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ABSTRACT. For certain properties 8 of topological Ty-spaces, we prove
that a Tp-space Y has property P if and only if the function space
Cs(X,Y) endowed with a particular topology 7T possesses P for some
To-space X.
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1. INTRODUCTION

This paper continues [11]. In [11], the interplay of different topological properties
for a To-space Y and its function space C(X,Y) (endowed with the pointwise conver-
gence topology) was investigated. Here, we extend some results from [11] as well as
from [10] considering different topologies on the set C(X,Y) of continuous functions
from a Ty-space X to a Ty-space Y.

Our main results are Theorems 9, 12, 18, 20, 22, 30, 31, Propositions 27 and 32,
and Corollaries 17, 21, and 23.

2. ToroLoGIES ON C(X,Y)

Given topological Ty-spaces X and Y, let C'(X,Y) denote the set of all continuous
functions from X to Y. An arbitrary function f € C(X,Y) can be considered as an
element of the Cartesian power YX. The pointwise convergence topology on C(X,Y)
is induced by the Tychonoff topology on Y X. Therefore, the set

Vow={f€CX)Y)| f(z) €U}, where z € X and @ # U € T(Y),
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forms a subbasis of the pointwise convergence topology; we denote this topology by
P.

If T is a topology on C(X,Y) then we denote the space <C(X, Y), ‘J'> by C5(X,Y)
and by C(X,Y) when T = P. The specialization order on Cy(X,Y) is denoted by
<g or just by < in case when T = P. For f, g € C(X,Y), the relation f <5 g holds
if and only if f(z) <y g(z) for all z € X. We write f < g instead of f <y g. It is
clear that f <g g implies that f < g whenever P C 7.

We also consider the mapping

&Y —-CX)Y); €:y—&, wheref(x)=yforall zelX.

Lemma 1. Let X|Y be Ty-spaces. If T is a topology on C(X,Y) such that P C T C
Ta(<p) then <g coincides with <p. In this case, the following holds.

(1) Y contains a least element with respect to the specialization order <y if
and only if C5(X,Y) contains a least element with respect to < for some
(equivalently, for each) Ty-space X.

(2) Y contains a greatest element with respect to <y if and only if C3(X,Y)
contains a greatest element with respect to <g for some (equivalently, for
each) Ty-space X.

Proof. According to Lemma 1.2.8 in [10], the pointwise convergence topology P is
finer than the Alexandroff topology T4(<g). As the specialization order of T4 (<gp)
coincides with <, we obtain that <4 coincides with <p; we denote this order
simply by <.

(1) Let (Y; <y) have a least element L. It is clear that £, € C(X,Y) is a least
element in (C(X,Y); <). Conversely, suppose that P € T C T4 (<) and 0 € C(X,Y)
is a least element in (C(X,Y); <). Choose arbitrary elements z, 2’ € X and suppose
that o(z) € U € T(Y). Then 0o € V,y € P C T. If y € Y then o < §,, whence
& € Vyu and y € U. As we can choose y arbitrary, we conclude that U =Y
and o(z’) € U. Thus, we proved that o(z) <y o(2’). Symmetrically, o(z’) <y o(z),
whence o = £, for some 1 €Y. Since {; = o0 < &,, we conclude that L < y for all
y € Y. Therefore, (Y; <y) has a least element.

The proof of (2) is similar but simpler. O

Given topological spaces X, Y, Z, let M(X,Y) denote the set of all functions from
X to Y. We put
A M(ZxX,Y) = M(Z,M(X,Y)), Af):z+ f(z )
N M(Z,M(X,Y)) —» M(ZxX,Y), A(9): (2,2) = [9(2)]().

It is not hard to verify that A and \* are mutually inverse mappings. Hence they es-
tablish a one-to-one correspondence between sets M (Zx X, Y) and M (Z, M (X, Y)).

For the following definition, we refer to [1]. A topology T on C(X,Y) is proper,
if )\(C(Z x X, Y)) C C(Z, Cy(X, Y)) for an arbitrary space Z. A topology T on
C(X,Y) is admissible, if \*(C(Z,Cq(X,Y))) C C(Z x X,Y) for an arbitrary space
Z. A topology T on C(X,Y) is exponential, if T is both proper and admissible.

The compact-open topology K on C(X,Y) is defined by the subbasis of open sets

Vko ={f€CXY)| f(K)CU}, where K C X is compact and @ # U € T(Y),
The Isbell topology I on C(X,Y) is defined by the subbasis of open sets
Vaco = {f € CX,Y) | f71(U) € K},
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where H is a Scott-open set in (T(X); C) and @ # U € T(Y). The core-open topology
Con C(X,Y) is defined by the subbasis of open sets
Vow ={fe€CXY)|U< f (W)}, where @ # U € T(X) and @ # W € T(Y).
Let T be a Ty-topology on T(X). Consider the topology on C(X,Y) defined by the
subbasis of open sets

Vou ={feCXY)|f(U)e 0},
where O € T and U € T(Y). We say that this topology is induced by T and denote

it by T%. It is clear that Ty C T, implies that ‘Tg - ‘3’5. Moreover, it follows from
the definition above that J is induced by the Scott topology on (T(X); C).

Lemma 2. Let X, Y be Ty-spaces. Then Ta(C)F C T4(L).

Proof. It suffices to show that Vio w € Ta(<) for all upper cones O in (T(X); C) and
all open sets W € T(Y). Indeed, let f € Vo and let f < g in C(X,Y). We prove
first that f=1(W) C g~ }(W). Indeed, let = € f~1(W); then f(x) € W. Since W is
an upper cone with respect to <y, we obtain that g(z) € W and thus, x € g~ (W)
which is our desired conclusion.

Since f~1(W) € Oand f~1(W) C g~ *(W), we conclude that g~} (W) € O as O is
an upper cone with respect to C. This yields that g € Voo w and Vow € Ta(<). O

In what follows, we consider also the Scott topology 8 = Ts(<p) on C(X,Y).

Lemma 3. Let X, Y be Ty-spaces If T is a topology on C(X,Y) such that P C T C
TA(C)F then € is a homeomorphic embedding of Y into Cy(X,Y).

Proof. Tt is straightforward to verify that {(Y) N V,py = &(U) for all z € X and
U € T(Y). Therefore, ¢ is open. Moreover, for all W € T(Y) and all y € Y, we have

X, ify e W;
@, ifye¢ W
Furthermore, let O € T74(C) and let W € T(Y). Then we have
El'WVow)={yeY|&eVowt={yeY | (W) e} =
Y, it 0 = T(X);
=W, if 0 ¢ {T(X),2};

g, ifO=g.
In any case, £ '(Vo.w) € T(Y). Therefore, £~1(V) € T(Y) for all V € T4(C)F,
whence the desired statement follows. O
Let X be a Tp-space. If (I;<) is an up-directed poset and ¢ = {x; | i € [} C X
then we say that r is a net in X. If A C X, then  is eventually in A if there
is 4 € I such that x; € A for all j > ¢. Then ¢ converges to some z € X if
xz € U € T(X) implies that r is eventually in U for all U € T(X). Further, if Y is
also a Ty-space and f = {f; | j € J} is a net in C'(X,Y) for some up-directed poset
(J; E), then § converges continuously to f € C(X,Y) if for arbitrary = € X, the net
{fj(x:) | (i,5) € I x J} converges to f(x) whenever r = {z; | i € I'} converges to x.

