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ABSTRACT. Global solvability of a boundary value problem for nonline-

ar mass-transfer equations under innhomogeneous Dirichlet condition

for substance’s concentration is proved. For a velocity vector we use a

homogeneous Dirichlet condition. The model under consideration generali-
zes the Boussinesq approximation since the reaction coefficient depends

nonlinearly on substance’s concentration and depends on spatial variables.
Sufficient conditions were established for initial data of boundary value

problem under which its solution is unique and also there were determined

the conditions under which the maximum principle for substance’s concen-
tration is valid.

Keywords: nonlinear mass-transfer model, generalized Boussinesq model,
reaction coefficient, global solvability, maximum principle.

1. BBEJAEHUE. ITOCTAHOBKA KPAEBOW 3AJIAYU

Ha nporsKeHuy JJIMTEIBHOrO IIEPHOJA MHTEPEC K HCCIEIOBAHUIO KPACBBIX U
SKCTPEMAJIbHBIX 33184 JIJI1 YPABHEHHI TEILIOMACCOIEPEHOCA TOJIBKO yCHINBACTCS
(cwm., marrpumep, [1, 2, 3, 4, 5, 6, 7, 8]). Hapsiay ¢ monckom 3bdheKTHBHBIX MeXaHn3-
MOB yTpaBjieHnsi (PU3MIECKAMU TIOJSIMHA B CIIONIHBIX CPEIax, 3aJa97 YIPABICHAS
MUMEIOT W PSI APYTUX Tpuiokernii. K yKazaHHBIM 3a/1a9aM B pAMKAX ONTHMU3aIy-
OHHOTO TIOAXOJA CBOAATCS HEKOTOPBIE O0pATHBIE 3a/a9u (0 KOPPEKTHOCTH TAKOTO
nozxxona cm. [9, 10, 11]). Tak:ke orMeruM HPUMEHEHUE METOJOB ONTUMH3ALMU K
3a/1a4aM TEIIoBOi Mackuposku [12, 13].
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B macrosimeit pabore paccMaTpuBaeTCs KpaeBas 331a4a JJisd HEJIMHEHHBIX yPaB-
HeHmit maccomepenoca. Ilpeamomaraercs, 9o KO3(DUIMEHT PEAKINNA HEJTHHEHHO
3aBHCUT OT KOHIIEHTPAIIUU BEIECTBA, & TAKXKE 3aBUCUT OT IPOCTPAHCTBEHHBIX II€-
peMeHHBIX. 31mech ormernm paborst [14, 15, 16, 17], Takxe obobiaromue mpubIIi-
skeHne ByccuHecka Jisi pasnMuHBIX Momesiedt, u crarbu [18, 19, 20, 21, 22], mo
HCCJIEOBAHUIO PSiTa, CJIOKHBIX THIPOJIUMHAMUAYIECKUX MOJIE/IEH.

B orpanuuennoit obmactn ) C R? ¢ rpammumeit I' paccMaTpuBaeTca KpaeBas 3a-
Jaga:

(1) —vAu+ (u-V)u+Vp=£f+ Gy, divu=08 Q,
(2) —div(A(x)Ve) +u- Vo + k(e x)p = f 8 Q,
(3) u=0, p=¢ ual.

3/ech U — BEKTOpP CKOPOCTH, (0 — KOHIIEHTPAIIMS 3arpsI3HSIONIErO BEIecTBa, p =
P/p, tne P — paBienue, p = const — MJIOTHOCTb KUIKOCTH, ¥ = const > 0 —
NOCTOSHHAS KHHEMATUIECKas BA3KOCTh, A = A(x) > 0 — koapdbunuent quddysuu,
B — koaddunuent maccooro paciupenus, G = —(0, 0, G) — yckopenusi cBo60JHOTO
nagenus, f u f — oOGbeMHbIE IJIOTHOCTH BHENIHWX CHJI ¥ BHEITHUX MCTOYHUKOB,
byukuusa k = k(p,x) umeer cmbics koabduuuenra peakuuu, rae x € Q. Huxe
npu 3agauabix byukmuax £, f, A, 8,k u ¢ na 3amagay (1)—(3) Mbr Oymem cebLiaThes
KaK Ha 337a4y 1.

