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S.V. SUDOPLATOV

Abstract. We study properties and characteristics for special relations
of formulae in given languages producing equivalence relations both in
general case and for elementary theories. Characteristics for chains of
special relations and equivalence relations are described.
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Studying valuable links between theories structural relations were introduced
both for theories in given languages and for theories in distinct languages including
their similarity [1], definability [2], interpretability [3], etc. We introduced and
studied properties and ranks for families of theories in a given language [4, 5, 6, 8,
7, 9, 10, 11].

In the present paper we introduce and study both special relations for formulae
and equivalence ones both in general case and for elementary theories. Characteristics
for chains of special relations and equivalence relations are described. These con-
siderations are based both on transformations of the rank RS [4] as well as on a
general approach for a hierarchy of links between definable relations [12].

The paper is arranged as follows. Preliminary notions, notations and assertions
are represented in Section 1. In Section 2, we consider special and equivalence
relations on sets of formulae, their forms and properties. Elementary special and
equivalence relations are studies in Section 3, including categories related to these
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relations. Complete and precomplete special and equivalence relations, and their
completions, possibilities for ranks are described in Section 4. In Section 5 chains
of special and equivalence relations are studied. Spectra for finite lengths of chains
are characterized and spectra for the lengths with respect to countable languages
are described.

1. Preliminaries

Following [4] we define the rank RS(·) for families T of first-order theories in a
language Σ = Σ(T ), similar to Morley rank for a fixed theory, and a hierarchy with
respect to these ranks in the following way.

By F (Σ) we denote the set of all formulae in the language Σ and by Sent(Σ) the
set of all sentences in F (Σ).

For a sentence ϕ ∈ Sent(Σ) we denote by Tϕ the set of all theories T ∈ T with
ϕ ∈ T .

Any set Tϕ is called the ϕ-neighbourhood, or simply a neighbourhood, for T ,
or the (ϕ-)definable subset of T . The set Tϕ is also called (formula- or sentence-
)definable (by the sentence ϕ) with respect to T , or (sentence-)T -definable, or simply
s-definable.

Definition [6]. If T is a family of theories and Φ is a set of sentences, then we
put TΦ =

⋂
ϕ∈Φ

Tϕ and the set TΦ is called (type- or diagram-)definable (by the set

Φ) with respect to T , or (diagram-)T -definable, or simply d-definable.
Clearly, finite unions of d-definable sets are again d-definable. Considering infinite

unions T ′ of d-definable sets TΦi , i ∈ I, one can represent them by sets of sentences
with infinite disjunctions

∨
i∈I

ϕi, ϕi ∈ Φi. We call these unions T ′ are called d∞-

definable sets.

Definition [4]. For the empty family T we put the rank RS(T ) = −1, and for
nonempty families T we put RS(T ) ≥ 0.

For a family T and an ordinal α = β +1 we put RS(T ) ≥ α if there are pairwise
T -inconsistent Σ(T )-sentences ϕn, n ∈ ω, such that RS(Tϕn) ≥ β, n ∈ ω.

If α is a limit ordinal then RS(T ) ≥ α if RS(T ) ≥ β for any β < α.
We set RS(T ) = α if RS(T ) ≥ α and RS(T ) 6≥ α + 1.
If RS(T ) ≥ α for any α, we put RS(T ) = ∞.
A family T is called e-totally transcendental, or totally transcendental, if RS(T )

is an ordinal.
If T is e-totally transcendental, with RS(T ) = α ≥ 0, we define the degree

ds(T ) of T as the maximal number of pairwise inconsistent sentences ϕi such that
RS(Tϕi) = α.

As noticed in [13, 14] these notions are valid both for families of complete theories
and for arbitrary families of theories including incomplete ones.

Below in this section we consider results on families of complete theories in a
given language.

The following theorem characterizes the property of e-total transcendency for
countable languages.

Theorem 1.1 [4, 15]. For any family T with |Σ(T )| ≤ ω the following conditions
are equivalent:

(1) |ClE(T )| = 2ω;
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(2) e-Sp(T ) = 2ω;
(3) RS(T ) = ∞;
(4) there exists a 2-tree of sentences ϕ for s-definable sets Tϕ.

Let Σ be a language. If Σ is relational we denote by TΣ the family of all theories
of the language Σ. If Σ contains functional symbols f then TΣ is the family of all
theories of the language Σ′, which is obtained by replacements of all n-ary symbols f
with (n+1)-ary predicate symbols Rf which interpreted by Rf = {(ā, b) | f(ā) = b}.

Theorem 1.2 [5]. For any language Σ either RS(TΣ) is finite, if Σ consists of
finitely many 0-ary and unary predicates, and finitely many constant symbols, or
RS(TΣ) = ∞, otherwise.

For a language Σ we denote by TΣ,n the family of all theories in TΣ having n-
element models, n ∈ ω, as well as by TΣ,∞ the family of all theories in TΣ having
infinite models.

Theorem 1.3 [5]. For any language Σ either RS(TΣ,n) = 0, if Σ is finite or
n = 1 and Σ has finitely many predicate symbols, or RS(TΣ,n) = ∞, otherwise.

