∞λ0
(Ω). Òîãäà ñóùåñòâóþò ïîëîæèòåëüíûå êîí-

ñòàíòû C0, C1, δ0, δ1, γ1, γ
′
1, γ2, γ

′
2, γp, β1, çàâèñÿùèå îò Ω èëè îò Ω è p, è êîí-

ñòàíòà β0, êîòîðàÿ çàâèñèò îò ‖b‖Ω, ñ êîòîðûìè âûïîëíÿþòñÿ ñëåäóþùèå
ñîîòíîøåíèÿ:

|(∇v,∇w)| ≤ C0‖v‖1,Ω‖w‖1,Ω,
|(bh,v)| ≤ β0‖h‖1,Ω‖v‖1,Ω ∀w,v ∈ H1(Ω)3, h ∈ H1(Ω),

|((w · ∇)h, z)| ≤ γ′1‖w‖L4(Ω)3‖h‖1,Ω‖z‖1,Ω ≤

(6) ≤ γ1‖w‖1,Ω‖h‖1,Ω‖z‖1,Ω ∀w,h, z ∈ H1(Ω)3,

((u · ∇)v,w) = −((u · ∇)w,v),

(7) ((u · ∇)v,v) = 0 ∀v ∈ H1
0 (Ω)3, w ∈ H1(Ω)3,

(8) ν(∇v,∇v) ≥ ν∗‖v‖21,Ω, ν∗ = δ0ν ∀v ∈ H1
0 (Ω)3,

(9) sup
v∈H1

0 (Ω)3,v 6=0

−(divv, p)/‖v‖1,Ω ≥ β1‖p‖Ω ∀p ∈ L2
0(Ω),
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(10)
|(λ∇h,∇η)| ≤ C1‖λ‖s,Ω‖h‖1,Ω‖η‖1,Ω, |(k0h, η)| ≤ γp‖k0‖Lp(Ω)‖h‖1,Ω‖η‖1,Ω,

(11)
|(u · ∇h, η)| ≤ γ′2‖u‖L4(Ω)3‖h‖1,Ω‖η‖1,Ω ≤ γ2‖u‖1,Ω‖h‖1,Ω‖η‖1,Ω ∀h, η ∈ H1(Ω),

(12) (u · ∇h, h) = 0 (λ∇h,∇h) ≥ λ∗‖h‖21,Ω ∀h ∈ H1
0 (Ω), λ∗ ≡ δ1λ0.

Èç âòîðîé îöåíêè â (10) âûòåêàåò ñëåäóþùåå íåðàâåíñòâî äëÿ ôóíêöèè
k(ϕ, ·), óäîâëåòâîðÿþùåé óñëîâèþ (iii):

|((k(ϕ1, ·)− k(ϕ2, ·))ϕ, η)| ≤

(13) ≤ γpL‖ϕ1 − ϕ2‖L4(Ω)‖ϕ‖1,Ω‖η‖1,Ω ∀ϕ,ϕ1, ϕ2, η ∈ H1(Ω).

Äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè êðàåâîé çàäà÷è (1)�(3) áóäåì èñïîëüçî-
âàòü ñëåäóþùóþ ëåììó (ñì. [31]).

Ëåììà 2. Ïóñòü âûïîëíÿåòñÿ óñëîâèå (i). Òîãäà ñóùåñòâóåò ñåìåéñòâî
íåïðåðûâíûõ íåóáûâàþùèõ ôóíêöèé Mε : R+ ≡ (0,∞) → R+, ñ Mε(0) = 0,
çàâèñÿùèõ îò ïàðàìåòðà ε ∈ (0, 1] òàêæå, êàê îò Ω è Γ, òàêîå, ÷òî äëÿ ëþ-

áîé íå ðàâíîé òîæäåñòâåííî íóëþ ôóíêöèè ψ ∈ H1/2(Γ) íàéäåòñÿ ôóíêöèÿ
ϕε ∈ H1(Ω), óäîâëåòâîðÿþùàÿ óñëîâèÿì

(14) ϕε|Γ = ψ, ‖ϕε‖L4(Ω) ≤ ε, ‖ϕε‖1,Ω ≤Mε(‖ψ‖1/2,Γ) ∀ε ∈ (0, 1].