B nacrosmieit pabore JTOKA3bIBAGTCA IIOOANBHAS PA3PEIMIUMOCTh U JOKATbHAS
eIMHCTBEHHOCTh PeIleHus 3a7a9u 1 U yCTAHABIUBAETCA TPUHIIUAI MAKCHMyMa U
MUHUMYMA, Uil KOHIEHTpaluu . B ommuue, nanpumep, or [17], na rpanune 3aza-
ercst HeoIHOPOAHOe ycyoBue lupuxie as kounenrpaimu . C dusndeckoil Touku
3peHue 370 60JIee OMPABIAHO, TOCKOIBKY IIPY OJHOPOIHOM yCJI0BuU Jupuxiie crox-
HO OOBSICHUTDL DOJIbINNE 3HAUEHUs TPAJMEHTA KOHIEHTPAIMH BOJU3M TDAHUILI, HA,
KOTODOI#i OHA JOJIKHA CTaTh paBHOil Hyto. Bosee toro, dyukuus 1 B (3) mMoxker
UrPATh POJIb IPAHUYHOrO YUPABJIEHUS IIPU MCCIEIOBAHUU SKCTPEMAJIBHBIX 3a7ad.
Ho npu srom na vesmueitnocrs k(p, +) ¢ HAKJIAJLIBAIOTCS JOIOJIHUTEbHbIE OIDA-
HWYeHWs], TT0 CPABHEHHIO ¢ yCJIoBusMu B [17].

C omHOIT CTOPOHBI, B HACTOAIIEH CTaThe 0000IIAIOTCS HEKOTOPHIE PE3YILTATHI Pa-
Gor [2, 3] u [5, 6] O UccIETOBAHMIO KPAEBBIX 33744 /IS HeTMHEHHBIX MOJeTeil Ter-
Jomacconeperoca B pamkax npubmmkenus Ob6epbeka-Byccunecka. C apyroit cro-
ponbl, 060011AI0TCH HEKOTOPbIe pedysbrarbl crareir [11] u [24, 25, 26, 27] uo uc-
CJIIOBAHUIO KPAEBBIX 3344 IJIs TOJYJIUHEHHBIX ypaBHeHuil peaxuun-guddy3nnu-
KOHBEKITMH. 37ech ke orMeruM paborsl [28, 29, 30] mo mccienoBaHUIO GIH3KHX
MOJTYJIMHEHHBIX MOJIEJIEHl CJIOXKHOTO TENI000MeHa..

2. PA3PEMIMMOCTD 3AJIAYN 1

Hwske Gynem wcmomb3osarh mpoctpanctea Cobomesa H*(D), s € R. 3mecy D
obo3nagaeT 001acTh () WM HEKOTOPOE ee MOAMHOXKeCTBO () C (), mau rpanumy [ .
Yepes | - 15,0, | |s,0 7 (+,)s,@ Oyaem 0003HATATH, COOTBETCTBEHHO, HOPMY, IOTIY-
HOpMY U cKajsgpHoe npoussegenre B H*((Q). Hopmy u ckasnsiproe npoussenenue B
L*(Q) 6yznem obosnauars, coorsercrsenno, || - ||g u (). Beaem dbynkunonann-
HBIE TPOCTPAHCTBA

L%(D) = {k e L"(D): k >0}, p>5/3,
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D) ={Ae L>®(Q): A> X >0}, L§(Q) ={h e L*(Q): (h,1) =0}.

Beenem mpocTpancTBO TECTOBBIX (DYHKIMIT 7151 CKOPOCTH U:

V={veH}N)? :divv=08Q}.

Bremem mpomssesenus npocrpancts H = HE(Q)3 x HE(Q), W =V x HY(Q) u
npoiicreennoe K H npocrpancTso H* = H=1(Q)3 x H~1(Q).

ITycTh BHIMOIHSIIOTCS CIAEAYIONINE YCIOBHST:

(i) Q — orpannuennas obnacts B R? ¢ rpanumeit I' € C%1;

(ii) A € L (Q), £ € LA(Q)%, f € L*(Q), b= G € L*(Q)%, v € H'/?(D);

(iii) st moGoit Gpynkuun w € H} () umeer mecro snoxenue k(w,-) € LE (Q),
re p > 5/3 n He 3aBUCHT OT w, n Ha m060M mape B, = {w € HY(Q) : |w|1.o <7}
pajuyca r CIpaBe/InBO HEPABEHCTBO:

%(ws, ) = k(wa, ) o) < Lllwy = wollpa@) Vwr, we € Ho(Q).