Theorem 1.4 [5]. For any language Σ either RS(TΣ,∞) is finite, if Σ is finite
and without predicate symbols of arities m ≥ 2 as well as without functional symbols
of arities n ≥ 1, or RS(TΣ,∞) = ∞, otherwise.

By the definition the families TΣ, TΣ,n, TΣ,∞ are E-closed. Thus, combining
Theorem 1.1 with Theorems 1.2–1.4 we obtain the following possibilities of cardi-
nalities for the families TΣ, TΣ,n, TΣ,∞ depending on Σ and n ∈ ω:

Proposition 1.5. For any language Σ either either TΣ is countable, if if Σ
consists of finitely many 0-ary and unary predicates, and finitely many constant
symbols, or |TΣ| ≥ 2ω, otherwise.

Proposition 1.6. For any language Σ either TΣ,n is finite, if Σ is finite or n = 1
and Σ has finitely many predicate symbols, or |TΣ,n| ≥ 2ω, otherwise.

Proposition 1.7. For any language Σ either TΣ,∞ is at most countable, if Σ is
finite and without predicate symbols of arities m ≥ 2 as well as without functional
symbols of arities n ≥ 1, or |TΣ,∞| ≥ 2ω, otherwise.

Definition [6]. Let T be a family of theories, Φ be a set of sentences, α be an
ordinal ≤ RS(T ) or −1. The set Φ is called α-ranking for T if RS(TΦ) = α. A
sentence ϕ is called α-ranking for T if {ϕ} is α-ranking for T .

The set Φ (the sentence ϕ) is called ranking for T if it is α-ranking for T with
some α.

Proposition 1.8 [6]. For any ordinals α ≤ β, if RS(T ) = β then RS(Tϕ) = α
for some (α-ranking) sentence ϕ. Moreover, there are ds(T ) pairwise T -inconsistent
β-ranking sentences for T , and if α < β then there are infinitely many pairwise T -
inconsistent α-ranking sentences for T .

Theorem 1.9 [6]. Let T be a family of a countable language Σ and with RS(T ) =
∞, α be a countable ordinal, n ∈ ω \ {0}. Then there is a d∞-definable subfamily
T ∗ ⊂ T such that RS(T ∗) = α and ds(T ∗) = n.
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2. Special and equivalence relations on sets of formulae

Definition. Let F (Σ) be the set of all formulae in a language Σ, V be an infinite
set of variables, V ∗ be the set of all tuples x ∈ V n, n ∈ ω. A ternary relation
E ⊆ F (Σ)× F (Σ)× V ∗ is called special (for F (Σ)) if for each x ∈ V ∗,

Ex = {(ϕ,ψ) | (ϕ,ψ, x) ∈ E}
is an equivalence relation on the set X ⊂ F (Σ) consisting of all formulae ϕ whose
each free variable belongs to x.

Since each formula ϕ = ϕ(x) ∈ F (Σ) can be considered as a formula ϕ(y) for
any y ⊇ x, then for any special relation E for F (Σ), ϕ belongs to some Ey-class
for any y ⊇ x. Therefore for any ϕ ∈ F (Σ) there are infinitely many equivalence
classes for E, within distinct y ∈ V ∗, containing ϕ.

Definition. The special relation E ∈ SR(Σ) is called coordinated if the relation

E∗ = {(ϕ,ψ) | (ϕ,ψ, x) ∈ E for some x}
is an equivalence relation on F (Σ).

We denote by idF (Σ) the special relation E for F (Σ) whose all Ex-classes are
singletons.

By the definition idF (Σ) is the least special relation for F (Σ).
Clearly, there are both coordinated special relations (for instance, idF (Σ)) and

non-coordinated ones since equivalence classes for Ex can be arbitrarily varied
extending x. Notice also that by the definition the restriction of E∗, for coordinated
E, to the set of all sentences in F (Σ) is an equivalence relation, which both can be
equal to E∅ or strictly contain E∅.

Definition. A special relation E is called upward directed if Ex ∪Ey ⊆ Exˆy for
any x, y ∈ V ∗.

By the definition each upward directed special relation is coordinated.

For each formula ϕ = ϕ(x) ∈ F (Σ) and a special relation E we consider the set
ϕE = {∀x(ϕ(x) ↔ ψ(x)) | (ϕ,ψ, x) ∈ E}. We denote by ∇E the set

⋃
ϕ∈F (Σ)

ϕE .

Example 2.1. Let ϕ(x) be a formula in a language Σ, R be a new relational
symbol of arity l(x), Σ′ be an expansion of Σ containing R. If E is the equivalence
relation on F (Σ′) with one two-element class {ϕ(x), R(x)} and singletons for all
other formulae we obtain ∇E generated by the ϕ-naming, or the naming for ϕ(x):
∀x(ϕ(x) ↔ R(x)).