Óìíîæèì ïåðâîå óðàâíåíèå â (1) íà ôóíêöèþ v ∈ H1
0 (Ω)3, óðàâíåíèå (2)

íà ôóíêöèþ h ∈ H1
0 (Ω) è ïðîèíòåãðèðóåì ïî Ω, ïðèìåíÿÿ ôîðìóëû Ãðèíà. Â

ðåçóëüòàòå ïðèõîäèì ê ñëàáîé ôîðìóëèðîâêå çàäà÷è 1:

(15) ν(∇u,∇v) + ((u · ∇)u,v)− (p, divv) = (f ,v) + (bϕ,v) ∀v ∈ H1
0 (Ω)3,

(16) (λ∇ϕ,∇h) + (k(ϕ, ·)ϕ, h) + (u · ∇ϕ, h) = (f, h) ∀h ∈ H1
0 (Ω),

(17) divu = 0 â Ω, ϕ = ψ íà Γ.

Òðîéêó (u, ϕ, p) ∈ H1
0 (Ω)3×H1(Ω)×L2

0(Ω), óäîâëåòâîðÿþùóþ (15)�(17), íàçîâåì
ñëàáûì ðåøåíèåì çàäà÷è 1.

Ðàññìîòðèì ñóæåíèå (15) íà ïðîñòðàíñòâî V :

(18) ν(∇u,∇v) + ((u · ∇)u,v) = (f ,v) + (bϕ,v) ∀v ∈ V.
Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ñëàáîãî ðåøåíèÿ çàäà÷è 1 äîñòàòî÷íî

äîêàçàòü ñóùåñòâîâàíèå ðåøåíèÿ (u, ϕ) ∈ V ×H1(Ω) çàäà÷è (16)�(18). Î âîñ-
ñòàíîâëåíèè äàâëåíèÿ p ñì. â [31, ñ. 89].

Êîíöåíòðàöèþ ϕ áóäåì èñêàòü â âèäå ñóììû ϕ = ϕε + ϕ̃, ãäå ôóíêöèÿ ϕε èç
ëåììû 2, à ϕ̃ ∈ H1

0 (Ω) � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ.
Ïîäñòàâëÿÿ ϕ = ϕε+ϕ̃ â (18), (16) è ïðèáàâëÿÿ ê îáåèì ÷àñòÿì (16) ñëàãàåìîå

−(k(ϕε, ·)ϕε, h), ïðèõîäèì ê ñîîòíîøåíèÿì

(19) ν(∇u,∇v) + ((u · ∇)u,v) = (f ,v) + (bϕ̃,v) ∀v ∈ V,
(λ∇ϕ̃,∇h) + (k(ϕ̃+ ϕε, ·)(ϕ̃+ ϕε)− (k(ϕε, ·)ϕε, h)+

(20) +(u · ∇ϕ̃, h) + (u · ∇ϕε, h) = 〈f1, h〉−1,Ω ∀h ∈ H1
0 (Ω),

ãäå
〈f1, h〉−1,Ω = (f, h)− (λ∇ϕε,∇h)− (k(ϕε, ·)ϕε, h).
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ßñíî, ÷òî f1 ∈ H−1(Ω) è ñïðàâåäëèâà îöåíêà

‖f1‖−1,Ω ≤Mf1 = ‖f‖Ω + C1‖λ‖L∞(Ω)Mε(‖ψ‖1/2,Γ)+

(21) +γp(A1M
t
ε(‖ψ‖1/2,Γ) +B1)Mε(‖ψ‖1/2,Γ).

Ñêëàäûâàÿ (19), (20), ïðèõîäèì ê ñîîòíîøåíèþ

a((u, ϕ̃), (v, h)) + ((u · ∇)u,v)− (bϕ̃,v) + (k(ϕ̃+ ϕε, ·)ϕ̃− (k(ϕε, ·)ϕε, h), h)+

(22) +(u · ∇ϕ̃, h) + (u · ∇ϕε, h) = 〈F, (v, h)〉H∗×H ∀(v, h) ∈W.
Çäåñü

a((u, ϕ̃), (v, h)) = ν(∇u,∇v) + (λ∇ϕ̃,∇h),

〈F, (v, h)〉H∗×H = (f ,v) + 〈f1, h〉−1,Ω.