31ech L — KOHCTaHTa, 3aBUCAIIAsL OT 7', HO He 3aBUCAIIALA OT w1y, ws € Bi.
(iv) mesuueiiHocrb k(p, )@ sABIAETCH MOHOTOHHOM B CJIEIYIOIIEM CMbICJIE:

(k(p1,)p1 — k(p2, )2, 01 — p2) = 0 V1,02 € H'(Q).

(v) dbyuxuusa k(p, ) dBisiercs OrPAHUYEHHON B TOM CMbICJIE, YTO CyLIECTBYIOT
HOJIO’KUTEIbHbIE KOHCTaHTI A1, By, 3aBucsdimue o k, TaKue, 910

(4) 15(e: ML) < Aullgllig + Bro p > 5/3, t > 0.

Bamernwm, uto ycioeusa (iii)—(v) 3amator omeparop, meiicteyronmit uz H' () B
LP(QY), rme p > 5/3, Hanpumep,
k= ¢? (mma k = ©%|p|) B momobmactn Q C Q u k = ko(x) € Li/g(Q \Q) B Q\Q.

Hamomunm, uro u3 Teopem Bioxkenus CobosieBa BBITEKAET, YTO MPOCTPAHCTBO
H1(Q) sxnagpsaerca B L*(£)) menpepsisao npu s < 6 1 KOMIAKTHO TIpH § < 6 1 ¢
HekoTopoit Koucrautoit Cy, 3aBucsiieit or s u ), cupaBeJyiuBa OINEHKA

(5) lellze@) < Csllelha Yo € HY(Q).

CupaseinBa cielyiomas rexHudeckas jgemma (noapobuo cum. [3, 5, 31]).

Jlemma 1. [Tycmo ewnoansemes yeaosue (i) u ko € LE (Q),p > 5/3, u € H(Q)3,
divu =0, b € L?(Q)3, X € Li‘[’)(Q) Tozda cywecmsyom NOAOHCUMEALHBLE KOH-
emanmus Co, C1, 80, 01,71, Y15 V2, Vhs Yps 1, 3a6ucawgue om Q@ uau om Q u p, u KoH-
cmanma By, komopas 3asucum om ||b|lq, ¢ Komopumu vnosnAOMCeA credyrousue
COOMHOUEHUA:
|(Vv, Vw)| < Collv|1,allwllq,
|(bh, V)| < Bollhllrellviiie Vw,ve H'(Q) he H(Q),
[(w - V)h, z)| <~1[|W|[L4 @) |h]

(6) <mlwlelblollzlie Yw,hze H'(Q)®,
((Ll : V)V,W) = _((u : V)Wav)v

Lellzlle <

(7) (u-V)v,v) =0 Yve H}(Q)? we H(Q)?,
(8) v(Vv,Vv) > v |[v|i g, v =dv Vv € Hj(Q)?,
(9) sup  —(divv,p)/[[vle = Billple Vp € L(),

VEH (Q)3,v#0
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(10)
[(AVA, V)| < Ci]|A]|s,llh]

(11)
(u- Vh, )| < lullps@plblliallnle < vlulielblielnlie Yhne H'(S),

vellnllue, [(koh,n)| < pllkollze@)llbllLellnllie,

(12) (w-Vh,h) =0 (AVA,Vh) > AR o Vh € HJ(Q), A =d1)o.

N3 Bropoit onenku B (10) BbITEKaeT CeIyIollee HEPABEHCTBO st (DYHKIUH
k(p, ), ynosaersopsiouieii ycaosuto (iii):

[((k(p1, ) = k2, ) m)| <

(13) < wLller — @l llellnelnllie Ve, o1, 02,n € H(Q).

Hus nokazaresnbcrsa paspeimumoctu Kpaesoil 3agauu (1)—(3) Gymem ucnosnb3o-
BaTh cyreayomyio gemMmy (cm. [31]).