The natural topology T, on C(X,Y) consists of those sets U C C'(X,Y) which

satisfy the following condition for all nets f in C(X,Y) and all f € C(X,Y):

if § converges continuously to f € U then f is eventually in U.
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For the following facts, we refer to Chapters 6 and 15 in [10] as well as to Sections
5.3-5.4 in [14] and to Section II-4 in [13].

Proposition 4. Let X, Y be Ty-spaces.

(1) If Ty is a proper and T1 is an admissible topology on C(X,Y) then Ty C T7.

(2) If To € T1 and Ty is a proper topology on C(X,Y) then Ty is also a proper
topology on C'(X,Y).

(3) If To C Ty and Ty is an admissible topology on C(X,Y) then Ty is also an
admissible topology on C(X,Y).

(4) PCKCICT, and X C C.

(5) The natural topology T, is the finest proper topology on C(X,Y).

For the next statement, we refer to [5] and to [10, Theorem 6.2.1], see also [14,
Theorem 5.4.4].

Theorem 5. The following conditions are equivalent for a Ty-space X.
(1) (T(X);C) is a continuous poset.
(2) (T(X),Ts(Q)) is an a-space.
(3) For an arbitrary Ty-space Y, there is an exponential topology on C(X,Y).
(4) There is an exponential topology on C(X,S).

A topological space X which satisfies the equivalent conditions of Theorem 5 is
called a core-compact space. A topological space X is locally compact, if T(X) has a
basis of compact open sets.

For the next statement, we refer to [2], [13, Lemma II-4.2], to [10, Theorem 6.3.3],
and to [14, Proposition 5.4.20].
Proposition 6. Let X, Y be Ty-spaces.

(1) If X is core-compact then € = J = T, and this topology is exponential on
C(X,Y).

(2) If X is locally compact then X = C = I = T, and this topology is exponential
on C(X,Y).

(3) If X is an a*-space then P = KX = C =7 = T, and this topology is exponen-
tial on C(X,Y).

Corollary 7. For a core-compact space X and a Ty-space Y the exponential topology
on C(X,Y) is defined by the subbasis of open sets

Vow ={feC(X,Y)|U < f_l(W)}7
where @ # U € T(X) and @ # W € T(Y).

3. d-spaCES Co(X,Y)
The proof of the following lemma repeats the proof of [11, Lemma 2].
Lemma 8. Let X and Y be Ty-spaces, let P C T C T4(<9p), and let
F={f;eCX,Y)|iel}

be an up-directed set with respect to <y. If a function f: X — Y is such that
f(x) = supy{fi(z) | i € I} and f(x) € cly{fi(x) | ¢ € I} for all x € X, then
f=supF in C3(X,Y).



ON FUNCTION SPACES. 11 5

Theorem 9. For Ty-spaces X and Y, let T be a proper topology on C(X,Y) such
that P C T or let T be such that P C T C 8. Then C5(X,Y) is a d-space if and only
if Y is a d-space.

Proof. According to [10, Lemma 6.1.9], T4(<¢) is an admissible topology. By
Proposition 4(1), we obtain that T C T4(<p). Therefore, <g and < agree by
Lemma 1.

Suppose first that Y is a d-space and consider the case when T is a proper
topology finer than P. According to Lemma 8, each nonempty set F = {f; €
C(X,Y) | ¢ € I} which is up-directed with respect to < has a least upper bound f.
It remains to prove that f € cly F.

We establish that F' converges continuously to f. Let anet r = {z; |j€ J} C X
with J being up-directed converge to some x € X and let f(x) € U € T(Y).
Then = € f~1(U) € T(X) and thus ¢ is eventually in f~!(U). This means that
{f(z;) | j € J} is eventually in U. Since f(z;) € cly{fi(z;) | i € I} for all
j € J by Lemma 8 and F is up-directed with respect to <, we conclude that
{fi(z;) | (3,4) € I x J} is eventually in U which proves our desired statement.

Let f € W € T. By Proposition 4(5), we conclude that W € T,. Since F
converges continuously to f, we obtain that F' is eventually in W. This yields that
f is a limit point for F and C5(X,Y) is a d-space.

Suppose next that Y is a d-space and consider the case when P C T C 8. In the
notation above, we have to prove again that f € cly F. Indeed, if f € W € T C 8§
then by the definition of the Scott topology, we obtain that f; € W for some i € T
which is our desired conclusion.

Suppose now that Co (X, Y) is a d-space. In what follows, we use only the assump-
tion that P C 7. Let a set D C Y be up-directed with respect to the specialization
order. Then the set {(D) = {¢4 | d € D} is also up-directed with respect to <. Ac-
cording to our assumption, there exists f = sup&(D) € C(X,Y) and f € cly£(D).
We show that f € £(Y). Indeed, let f(zo) € U € T(Y). We also choose an arbitrary
element z; € X. Then f € V,, v € P C 7. Thus, there exists d € D such that
€4 € ViU, whence f(x1) > €4(x1) = d = &a(x0) € U. This yields that f(z,) € U
whence f(zg) < f(z1). A similar argument shows that f(z1) < f(xg). Therefore
f = ¢&, for some y € Y. It is clear that y = supy D. If y € U € T(Y), then
& € Vo € PCT, where x € X. As &, € cly {(D), we conclude that {4 € V, iy for
some d € D. Thus, d = {4(z) € U and y € cly D. O

The fact that C(X,Y) is a d-space whenever Y is a d-space was established in
[6]. The fact that Cy(X,Y) is a d-space whenever Y is a d-space is established in
[13, Lemma II-4-3(i)]. Theorem 3.3 in [3] shows that Y is a d-space provided that
Cy(X,Y) is a d-space for some Tp-space X. For the case T = P, Theorem 9 was
proved in [11], see also [10, Corollary 8.4.2].

4. SOBRIETY IN FUNCTION SPACES

The proof of the following statement almost repeats the proof of [11, Theorem 6].
Nonetheless, we give it here for the sake of completeness.

Proposition 10. Let X, Y be Ty-spaces and let T be a topology on C(X,Y) such
that P C T C TA(C)¥. If C5(X,Y) is a sober space then Y is also sober.

