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ABsTRACT. We define a new category S.S— Act whose objects are S-acts
and whose morphisms are defined so that each set Homgs—act(A, B) is
an S-act. It is proved that this category has a reflective subcategory
F'S — Act that is naturally isomorphic to the category S — Act. The set
Homps—act(A, B) coincides with the set of all fixed points of the S-act
Homss—act(A, B). In the case when S is a group, it is proved that the
category SS — Act is a Grothendieck topos and the construction of limits
and colimits is considered.
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1. INTRODUCTION

In [4, 5], we consider the category of Chu spaces over the category S — Act,
whose objects are S-acts and whose morphisms are homomorphisms of S-acts. In
this case, S is a commutative monoid, the set of homomorphisms Homg_ s.1(A, B)
is an S-act, and the tensor product is used as the product required for the definition
of the Chu spaces. If S is a noncommutative monoid then the tensor product of
S-acts is not an S-act but it is possible to consider the Cartesian product as a
product. The category S — Act is Cartesian closed, but, unlike in the commutative
case, the set Homg_ 4.t(A, B) is not endowed by a natural structure of an S-act.

In this paper, we define the category S.S— Act whose objects are S-acts and whose
morphisms are defined so that each set Homgg_ac:(A, B) is an S-act. It is proved
that this category has a reflective subcategory F'S— Act that is naturally isomorphic
to the category S — Act. In this case, Hompg_act(A, B) coincides with the set of
fixed points of the S-act Homgs—act(4, B), so that every homomorphism of S-
acts is characterized as a fixed point. It is also proved that the category 5SS — Act
is Cartesian closed. This property is useful in the study of the category of Chu
spaces over this category. In addition, we consider the completeness property for
the category SS — Act. The case when S is a group is considered separately.

2. Basic NOTIONS

Let K be a category. We use the following notations: Ob(K) is the class of all
objects of K, Homg (a,b) is the set of all morphisms from an object a to an object
b, 1, € Hompg (a,a) is the identity morphism of a. The composition of morphisms
f € Homg(a,b) and g € Homg (b, ¢) is denoted by go f. In the category SS — Act
defined below, morphisms are mappings of sets but the composition of morphisms
differs from the superposition of mappings and the identity morphisms differ from
the identity maps. Therefore, special notations will be introduced for compositions
and the identity morphisms.

Let us recall some definitions from act theory (see [1]). Let S be a monoid with
identity 1. A set A is an S-act if there is a map S x A — A, (s,a) — sa such that

la = a and s(ta) = (st)a

for all a € A and s,t € S. A subact of an S-act A is a subset B of A closed under
the action of S. An element a of S-act A is called a zero (fized point) if |Sa| = 1,
i.e. sa = a for any s € S. A homomorphism from an S-act A to an S-act B is a map
0 : A — B such that 0(sa) = sf(a) for all @ € A,s € S. The class of all S-acts
together with homomorphisms as morphisms forms a category S — Act.

3. PRELIMINARY RESULTS

We consider some operations on mappings of sets. Let A, B, S be sets, t € S,
andu: SxA—B,v:SxB—C,z: A— B,y: B — C be mappings.
The mapping e4 : S x A — A is defined as follows: e4(s,a) = a. Introduce the
notations:

(S1) the mapping (v-u): S x A — C' is defined as follows:

(v-u)(s, a)=v(s, u(s, a));
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(52) if S is a monoid then the mapping tu : S x A — B is defined as follows:
(tu)(s, a)=u(st,a);
(S3) the mapping @ : S x A — S x B is defined as follows:
u(s,a)=(s,u(s,a));
(S4) the mapping Z : S x A — B is defined as follows:
T=xoey,

ie. Z(s,a) = z(a);
(S5) the mapping u; : A — B is defined as follows:

(ug)(a)=u(t,a),

where a € A.

Lemma 1. Suppose that S is a monoid with identity 1, A, B, and S are sets,
toe S, u: SxA—B,v:SxB—C,w:5SxC —D,z:A— B,
y:B— C, and z : C — D are mappings, and es : S x A — A is the projection
mapping.