JIemma 2. ITycmo ewnoansemca ycaosue (i). Tozda cywecmeyem cemeticmeo
Henpepuenur Heyowearowur Pynryuld M, : Ry = (0,00) — Ry, ¢ M(0) = 0,
sasucauur om napamempa € € (0,1] maxoce, xax om Q u T, makoe, umo das a0-
60t 1e pasnoti mosicdecmeenno nyamo dynxyuu o € HY2(T) natidemea dynxyua
0. € HY(Q), ydosaemeoparowaa ycrosuam

(14) Pelr =0, lleella) <& llpellie < Mc([¥]l1/2,r) Ve € (0,1].

Yuuozkum nepsoe ypasuenne B (1) ma dbynkmmo v € HE(Q)3, ypasnenne (2)
na byunkmumio h € H{ () u mpounterpupyem no (2, npumensist dopuysiet ['puna. B
pe3ynbTaTe MPUXOauM K ciaboit popmynnposke 3amaqan 1:

(15)  v(Vu,Vv) + ((u-V)u,v) — (p,divv) = (f,v) + (bp,v) Vv € Hj ()3,
(16) ()\V(P, Vh) + (k‘((p, ')90) h) + (u ’ V(,D, h) = (fa h) Vh € H&(Q)a

(17) divu=08Q, p=v nal.

Tpoiixy (u, ,p) € H(Q)3x H*(Q)x L3(12), ynosaersopstiontyio (15)—(17), nazosem
cs1abbIM perenreM 3a1adn 1.
Paccmorpum cyzxkenue (15) Ha npocrpascTso V:

(18) v(Vu,Vv) + ((u-Viu,v) = (f,v) + (b, v) Vv e V.

st oKazaTeabCcTBa CyIIECTBOBAHUS CIabOTO pereHnst 3a7a9u 1 TOCTaTOYHO
JoKazaTh cylecTsoBanue pemenus (u, ) € V x HY(Q) sagaun (16)—(18). O Boc-
CTAHOBJICHUH JaBIeHus p cM. B [31, c. 89].

Konmnenrpamuio ¢ Oyaem uckaTh B BUAE CYMMBI ( = @, + @, rje dyHKud o, u3
aemmbl 2, a @ € HE () — nopas nenssecrnas Qynxius.

Moncrasnas ¢ = p-+¢ B (18), (16) u npubasisia K obenm yactam (16) ciraraemoe
—(k(@e, ") e, h), TPUXOANM K COOTHOIIEHUSIM

(19) v(Vu,Vv) + ((u-Viu,v) = (f,v) + (bp,v) Vv eV,

(AV@, Vh) + (k(@ + ¢, )@ + ) — (k(pe, ) pes )+
(20) +(u- V@, h) + (u- Ve, h) = (fi,h) 10 Vh € Hy(9),
rie

<f1ah>—1,ﬂ = (fa h) - ()‘VCPEth) - (k((pea ')9063 h)
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dcno, aro f1 € H~1(Q) u cipasemBa oneHka
[fill 1.0 < My, = ||flla + Cil|Al|l Lo @) Mc (19111 /2,0)+

(21) (A ML (81 2,0) + Bu)Me (9]l 2,0)-

CknagpiBast (19), (20), HpUXOIUM K COOTHOLICHHUIO
a(<u7 @)a (V, h’)) + ((u : V)u, V) - (b¢7 V) + (k(()5 + e, )‘)5 - (k((ﬂa, ')(Pav h)a h)+

(22) +(u-V@,h)+ (u-Voo, h) = (F,(v,h))g«xu V(v,h) e W.
31ech
a((u, ), (v, h)) =v(Vu,Vv) + (AV$, Vh),
(F, (v,h))mexm = (£,v) + (f1,h)_1,0.
13 jsleMMbl 1 BBITEKaET, 4TO OuInHEHHas (popMa a HEIpPepbIBHA U KOIPIUTHUBHA,
Ha TpocTpaHcTBe H:

(23)  a((v,h), (v, 1) 2 0.([vITq + [BlTq) V(v,h) € H, b =min{r, \}.

Hnst nokaszarenberBa paspemmmoctu 3anadu (22) mpumenuM teopemy Jlepe—
IMaynepa (cum. [29]). Tonoxkum z = (u, 9) € W n BBeseM HesmHeiHBIH oneparop G
mo dopmyiie }

a(G(z), (v, h)) = (F(z),(v,h))mexn =

(u-V)u,v) — (b3, v) + (k(@ + ¢z, ) — (k(pe, )=, h), h)+
(24) +(u-V@,h)+ (u-Voe,h) — (F, (v,h) g«xg V(v,h) e W.