If ∇E is generated by ϕ-namings for each ϕ ∈ F (Σ) such that distinct formulae
ϕ(x) are E-equivalent to distinct predicates Rϕ(x), then∇E produces a Morleyzation
for F (Σ). ¤

Remark 2.2. Let F ′(Σ) be the subset of F (Σ) consisting of all formulae ϕ(x1,
. . . , xn) equivalent to ϕ(x1, . . . , xn) ∧ ⋂

i<j

¬xi ≈ xj . As shown in [12], each formula

ϕ ∈ F (Σ) is equivalent to a Boolean combination of formulae in F ′(Σ). Therefore
equivalence relations on F (Σ) are reduced to equivalence relations on F ′(Σ). Thus,
notions and results below, for F (Σ), can be naturally transformed for F ′(Σ), and
vice versa.
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We denote by SR(Σ) the family of all special relations for F (Σ), by SRf (Σ) the
subfamily of SR(Σ) consisting of all special relations E with finite equivalence Ex-
classes only, and by SRff(Σ) the subfamily of SRf (Σ) consisting of special relations
E with only finitely many, including 0, nontrivial Ex-classes, i.e., Ex-classes which
are not singletons.

Proposition 2.3. A special relation E ∈ SRff(Σ) for F (Σ) is upward directed if
and only if E = idF (Σ).

Proof. Clearly, idF (Σ) ∈ SRff(Σ) since all equivalence classes for idF (Σ) are
singletons.

Conversely, if E 6= idF (Σ) then there is x ∈ V ∗ such that some Ex-class contains
at least two formulae. Assuming that E is upward directed we obtain, for each
y ∈ V ∗, Exˆy-classes which are not singletons. Thus, E /∈ SRff(Σ). ¤

Remark 2.4. Any special relation E ∈ SRff(Σ) can be naturally extended till
a upward directed relation E′ ∈ SRf (Σ) just extending Exˆy-classes by (finitely
many) formulae in appropriate Ex-classes and Ey-classes.

Definition. Let E be a special relation for F (Σ).
The relation E is called inessential if ∇E consists of identically true formulae.

The relation E is called essential if it is not inessential.
For a formula ϕ = ϕ(x) ∈ F (Σ) the equivalence class Ex(ϕ) is called regular if

the set ϕE is consistent.
The relation E is called weakly regular if for each formula ϕ = ϕ(x) ∈ F (Σ) the

equivalence class Ex(ϕ) is regular.
The relation E is called locally regular if each finite part of ∇E is consistent.
The relation E is called strongly regular if ∇E is consistent.

The following properties hold:

1. (Monotony) If E, E′ ∈ SR(Σ), E ⊆ E′, and E′ is inessential (respectively,
weakly regular, strongly regular) then E inessential (weakly regular, strongly regu-
lar), too.

2. Any inessential relation is strongly regular, but not vice versa, as Example 2.1
shows.

3. Any strongly regular relation is locally regular, and, by compactness, any
locally regular relation is strongly regular. Besides, any strongly regular relation is
weakly regular, but not vice versa.

Indeed, we can consider a naming

(1) ∀x(ψ(x) ↔ R(x))

for a consistent formula ψ(x) generating the set ψE , and the formula

(2) ∀x(¬ψ(x) ↔ (R(x) ∧R(x)))

producing the set (¬ψ)E such that all others Ey-classes are singletons. Clearly, each
set ϕE is consistent. i.e., E is weakly regular. At the same time, the formulae (1)
and (2) imply ∀x(ψ(x) ↔ ¬ψ(x)) producing that ∇E is inconsistent, i.e., E is not
strongly regular.

4. Any singleton Ex(ϕ) is regular, moreover, any special relation E ∈ SR(Σ) with
consistent set

⋃{ϕE | |E(ϕ)| > 1} is strongly regular. As a corollary we obtain that
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any disjoint nonempty sets Φi ⊂ F (Σ), i ∈ I, of formulae with consistent set
{∀x(ϕ(x) ↔ ψ(x)) | ϕ, ψ ∈ Φi for some i ∈ I} has a strongly regular relation E
such that {Φi | i ∈ I} ⊆ {E(ϕ) | ϕ ∈ F (Σ)}, extending {Φi | i ∈ I} by singletons.

5. Any Morleyzation is produced by a strongly regular relation, as in Example
2.1.

By Property 3 we unite the notions of locally regular and strongly regular special
relations obtaining the notion of regular special relation. We denote by RSR(Σ) the
subfamily of SR(Σ) consisting of all regular special relations.

Proposition 2.5. For any language Σ there is the largest inessential relation
E0 for F (Σ). The relation E∗

0 equals the relation ≡ for F (Σ).

Proof. We denote the relation ≡ by E∗
0 . It naturally produces a special relation

E0 which is inessential by the definition, since ϕ ≡ ψ if and only if ` (ϕ ↔ ψ) for
any ϕ,ψ ∈ F (Σ), and thus ∇E0 consists of identically true formulae.

Now we note that any proper extension E ∈ SR(Σ) of E0 is essential. Indeed,
by the definition there is (ϕ,ψ) ∈ E∗ such that 6` (ϕ ↔ ψ). Therefore, by Gödel
completeness theorem, (ϕ ↔ ψ) is not identically true. Thus, E is essential. ¤

Property 1 and Proposition 2.5 imply:

Corollary 2.6. A special relation E ∈ SR(Σ) is inessential if and only if E∗ ⊆
E∗

0 . In particular, the least special relation idF (Σ) is inessential.