Proof. Let Z be a Ty-space and let a subspace Zg < Z be such that Z = soby, Zj.
Consider an arbitrary continuous function fo: Zy — Y. By Lemma 3, £: Y —
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C+(X,Y) is continuous. Thus, the function £ fy: Zo — C5(X,Y) is continuous. As
C+(X,Y) is a sober space, there is a continuous function f: Z — C(X,Y) such that
flzo = &fo. We prove that f(Z) C £(Y). Indeed, let z € Z; then z = supyz (12N Zp)
and z € clz(lz N Zp). It is straightforward to verify that f(z) € cly f(lz N Zy)
and f(z) = sup f(lz N Zy), see Lemma 1.5.3 in [10]. Let xq, xl € X and let
[/(2)](x0) € U € T(Y). Then f(2) € Vo € P C T, whence 2 € [~ (Vs 1) € T(Z).
Therefore there is zp € |z N Zp such that f(zg) € Vi, v. Since the function f(zo)
is constant, f(zo) € Vv € P C T. But then f(z) € V,, v, as f(z0) < f(2).
Therefore [f(z)}(acl) € U. Similarly, [f(2)](z1) € U implies that [f(2)](z0) € U; that
is, [f(2)](z0) = [f(2)](z1), which is our desired conclusion. Inclusion f(Z) C £(Y)
implies that (£71f)|z, = fo. In view of [10, Theorem 5.3.2], Y is a sober space. [

For the following statement, we refer to [11, Proposition 16] or to [10, Proposition
6.1.15].

Proposition 11. Let T be an exponential topology on C(X,Y).
(1) IfY is [densely] injective, then C(X,Y) is [densely] injective.
(2) If Y is sober, then C5(X,Y) is sober.

The following statement generalizes Theorem 6 in [11].

Theorem 12. For a Ty-space Y, the following conditions are equivalent.

) Y is sober.
2) Cy(X,Y) is sober for each core-compact space X.
3) Cy(X,Y) is sober for some core-compact space X.
4) Cy(X,Y) is sober for some Ty-space X.
5) C(X,Y) is sober for each Ty-space X.
6) C(X,Y) is sober for some Ty-space X.
7) C3(X,Y) is sober for some [core-compact] Ty-space X and some topology T
such that P C T C T4(C)F.

Proof. (1) implies (2) by Proposition 11(2). (2) implies (3) and (3) implies (4)
in a trivial way. (4) implies (1) by Proposition 10. Statements (1), (5), and (6)
are equivalent by [11, Theorem 6]. Furthermore, (3) obviously implies (7) and (7)
implies (1) by Proposition 10. O

(1
(
(
(
(
(
(

5. ESSENTIAL COMPLETENESS IN FUNCTION SPACES

As in [7], we consider the following properties of a Ty-space X.

(Ho) X has a least element 0 with respect to the specialization order <.
(H;) X is a join semilattice with respect to <; V denotes the join operation in
X.
(Hz) The join operation V: X? — X is continuous; that is, (X,V,T(X)) is a
topological join-semilattice.
In [7], the following statement was proved, see also [10, Corollary 10.4.2].

Theorem 13. [10, Corollary 10.4.2] A Ty-space X is essentially complete if and
only if X is a d-space with properties (Hy)—(Hs).

Proposition 14. Let X, Y be Ty-spaces and let T be a topology on C'(X,Y) such that
PCTCTA(CF. If Cy(X,Y) has the properties (Hy)—(Hz) then Y also possesses
the properties (Hy)—(Ha).
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Proof. According to our assumption, for arbitrary yo, y1 € Y, thereis f = £, V&, €
C(X,Y). We prove that f is a constant function. Indeed, let f(zg) € U € T(Y);
then f € Vv € P C T. We may assume without loss of generality that U # Y.
We choose an arbitrary element z; € X. Since V is a continuous function, there
are Vo, Vi € T such that &, € Vo, &, € Vi,and VoNVy C Vy . AsU # Y, we
conclude that V,, v # C(X,Y). There are three possible cases.

Case 1: Vi_; = C(X,Y) for some i < 2. In this case, &, € V; =V, NV C Vo v
and thus y; € U. Therefore, &,, € V,, v. As §,, < f, we obtain that f € V, v and
f(l‘l) eU.

Case 2: Vp, Vi # C(X,Y). Since T C T4(C)* and Vy, V3 € T, we conclude that there
are ko > 0 and k; > 0, there are upper cones H,, ..., H;, in (T(X); C), and there
are open sets Wi, ..., Wi, € T(Y), ¢ < 2, such that

§yi € Vacowio N NVag wy, C Vi forall i < 2.

Therefore, fy’il(Wij) € H;; foralli < 2and all j < k;. We put Uy = WyoN.. .NWog,
and Uy = WigN...N Wiy, ; then Uy, Uy € T(Y). As & ¢ {V, V1 }, we conclude that
H;j # @ forall i < 2 and all j < k;. As Vp, Vi # C(X)Y), we may assume that
Hij # T(X) for all ¢ < 2 and all j < k;. This yields that & '(W;;) # @ whence
5;1(Wij) = X for all i < 2 and all j < k;. Hence, y; € W;; for all ¢ < 2 and all
j < k; and therefore, yo € Uy and y; € Us.

Since &,, &, are constant functions, we have §,, € V,, v, and &, € Vg, v,-
Therefore f € Vi, v, N Vay.vn = Vi, vonuy, Whence f(z1) € Uy N U € T(Y).
Moreover, if 4y’ € Uy N Uy then

gy’ € VU{OO,WOO n...n VQ‘COkU,WOkO n V}fl(]leO n...n Vf}‘flkl Wik, cWhnhc VIO,U’

whence y' € U. We have therefore proved that f(z1) € Uy N U; C U. This means
that f(zo) < f(z1). A symmetric argument shows that f(z1) < f(z). We obtain
that f = &, for some y € Y, whence y = yo V y1 in Y. Thus, Y has the property
(Hy).

Finally, we prove that Y has the property (Hs). Suppose that y = yo V y1 €
U € T(Y). Then &, V&, =& € Vyu for each x € X. Since V is a continuous
function on Cg(X,Y), there are open sets Vp, Vi € T such that &, € W, &, € Vi,
and Vo N'Vi C V. As T C TA(C)*, we conclude that there are ko > 0 and
k1 > 0, there are upper cones JH;o, ..., H, in (T(X); C), and there are open sets
Wioy s Wik, € T(Y), i < 2, such that

Eys € Vag,owio N oo N Vg{ikwwiki CV; foralli<?2.

Therefore, §y_i1(Wij) € J;; for all ¢ < 2 and all j < k;. In particular, 3(;; # @ for
all i < 2 and all j < k;. We put

Uy = ﬂ{WOj | j < ko, Hoj # T(X)} and Uy = ﬂ{Wu | j < k1, Hiy #T(X)}

Then we have that Uy, Uy € T(Y). Moreover, £, ' (Wy;) # @ whence &, 1(Wi;) = X
for all ¢ < 2 and all j < k; such that H;; # T(X). As above, we obtain that yo € Uy
and y; € U; and Uy N Uy C U. Therefore, Y has the property (Hs). O

The following statement has quite a straightforward proof and is to find as Propo-
sition 3.2 in [4].
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Proposition 15. Let X be a core-compact space and let B C T(X) be an additive
basis of T(X). If open sets U,U',Vy,...,V, € B, n < w, are such that U < U’ <
VoU...UV, then there are Wy, ..., W, € B such that

W; <V foralli <nand U CWyU...UW, CU".