ITo reopeme Jlakca—Musbrpama u3 (24) BbIT€KaeT, 4TO JJis JIO0OH Mapbl z =

(u, @) € W cymecrByer eauHCTBeHHAs napa s = (81, $3) € W, ¢ KOTOpOii cripase/-
JINBO PaBEHCTBO

CL((Sl, 52)) (V7 h’)) = <F(Z)7 (V, h)>H*><H V(V, h) ew

B rakom ciayuae, oneparop G, oupenesennbiii (opmysioii (24), neiicrsyer uz W
B W u crasur B coorsercrsue Kaxaoil nape Gyukuuit z = (u,@) € W ssement
G(z) e W.

Torma ajist HOKA3aTEILCTBA CYIIECTBOBAHUS pelleHus 3ama4un (22) J0CTaTovHO
JI0Ka3aTh CyIIeCTBOBAaHUE peleHust z € W onepaTropHOro ypaBHEHHs

(25) z+G(z) =08 W.
Berurem (24) npu z =z € W u3 (24) npu z = z; € W. Byzem nmers
a(G(z1) — G(z2), (W, h)) =
= ((u1 - V)(u1 —uz),v) + (((wr = uz) - V)ug, v) — (b(¢1 — @2), v)+
F((k(@1+¢e, ) —k(@2te,))p1, h)+(k(P2t+¢e, ) (P1—P2), )+ (01 —u2)-V§y, h)+
(26) +(uz - V(@1 — @2), h) + (w1 —u2) - Ve, h) V(v,h) € W.

Ucnonb3ys nemmy 1, nepasencrso Lesnbuepa, csoiicrso (iii) u (5), uz (26) upu-
XOJUM K HEPABEHCTBY

a(G(z1) — G(2z2), (v, h))| <
<y (luille + luellie)lur — vzl vie + Bollgr — Gallza Iviie+
+1pLl|61 = G2l e @ 11l allhllne + Coll k(P2 + o)l Lsrs @) |91 — PallLs @)l hllLo+
+yslluzlliellgr — PallLe@)llllo+
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(27) +([|P1ll0 + lleellio)(lur — wzllLa@s[hlla V(v h) € W.
IMonoxum y = (v, h). 13 (27) BbiTeKaeT HEpABEHCTBO
la(G(z1) — G(z2),y)| <
< laille + lluzllie)llur — w2l + Bolldr — PallL@)+
+Ll[P1 — @2l L2 lI@1ll1,0 + Collk(@2 + )l Ls/s @) |P1 — Palls @)+
+ylluzlliellgr — @2llLa@)+

(28) (210 + lleellie)(lu — 2llLa@)llyllw Yy € W
Ionarast y = G(z1) — G(z2) B (27), IpUXOJUM K OILCHKE
0:|G(z1) — G(z2)[lm <
+71(lutlle + luellie)lur — vl @)y + Bollor — PallLe@)+
+ 1 Ll|¢1 = @2l e ll@1ll,0 + Collk(@2 + @e)llLs/s @) |61 — Palls @)+

(29) +yslluslliellér — Galls) + 211 lle + lleclio)lur — uzl L),

U3 KOTOpOil B cuity KoMmakTHOCTH Bioxkenuit H1(Q) C LP(Q) u HY(Q)? C LP(Q)3,
rme p < 6, BBITEKAET HEMPEPBIBHOCTh W KOMIIAKTHOCTH omeparopa G : W — W.
Hapsizy ¢ (25) paccMOTpuM ONepaTopHOE ypaBHEHUE

Zy +wG(zy) =08 W,
rae w € (0, 1], u BapuanMOHHOE PABEHCTBO
(W, Pw), (V5 1) + w((Ww - V)i, V) = w(b@w, v)+
Fw(k(Puw + @es ) Pw — w(k(pe, )@=, h)+
(30) Fw(uy - Vo, h) + w(uy - Ve, h) = w(F, (v, h))gxg Y(v,h) € H.
IMonarass v=0u h = ¢, B (30), IPUXOIUM K COOTHOIICHHUIO

(V@w, Vou) +w(k(@w + @, ) (@w + ) — k(0e, ) Pes Puw)+

(31) Fw(Wy - Ve, puw) :w<f1a90w>—1,§2~
U3 (31) ¢ yuerom semm 1 u 2, BBIBOAMM OLIEHKY