(1) If A, B,C, D are S-acts and u,v,x,y are morphisms of the category S — Act
than the mappings v - u, tou, 4, T are also morphisms of the category S — Act.

(2) The mappings (S1)-(S5) possess the following properties:

(1.1) w-(v-u)=(w-v) u; u-es =u=ep-u;

(2.1) ' (tu) = (t't)u; lu = u for any t,t' € S;

(2.2) t(v-u) =tv-tu; tea = eq for anyt € S;

(3.1) v-u=0vou; €4 =1gxa;

(3.2) v-u=vou;

(4.1) yox =7 %; 1a=ea;

(4.2) §-u=you=joi;

(5.1) (v-u)y =viou; (ea)y =14 for anyt € S;

(5.2) (tu)s = ugt for any s,t € S;

(5.8) &5 = x for any s € S;

(5.4) if A and B are S-acts then tu(s,a) = tus(a) and u(ts,ta) = uis(ta) for
any s,t € S and a € A.

Proof. Suppose the fulfillment of the conditions of the lemma.
(1) Let A, B,C, D be S-acts and let u,v, 2,y be morphisms of S — Act.
The mapping v - u is a morphism of S — Act:

(v-u)(t(s,a)) = (v-u)(ts, ta) = v(ts, u(ts,ta)) =
= ov(ts,tu(s,a)) = tv(s,u(s,a)) = t((v-u)(s,a))

for any s,t € S, a € A.
The mapping tou is a morphism of S — Act:

(touw)(ts, ta) = u(tsty, ta) = t(u(sto,a)) = t((teu)(s,a))

for any s,t € S, a € A.
The mapping @ is a morphism of S — Act:

u(ts,ta) = (ts,u(ts,ta)) = (ts, tu(s,a)) = t(s,u(s,a)) = t(u(s,a))
for any s,t € 9, a € A.
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The mapping Z is a morphism of S — Act:
Z(ts,ta) = z(ta) = tx(a) = t(Z(s, a))

for any s,t € S, a € A.

(2) (1.1) The equalities

(w0 v) - u)(5, ) = (w-0)(5, uls, @)) = w(s,v(s, u(s, @))) =
= w(s, (v-u)(s,a)) = (w- (v-u))(s,a),
where s € S, a € A, imply (w-v)-u=w- (v-u).Moreover,
(u-eq)(s,a) =u(s,ea(s,a)) =u(s,a) =ep(s,u(s,a)) = (eg - u)(s,a)

forany s€ S, a€ Ajie. u-eq =ep-u=u.
(2.1) The equalities
(t'(tw))(s, a) = (tu)(st’,a) = u(((st')t), a) = u((s(t't)),a) = ((t't)u)(s,a),
(14)(5,0) = u(s1,0) = u(s, a),
where s € S and a € A, imply ¢/ (tu) = (¢t)u and lu = u for any ¢,t' € S.
(2.2) The equalities
((tv)- (tu))(s,a) = (tv)(s, (tu)(s,a)) = v(st,u(st,a)) = (v-u)(st,a) = (t(v-u))(s,a),
(tea)(s,a) = ea(st,a) = a=ea(s,a),
where s € S, a € A, imply t(v-u) =tv-tu and tey = e4 for any t € S.
(3.1) The equalities
(Tou)(s,a) =0(u(s,a)) = (s,v(s,u(s,a))) = (s, (v-u)(s,a)) =v-u(s,a),
ea(s,a) = (s,ea(s,a)) = (s,a),
where s € S, a € A, imply v-u=vou and €4 = lgxa.
(3.2) The equalities
(vou)(s,a) =v(u(s,a)) =v(s,u(s,a)) = (v-u)(s,a),
where s € S, a € A, imply v-u =voa.
(4.1) The equalities