Èç ëåììû 1 âûòåêàåò, ÷òî áèëèíåéíàÿ ôîðìà a íåïðåðûâíà è êîýðöèòèâíà
íà ïðîñòðàíñòâå H:

(23) a((v, h), (v, h)) ≥ δ∗(‖v‖21,Ω + ‖h‖21,Ω) ∀(v, h) ∈ H, δ∗ = min{ν∗, λ∗}.
Äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè çàäà÷è (22) ïðèìåíèì òåîðåìó Ëåðå�

Øàóäåðà (ñì. [29]). Ïîëîæèì z = (u, ϕ̃) ∈W è ââåäåì íåëèíåéíûé îïåðàòîð G
ïî ôîðìóëå

a(G(z), (v, h)) = 〈F̃(z), (v, h)〉H∗×H ≡
≡ ((u · ∇)u,v)− (bϕ̃,v) + (k(ϕ̃+ ϕε, ·)ϕ̃− (k(ϕε, ·)ϕε, h), h)+

(24) +(u · ∇ϕ̃, h) + (u · ∇ϕε, h)− 〈F, (v, h)〉H∗×H ∀(v, h) ∈W.
Ïî òåîðåìå Ëàêñà�Ìèëüãðàìà èç (24) âûòåêàåò, ÷òî äëÿ ëþáîé ïàðû z =

(u, ϕ̃) ∈ W ñóùåñòâóåò åäèíñòâåííàÿ ïàðà s = (s1, s2) ∈ W , ñ êîòîðîé ñïðàâåä-
ëèâî ðàâåíñòâî

a((s1, s2), (v, h)) = 〈F̃(z), (v, h)〉H∗×H ∀(v, h) ∈W.
Â òàêîì ñëó÷àå, îïåðàòîð G, îïðåäåëåííûé ôîðìóëîé (24), äåéñòâóåò èç W
â W è ñòàâèò â ñîîòâåòñòâèå êàæäîé ïàðå ôóíêöèé z = (u, ϕ̃) ∈ W ýëåìåíò
G(z) ∈W .

Òîãäà äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (22) äîñòàòî÷íî
äîêàçàòü ñóùåñòâîâàíèå ðåøåíèÿ z ∈W îïåðàòîðíîãî óðàâíåíèÿ

(25) z +G(z) = 0 â W.

Âû÷òåì (24) ïðè z = z2 ∈W èç (24) ïðè z = z1 ∈W . Áóäåì èìåòü

a(G(z1)−G(z2), (w, h)) =

= ((u1 · ∇)(u1 − u2),v) + (((u1 − u2) · ∇)u2,v)− (b(ϕ̃1 − ϕ̃2),v)+

+((k(ϕ̃1+ϕε, ·)−k(ϕ̃2+ϕε, ·))ϕ̃1, h)+(k(ϕ̃2+ϕε, ·)(ϕ̃1−ϕ̃2), h)+((u1−u2)·∇ϕ̃1, h)+

(26) +(u2 · ∇(ϕ̃1 − ϕ̃2), h) + ((u1 − u2) · ∇ϕε, h) ∀(v, h) ∈W.
Èñïîëüçóÿ ëåììó 1, íåðàâåíñòâî Ãåëüäåðà, ñâîéñòâî (iii) è (5), èç (26) ïðè-

õîäèì ê íåðàâåíñòâó
|a(G(z1)−G(z2), (v, h))| ≤

≤ γ′1(‖u1‖1,Ω + ‖u2‖1,Ω)‖u1 − u2‖L4(Ω)3‖v‖1,Ω + β′0‖ϕ̃1 − ϕ̃2‖L4(Ω)‖v‖1,Ω+

+γpL‖ϕ̃1− ϕ̃2‖L4(Ω)‖ϕ̃1‖1,Ω‖h‖1,Ω +C6‖k(ϕ̃2 +ϕε)‖L5/3(Ω)‖ϕ̃1− ϕ̃2‖L5(Ω)‖h‖1,Ω+

+γ′2‖u2‖1,Ω‖ϕ̃1 − ϕ̃2‖L4(Ω)‖h‖1,Ω+
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(27) +γ′2(‖ϕ̃1‖1,Ω + ‖ϕε‖1,Ω)(‖u1 − u2‖L4(Ω)3‖h‖1,Ω ∀(v, h) ∈W.
Ïîëîæèì y = (v, h). Èç (27) âûòåêàåò íåðàâåíñòâî

|a(G(z1)−G(z2),y)| ≤
≤ [γ′1(‖u1‖1,Ω + ‖u2‖1,Ω)‖u1 − u2‖L4(Ω)3 + β′0‖ϕ̃1 − ϕ̃2‖L4(Ω)+