(32) MellPwll,0 < wyse|luwlli,o + wMy, w,e € (0,1].
IMonaras v =uu h =0 B (30), IpUXOIUM K COOTHOIICHUIO

(33) v(Vi, Vi) = w(b@y, Uy) + w(f, uy).
U3 (33) B cusy jieMMbl 1, IPUXOAMM K HEPABEHCTBY
(34) Velluw |10 < whol|wllio + wlif]lo.
Yuaursas (32), n3 (34) moayvaem, 4ro
(35) vil[wo 1,0 < who(wypA el uwlho +wAT My) +wl|f]lo

Ecmu v, < BoyhAL L, To nonaras € = v\ /(2B074), w3 (35) TociesoBaTebHO Bhi-
BOJIMM
(ve/2)[uw 10 < w?BoAT My, + wllflle,

(36) w10 < 2wMy, My = (Bo/(vaAe)) My, + (1/v:)|fllo-

(B mpoTtuBHOM CTyuae, HepaBeHCTBO (35) ycummBaercs 3aMeHoit Boya\y L HA vy, U,
nonarad € = 1/2, rakzke npuxomuM K (36).)
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Ucnonssys (36), u3 (32) (mpu € = 1) TakxKe MOCIEJOBATEIHHO BBHIBOIUM, YTO

A*H@wHLQ < 2w27§Mu + wal’ w e (Ov l]v

(37) |Gwlli,0 < wMg, My = (2/\)(vaMu+ My,), we (0,1].
Haxkowner, u3 (36) u (37) npuxoquM K OIEHKe

(38) 12w l[1,0 < wC(My + M), w € (0,1, Cu =1/,

U3 KOTOPOii, OY9EBU/IHO, BBITEKAET, 1TO

(39) [Zwll1,0 < Cu(Mu + Mg).

B rakom caydgae, B cuiry Teopemsl Jlepe-Illaynepa cymecrsyer pemienune z € W
sagaun (25), 111 KOTOPOTO CIPaBEINBA OIEHKa, (39).

Orcioma cnemnyer, uro cyuiectsyer perienue (u, ) € W sagauu (16)—(18), rue
Y = @+ ., TpAIEM

(40) [ull1,0 < Mu = (Bo/(veAs)) My, + (1/v:)[f] 0,
(41) lellie < My = (2/A)(vaMy + My,) + M([|9]l1/2,05)-

B cuny (9) mna pasnenus p u 060ro (IpOU3BONBHO MAJOro) yuciaa § > 0
cymectsyer dbynxuus vo € H}(Q)3, vo # 0, Takas uTo

—(divvo,p) > Ba|volli.ellplle, B2 = (B1—3d) > 0.

IMonaras v = vg B (15), ¢ y4eroM HEPABEHCTB JieMMbI 1 BBIBOIUM

Balvolli.allplla < vCollvollr.allulli.a+mnlvelrelullf o+bollelellvollro+lEllelvoll,q

Pazaenus Ha ||vpl|1,0 # 0 u yunreBas onenku (40), (41), orcioma BHIBOIUM, 9TO
(42) Iplle < M, = ﬁz_l[(l’ + 1 My) My + ||f]lo + BOMw]-

Jasee ycTaHOBUM JOCTATOYHBIE yCIOBUS €JMHCTBEHHOCTH Pemenns 3amaqan (15)—
(17). Tycers (Wi, @4, p;) € HY(Q)? x HY(Q) x L3(Q), i = 1,2, — pemenns 3aga4au
(15)—(17). Hecio:kHO TOKa3aTh, 9TO UX PAHOCTH

p=p1—p2€ Hy(Q), u=us—us €V
YAOBJIETBOPAIOT COOTHOIIECHUAM
(AV, V) + k(1)1 — k(p2)p2, h) + (a1 - Vi, h) =
(43) = —(u- Vg, h) Yh € H} (),
(44) v(Vu,Vv) + ((u; - V)u,v) = (bp,v) — ((u- V)ug,v) Vv e V.