(- 7)(s,a) = y(s, 2 (s,
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where s € 5, a € A, imply yoz =
(4.2) The equalities
(7 - u)(s,a) =§(s,uls,a)) = y(u(s,a)) = (y o u)(s, a),
where s € S, a € Aimply §-u=you. By (3.2) §-u=goua.
(5.1) The equalities
(v-u)i(a) = (v-u)(t,a) = v(t,u(t,a)) = vi(u(t, a)) = vi(u(a)) = (ve 0 ue)(a),
(ea)i(a) = (ea)(t,a) = a=14(a),
where a € A imply (v-u); = v ous and (e4); = 14 for any t € S.
(5.2) The equalities
(tu)s(a) = (tu)(s,a) = u(st,a) = ug(a),
where a € A imply (tu)s = ug for any s,t € S.
(5.3) The equalities

Zs(a) = Z(s,a) = z(a),
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where a € A imply &5 = x.
(5.4) Assume that A and B are S-acts. Then, by the definition of us and u,, we
have tu(s, a) = tus(a) and u(ts,ta) = uis(ta) for any s,t € S. O

Lemma 2. Let A and B be S-acts, u : Sx A — B andv : Sx B — C be
mappings, and w = v - u.

(1) If w and v are morphisms of S — Act and the mappings v, are injective for
all s € S then u is a morphism of S — Act.

(2) If w and u are morphisms of S — Act and the mappings us are surjective for
all s € S then v is a morphism of S — Act.

(8) If the mappings us are bijective for all s € S and the mappingv : SXxB — A
is such that v(s,b) = u;(b) for all s € S and b € B then

(a) v-u=ey, u-v=epg;

(b) under the condition that u is a morphism of S — Act, v is a morphism
of S — Act.

Proof. Note that, by (5.4) of Lemma 1, u is a morphism of S — Act if and only if
tus(a) = ws(ta) for all s,t € S and a € A.
(1) Let s,t € S and a € A. By (5.1) of Lemma 1 and the remark above, we have

Vs (ugs (ta)) = wis(ta) = twg(a),

vis(tus(a)) = tvs(us(a)) = twg(a).
Hence vis(uis(ta)) = vis(tus(a)). Since the mapping vy is injective, ugs(ta) =
tus(a). By the remark above, u is a morphism of S — Act.

(2) Let s,t € S and b € B. Since u; is surjective, us(a) = b for some a € A.
By (5.1) of Lemma 1, and the remark above we have tvs(b) = tvs(us(a)) = tws(a)
and v (th) = vis(tus(a)) = ves(urs(ta)) = wes(ta). Since w is a morphism of S— Act,
tws(a) = wis(ta), ie., tvg(b) = vis(th). Hence tu(s,b) = v(ts,tb). By the remark
above, v is a morphism of S — Act.

(3) Suppose that ug is bijective for all s € S, the mapping v : S x B — A is
such that v(s,b) = u;1(b) for all s € S and b € B.

(a) Tt is clear that vs = (u™!)s. By (5.1) of Lemma 1,

(v-u)(s,a) = (v-u)s(a) = (vs ous)(a) = a=ea(a).
The equality u - v = ep is obtained likewise.

(b) Let v and v - u = e4 be morphisms of the category S — Act. Since us are
surjective for all s € S, by (2), v is a morphism of S — Act. O

By (2.1) of Lemma 1, the mapping (¢,u) — tu (¢t € S) defines a left action on
each set Homg_ ac(S X A, B). So we can consider the set Homg_a.(S X A, B) as
an S-act under this action. Let us consider some properties of the zeros of S-act
Homg_ (S x A, B); in other words, of the fized points of Homg_a.:(S x A, B)
under this action, that is, such morphisms u : S x A — B that tu = u for any
tesS.

Lemma 3. (1) Ifu:SxA— B,v:Sx B — C are fized points then v -u is a
fized point too; the morphism es : S X A — A is a fized point.

(2) The mapping x — T =z 0ey is a bijection of the set Homgs_ act(A, B) onto
the set of all fized points of Homs_ act(S X A, B).