+γpL‖ϕ̃1 − ϕ̃2‖L4(Ω)‖ϕ̃1‖1,Ω + C6‖k(ϕ̃2 + ϕε)‖L5/3(Ω)‖ϕ̃1 − ϕ̃2‖L5(Ω)+

+γ′2‖u2‖1,Ω‖ϕ̃1 − ϕ̃2‖L4(Ω)+

(28) +γ′2(‖ϕ̃1‖1,Ω + ‖ϕε‖1,Ω)(‖u1 − u2‖L4(Ω))]‖y‖W ∀y ∈W.
Ïîëàãàÿ y = G(z1)−G(z2) â (27), ïðèõîäèì ê îöåíêå

δ∗‖G(z1)−G(z2)‖H ≤
+γ′1(‖u1‖1,Ω + ‖u2‖1,Ω)‖u1 − u2‖L4(Ω)3 + β′0‖ϕ̃1 − ϕ̃2‖L4(Ω)+

+γpL‖ϕ̃1 − ϕ̃2‖L4(Ω)‖ϕ̃1‖1,Ω + C6‖k(ϕ̃2 + ϕε)‖L5/3(Ω)‖ϕ̃1 − ϕ̃2‖L5(Ω)+

(29) +γ′2‖u2‖1,Ω‖ϕ̃1 − ϕ̃2‖L4(Ω) + γ′2(‖ϕ̃1‖1,Ω + ‖ϕε‖1,Ω)‖u1 − u2‖L4(Ω)3 ,

èç êîòîðîé â ñèëó êîìïàêòíîñòè âëîæåíèé H1(Ω) ⊂ Lp(Ω) è H1(Ω)3 ⊂ Lp(Ω)3,
ãäå p < 6, âûòåêàåò íåïðåðûâíîñòü è êîìïàêòíîñòü îïåðàòîðà G : W →W .

Íàðÿäó ñ (25) ðàññìîòðèì îïåðàòîðíîå óðàâíåíèå

zw + wG(zw) = 0 â W,

ãäå w ∈ (0, 1], è âàðèàöèîííîå ðàâåíñòâî

a((uw, ϕ̃w), (v, h)) + w((uw · ∇)uw,v)− w(bϕ̃w,v)+

+w(k(ϕ̃w + ϕε, ·)ϕ̃w − w(k(ϕε, ·)ϕε, h)+

(30) +w(uw · ∇ϕ̃w, h) + w(uw · ∇ϕε, h) = w〈F, (v, h)〉H∗×H ∀(v, h) ∈ H.
Ïîëàãàÿ v = 0 è h = ϕ̃w â (30), ïðèõîäèì ê ñîîòíîøåíèþ

(∇ϕ̃w,∇ϕ̃w) + w(k(ϕ̃w + ϕε, ·)(ϕ̃w + ϕε)− k(ϕε, ·)ϕε, ϕ̃w)+

(31) +w(uw · ∇ϕε, ϕw) = w〈f1, ϕw〉−1,Ω.

Èç (31) ñ ó÷åòîì ëåìì 1 è 2, âûâîäèì îöåíêó

(32) λ∗‖ϕ̃w‖1,Ω ≤ wγ′2ε‖uw‖1,Ω + wMf1 , w, ε ∈ (0, 1].

Ïîëàãàÿ v = u è h = 0 â (30), ïðèõîäèì ê ñîîòíîøåíèþ

(33) ν(∇uw,∇uw) = w(bϕ̃w,uw) + w(f ,uw).