IMonarast h = ¢ B (43) u v = u B (44), u3 nemmor 1 ¢ yaerom (13), (5), npuxosum
K OIeHKaM

(45) Adlelle < v2Mgllullyo,

(46) velull1.0 < Bollep

Bsenem OGespasmeprbie anasmoru uucia Peironbiaca u aud@dy3nOHHOIO THCIA
Panes (cm. [3, 5] u [31, ru. 5]):

(47) Re = (y1/d0v)Mu, Ra = (7y2/0v)(Bo/51A) M.
N3 (45), (46) ¢ yuerom (47) TpUXOIUM K HEPABEHCTBY
[ulli,0 < (Re+Ra)ull10,

l1.0 + 71 Mullul[1,0.
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"3 KOTOPOTO BBITEKAET, YTO €CJIN BBIMOJIHACTCA yCIOBUE
(48) Re +Ra < 1,

10 ||ul|1,0 = 0 wmm vy = uy. Torga us (45) creayer, 4ro ||¢ll1,0 = 0 wm @1 = @s.
Borauras (15) upu (ug, p2,p2) u3 (15) upu (ug, p1,p1), ydursisas, 4ro u = 0 u
© = 0, ToJIy9aem, 9To PasHOCTh P = P — P2 YAOBJIETBODSIET YPABHEHUIO

—(p,divv) =0 Vv € H} ().

Orciona, B cuity (9), 3akiarouaeM, uro p = 0 wiu p; = po.
Cdopmynupyem mosrydeHHble Pe3yJIbTaThl B BUJIE CIEAYIONEH TeOPEMbI.

Teopema 1. IIycmov evnoansomes ycaosus (i)—(v). Toeda cywecmeyem caaboe
pewenue (u,p,p) € HH(Q)? x HY(Q) x L3(Q) sadanu 1 u cnpasedauev, ouenxu
(40)-(42). Ecau, x momy oice, evinosnsemcs yeaosue (48), mo caaboe pewenue
3adaywu 1 eduncmeenno.

3. TIPUHIIUIT MAKCUMYMA 1 MUHUMYMA

Iycrs B nononuenue K (i)—(v) BblLIOIHSETCSH yCIOBHE:

(Vl) 1pmin < 1/} < d]max .B. HA Fa fmin < f < fmax n )\min < A < >\max m.B. B (.

31echb Ymin, Ymax> fmin, fmax — HEOTPUIATEIBHBIE, & Amin, Amax — TOTOXKUATETH-
HBIE YHCJIA.

Bynem camrars, 910 K03 GUIUEHT pEaKIInT UMeeT CJIeLyIOnii BU I

(vii) k(p,x) = a(x)k1(p), rme k1(-) : R — Ry nmenpepsiBras bysaknusa, 0 <
Gmin < a(X) < Gpax < 00 1.B. B ), 1pU 310M (QYHKIUMOHAJILHBIE YDABHEHUS

(49) kl(S)S = fmax/amirn

(50) k1(8)$ = fmin/0max, $ >0
HMEIOT XOTst OBl 10 OHOMY (TIOJIOXKUTEIBHOMY ) PEIIEHHIO.
Teopema 2. ITpu ewnoinenuu ycaosuti (i)—(vii) daa xomnonenmw. @ € H1(S2)

pewenus (u,p,p) € H(Q)> x HY(Q) x L3(Q) sadawu 1 cnpasedaue caedyiouyut
NPUHYUT MAKCUMYMAE U MUHUMYMO:

(51) m< <M ne 6Q, M=max{tmax, M1}, m = min{¢min, m1}.

3decv My — munumanrvrol Kopens ypasuenus (49), a my — Marxcumasonod Kopers
ypasnenua (50).

Zokaszameavcmeo. Cuauamna gokaxkem, ato ¢ < M n.B. B ). C 310ii nebi0 BBegeM
dYHKITTIO
@ =max{p — M,0}.

SICHO, YTO TPUHIMIT MAKCUMyMa, WIn OleHKa ¢ < M mn.B. B () BBINOJHSAETCA TOTIA
U TOJBKO TOTIa, Koraa @ = 0 m.B. B 2.