Proof. For each x € U’, there is ¢ < n such that x € U' NV; € T(X). As X is
core-compact and as B is a basis, there is W, € B such that z €¢ W, < U' NV,.
Hence, U < U" C U,cys We. This yields that U C Ujgk W,, € U’ for some
zg,...,xp € U'. For each i < n, we put Wy = J{W,, | j <k, W, < U NV}
Then it is clear that W; < V; for all ¢ <n and that U C Wy U...UW,, CU’. O

Proposition 16. Let X be a core-compact space and let Y possess the properties
(Hy)—(Hg). Then Cy(X,Y) also possesses the properties (Hy)—(Hz).

Proof. Let fo, f1 € C(X,Y). For each x € X, we put

9(x) = fo(x) V fr().

We prove that g € C(X,Y). Indeed, let V € T(Y) and let x € g~ (V). As fo(z) V
fi(z) € V and V is continuous in Y, we conclude that there are open sets Vp, V; €
T(Y) such that fo(z) € Vy, fi(z) € V1, and Vo N V3 C V. But then

reU=fi'(Vo)n fi1(V) € T(X).

If z € U then g(z) = fo(2) V fi(2) > fo(z) € Vb and g(z) > f1(2) € Vi, whence
g(2) € Von Vi C V which implies that € U C g~'(V). The fact that U € T(X)
proves that g=1(V) € T(Y). Therefore, g is continuous and g = fo V f1 in Cy(X,Y).
Hence, Cq(X,Y) has the property (Hy).

To prove that C4(X,Y) has the property (Hz), we consider two functions fy, f1 €
C(X,Y) and open sets U € T(X), W € T(Y) such that

g=foVfieVuw.

This means that U < g~1(W). Since Y possesses (Hz), for each element z € g~ 1 (W),
there are open sets Vo, Viz € T(Y) such that fo(z) € Voo, fi(z) € Vi, and
Voz N Viz € W. We claim that

g7 W) = {5 " Vou) N f7 (Vi) [ € g1 (W)}

Indeed it is clear that g~ Y(W) C U{fy ' (Vor) N fi ' (Viz) | 2 € g7 (W)}. To
prove the reverse inclusion, we consider an arbitrary element x € ¢g~!(W) and
establish that U(x) = f3 ' (Voz) N f; ' (Viz) € g~ (W). Indeed, let z € U(z). Then
g(z) > fo(z) € Vo, and g(z) > fi(z) € Vi, whence g(z) € Vo N V3 € W which
implies that 2 € g~ 1(W).

Furthermore, since U < g~ (W) = | J{U(z) | z € g~ (W)}, we conclude that
there are x,...,zx € g~1(W) such that U < U(xg) U ... U U(xy). As X is core-
compact, there is V' € T(X) such that

U%V%U(%o)U...UU(xk).

Taking B = T(X) and applying Proposition 15, we obtain that there are open sets
S0y« -+ Sk, To, -+, Ti € T(X) such that

S; <T; <U(z;) foralli < kand U C SyU...US, CV.
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For each i < k, we have T; < U(x;) = f5 ' (Voz,) N f1 '(Viz,) whence
foeWy= VT07V010 N...N VTk,aVOzk e,
fl e W, = VTO,VIQ:O Nn...N VTk,lek eJ.

To establish (Hs), it suffices to prove that WoNW; C Vi w. Indeed, if h € WonWy
then h € Vr, vq,. N V1, vy, for each i < k. This implies that

S =T; C h_l(VOIz‘) N h_l(vlﬂﬂi) = h_l(vbl’i N Vlfrz) C h_l(W)

for all i < k. Hence, U C SpU...U S, < h™1(W) yielding h € Viyw, which is our
desired conclusion. O

Corollary 17. For a Ty-space Y, the following statements are equivalent.

(1) Y is a topological semilattice with respect to <y.

(2) C5(X,Y) is a topological semilattice with respect to < for each core-compact
space X.

(3) Cy(X,Y) is a topological semilattice with respect to < for some core-compact
space X.

4) C4(X,Y) is a topological semilattice with respect to < for some Ty-space X.

5) C(X,Y) is a topological semilattice with respect to < for each Ty-space X.

6) C(X,Y) is a topological semilattice with respect to < for some Ty-space X.

7) C5(X,Y) is a topological semilattice with respect to < for some [core-com-
pact] To-space X and some topology T such that P C T C T4(C)F.

Proof. (1) implies (2) by Proposition 16. (2) implies (3) and (3) implies (4) in
a trivial way. (4) implies (1) by Proposition 14. Statements (1), (5), and (6) are
equivalent by [11, Proposition 9]. Furthermore, (3) obviously implies (7) and (7)
implies (1) by Proposition 14. O

The next theorem is a generalization of Theorem 10 from [11].

Theorem 18. For a Ty-space Y, the following statements are equivalent.

1) Y is essentially complete.

2) C9(X,Y) is essentially complete for each core-compact space X.

3) Cy(X,Y) is essentially complete for some core-compact space X.

4) Cy(X,Y) is essentially complete for some Ty-space X.

5) C(X,Y) is essentially complete for each Ty-space X.

6) C(X,Y) is essentially complete for some Ty-space X.

7) Cs(X,Y) is essentially complete for some [core-compact] Ty-space X and
some topology T such that P C T C TA(g)ﬁ.

(
(
(
(
(
(
(

Proof. If X is a core-compact space and Y is an essentially complete space, then Y
is a d-space and possesses the properties (Hg)—(Hz) by Theorem 13. By Theorem
9, C4(X,Y) is a d-space. By Proposition 16, C5(X,Y) has the properties (H;)—(Hy).
By Lemma 1 and Lemma 2, Cy(X,Y) has the property (Hp). Applying Theorem 13
again, we obtain that Cq(X,Y) is essentially complete. Therefore, (1) implies (2).
It is straightforward that (2) implies (3), (3) implies (4), and (3) implies (7).
Suppose now that Cy(X,Y) is an essentially complete space for some Ty-spaces
X and Y. According to Theorem 13, C4(X,Y) is a d-space and has the properties
(Ho)—(Hs). By the proof of Theorem 9, Y is also a d-space. By Proposition 14, Y
has the properties (H;)—(Hz). By Lemma 1 and Lemma 2, Y has the property (Hy).
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By Theorem 13, Y is essentially complete and (4) implies (1). Then (7) implies (1)
in a similar way.
Statements (1) and (5)—(6) are equivalent by [11, Theorem 10]. O

6. A-SPACES

Definition 1. A Ty-space X is an A-space [an f-space] if it has a basic subspace
X [consisting of compact elements, respectively] which is a parus with respect to
the specialization order <x; that is, if x,y € X and z,y < a for some a € X, then
there exists © Vy € Xo. In this case, Xg is called an A-basic subspace of X [an
f-basic subspace of X, respectively].

The following theorem was established in [10].

Theorem 19. [10, Theorem 7.3.4] Let X be an a*-space and let Y be an A-space
with a least element. Then C(X,Y) is also an A-space with a least element.