(8) Let so € S and u € Homg_ac+(S x A, B). Consider the following conditions:

(1) u is a fized point;
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i) u =2 for some x € Homg_a.(A, B);
1) us = ug for all s,t € S;
) Us, = u and us, € Homg_act(A, B);
v) us € Homg_act(A, B) for all s € S;

(V') usy, € Homg—_act(A, B).

(a) Conditions (i), (i1), (ii1), (iv) are equivalent and (iv) = (v) = (V').

(b) Moreover, if S is a group then conditions (i), (ii), (iit), (iv), (v), (V') are
equivalent.

Proof. (1) immediately follows from (2.2) of Lemma 1.
2) First we prove (3a). Let sop € S and u € Homg_act(A, B).
(i) = (#4i). By (5.2) of Lemma 1, u; = (tu)1, and so u; = uq for any ¢t € S.
(#4i) = (iv). Since us = u, for all s,t € S, we have

Uy (8, 0) = us,(a) = us(a) = u(s, a)
for all s € S.
(tv) = (#4i). Since us, = u, we have
ug(a) = u(s,a) = Uy, (s,a) = usy(a) = u(sg,a) = us,(a)
for all s,t € S.
(i) = (i7). By hypothesis, 45, = u. By (iv) = (v), we have z = u,, €
Homg_ act(A, B). Thus, & = u.
(7i) = (i). Since u = &, we have
(tu)(s,a) = u(st,a) = (st,a) = z(a) = Z(s,a) = u(s,a)
for any s,t € S, i.e., u is a fixed point.
(#i1) = (v). Since
up(ta) = ug(ta) = u(t, ta) = tu(l, a) = tui(a)
for any t € S, we have u1 € Homg_sct(A, B). Hence, us € Homg_a.(A, B) for
any s € S.
(v) = (v') is obvious.
(3b) Now let S be a group. It suffices to prove that (v) = (iv). Let (s,a) € S x A.
Then

Ts, (8,a) = g, (a) = tus, (t™1a) = tu(so,t*a) = u(tsg, a)
for any t € S. If t = s5's then @, (s,a) = u(s, a).
(2) Since (i), (i), and (iv) are equivalent, x — Z is a mapping from
Homg_ (A, B)
onto the set of all fixed points of Homg_ (S x A, B). If &1 = &9 then z1(a) =

Z1(s,a) = Ta2(s,a) = x2(a) for any a € A, i.e. 1 = z5. Therefore, the mapping
T +— T is a bijection. O

4. THE CATEGORIES SS — Act AND F'S — Act

Everywhere below, S is a monoid.

Definition 1. (the definition of the category SS— Act) Define the category SS— Act
as follows:

- Ob(SS — Act) = Ob(S — Act);
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- the set Homgs—act(A, B) of morphisms from an object A to an object B of SS—
Act coincides with the set Homg_ a.4(S X A, B) of morphisms from the object S x A
to the object B of S — Act;

- the composition of morphisms u € Homgss_act(A, B) and

v € Homgs—act(B,C)

is defined as follows:
(u-v)(s,a)=v(s,u(s,a)),
where s € S, a € A;

- for each object A of the category SS — Act, the identity morphism eq €
Homgss—_act(A, A) is defined as follows: es(s,a) = a.

By (1.1) of Lemma 1, the category S.S — Act is thus well defined.

Definition 2. (the functors Ug : S — Act — SS — Act and Vs : SS — Act —
S — Act) For objects, the functors are defined as follows:

Us(A)=A, Vs(B)=S x B,

where A € Ob(S— Act) and B € Ob(SS — Act). For arrows, the functors are defined
as follows:
Us(l‘)::i‘, Vs(u)=ﬂ7

where x € Homg_ act(A1, A2), u € Homgs_act(B1, Ba), i.e., Us(x)(s,a) = z(a)
for any s € S, a € Ay and Vg(u)(s,b) = (s,u(s,b)) for any s€ S, b € By.