Èç (33) â ñèëó ëåììû 1, ïðèõîäèì ê íåðàâåíñòâó

(34) ν∗‖uw‖1,Ω ≤ wβ0‖ϕ̃w‖1,Ω + w‖f‖Ω.
Ó÷èòûâàÿ (32), èç (34) ïîëó÷àåì, ÷òî

(35) ν∗‖uw‖1,Ω ≤ wβ0(wγ′2λ
−1
∗ ε‖uw‖1,Ω + wλ−1

∗ Mf1) + w‖f‖Ω
Åñëè ν∗ ≤ β0γ

′
2λ
−1
∗ , òî ïîëàãàÿ ε = ν∗λ∗/(2β0γ

′
2), èç (35) ïîñëåäîâàòåëüíî âû-

âîäèì
(ν∗/2)‖uw‖1,Ω ≤ w2β0λ

−1
∗ Mf1 + w‖f‖Ω,

(36) ‖uw‖1,Ω ≤ 2wMu, Mu ≡ (β0/(ν∗λ∗))Mf1 + (1/ν∗)‖f‖Ω.
(Â ïðîòèâíîì ñëó÷àå, íåðàâåíñòâî (35) óñèëèâàåòñÿ çàìåíîé β0γ

′
2λ
−1
∗ íà ν∗ è,

ïîëàãàÿ ε = 1/2, òàêæå ïðèõîäèì ê (36).)
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Èñïîëüçóÿ (36), èç (32) (ïðè ε = 1) òàêæå ïîñëåäîâàòåëüíî âûâîäèì, ÷òî

λ∗‖ϕ̃w‖1,Ω ≤ 2w2γ′2Mu + wMf1 , w ∈ (0, 1],

(37) ‖ϕ̃w‖1,Ω ≤ wMϕ̃, Mϕ̃ = (2/λ∗)(γ
′
2Mu +Mf1), w ∈ (0, 1].

Íàêîíåö, èç (36) è (37) ïðèõîäèì ê îöåíêå

(38) ‖zw‖1,Ω ≤ wC∗(Mu +Mϕ̃), w ∈ (0, 1], C∗ = 1/λ∗,

èç êîòîðîé, î÷åâèäíî, âûòåêàåò, ÷òî

(39) ‖zw‖1,Ω ≤ C∗(Mu +Mϕ̃).

Â òàêîì ñëó÷àå, â ñèëó òåîðåìû Ëåðå�Øàóäåðà ñóùåñòâóåò ðåøåíèå z ∈ W
çàäà÷è (25), äëÿ êîòîðîãî ñïðàâåäëèâà îöåíêà (39).

Îòñþäà ñëåäóåò, ÷òî ñóùåñòâóåò ðåøåíèå (u, ϕ) ∈ W çàäà÷è (16)�(18), ãäå
ϕ = ϕ̃+ ϕε, ïðè÷åì

(40) ‖u‖1,Ω ≤Mu = (β0/(ν∗λ∗))Mf1 + (1/ν∗)‖f‖Ω,

(41) ‖ϕ‖1,Ω ≤Mϕ ≡ (2/λ∗)(γ
′
2Mu +Mf1) +Mε(‖ψ‖1/2,ΓD

).

Â ñèëó (9) äëÿ äàâëåíèÿ p è ëþáîãî (ïðîèçâîëüíî ìàëîãî) ÷èñëà δ > 0
ñóùåñòâóåò ôóíêöèÿ v0 ∈ H1

0 (Ω)3, v0 6= 0, òàêàÿ ÷òî

−(divv0, p) ≥ β2‖v0‖1,Ω‖p‖Ω, β2 = (β1 − δ) > 0.

Ïîëàãàÿ v = v0 â (15), ñ ó÷åòîì íåðàâåíñòâ ëåììû 1 âûâîäèì

β2‖v0‖1,Ω‖p‖Ω ≤ νC0‖v0‖1,Ω‖u‖1,Ω+γ1‖v0‖1,Ω‖u‖21,Ω+β0‖ϕ‖1,Ω‖v0‖1,Ω+‖f‖Ω‖v0‖1,Ω.
Ðàçäåëèâ íà ‖v0‖1,Ω 6= 0 è ó÷èòûâàÿ îöåíêè (40), (41), îòñþäà âûâîäèì, ÷òî

(42) ‖p‖Ω ≤Mp = β−1
2 [(ν + γ1Mu)Mu + ‖f‖Ω + β0Mϕ].