The next statement shows that the requirement in Theorem 19 on Y to have a least
element can be weakened under certain circumstances. The proof of Theorem 20
follows the same lines as the one of Theorem 7.3.4 in [10]. In the proof, we also use
some ideas from [15].

Theorem 20. Let X be a core-compact space and let Y be a Ty-space such that |y
has a least element for all y € Y. Then | f has a least element with respect to <o
for each f € C(X,Y). Moreover, Y is an Ag-space then Cs(X,Y) is an A4-space.

Proof. Asusual, we write < instead of <y for the sake of simplicity. For each y € Y,
let 1, denote the least element of the set |y in Y and let Y, be an A-basic subspace
in Y.

According to Theorem 9, Cg(X,Y) is a d-space.

Claim 1. Let Z be an arbitrary a-space and let z € Z be such that |,z has a least
element 1 .. Then 1, <z L,.

Proof of Claim. Indeed, let a € TL1,. Since a € Z and Z is a basic subspace in
Z, we conclude that there is b € Z such that b < a. But then b € |a and thus
1. <z b < a. This implies that a € int 7o C 7L, which yields that L, € T(Z). O

It follows from Claim 1 that 1L, € Yy forall y € Y.
Claim 2. |f has a least element with respect to < for each f € C(X)Y).
Proof of Claim. Consider the mapping

L X =Y, Llpize Lig.

It is straightforward that Ly < g for each g < f. So, it remains to prove that L ¢ is
continuous. Indeed, let V' € T(Y); then applying Claim 1 and using the continuity
of f, we have

L' (V) ={zeX|LymeVi=J{f (L) lyeY, L, eV} eT(X),

which completes the proof. [
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Similarly to the proof of [10, Theorem 7.3.4], we consider the set
w={(f,2,0)| f e Cx,V)}U

U{<f7{UOv~-~7Un}7{y0a--~7yn}> ‘
FeOXY), n<w, Uy ...,Un € TENDY, 4o,-- 1t eYO},

where each <f7 {Uo, .., Un}, {yo,- - 7yn}> € W possesses the following properties:

(*) the set {Uy,...,Uy} is closed under nonempty intersections;
(xx) if U; C U; for some 4, j < n then y; <y y;.
(k%) Ly <y forall x € |J.,, U;, where i < n is such that U; = ({U; | j <
n, v € U;}.
For each W = (f,{Uo,...,Un},{v0,--.,yn}) €W, we define a mapping fi: X —
Y by the following rule:

forlay = {0 if Ui = (U, |5 <n, ¢ € Uk
J—f(a:); if:L'¢Uj<nt.

It follows from the definition that fu (X) C Yb.

Jjsn

Claim 3. fiy € C(X,Y) for each W € W.

Proof of Claim. Let W = (f,{Uo,...,Un},{y0,---,yn}). Since Yy is a basic sub-
space of Y, it suffices to show that fy;(int Ta) € T(X) for all a € Yp. Indeed, for a
fixed element a € Yj, the following three cases are possible.

Case 1: Ly, € intTa for some xz € X. We have in this case that a < Ly,
whence a = L) as Ly is a least element in | f(x). We claim that fo (int Ta) =
f~(int Ta).

Indeed, let 2’ € fV_Vl(TJ_f(w)) = fi'(int Ta). This means that L@ <y fw(z').
There are two subcases.

Case 1.1: 2" € U;¢,, Ui. Let j < n be such that U; = ({U; | i < n, 2’ € U;}.
Then L) < fw(2') = yj. As Ly <y by (%), we conclude that a = Ly, =
L@y < f(a'). This implies that 2/ € f~!(int Ta).

Case 1.2: o' ¢ J;¢,, U;. In this case, L) < fw(2') = Ljur) whence a = Ly, <
Lty = L@y < f(2’). Therefore, 2’/ € f~!(int Ta) again.

Thus, fV_Vl(int Ta) € f~!(int Ta). To prove the reverse inclusion, suppose that
2’ € f~'(int Ta). This yields that a = L) < f(2) whence L) = L. If
2" € Ujc, Ui then there is j < n such that U; = ({U; | i < n, 2’ € U;}. Thus,
a=Lliw = Lrwy < yj = fw(@’) by (o). If 2 ¢ U, Ui then a = Ly, =
L@y = fw(2') and 2’ € fi (int Ta) in any case.

Therefore, f~(int Ta) C f'(int Ta) and fy; (int Ta) = f~(int Ta) € T(X) in
Case 1.

Case 2: {v € X |a < Ly} =@ and [ = {i <nl|a =<y} #a Weput
U = U;c; Us; then U € T(X). We show that U = f;;/' (int Ta). Indeed, if z € U
then « € U; for some j € I. But then fy (x) = y,; for some ¢ < n such that
x € U; C U;. Applying (*x), we obtain that a < y; < y; = fiw (). This means
that x € fv_Vl(int Ta) and U C fv_Vl(int Ta). Conversely, let = € f‘,}l(int Ta). As



12 YU. L. ERSHOV AND M. V. SCHWIDEFSKY

{re X |a< Lyu} = 9, we conclude that y; = fi(z) € int Ta whence i € I. It
follows that x € U; C U. Therefore, fv}l(int Ta) C U which is our desired conclusion.
Case 3: {z € X |a < Ly} ={i <n|a=<y} =2 Inthis case, fj; (intTa) =
@ € T(X). O

The following statement is a corollary of the definition of fy .

Claim 4. For f € C(X,Y) and W = (f,{Uo,.... Up},{y0;- -, yn}) € W, we have
fw < fif and only if y; < f(z) for all z € |J.., U;, where i < n is such that
Uizﬂ{Uj |]<n, .’L’EUj}.

Claim 5. Let f € C(X,Y) and let W = (f,{U},{y}) be such that y € Y,
U € T(X),and U < f~!(int 1y). Then fy < f.

Proof of Claim. First of all, we notice that W € W provided that y < f(z) for all
x € U. Indeed, for each x € U, we have L) = 1, <y < f(z) which implies that
W possesses the property (s«xx). The conditions (x)—(x%) are satisfied in a trivial
way. Moreover, it is straightforward to see that fy < f.

Suppose that f < g =\/,.; g; for some family {g; € C(X,Y) | i € I'} which is up-
directed with respect to <p. According to Theorem 9, h(x) = \/,c; gi(x) exists for
all z € X. It is clear that h(z) < g(z) for all x € X. Conversely, if g(z) € U € T(Y)
then g € V, y € P C 8. Since Cs(X,Y) is a d-space, we conclude that g; € V,, ¢y for
some i € I, whence h(g) > g;(x) € U. Therefore, h(xz) € U and g(x) < h(z); that
is, g(x) = V,¢; 9i(x) for all x € X. Hence, we have by our assumption that

U < f~(int Ty) € g~ (int Ty) = [ J g; " (int Ty).
iel
This yields that U C g; *(int Ty) and g;(U) C Ty for some i € I. We claim that
fw < g;. Indeed, if x € U then fw (z) =y < g;(x). Suppose now that « ¢ U. Since
f(z) < g(x) and g;(x) < g(x), we conclude that L) = Ly = Ly, (o). Therefore,
fw(®) = L) = Lg, @) < gi(x) and fyr < g; which proves that fir < f. O

Claim 6. We have
f= \/{f<f7{U}’{y}> |y < f(x) for some z € X, U < f~!(int Ty)}

for each function f € C(X,Y). In particular, (C(X,Y); <p) is a continuous poset.