By (3.1) and (4.1) of Lemma 1, the functors Ug and Vs are well-defined.

Definition 3. (the definition of the category F'S — Act) The category F'S — Act is
the subcategory of the category SS — Act such that

- Ob(FS — Act) = Ob(S — Act)

- the set Homps—_act(A, B) of morphisms from an object A to an object B
of F'S — Act coincides with the set of all zeros (fixed points) of the S-act

HomSS—Act(AvB)>
that is,
u€ Homps_act(A,B) <= u € Homg_ (S X A, B) and tu=wu forallt € S.

By Lemma 3(1), the composition of fixed points is a fix point and all identity
morphisms are fixed points in SS— Act. Thus, the category F'S— Act is well defined.

Theorem 1. The category S — Act is isomorphic to a reflective subcategory of S\S —
Act.

More exactly, let In = Inggjﬁgf : FS — Act — SS — Act be the inclusion
functor. Then

(1) Us =InolU’: S — Act — SS — Act, where U' : S — Act — F'S — Act is
an isomorphism of categories;

(2)(a) the functor Vs is a left adjoint for Ug;

(b) the functor V! = U' oVgs : SS — Act — FS — Act is a left adjoint for
In:FS— Act — S5 — Act.

Thus, the category F'S — Act is isomorphic to the category S — Act, and this
category is a reflective subcategory of SS — Act.
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Proof. (1) Define a functor U’ : S — Act — FS — Act as follows: U'(A) = A
for any A € Ob(S — Act), U'(z) = T for any © € Homg_act(A1,As). By the
definition of the functor Ug, we have Ug(z) = Z, then U’'(xz) = Us(z). Since Ug
is a functor, U’ is also a functor. By Lemma 3(2), U’ is bijective. Therefore, U’ is
an isomorphism of categories.

(2)(a) For any A € Ob(SS — Act) and B € Ob(S — Act), we will construct
a bijective mapping ¢(A,B) : Homgs_act(Vs(A),B) — Homgs—_act(A,Us(B))
such that the diagram

#(A,B)

HomS—Act(VS(A)7B) HomSS—Act(AaUS(B))

Homs—act(Vs(f).9) Homss—act(f,Us(9))

Homg—act(Vs(A'), B') Homgs—act(A',Us(B"))

‘P(A/vB/)
commutes for any f € Homgs_act(A’, A) and g € Homgs_ (B, B'), i.e.
Us(9) - (A, B)(u) - f = (A, B')(gouoVs(f))

for any u € Homg_act(Vs(A), B). Since Vg(A) = S x A and Us(B) = B, we have
Homg_4(Vs(A),B) = Homgs—act(A,Us(B)). Thus, we can take the identity
mapping as ¢(A, B).

Note, that if ¢(A, B) is the identity mapping then the commutativity of the
diagram takes the form

Us(g) -u-f=gouoVs(f)
for any u € Homg_ 4.+(Vs(A), B). Let us check this equality. Indeed,

(US(g) U f)(sa CL/) = g(svu(s, f(sva‘/)) = g(u(sv f(sva,)))a
(gouoVs(f))(s,a') = g(u(f(s,a"))) = g(u(s, f(s,a")))

for any s € S, a’ € A’. Thus, the commutativity of the diagram is proved.

(2)(b) Since Vs is a left adjoint for Ug and U’ is a left adjoint for U’'~, by the gene-
ral properties of the adjunction of functors, V' = U’ o Vs is a left adjoint for
UsoU'™! = In. O

Note one more useful property of fixed points.

Lemma 4. Let A, B,C,D be left S-acts and w € Homps_act(B,C). Then the
mappings
wy : Homgs—act(A, B) — Homgs_act(A,C)
and
w* : Homgs— act(C, D) — Homgs—_act(B, D),
given by the formula
wy(u) = w-u, w(v) =v-w,

where u € Homgs—act(A, B), v € Homgs—act(C, D), are morphisms of S — Act.
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Proof. Suppose the fulfillment of the hypoptheses of the lemma. Let ¢ € S. Since
w € Homps—_act(B,C), by (2.2) of Lemma 1,

wi(tu) = w - (tu) = tw - tu = t(w - u) = tw,(u);

w*(tv) =tv - w =tv - tw = t(v - w) = tw*(v).