Proposition 2.7. (1) A relation E ∈ SR(Σ) is inessential if and only if each
its subrelation E′ ∈ SRf (Σ) is inessential, and if and only if each its subrelation
E′′ ∈ SRff(Σ) is inessential.

(2) A relation E ∈ SR(Σ) is weakly regular if and only if each its subrelation
E′ ∈ SRf (Σ) is weakly regular, and if and only if each its subrelation E′′ ∈ SRf (Σ)
is weakly regular.

(3) A relation E ∈ SR(Σ) is regular if and only if each its subrelation E′ ∈
SRf (Σ) is regular, and if and only if each its subrelation E′′ ∈ SRff(Σ) is regular.

Proof. (1) follows by Proposition 2.5 and Corollary 2.6.
(2) and (3) hold by compactness since if some ϕE (respectively∇E) is inconsistent

then some finite part of ϕE (∇E) is inconsistent producing a special relation E′′ ⊆ E
in SRff(Σ), and in SRf (Σ) by SRff(Σ) ⊂ SRf (Σ), which is not weakly regular
(regular). ¤

3. Elementary special and equivalence relations

Definition. A special relation E ∈ SR(Σ) is called elementary if there exists a
consistent theory T of given language Σ such that E = {(ϕ,ψ, x) | T ` ∀x(ϕ(x) ↔
ψ(x))}.

Here the relation E (respectively, E∗) is called the special (equivalence) relation
for T .

The set of all elementary special relations E ∈ SR(Σ) is denoted by ESR(Σ).

By the definition any elementary special relation E ∈ ESR(Σ) for T is upward
directed, so it is coordinated, and the relation E∗ is the equivalence relation ≡T

modulo T , where for any x ∈ V ∗, Ex is the restriction of ≡T to the set of formulae
ϕ(x).
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Clearly, each relation E ∈ ESR(Σ) is regular, and that relation E is inessential
if and only if E∗ =≡TΣ for the least, by inclusion, theory TΣ of the language Σ.

Besides, each regular special relation E generates both the unique consistent
theory T with ∇E ` T , which is axiomatized by ∇E , and the unique elementary
special relation E′ for T , containing E. Thus the set RSR(Σ) of all regular special
relations for F (Σ) has a closure operator Cl acting by the rule Cl(E) = E′, similar to
[17]. This closure operator satisfies the following obvious properties for any E, E′ ∈
RSR(Σ):

i) E ⊆ Cl(E) (Extensiveness),
ii) if E ⊆ E′ then Cl(E) ⊆ Cl(E′) (Monotony),
iii) Cl(Cl(E)) = Cl(E) (Idempotency).
The structure (RSR(Σ), Cl) is extensible till the structure (SR(Σ),Cl∗) with the

closure operator Cl∗ producing the special relation E′ = Cl∗(E), for E ∈ SR(Σ) \
RSR(Σ), corresponding the equivalence relation (E′)∗ = ≡T0 for the contradictory
theory T0.

Proposition 3.1. For any relation E ∈ ESR(Σ) there is unique theory T such
that E∗ = ≡T .

Proof. The required theory T exists by the definition of elementary special
relation E. Now taking the elementary special relation E we reconstruct T as the
set T ′ of sentences ϕ such that (ϕ,∀x(x ≈ x), ∅) ∈ E. Indeed, if ϕ ∈ T then
ϕ ≡T ∀x(x ≈ x) producing ϕ ∈ T ′. Conversely, if the sentence ϕ ∈ F (Σ) does not
belong to T then ϕ can not belong to T ′ since otherwise ϕ ≡T ∀x(x ≈ x) implies
ϕ ∈ T . ¤

The arguments for Proposition 3.1 show that any relation E ∈ ESR(Σ) uniquely
defines a theory T (E) = T , and conversely any consistent theory T uniquely defines
an elementary special relation E with E∗ = ≡T . Moreover, both T (E) and ≡T

are uniquely defined by the E∗-class E∗(1) containing identically true formulae.
Therefore there are one-to-one correspondences between the class EE of elementary
equivalence relations E∗, the class T of consistent theories T = T (E), and the
class EE(1) consisting of the E∗-classes E∗(1). These correspondences are denoted
by EE → T , EE → EE(1). Additionally we obtain correspondences T → EE,
EE(1) → EE, T → EE(1), EE(1) → T .

Any elementary special relation E, for a theory T = T (E), produces an appropri-
ate Lindenbaum–Tarski algebra [18] defined by the partial order ≤ in the following
way: for equivalence classes ≡T(ϕ) and ≡T(ψ), where ϕ, ψ ∈ F (Σ),

≡T(ϕ) ≤ ≡T(ψ) ⇔ (ϕ ∧ ψ, ϕ) ∈ E∗.

We denote this algebra by LT(E) and by LT(T ), and the class of these algebras by
LT .