Jjsn

Proof of Claim. According to Claim 5, f is an upper bound for the family
_ ~1(;
Fr = {f<f7{U}7{y}> |y < f(z) for some z € X, U < f~"(int Ty)}

Let g be another upper bound for Jy. It suffices to establish that f < g. Indeed,
let 2 € X. As Y is a basic subspace of Y, we conclude that f(z) = \/{y € Yo | y <
f(x)}. Fix an element y € Yy such that y < f(z). Then we have z € f~!(int 1y) €
T(X). As X is core-compact, the poset <‘T(X); g> is continuous. Therefore, there
is a nonempty set U, € T(X) such that x € U, < f~!(int Ty). We put W(y) =
<f,{Uy},{y}>. Then we have fy () € Fy and thus, y = fyw () < g(z). This
implies that f(z) = V{y € Yo | y < f(z)} < g(z). Hence, f < g which is our
desired conclusion.

The last statement follows from Claim 5. O

From Claim 6 and Lemma 1.10.5 in [10], we obtain the following statement.
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Claim 7. Let f € C(X,Y) and let W = (f,{U},{y}) be such that y € Yy,
U € T(X), and U < f~1(int Ty). Then fy <s f.
We put Co = {fw | W € W}.
Claim 8. If Yj is a parus in (Y; <y) then Cy is a parus in <C(X, Y); §g>>.
Proof of Claim. We consider arbitrary sequences

Wy = <go, {Uoy...,Un}, {ao,-.. ,am}> ew,

Wi = (g1, {Vor- -, Va}, {boy - ., b }) € W

and assume that fo = fw,, f1 = fu, < h for some h € C(X,Y). As Yy is a parus
in Y, for all x € X, there is fo(z) V f1(z) € Y. We put

:{Zo, ey Zk},
F :{y07 e ayk}7
W =(h,U, F),

where y;, i < k, is defined in the following way. For each i < k, we have ({U; |
j<m, Z; CU;} # @. Hence, ({{U; | j <m, Z; CU;} = U, for some m; < m.
Symmetrically, {V; | j < n, Z; CV;} # &, whence ([{V; | j <n, Z; CV;} =V,
for some n; < n. Thus for each element = € Z;, we have a,,, < fo(z) < h(z) and
bp; < fi(x) < h(z). As Yq is a parus in Y, there is an element y; = ap,, V by, € Y.

By our definition, W possesses the property (x). Suppose that Z;, C Z;, for
some 79,11 < k. For each j < 2, let m; < m and n; < n be such that

Unm, =( WU [t<m, Z;; CU;} and V,, = {Vilt<n, Z, CV;}.

Since Z;, C Z;,, we obtain that U,,, C Uy, and V,,, C V,,,. We have therefore
by our definition that y;, = am, V bpy > am, V by, = yi, as Wy and Wi have the
property (#x). This yields that W possesses the property (#x). To establish that W
also possesses the property (skx), we consider an arbitrary element x € Uigk Z;.
Let j < k be such that Z; = ({Z; |t < k, x € Z;} and let

Un, =( WU lt<m, Z; CUY; Vo, =({Vilt<n, Z; SVi}.

If € U for some s < m, then Z; C U, as Us € U. This implies that x € Z; C
Un; C Us. Similarly, x € V, for some s < n implies that v € Z; C Vo, C Vs.
Therefore, we obtain that
Un, =( Ui [t<m, 2 €U} Vo, =({Vilt<n, zeVi},

As Wy and W; possess the property (xxx), we obtain

Yj = Qm;, \ bnj > am,; = fO(x) > J—gg(z);

Yj = Am,; Vb, > by, = fi(z) > Loy (a);

h(z) > fo(r) = am,;

h(z) > fi(x) = by,.
Hence Lgo(m) = J—h(:v) = Lgl(:v) and

h(z) > y; = fw (@) = Li@) = Lgo@) = Lo (-

This proves that W also has the property (sxx).
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Finally, we prove that fiy = fo Vv f1 in C(X,Y). We prove first that fo, f1 < fw-
Indeed, let x € X. Two cases are possible. In what follows, we use the notation
introduced above.

Case 1: x € ;) Zk- In this case, fo(z) = am,;, fi(®) = by, fw(x) = y; =
Uy V by > am; = fo(x). Similarly, fw(x) > b,, = fi(x).
Case 2: x & ;< Z;- This implies that = ¢ (,.,,, Ui U U, ¢, Vi- Therefore,

i<m
J—go(as) = fO(x) < h(x); J—gl(ﬂﬂ) = f1(.%‘) < h(x)v
whence fo(z) = f1(z) = Lgy2) = Lgi(2) = La@) = fw ().
Therefore, fy is indeed an upper bound of fy and f;. Suppose that fo, f1 < f

for some f € C(X,Y); we have to establish that fiy < f. Indeed, for x € X, two
cases are possible.

Case 1: © € |J,¢; Zk- According to the considerations in Case 1 above, we have
fw(x) =y; = am; Vbn, = fo(z) Vv fi(r) < f(x) in this case.
Case 2: x ¢ ;<) Zi- This implies as in Case 2 above that fw (v) = Ly z) =

Loi@) = fo(@) = fi(x) < f(a).
Therefore, fyr = fo V f1 and the proof of Claim is complete. (]

Claim 9. C; is a basic subspace in Cs(X,Y).
Proof of Claim. Let f € V € 8. According to Claim 6, f = \/ Fy, where

Iy = {f<f7{U}’{y}> | y < f(x) for some z € X, U < ffl(intTy)}.

According to Claim 8, for each finite nonempty subfamily § C F, there is W(§) €
W such that f5 = fi(g) =V G < f. Thus, the family

D={fs|$C T 0<|9 <w}

is up-directed with respect to <p and f =\/D. This implies that fg € V for some
finite nonempty family § C Fy. Moreover, f € intg Tg for all ¢ € G according to
Claim 6. Therefore,

f e[ {ints 1g | g € G} = ints T fs,
which implies that fg <s f.

The desired statements follow from Claims 2, 8, and 9. (]

Corollary 21. The following statements are equivalent for a Ty-space Y.

(1) Y is an Ag-space such that |y has a least element for each y € Y.
(2) For each core-compact space X, Cg(X,Y) is an Agy-space such that | f has
a least element for each f € C(X,Y).