Let K be a category, u € Homg (k,1). By definition:

u is a monomorphism if u o g = wo h implies g = h;

u is an epimorphism if g ou = h o u implies g = h;

u is an isomorphism if there exists u=! € Homx (I, k) such that u=!ou = 1;
and wou~! = 1;, i.e. u is left and right invertible.

It follows from the definition of SS — Act that the projection mapping ey :
S x A — A is an isomorphism, although, as a set mapping, it is neither injective
nor surjective.

In this section, we give characterizations of monomorphisms, epimorphisms and
isomorphisms in the category SS — Act. More complete results for the case when
S is a group can be found in Section 9.

Theorem 2. Let u € Homgs—act(A, B).
(1) Consider the following conditions:
(Im) u is a monomorphism in the category SS — Act;
(2m) us is injective for any s € S;
(8m) uy is injective.
Then (2m) = (1m) = (3m). Moreover, if S is a group, then all this conditions
are equivalent.
(2) The following conditions are equivalent:
(1e) u is an epimorphism in the category SS — Act;
(2e) us is surjective for any s € S;
(3e) u is surjective;
(8’e) u is an epimorphism in the category S — Act.
(8) The following conditions are equivalent:
(1is) u is an isomorphism in the category SS — Act;
(2is) us is bijective for any s € S.

Proof. Let us prove (1).

(2m)=-(1m). Let v,w € Homgs—_act(C, A) and u-v = u-w. By (5.1) of Lemma 1,
we have (v u)s = vs o ug for all s € S. Since u; is injective, the equality ug o vs =
ug © Wy implies vy = w, for all s € S. Hence v = w. Thus, u is a monomorphism.

(Im)=-(3m). Let {pt} be S—act, x € A, f, € Homgs_qct({pt}, A) be a morphism
such that f,(s,pt) = sx. Then (u - f.)(s,pt) = u(s,sx) = su(l,z) = sus(z). If
u1(a) = up(b) then w- f, = w- fp. Since w is a monomorphism, f, = f;. Hence a = b
and w4 is an injective.

Let S be a group.

(3m)=(2m). Assume us(a) = us(b). Then u(s,a) = u(s,b). So su(l,s7'a) =
su(1,s~1b). Multiplying both sides of the equality from the left by s~!, we obtain
u(1,s7ta) = u(1,s7'b). By hypothesis, u; is injective. Hence s~!a = s~!b. Thus,
a = b and u is injective.

Let us prove (2).
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(3’e)< (3e). It is known that any epimorphism in S— Act is a surjective morphism.
The opposite is obvious.
(le)< (3’e). By (3.2) of Lemma 1, v - u = v o 4. Hence,

V-U=W - USVOU=WOU.

If @ is an epimorphism in S — Act and v - u = w - u, we have v = w, i.e., v is an
epimorphism in SS — Act. On the contrary, if u is an epimorphism in SS — Act and
vo U =wou then v = w, i.e., % is an epimorphism in S — Act.

(2e)= (1le). Let v-u = w - u. By (5.1) of Lemma 1, we have (v - u)s = vs 0 us
for any s € S. Hence, the equality v - u = w - u implies vg o us = wg o ug for any s.
Since uy is surjective, vy = wg and v = w. Thus, v is an epimorphism in SS — Act.

(3e)=(2¢). Let b € B and s € S. Then (s,b) € S x B. Since 1 is surjective, there
exists (¢,a) € S x A such that u(t,a) = (s,b). Hence, (¢, u(t,a)) = (s,b). Therefore,
t = s and us(a) = u(s,a) = b. Thus, ug is surjective.

Let us prove (3).