The algebras in LT are connected with theories in T by the one-to-one corres-
pondences LT → T and T → LT with the rules LT(T ) 7→ T and T 7→ LT(T ).

Clearly, homomorphisms between algebras in LT induce by these correspondences
homomorphisms between elements in T , in EE, and in EE(1). Therefore we obtain
four categories LT , T , EE , EE(1), whose morphisms are homomorphisms. These
categories are connected by functors α → β above, where α, β ∈ {LT , T , EE ,
EE(1)}.

Thus we have the following:
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Theorem 3.2. The categories LT , T , EE, EE(1) are connected by the functors
α → β, where α, β ∈ {LT , T , EE, EE(1)}.

Definition [16]. A theory T is said to be ∆-based , where ∆ is some set of formulae
without parameters, if any formula of T is equivalent in T to a Boolean combination
of formulae of ∆.

For ∆-based theories T , it is also said that T has quantifier elimination or
quantifier reduction modulo ∆.

Clearly, if ∆ consists of quantifier free formulae then the ∆-based theory T has
quantifier elimination.

The following proposition gives an obvious characterization for the ∆-basedness
of a theory.

Proposition 3.3. Let ∆ ⊆ F (Σ). A theory T is ∆-based if and only if for each
formula ϕ(x) ∈ F (Σ) there is a (≡T )x-class containing both ϕ and a formula in ∆.

Proposition 3.3 immediately implies:

Corollary 3.4. A theory T of a language Σ has quantifier elimination if and
only if for each formula ϕ(x) ∈ F (Σ) there is a (≡T )x-class containing both ϕ and
a quantifier free formula.

Clearly, each E∗-class, for an elementary special relation E, is infinite. Moreover,
since there are max{ω, |Σ|} identically true sentences ϕ1 of the language Σ and
each E∗-class contains ψ ∧ ϕ1 together with a formula ψ, each E∗-class contains
max{ω, |Σ|} formulae.

The following natural questions arise:

Question 1. What can be cardinalities of quotients F (Σ)/E∗ and F (Σ)x/Ex,
for restrictions F (Σ)x of F (Σ) to the sets of formulae ϕ(x), where x ∈ V ∗?

Question 2. What special relations for F (Σ) are elementary, depending on
languages Σ?

Question 3. What are hierarchies for elementary special relations for F (Σ),
depending on languages Σ?

A partial answer to the Question 3 is represented in the following section.

4. Complete and precomplete special and equivalence relations,
their completions

Extending the class E∗(1), for an elementary special relation E ∈ ESR(Σ), by
maximum many sentences preserving the consistency we obtain a completion T ′ of
T = T (E) correspondent to an elementary special relation E′ ⊇ E. The relation
E′ for the completion T ′ is called complete, or the completion of E. The set of all
complete relations E ∈ ESR(Σ) is denoted by CSR(Σ).

Definition. A relation E′ ∈ ESR(Σ) is called a a prime extension of a relation
E ∈ ESR(Σ) if there is a pair (ϕ,ψ) /∈ E of formulae such that ∇E ∪ {ϕ ↔ ψ}
forces E′. If E′ is the prime extension of E via the pair (ϕ,ψ) we say that (ϕ,ψ)
witnesses that prime extension, and we denote the pair (E,E′) by E ≺ϕ,ψ E′, or
simply E ≺ E′ if an appropriate pair (ϕ,ψ) is fixed.

A relation E ∈ ESR(Σ)\CSR(Σ) is called precomplete, denoted by E ∈ PCSR(Σ),
if E ≺ϕ,ψ E′ for some pair (ϕ,ψ) and a complete special relation E′ ∈ CSR(Σ).
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If E ∈ CSR(Σ) (respectively, E ∈ PCSR(Σ)) then the equivalence relation E∗ is
called (pre)complete, too.

Example 4.1. If the language Σ consists of unique unary predicate R then the
inessential special relation E is precomplete obtaining a complete extension E′ ⊇ E
just by adding a pair (ϕ,∀x ≈ x) of sentences such that ϕ asserts a finite cardinality
for R and a finite cardinality for its complement.

Similarly, any extension of a complete theory T by new unary predicate R
produce a precomplete relation E generated by ≡T and tautologies for Σ(T )∪{R}.
The relation E is extended to a complete one by the pair (ϕ, ∀x ≈ x), where, for
instance, ϕ asserts that R is either empty or has the empty complement.

By the definition the number of elementary special relations extending E is
connected with the number of completions and precomplete extensions of T (E).
In particular, by Propositions 1.5–1.7, for certain languages, E can have at most
countably many or at least continuum many completions.

For E ∈ ESR(Σ), we denote by Comp(E) the set {E′ ∈ CSR(Σ) | E′ ⊇ E}.
Similarly, for a consistent theory T in the language Σ we denote by Comp(T ) the
set of all complete theories T ′ in the language Σ which contain T .