Proof. (1) implies (2) by Theorem 20. Let T be a trivial (one-element) topological
space; T is obviously core-compact. If (2) holds, then Y = Cg(T,Y) is an Ag-space
such that | f has a least element for each f € C(X,Y). Hence, (1) also holds. O

Theorem 22. IfX is a core-compact space and Y is an A-space with a least element
then Cy(X,Y) is an A-space with a least element.
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Proof. The proof is very close to the one of Theorem 7.3.4 in [10]; we use certain
parts of it here.
Let L denote the least element in Y and let Yq be an A-basic subspace in Y; in
particular, L € Y. It follows from Lemma 1 that C5(X,Y) has a least element.
Similarly to the proof of [10, Theorem 7.3.4], we consider the set

W= {<®5®>}U{<{U03~~~7Un}a{y03"'ayn}> |
n<w7 UO?"'7U" GT(X)\{QL yOa"~7yn 6Y—O}v

where each <{U0, o Un b o, - - ,yn}> € W possesses the following properties:

(*) the set {Uy,...,Uy} is closed under nonempty intersections;
(xx) if U; C U; for some 4, j < n then y; <y y;.

For each W = ({Uy, ..., Uy}, {v0,...,yn}) € W, we define a mapping fy: X — Y
by the following rule:
fwla) = 440 O i}
1, if 2 ¢, Uj
We put Cy = {fw | W € W}.
Claims 1-3 were established in the proof of [10, Theorem 7.3.4]
Claim 1. fiy € C(X,Y) for each W € W.

Claim 2. For f € C(X,Y) and W = ({Uo,...,Un}, {Y0,---,Yn}) € W, we have
fw < fif and only if y; < f(z) for all z € |, U;, where i < n is such that
Ui=U;|j<n, zeU;}

Claim 3. If Yy is a parus in (Y <y) then Cy is a parus in (C(X,Y); <p).

Jjsn

Claim 4. Cj is a basic subspace in Cy(X,Y).

Proof of Claim. Suppose first that U € T(X), W € TJ(Y), and f € C(X,Y) are
such that f € Vyw € J; then U < f~1(W). Since Yy is a basic subspace in Y,
LW = Uyevorw £~ (int Ty). Therefore, U < f~*(int Tyo) U ... U f~!(int Ty,)
for some yo,...,yn € Yo N W. Since X is core-compact, there is U’ € T(X) with
U=<U < fYint Tyo)U...Uf (int Ty,). We put B = T(X) and apply Proposition
15. According to it and the fact that X is core-compact, there are Wy, ..., W,
Soy .-+, Sy € T(X) such that

Wi < S; < f1(int 1y;) for all i <mand U C WoU...UW, CU".

We claim that (¢, Viv, w € Vo,w. Indeed, if g € N, ,, Vv, w then W; < g~ (W).
Hence, U C Wy U...UW,, < g~ (W) which implies that g € Vi .

For each i < n, we put f; = fi(s,},4y:}); then f; € Co. Moreover, if z € S; then
filx) =y < f(x) as S; < f~1(int 1y;). Furthermore, y; € W whence W; < S; C
71 (W) and f; € Viy, w. Therefore, f; < f for all i < n by Claim 2. According to
Claim 3, thereis h = fo v...V f, < f. As f; € Vi, w for all i < n, we conclude
that h € ﬂign VWi,W - VU,W-

Finally, f € ;< Vsiint1y; a8 Si < f~'(int ;) for each 4 < n. Suppose that
9 € Nign Vsiint 1y then for all ¢ < n and all x € S, one has fi(z) = y; < g(x),
whence f; < g by Claim 2. This implies that A < g. Summarizing, we obtain that
fe ﬂign VSi,int Ty C Th; that is, h <q f.
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To complete the proof, we assume that f € V € J. Then there is k¥ < w and there
are open sets Uy, ..., U, € T(X) and Wy, ..., Wy € T(Y) such that

fe VUO,Wom-“mVUk,Wk cV.

According to what we have just proved, there are hg,...,hr € C(X,Y) such that
hi <g f and h; € Vy, w, for all ¢ < k. By Claim 3, there is h = ho V...V hy, < f.
In particular, h € Vy,w, N...NVy, w, CV and h <5 f. O

The desired statement follows from Claims 3-4. O

We notice that Theorem 22 generalizes Theorem 7.3.4 in [10] (see Theorem 19) as
J=2Pon C(X,Y) by Proposition 6(3) whenever X is an a*-space.

Corollary 23. The following statements are equivalent for a Ty-space Y.

(1) Y is an A-space with a least element.
(2) For each core-compact space X, C3(X,Y) is an A-space with a least element.
(3) For each a*-space X, C(X,Y) is an A-space with a least element.

Proof. (1) implies (2) by Theorem 22. (1) implies (3) as J = P for an a*-space
X. A trivial (one-element) topological space T is obviously an «a*-space and thus
core-compact. If (2) holds, then Y 2 Cy(T,Y) is an A-space with a least element.
Thus, (1) also holds and each of (2) and (3) implies (1). O

7. INJECTIVITY IN FUNCTION SPACES
We will make use of the following results.

Theorem 24. [10, Theorem 4.2.3] A topological Ty-space X is injective if and only
if the following conditions hold:

(1) X is a d-space;

(2) X is an a-space;

(3) (X;<x) is a complete lattice.

Theorem 25. [10, Theorem 4.2.4] A topological To-space X is densely injective if
and only if the following conditions hold:

(1) X is a d-space;

(2) X is an a-space;

(3) X is a be-domain.

Corollary 26. A topological Ty-space X is [densely] injective if and only if X is a
Ag-space with a least and a greatest element [with a least element).

Proposition 27. Let X, Y be Ty-spaces and let T be a topology on C(X,Y) such
that P C T C TA(C):. If Co(X,Y) is an a*-space [an a-space] for some space X,
then Y is also an a*-space [an a-space].

Proof. Let C3(X,Y) be an a*-space. Suppose that y € U € T(Y) and fix an element
x € X; then & € V, v € P C T. According to our assumption, there are continuous
functions fo, ..., fm € Vyv and aset V € Tsuch that §, € V C TfoU...UTfm.
Since V€ T C T4(C)*¥, there are upper cones Hy, ..., H, in (T(X); C) and open
sets Wo, ..., W, € T(Y) such that

&€ Vaowo N . NVae, w, TV CTfoU...UTfm C Vou.
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Therefore, &' (W;) € 3, for all j < n. In particular, }{; # @ for all j < n. We put
W= (W, [j<n, 3 #T(X)}.

Then we have that W € T(Y). Moreover, &, ' (W) # @ whence &, ' (W;) = X for all
J < nsuch that H; # T(X). This implies that y € W. If y' € W, then 5;,1(Wj) =X
for all j < n such that 3H; # T(X). Therefore,

&y €EVaewo N . NV, w, SV CTHU...UTfM CVeu

and thus ¢y’ € U. We established therefore that y € W C 1 fo(z)U... U T fn(z) and
fo(x), ..., fm(z) € U. This implies that Y is an a*-space.
If C+(X,Y) is an a-space, we use in the argument above with m = 0. (]

Proposition 28. Let X, Y be Ty-spaces and let T be a topology on C(X,Y) such
that P C T C Ta(C)%. If C+(X,Y) is a densely injective space then Y is also densely
injective.