(1lis)=-(2is). Let u be an isomorphism in SS — Act and s € S. Then there exists
v € Homgs_qct(B, A) such that v-u = e4 and u-v = ep. By (5.1) of Lemma 1,
vsous = 14 and ugs ovg = 1. Thus, us is bijective.

(2is)=(1is). Let us be bijective for any s € S. For any us, there exists an inverse
mapping vs : B — A. Define a mapping v : S x B — A by v(s,b) = vs(b).
By Lemma 2(3), v is a morphism of S — Act and v-u = e4, u-v = ep. Thus, u is
an isomorphism in SS — Act. O

Example of a monoid S such that there exists a morphism h of SS — Act with
the following properties:

(1) h is not a monomorphism, and the mapping hy is injective;

(2) h is not an epimorphism, and the mapping hy is surjective.

Let S = {1,a} be a monoid, where 1 is the unit of the monoid and a? = a.
Consider the morphism h € Homgg_ac(S,5) is defined as follows: h(1,1) = 1
and h(u,v) = a for all pairs (u,v) except for (1,1). It follows from the definition
of the morphism h that the mapping h; is bijective. Define morphisms fi, fo €
Homgss—act(S,S) by the equalities f1(1,u) = fo(1,u) = fa(a,1) = 1, fi(a,u) =
fa(a,a) = a for any u € S. It is clear that f1, fo are different morphisms.

Show that h - f; = h- fo. Indeed, (h- f;)(1,u) = h(1, fi(1,u)) = h(1,1) = 1 and
(h- fi)(a,u) = h(a, fi(a,u)) = a for any i € {1,2}, u € S, i.e. h- f1 = h- fo. Hence,
h is not a monomorphism.

Show that f; - h = fo - h. Indeed, (f; - h)(1,u) = fi(1,h(1,u)) = 1 and (f; -
h)(a,u)) = fi(a,h(a,w)) = fi(a,a) =a for any i € {1,2}, u € S, ie. f1-h= fy-h.
Hence, h is not an epimorphism.

5. PrRopucTs AND COPRODUCTS IN THE CATEGORY SS — Act

There are different equivalent definitions of limits and colimits, as well as of their
special cases, products, coproducts, equalizers, co-equalizers, pullback squares. We
will follow [2].

Let K, L be categories, ¢ € Ob(L), Ac be a constant functor which has the
value ¢ at each object k € Ob(K) and the value I, at each arrow of K.

Let F': K — L be a functor.

A cone to the base F' from the vertex c¢ is a natural transformation of functors ¢ :
Ac — F, that is, a family of morphisms ¢ = {¢(k) € Homp(c, F(k)) | k € Ob(K)}
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such that ¢(ke) = F(f) o (k1) for any morphism f € Hompg (ki,ks). A cone is
called a limiting cone or a universal cone to F if for any cone ¢’ : Al — F to
the base F' from the vertex [ there is unique morphism = € Homy(l,c) such that
¢’ (k) = p(k) o . The vertex ¢ of the universal cone to F is called the limit object
(the inverse limit or the projective limit) of the functor F. In this case, we write
c=1limF.

A cone from the base F' to the vertex c is a natural transformation of functors 1 :
F — Ac, that is, a family of morphisms ¢ = {¢)(k) € Homp(F(k),c) | k € Ob(K)}
such that 1(k2) o F(f) = (k1) for any morphism f € Hompg (k1,k2). A cone is
called a colimiting cone or a universal cone from F if for any cone ' : F' — Al
from the base F' to the vertex [ there is a unique morphism x € Homp/(c,l) such
that ¢/ (k) = 2 o ¢(k). The vertex c of a universal cone from F' is called the colimit
object (the direct limit or the inductive limit) of the functor F. In this case, we write
¢ = colimF.