Äàëåå óñòàíîâèì äîñòàòî÷íûå óñëîâèÿ åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (15)�
(17). Ïóñòü (ui, ϕi, pi) ∈ H1(Ω)3 × H1(Ω) × L2

0(Ω), i = 1, 2, � ðåøåíèÿ çàäà÷è
(15)�(17). Íåñëîæíî ïîêàçàòü, ÷òî èõ ðàíîñòè

ϕ = ϕ1 − ϕ2 ∈ H1
0 (Ω), u = u1 − u2 ∈ V

óäîâëåòâîðÿþò ñîîòíîøåíèÿì

(λ∇ϕ,∇h) + (k(ϕ1)ϕ1 − k(ϕ2)ϕ2, h) + (u1 · ∇ϕ, h) =

(43) = −(u · ∇ϕ2, h) ∀h ∈ H1
0 (Ω),

(44) ν(∇u,∇v) + ((u1 · ∇)u,v) = (bϕ,v)− ((u · ∇)u2,v) ∀v ∈ V.
Ïîëàãàÿ h = ϕ â (43) è v = u â (44), èç ëåììû 1 ñ ó÷åòîì (13), (5), ïðèõîäèì
ê îöåíêàì

(45) λ∗‖ϕ‖1,Ω ≤ γ2Mϕ‖u‖1,Ω,

(46) ν∗‖u‖1,Ω ≤ β0‖ϕ‖1,Ω + γ1Mu‖u‖1,Ω.
Ââåäåì áåçðàçìåðíûå àíàëîãè ÷èñëà Ðåéíîëüäñà è äèôôóçèîííîãî ÷èñëà

Ðýëåÿ (ñì. [3, 5] è [31, ãë. 5]):

(47) Re = (γ1/δ0ν)Mu, Ra = (γ2/δ0ν)(β0/δ1λ)Mϕ.

Èç (45), (46) ñ ó÷åòîì (47) ïðèõîäèì ê íåðàâåíñòâó

‖u‖1,Ω ≤ (Re + Ra)‖u‖1,Ω,
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èç êîòîðîãî âûòåêàåò, ÷òî åñëè âûïîëíÿåòñÿ óñëîâèå

(48) Re + Ra < 1,

òî ‖u‖1,Ω = 0 èëè u1 = u2. Òîãäà èç (45) ñëåäóåò, ÷òî ‖ϕ‖1,Ω = 0 èëè ϕ1 = ϕ2.
Âû÷èòàÿ (15) ïðè (u2, ϕ2, p2) èç (15) ïðè (u1, ϕ1, p1), ó÷èòûâàÿ, ÷òî u = 0 è

ϕ = 0, ïîëó÷àåì, ÷òî ðàçíîñòü p = p1 − p2 óäîâëåòâîðÿåò óðàâíåíèþ

−(p,divv) = 0 ∀v ∈ H1
0 (Ω)3.

Îòñþäà, â ñèëó (9), çàêëþ÷àåì, ÷òî p = 0 èëè p1 = p2.
Ñôîðìóëèðóåì ïîëó÷åííûå ðåçóëüòàòû â âèäå ñëåäóþùåé òåîðåìû.

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (i)�(v). Òîãäà ñóùåñòâóåò ñëàáîå
ðåøåíèå (u, ϕ, p) ∈ H1

0 (Ω)3 × H1(Ω) × L2
0(Ω) çàäà÷è 1 è ñïðàâåäëèâû îöåíêè

(40)�(42). Åñëè, ê òîìó æå, âûïîëíÿåòñÿ óñëîâèå (48), òî ñëàáîå ðåøåíèå
çàäà÷è 1 åäèíñòâåííî.