By the definition the set Comp(T ) is d-definable, and so closed, in the family TΣ

of all theories of the language Σ = Σ(T ): Comp(T ) = (TΣ)T .
By Theorem 3.2 there is a natural bijection between Comp(T (E)) and Comp(E)

acting by the canonical map fComp(T (E)): T ′ 7→ ≡T ′ for T ′ ⊇ T (E).
By the definition for any E ∈ ESR(Σ), |Comp(E)| ≥ 1. Moreover, Comp(E) =

{E} and so |Comp(E)| = 1 for complete E. Besides, if E ∈ ESR(Σ) \ CSR(Σ), in
particular, if E is precomplete, then |Comp(E)| ≥ 2.

Indeed, if E is not complete then there is a sentence ϕ ∈ Sent(Σ) such that
T (E) ∪ {ϕ} and T (E) ∪ {¬ϕ} are consistent. Therefore T1 = Th(T (E) ∪ {ϕ}) and
T2 = Th(T (E) ∪ {¬ϕ}) are proper extensions of T (E), hence special relations ≡T1

and ≡T2 are proper extensions of E, implying |Comp(E)| ≥ 2.
Thus we have the following:

Proposition 4.2. If E ∈ ESR(Σ) then E ∈ CSR(Σ) if and only if Comp(E) is
a singleton (consisting of {E}).

Proposition 4.3. For any cardinality λ ≥ 2 there is a special relation E ∈
PCSR(Σ) such that |Comp(E)| = λ.

Proof. It suffices to take a complete theory T0 of a language {ci | i < λ} with λ
distinct constants expanded by a unary predicate R with the sentence ∃=1xR(x).
Here we assume that (x ≈ x) ↔ ∨

i<λ

(x ≈ ci) if λ is finite. The resulted theory T

has a precomplete special relation E = ≡T with λ completions by sentences R(ci).
If λ is infinite there is a completion by the set of sentences

∃x

R(x) ∧

∧

ij∈{i1,...,ik}⊂λ

¬(x ≈ cij )


 .

In any case we have |Comp(E)| = λ. ¤
The proof above is based on possibilities of interpretation of new predicate R

by definable sets ϕ(M) in initial models M |= T via the sentence ∀x(R(x) ↔
ϕ(x)) extending the special relation E by the pair (R(x), ϕ(x)). In general case,
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precomplete special relation becomes complete via an identification of some two
definable sets ϕ(M) and ψ(M).

Arguments for the proof of Proposition 4.3 imply the following:

Problem. Describe possibilities for the cardinalities of Comp(E) depending on
the languages Σ and possibilities of identifications.

For a consistent theory T we denote by RSComp(T ) and by dsComp(T ) the values
RS(Comp(T )) and ds(Comp(T )), respectively, for the family Comp(T ).

These rank and degree values form complexity measured for theories T via
correspondent measures for sets of completions. These values have upper bounds
by the values for TΣ [5].

The following three properties are obvious:

1. If T1 and T2 are theories in a language Σ with T1 ⊆ T2 then Comp(T1) ⊇
Comp(T1), RSComp(T1) ≥ RSComp(T2), and dsComp(T1) ≥ dsComp(T2) if

RSComp(T1) = RSComp(T2).

2. If a theory T consists of tautologies in a language Σ then Comp(T ) = TΣ with
the maximal rank RS(Comp(T )) = RS(TΣ).

3. If T is a complete theory then Comp(T ) = {T}, RS(Comp(T )) = 0,

ds(Comp(T )) = 1.

4. For any theory T in a language Σ and a set Φ of Σ-sentences the set Comp(T )Φ
equals the set Comp(T ∪Φ) of completions for T ∪Φ, and equals the set Comp(T ′)
for the theory T ′ = Th(T ∪ Φ) axiomatized by T ∪ Φ:

Comp(T )Φ = Comp(T ∪ Φ) = Comp(Th(T ∪ Φ)).

Indeed, if T ′ ∈ Comp(T )Φ then T ′ contains T∪Φ implying T ′ ∈ Comp(T∪Φ) and
T ′ ∈ Comp(Th(T∪Φ)). If T ′ ∈ Comp(T∪Φ) then T ′ is a complete theory containing
both T and Φ, therefore T ′ ∈ Comp(T ) with Φ ∈ T ′, i.e., T ′ ∈ Comp(T )Φ.
Finally, by the definition of the operators Comp and Th we have Comp(T ∪ Φ) =
Comp(Th(T ∪ Φ)).

By Property 4 for any set Φ of Σ-sentences the subfamily Comp(T ∪ Φ) of
Comp(T ) is d-definable. In particular, if Φ is finite then Comp(T ∪Φ) is s-definable
in Comp(T ). Therefore, Comp(T ∪Φ) is E-closed in Comp(T ) by [6, Theorem 4.3].

In view of the properties above, Proposition 1.8 and Theorem 1.9 we have the
following:

Proposition 4.4. For any ordinals α ≤ β, if RS(Comp(T )) = β then

RS(Comp(Th(T ∪ {ϕ}))) = α

for some (α-ranking) sentence ϕ. Moreover, there are ds(Comp(T )) pairwise Comp(T )-
inconsistent β-ranking sentences for Comp(T ), and if α < β then there are infinitely
many pairwise Comp(T )-inconsistent α-ranking sentences for Comp(T ).