Proof. According to Theorem 25, Cy(X,Y) is an a-space, a d-space, and a bc-
domain. According to Proposition 27, Y is an a-space. According to the proof of
Theorem 9, Y is a d-space. In view of Theorem 25, in order to prove the dense
injectivity of Y, it suffices to show that Y is a partial join-semilattice with respect
to the specialization order <y.

Let yo, y1 < y in Y. This means that &, &, < & in C3(X,Y). As C+(X,Y)
is a bc-domain, there is a continuous function f = §,, V §,,. We prove that f is
constant. Indeed, let f(xo) € U € T(Y) and let x; € X be an arbitrary element.
Then f € V,,.u € P C T. By Corollary 26, C5(X,Y) is an Ag-space. By [11, Lemma
7], there are open sets Vy, Vi € T such that &,, € Vg, &, € V1, and VonVi C Vv
Using the assumption that T C T4(C)* and applying the same argument as in the
proof of Proposition 14, we obtain that f = £, for some y € Y, whence y = yo V 11
inY.

Applying Theorem 25 again, we conclude that Y is densely injective. 0

Proposition 29. Let X, Y be Ty-spaces and let T be a topology on C(X,Y) such
that P C T C Ta(C)¥. If Co(X,Y) is an injective space then Y is also injective.

Proof. According to Theorem 24 C5(X,Y) is an a-space, a d-space, and a complete
lattice with respect to the specialization order <. By Proposition 27, Y is an a-
space. By the proof of Theorem 9, Y is a d-space. Since C5(X,Y) is an Ag4-space
having a least and a greatest element by Corollary 26, it possesses the properties
(Ho)-(H2) by [11, Lemma 7]. By Lemma 1 and Proposition 14, the space Y also
possesses the properties (Hg)—(Hz). This means that Y is a complete lattice with
respect to the specialization order <y. Applying Theorem 24 again, we conclude
that Y is an injective space. O

The following statement generalizes Theorem 19 in [11].

Theorem 30. For a Ty-space Y, the following conditions are equivalent.
1) Y is densely injective.
Cy(X,Y) is densely injective for each core-compact space X.
(X,Y) is densely injective for some core-compact space X.
(X,Y) is densely injective for some Ty-space X.

)

Cy
Cy
Cs(X, is densely injective for each core-compact space X.
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(X,Y) is densely injective for each o*-space X.

(X,Y) is densely injective for some a*-space X.

(X,Y) is densely injective for some Ty-space X.

7(X,Y) is densely injective for some [core-compact] Ty-space X and some
topology T such that P C T C Ta(C)*.

b

(6) C
(1) C
(8 C
(9) C

Proof. (1) implies (2) by Proposition 11(1). (2) implies (3) implies (4), (6) implies
(7) implies (8), and (3) implies (9) in a trivial way. (4) implies (1) and each of
(8) and (9) implies (1) by Proposition 28. Furthermore, (2) implies (5) as J = 8
whenever Cy(X,Y) is densely injective, see [10, Lemma 1.8.6].

Let T be a trivial (one-element) topological space; T is obviously core-compact.
If (5) holds, then Y = Cg(T,Y) is a densely injective space. Hence, (1) also holds,
and (5) implies (1).

Statements (1), (6), and (7) are equivalent by [11, Theorem 19]. O

The following statement generalizes Theorem 20 in [11].

Theorem 31. For a Ty-space Y, the following conditions are equivalent.
1) Y is injective.
Cy(X,Y) is injective for each core-compact space X.
Cy(X,Y) is injective for some core-compact space X.
Cy(X,Y) is injective for some Ty-space X.
Cs(X,Y) is injective for each core-compact space X.
X,Y)
C(X,Y) is injective for some a*-space X.
C(X,Y) is injective for some Ty-space X.
Cy(X,Y) is injective for some [core-compact] Ty-space X and some topology
T such that P C T C T4 (C)*.

2)
3)
4)
5)
6) C(X,Y) is injective for each a*-space X.
7)
8)
9)

Proof. (1) implies (2) by Proposition 11(1). (2) implies (3) implies (4), (6) implies
(7) implies (8), and (3) implies (9) in a trivial way. (4) implies (1) and each of
(8)and (9) implies (1) by Proposition 29. Furthermore, (2) implies (5) as J = §
whenever Cy(X,Y) is injective.

Let T be a trivial (one-element) topological space; T is obviously core-compact.
If (5) holds, then Y 22 Cg(T,Y) is a injective space, which yields (1).

Statements (1), (6), and (7) are equivalent by [11, Theorem 20]. O

The fact that (1) implies (2) in Theorems 30 and 31 was established in [13, Propo-
sition 11-4.6]. The fact that (3) implies (1) in Theorems 30 and 31 was established
in [3, Theorems 4.6, 4.7].

8. A-spacEs C(X,Y)

Definition 2. [8] A continuous function ¢: X — X from a topological space X into
itself is a deflation, if the set §(X) is finite and d(x) <x « for all x € X.

A Ty-space X is a A-space, if there is an up-directed family {9;: X — X | i € I}
of deflations of X with the property that for every U € T(X) and every x € U, there
is ¢ € I such that §;(z) € U.

A space X is a Ag-space, if X is a A-space and a d-space simultaneously.

The following partial generalization of Theorem 23 from [11] holds.
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Proposition 32. Let X, Y be Ty-spaces and let T be a topology on C(X,Y) such
that P C T C To(C)*. If Co(X,Y) is a A-space [Ag-space] then Y is also a A-space
[Ag-space].

Proof. Let D denote an up-directed family of deflations of the space Cs(X,Y) which
satisfies all the requirements of Definition 2. We fix an element a € X. For each
0 € D, consider the mapping

ke: Y =Y, Ks:yr 0(&)(a).

The set x5(Y) is finite, as the set {§(&,) | y € Y} is finite. Moreover, for every
y €Y, we have ks5(y) = 6(&§y)(a) < & (a) =y, since § is a deflation of C5(X,Y).
Let U € T(X); then

ryNU) ={y €Y |5(&)(a) eU ={y €Y |5(&) € Vau €T} =
={yeY|&eds (Vau) €TH=¢1"(Vau) € T(Y),

as ¢ is continuous by Lemma 3 and § is continuous by Definition 2. Thus, ks is
continuous, whence it is a deflation of Y. Moreover, if §, 8’ € D are such that § < ¢/,
then ks(y) = 6(€y)(a) < §'(&y)(a) = ks (y) for all y € Y. Therefore {ks | § € D} is
an up-directed family of deflations of Cy(Y,Y) by Lemma 1. Finally, if y € U € T(Y)
then &, € V, v € P C T. In view of the choice of D, there is a deflation 6 € D such
that 6(&,) € V,,u. Then k5(y) = 6(&,)(a) € U, and the proof is complete.

The statement about Ag-spaces follows with the use of Theorem 9. ]

Proposition 32 was established for the case 7= J in [3, Theorem 5.5].
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