3. Ïðèíöèï ìàêñèìóìà è ìèíèìóìà

Ïóñòü â äîïîëíåíèå ê (i)�(v) âûïîëíÿåòñÿ óñëîâèå:
(vi) ψmin ≤ ψ ≤ ψmax ï.â. íà Γ, fmin ≤ f ≤ fmax è λmin ≤ λ ≤ λmax ï.â. â Ω.
Çäåñü ψmin, ψmax, fmin, fmax � íåîòðèöàòåëüíûå, à λmin, λmax � ïîëîæèòåëü-

íûå ÷èñëà.
Áóäåì ñ÷èòàòü, ÷òî êîýôôèöèåíò ðåàêöèè èìååò ñëåäóþùèé âèä:
(vii) k(ϕ,x) = a(x)k1(ϕ), ãäå k1(·) : R → R+ íåïðåðûâíàÿ ôóíêöèÿ, 0 <

amin ≤ a(x) ≤ amax <∞ ï.â. â Ω, ïðè ýòîì ôóíêöèîíàëüíûå óðàâíåíèÿ

(49) k1(s)s = fmax/amin,

(50) k1(s)s = fmin/amax, s > 0

èìåþò õîòÿ áû ïî îäíîìó (ïîëîæèòåëüíîìó) ðåøåíèþ.

Òåîðåìà 2. Ïðè âûïîëíåíèè óñëîâèé (i)�(vii) äëÿ êîìïîíåíòû ϕ ∈ H1(Ω)
ðåøåíèÿ (u, ϕ, p) ∈ H1

0 (Ω)3 × H1(Ω) × L2
0(Ω) çàäà÷è 1 ñïðàâåäëèâ ñëåäóþùèé

ïðèíöèï ìàêñèìóìà è ìèíèìóìà:

(51) m ≤ ϕ ≤M ï.â. â Ω, M = max{ψmax,M1}, m = min{ψmin,m1}.
ÇäåñüM1 � ìèíèìàëüíûé êîðåíü óðàâíåíèÿ (49), à m1 � ìàêñèìàëüíûé êîðåíü
óðàâíåíèÿ (50).

Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì, ÷òî ϕ ≤M ï.â. â Ω. Ñ ýòîé öåëüþ ââåäåì
ôóíêöèþ

ϕ̃ = max{ϕ−M, 0}.
ßñíî, ÷òî ïðèíöèï ìàêñèìóìà èëè îöåíêà ϕ ≤ M ï.â. â Ω âûïîëíÿåòñÿ òîãäà
è òîëüêî òîãäà, êîãäà ϕ̃ = 0 ï.â. â Ω.

×åðåç QM ⊂ Ω îáîçíà÷èì îòêðûòîå èçìåðèìîå ïîäìíîæåñòâî Ω, â êîòîðîì
ϕ > M . Èç [32, c. 152] è [33] âûòåêàåò, ÷òî ∇ϕ̃ = ∇ϕ ï.â. â QM è ϕ̃ ∈ H1

0 (Ω).
Òîãäà ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà:

(λ∇ϕ,∇ϕ̃) = (λ∇ϕ̃,∇ϕ̃)QM
= (λ∇ϕ̃,∇ϕ̃), (u · ∇ϕ, ϕ̃) = (u · ∇ϕ̃, ϕ̃) = 0.

Ñ ó÷åòîì ýòîãî, ïîëàãàÿ h = ϕ̃ â (20), ïîëó÷èì

(52) (λ∇ϕ̃,∇ϕ̃) + (k(ϕ, ·)ϕ, ϕ̃) = (f, ϕ̃).
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ßñíî, ÷òî

(k(ϕ, ·)ϕ, ϕ̃) = (k(ϕ, ·)ϕ, ϕ̃)QM
= (k(ϕ̃+M, ·)(ϕ̃+M), ϕ̃)QM

è â ñèëó (v) äëÿ ôóíêöèé ϕ1 = ϕ̃ + M è ϕ2 = M èç H1(Ω) ñïðàâåäëèâî
íåðàâåíñòâî

0 ≤ (k(ϕ̃+M, ·)(ϕ̃+M)− k(M, ·)M, ϕ̃) =

(53) = (k(ϕ̃+M, ·)(ϕ̃+M)− k(M, ·)M, ϕ̃)QM
,

ïîñêîëüêó ϕ̃ = 0 â Ω \QM .
Ñ ó÷åòîì ýòîãî, âû÷èòàÿ (k(M, ·)M, ϕ̃) èç îáåèõ ÷àñòåé (52), ïîëó÷èì

(λ∇ϕ̃,∇ϕ̃) + (k(ϕ̃+M, ·)(ϕ̃+M)− k(M, ·)M, ϕ̃)QM
=

(54) = (f − k(M, ·)M, ϕ̃)QM
.