Theorem 4.5. Let Comp(T ) be a family of a countable language Σ and
with RS(Comp(T )) = ∞, α be a countable ordinal, n ∈ ω \ {0}. Then there is a
d∞-definable subfamily T ∗ ⊂ Comp(T ) such that RS(T ∗) = α and ds(T ∗) = n.
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The properties above, Proposition 4.1 and Theorem 1.9 can be naturally trans-
formed for relations E ∈ ESR(Σ) and E∗ by the canonical map fComp(T (E)).

5. Chains of elementary special and equivalence relations

Now we consider both chains of elementary special relations E and equivalence
relations E∗, and chains of theories T (E) in a language Σ.

Clearly, these chains define each others, therefore principally we deal with chains
C = {Ei | i < λ} of strictly increasing elementary special relations. We will assume
that the chains are prime, i.e., Ei ≺ Ei+1 for unlimit steps and Ei =

⋃
j<i

Ej for

limit steps i.
By the definition the cardinalities of these chains have the upper bounds |F (Σ)|,

i.e., max{|Σ|, ω}. Taking into consideration these bounds we introduce the following:

Definition. Let E,E′ ∈ ESR(Σ) with E ⊂ E′. If for a cardinality λ there is a
prime chain C = {Ei | i < λ + 1} such that E0 = E and Eλ = E′, we say that the
pair (E,E′) has a prime λ-chain.

The set {λ | (E, E′) has a prime λ-chain} is called the prime spectrum for (E,E′)
and denoted by pSp(E, E′).

The cardinality pl(E,E′) = sup(pSp(E, E′)) is called the longness of prime
(E, E′)-chains.

A relation E ∈ ESR(Σ) is called prime λ-completeable, for a cardinality λ, if
there is a prime λ-chain C = {Ei | i < λ+1} such that E0 = E and Eλ ∈ CSR(Σ),
i.e., λ ∈ pSp(E, E′) for some E′ ∈ CSR(Σ).

The cardinality cpSp(E) =
⋃

E⊂E′∈CSR(Σ)

pSp(E, E′) is called the spectrum of

prime completions of E, and the cardinality

cpl(E) = sup{λ | E is prime λ-completeable}
is called the longness of prime completion of E.

We assume that cpSp(E) = {0} and cpl(E) = 0 for E ∈ CSR(Σ).

Clearly, pSp(E, E′) is nonempty with 0 /∈ pSp(E,E′) for any E ⊂ E′, therefore
pl(E, E′) is a positive cardinal. Similarly, cpSp(E) is nonempty with 0 /∈ cpSp(E)
for any E ∈ ESR(Σ) \ CSR(Σ), with cpl(E) > 0. Thus, cpl(E) = 0 if and only if
E ∈ CSR(Σ).

By the definition we have 1 ∈ cpSp(E) if and only if E is precomplete.

Lemma 5.1. For any ESR(Σ) the relation ≺ is transitive.

Proof. Let E0, E1, E2 ∈ ESR(Σ) with E0 ≺ϕ1,ψ1 E1, E1 ≺ϕ1,ψ1 E2. Since E2

is forced by ∇E0 ∪ {ϕ1 ↔ ψ1, ϕ2 ↔ ψ2} it suffices to find a pair (ϕ∗, ψ∗) ∈ E∗
2

such that ∇E0 ∪ {ϕ∗ ↔ ψ∗} forces both ϕ1 ↔ ψ1 and ϕ2 ↔ ψ2. We can take
(ϕ1 ↔ ψ1) ∧ (ϕ2 ↔ ψ2) for ϕ∗ and a tautology for ψ∗. Clearly, ϕ∗ ↔ ψ∗ forces the
required formulae. ¤

Lemma 5.1 immediately implies:

Corollary 5.2. For any ESR(Σ) the relation ≺ ∪ idESR(Σ) is a partial order.

The following assertion shows that finite prime (E, E′)-chains of prime extensions
produce initial segments for values pSp(E, E′)
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Proposition 5.3. If n ∈ pSp(E,E′) for a natural number n 6= 0 then n \ {0} ⊆
pSp(E, E′).

Proof. Since ≺ is transitive by Lemma 5.1, for each finite prime (E, E′)-chain
E0, E1, E2, . . . , En witnessing n ∈ pSp(E,E′), for n > 1, the (E, E′)-chain E0, E2,
. . . , En is prime, too, implying (n − 1) ∈ pSp(E, E′). Continuing the process we
obtain n \ {0} ⊆ pSp(E, E′). ¤

Proposition 5.3 immediately implies:

Corollary 5.4. If E ⊂ E′ and pl(E, E′) ∈ ω then pSp(E, E′) = n\{0} for some
n ∈ ω \ {0, 1}.

Corollary 5.5. If E ∈ ESR(Σ) \ CSR(Σ) and cpSp(E) ∩ ω 6= ∅ then E is
precomplete.

Definition. Let E,E′ ∈ ESR(Σ) with E ⊆ E′. We say that E′ is finitely
axiomatizable over E if E′ is forced by ∇E ∪ {ϕ ↔ ψ} for some (ϕ,ψ) ∈ (E′)∗, i.e.
E ≺ϕ,ψ E′.