Yepes @Qps C € 0603HaYUM OTKPBITOE U3MEPUMOE TIOJAMHOXKECTBO {2, B KOTOPOM
© > M. W3 [32, c. 152] u [33] BorTexaer, uto V@ = Vo mB. B Qu n ¢ € H}(Q).
Torma crrpaBeIUBbI CIEAYIONINE PABEHCTBA:

AV, V@) = (AV$, V@), = (AVE,VE), (u-Ve,0) = (u-Vp,@) =0.
C yuerom 3toro, nosarag h = @ B (20), nonydum

(52) (AVE, V) + (k(e, ), ¢) = (f, @)-
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dAcwo, uro

(k(@v )‘10795) = (k((p, ')%@)QM = (k(@ + M, )(S5 + M)?@)QM

u B cuny (v) ans GyEkmmit o3 = @+ M u o = M uz H'(Q) cupasenmmso
HEPAaBEHCTBO

0< (k(@+M,)(p+M)—=k(M,)M,¢) =

(53) = (ke + M, ) (@ + M) = (M, )M, 2)qu

nockosbky @ =08 Q\ Q-
C yuerom storo, Borauras (k(M, )M, @) u3 obenx gacreit (52), moaynm

()\V<,57Vg5) + (k(@ + M, )(95 + M) - k(Mv ')M’ @)QM =

(54) = (f - k(Mv ')Mv @)QM'

B cuiy nemwmsbt 1 u (53), u3 (54) npuxoaum K OLEHKE

)‘*”95”%,52 < (f - k(Ma )Mv @)QM'

U3 nee Boirekaer, uro eciiu M Boibpano u3 yciaosus (51) s koadduunenra k(p, x)
u3 ycaosus (vii), ro ¢ = 0.
Jlyis moka3aTenbCTBa MPUHIAIIA MUHAMYMa, BBeIEM (DyHKITUIO

W = min{p — m, 0}.

Paccysxas, Kak a1s GyHKIME @, 3aKmouaeM, 9to w € H}(Q). Bynem npesnona-
raTh, 9TO B M3MEPUMOM OTKPBITOM MHOXKECTBE (), C §) CpaBeIInBO HEPABEHCTBO
@ < m. Paccyxkasi, Kak W BBIIIE, TPUXOAAM K PABEHCTBY

(AV@, V@) + (k(w + m, ) (@0 +m) — k(m, - )m,0)q,, =

m

=(f- k(m, .)m7/lI})Qm7

W3 KOTOPOTO BBIBOJAUM OIEHKY

m*

W3 momyveHHO# OIEHKK KaK ¥ BbIIIe BbITEKaeT, 910 W = 0 musg m u3 (51). g

3ameuanmue 1. /115 crenenHbix K03hUIMEHTOR peakiuu mapamerpst My u my
nerko Beraucasiorces. Hampumep, mpu k(p) = p? momy4aem, 9To

My = fL3, my = fl

max? min*

B Takowm cayuae

M = max{wmax, f&q/a:jc}a m = min{'l/}mina fril/li}
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4. 3AKJIIOUYEHUE

B macrosimeit pabore mokasaHa rimodaabHas Pa3pemrMOCTh KPAEBOi 33,1a91
JI7Is HeJTMHEHHON MOJen Macconepenoca, obobmmarorieit npubankenne Byccnrecka.
Ipexanonaraercs, 4to Koadduiment peakunn k(y,-) HEJIWHENHO 3aBUCHT OT KOH-
[IEHTPAINU BEIECTBA W 3aBUCHUT OT IMPOCTPAHCTBEHHBIX MEpEeMEHHBIX. HeomHopo-
Hoe ycyoBue Jlupuxie jisi KOHIIEHTPAIUK (o CTAJI0 TPUYIUHON TpeOOBaHUS MOHO-
ToHHOCTU HenmHelHocTu k(p,-)¢. B cBOIO ouepeinb, Ipu 3TOM YCIOBUH yIAJIOCh
JIOKA3aTh IPUHIUI MAKCUMYyMa U MHHUMYMAa JJIs (0 U JIOKA3aTh JIOKAJIbHYIO €JiH-
CTBEHHOCTDH DEITIEHNsT KPAEBOW 331a9M TIPU MPOCTOM YCJIOBUHM MAaJIOCTH

Re + Ra < 1,

He 3aBUCANIMM OT KOHKPeTHOro Buja Koddduiienra peakuuu k(p, ) (1 cpaBhe-
Hust cM. [17]). Tak ke ormerum, 4TO UPU JIOKA3ATEILCTBE IPUHIUIIA MAKCUMYMA U
MHHEMYMa UCLOJIB30BAJICH OAX0 [34].
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