Â ñèëó ëåììû 1 è (53), èç (54) ïðèõîäèì ê îöåíêå

λ∗‖ϕ̃‖21,Ω ≤ (f − k(M, ·)M, ϕ̃)QM
.

Èç íåå âûòåêàåò, ÷òî åñëèM âûáðàíî èç óñëîâèÿ (51) äëÿ êîýôôèèöåíòà k(ϕ,x)
èç óñëîâèÿ (vii), òî ϕ̃ = 0.

Äëÿ äîêàçàòåëüñòâà ïðèíöèïà ìèíèìóìà ââåäåì ôóíêöèþ

w̃ = min{ϕ−m, 0}.

Ðàññóæäàÿ, êàê äëÿ ôóíêöèè ϕ̃, çàêëþ÷àåì, ÷òî w̃ ∈ H1
0 (Ω). Áóäåì ïðåäïîëà-

ãàòü, ÷òî â èçìåðèìîì îòêðûòîì ìíîæåñòâå Qm ⊂ Ω ñïðàâåäëèâî íåðàâåíñòâî
ϕ < m. Ðàññóæäàÿ, êàê è âûøå, ïðèõîäèì ê ðàâåíñòâó

(λ∇ϕ̃,∇ϕ̃) + (k(w̃ +m, ·)(w̃ +m)− k(m, ·)m, w̃)Qm
=

= (f − k(m, ·)m, w̃)Qm
,

èç êîòîðîãî âûâîäèì îöåíêó

λ∗‖w̃‖21,Ω ≤ (f − k(m, ·)m, w̃)Qm
.

Èç ïîëó÷åííîé îöåíêè êàê è âûøå âûòåêàåò, ÷òî w̃ = 0 äëÿ m èç (51). �

Çàìå÷àíèå 1. Äëÿ ñòåïåííûõ êîýôôèöèåíòîâ ðåàêöèè ïàðàìåòðûM1 è m1

ëåãêî âû÷èñëÿþòñÿ. Íàïðèìåð, ïðè k(ϕ) = ϕ2 ïîëó÷àåì, ÷òî

M1 = f1/3
max, m1 = f

1/3
min.

Â òàêîì ñëó÷àå

M = max{ψmax, f
1/3
max}, m = min{ψmin, f

1/3
min}.
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4. Çàêëþ÷åíèå

Â íàñòîÿùåé ðàáîòå äîêàçàíà ãëîáàëüíàÿ ðàçðåøèìîñòü êðàåâîé çàäà÷è
äëÿ íåëèíåéíîé ìîäåëè ìàññîïåðåíîñà, îáîáùàþùåé ïðèáëèæåíèå Áóññèíåñêà.
Ïðåäïîëàãàåòñÿ, ÷òî êîýôôèöèåíò ðåàêöèè k(ϕ, ·) íåëèíåéíî çàâèñèò îò êîí-
öåíòðàöèè âåùåñòâà è çàâèñèò îò ïðîñòðàíñòâåííûõ ïåðåìåííûõ. Íåîäíîðîä-
íîå óñëîâèå Äèðèõëå äëÿ êîíöåíòðàöèè ϕ ñòàëî ïðè÷èíîé òðåáîâàíèÿ ìîíî-
òîííîñòè íåëèíåéíîñòè k(ϕ, ·)ϕ. Â ñâîþ î÷åðåäü, ïðè ýòîì óñëîâèè óäàëîñü
äîêàçàòü ïðèíöèï ìàêñèìóìà è ìèíèìóìà äëÿ ϕ è äîêàçàòü ëîêàëüíóþ åäèí-
ñòâåííîñòü ðåøåíèÿ êðàåâîé çàäà÷è ïðè ïðîñòîì óñëîâèè ìàëîñòè

Re + Ra < 1,

íå çàâèñÿùèì îò êîíêðåòíîãî âèäà êîýôôèöåíòà ðåàêöèè k(ϕ, ·) (äëÿ ñðàâíå-
íèÿ ñì. [17]). Òàê æå îòìåòèì, ÷òî ïðè äîêàçàòåëüñòâå ïðèíöèïà ìàêñèìóìà è
ìèíèìóìà èñïîëüçîâàëñÿ ïîäõîä [34].
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