Lemma 5.6. If E′ ∈ Comp(E) then E′ is finitely axiomatizable over E if and
only if E′ is isolated in Comp(E) by some formula ϕ ↔ ψ with (ϕ,ψ) ∈ (E′)∗.

Proof. If E′ is forced by ∇E ∪ {ϕ ↔ ψ} then ϕ ↔ ψ forces unique element in
Comp(E) implying that E′ is isolated. Conversely, if E′ is not isolated in Comp(E)
then there are no formulae ϕ ↔ ψ forcing E′ in Comp(E). Therefore E′ is not
finitely axiomatizable over E. ¤

Theorem 5.7. For any E ∈ ESR(Σ) the following conditions are equivalent:
1) cpSp(E) ⊆ ω;
2) cpSp(E) = {0} or cpSp(E) = n \ {0} for some n ∈ ω \ {0, 1};
3) Comp(E) is finite.

Proof. 1) ⇒ 3). We denote by Y the set of all ϕ ∈ Sent(Σ) such that T (E)∪{ϕ}
forces a complete theory T (E′), i.e., E′ is finitely axiomatizable over E that is E′ is
isolated by ϕ in view of Lemma 5.6. Assume on contrary that Comp(E) is infinite.
Then by compactness we have consistent Z = T (E) ∪ {¬ϕ | ϕ ∈ Y }. Therefore
there is a completion T (E′′) of Z. We have E′′ ∈ Comp(E) which is not finitely
axiomatizable over E that is non-isolated in Comp(E) by Lemma 5.6. It means
that each prime (E, E′′)-chain is infinite implying cpSp(E) 6⊆ ω.

Having |Comp(E)| < ω we obtain |Comp(E)| = 1, if E ∈ CSR(Σ), and

|Comp(E)| ≥ 2,

if E /∈ CSR(Σ), since in the latter case E has at least two completions.
3) ⇒ 2). If Comp(E) is finite then completions of Comp(E) are isolated. So

they are finitely axiomatizable. By Proposition 4.2 all prime chains starting with
E are finite and moreover have a finite upper bound for lengths. If E ∈ CSR(Σ)
then Comp(E) = {E} and cpSp(E) = {0}. Otherwise cpSp(E) = n \ {0} for some
n ∈ ω \ {0, 1} in view of Proposition 5.3.

2) ⇒ 1) is obvious. ¤

Example 5.8. We realize the values cpSp(E) = n \ {0}, n ∈ ω, and the
cardinalities for Comp(E) by induction in the following way.
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We take a 0-ary relation P0 with values P0 = 0 and P1 = 1 producing two
completions of the theory T (E0) for the inessential special relation E0. Thus,
cpSp(E0) = {1} and |Comp(E0)| = 2.

If the elementary special relation En is already constructed in the language Σn =
{Pi | i ≤ n} of 0-ary predicates with cpSp(En) = {1, . . . , n + 1} and |Comp(En)| =
n + 2, we define the special relation En+1 in the language Σn = {Pi | i ≤ n + 1} of
0-ary predicates extending T (En) by the sentences Pj → Pn+1, j < n + 1.

We have cpSp(En+1) = {1, . . . , n + 2} and |Comp(En+1)| = n + 3 since there
are two possibilities Pn+1 = 0 and Pn+1 = 1 for P0 = . . . = Pn = 0, and unique
possibility Pn+1 = 1 if Pj = 1 for some j ≤ n. These possibilities extend both the
longest prime chain for cpSp(En) by one step with Pn+1 = 0, and Comp(En+1) by
the value Pn+1 = 0.

Thus the process above produces realizations for cpSp(E) = n \ {0}.
If we continue the process by countably many steps then we obtain a relation

E ∈ ESR(Σ) with cpSp(E) = ω + 1.
Now taking inessential relation E′ ∈ ESR(Σ′) for Σ′ consisting of 0-ary relations

Qk, k ∈ ω, we obtain 2ω prime chains for completions of T (E′) each of which has
the length omega. Thus, cpSp(E′) = {ω}.

If we combine En and E′ by the sentences Pi → Qk, i ≤ n, k ∈ ω, then the
resulted relation E′′ ∈ ESR(Σ′′), for Σ′′ = {Pi | i ≤ n} ∪ {Qk | k ∈ ω}, satisfies
cpSp(E′) = ((n + 1) \ {0}) ∪ {ω}.

In view of Theorem 5.7 the possibilities for cpSp(E), where E ∈ ESR(Σ)\CSR(Σ)
and |Σ| ≤ ω, are exhausted by the values n\{0}, (n\{0})∪{ω} for some n ∈ ω\{0},
{ω}, ω + 1. Therefore having realizations above for these possibilities we obtain:

Corollary 5.9. If |Σ| ≤ ω and E ∈ ESR(Σ) \ CSR(Σ) then cpSp(E) has the
following possibilities: n \ {0}, (n \ {0}) ∪ {ω} for some n ∈ ω \ {0}, {ω}, ω + 1.
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