Let K be a discrete category. Then a functor F is a family {c¢, = F(k) | k €
Ob(K)} of objects of the category L. In this case, a universal cone p = {p(k) €
Homyp(c,ci) | k € Ob(K)} to F is called a product cone, the object ¢ is called
the product of a family {c; | k € K}, and the morphism py, = p(k) € Homp(c,ci)
is called a projection, or a k-th factor projection of the product (k-th projection).
A universal cone ¢ = {i(k) € Hompg(ck,c) | k € Ob(K)} from F is called a
coproduct cone, the object ¢ is called the coproduct of the family {c; | k € K}, and
the morphism i, = i(k) € Homyp (¢, ¢x) is called the injection or the k-th embedding
injection of the coproduct (the k-th injection). The product of objects ¢, is denoted
by ¢ = [[,ck ck- The coproduct of objects ¢y, is denoted by ¢ = | |, cx. Note that,
for a family {fr € Homp (bx,ck) | k € K} of morphisms and b = [], c s bk, there is
a unique morphism f € Homp, (b, ¢) such that pf o f = fi Opz. This morphism f is
denoted by [],cx fr-

Let f,g € Homp/(a,b). An equalizer of the pair f, g is amorphism e € Homy(d, a)
such that

() foe=goe

(13) if h € Homyp(c,a) is such that foh = go h then h = e o I’ for a unique
morphism A’ € Hompg(c,d).

A coequalizer of the pair f, g is a morphism v € Homyp, (b, e) such that

(i) uo f=wuog;

(1) if h € Homp(b,c) is such that ho f = hog then h = h' o w for a unique
morphism 7' € Homp (e, c).

A pullback square or a cartesian square is a diagram of the form

d

pni

a

f

if it commutes and for any pair (p),,p;) with p/, € Homp(d',a), p, € Homp(d',b),
and fop|, = gopy, there is unique morphism h € Homp,(d', d) such that p,oh = p/,
and pyoh = pj. Denote by ax b the vertex d of the cartesian square. The vertex ax .b
is called a pullback, a fibered product, or a product, over the object c. The morphisms

po € Homp(a X.b,a) and p, € Homp(a x. b,b) are called the projections of
the pullback.

Pv
—_—

O — o
Q
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A cocartesian square, or a pushout of < f,g > 1is a diagram of the form
c b
f{ lQb
a T
that commutes and is such that for any pair (¢}, ¢,) with ¢, € Hompg(a,1’), q; €
Homp(b,r'), and ¢/, o f = gj o g, there is unique morphism h € Homp(r,r") such

that hog, = ¢, and hog, = g;. The vertex r of the pushout is called a fibered sum,
or a coproduct, over the object c. The notation r = a L. b is often used.

g
e

_—
qa

Since there is a pair of adjoint functors Ug : S—Act — SS—Act, Vg : SS—Act —
S — Act, we can make some conclusions about the limits and colimits in the category
SS — Act. Recall that, given f € Homg_ac(A, B) and v € Homgs—act(A, B), we
have Ug(f) = fe Homgs—act(A, B) and Vg(u) = @ € Homg_ (S x A, S x B),
where f(s,a) = f(a) and (s, a) = (s,u(s, a)).

Theorem 3. (1) Let F': K — S — Act be a functor and let UsoF' : K — S5 — Act
be the superposition of functors, i.e., the functor such that (Us o F)(k) = F(k) and

(Us o F)(f) = F(f) for any object k and any morphism [ of the category K.

(a) If pp = {pr € Homgs_act(C, F(k)) | k € Ob(K)} is a limiting cone to F then
Us(pr) = {pr € Homss—_act(C,F(k)) | k € Ob(K)} is a limiting cone to Ug o F,
that is, limUg o F = limF = C.

In particular,

(b) if K is a set and p = {py : C — Cy | k € K} is a product cone in S — Act
then Ug(p) = {pr € Homss—act(C,Cy) | k € K} is a product cone in SS — Act.
Thus, the product of a family of S-acts in S — Act coincides with the product of this
family in SS — Act.

(2) Let G : K — S8S — Act be a functor and let Vs o G : K — S — Act be
the superposition of functors, i.e., the functor such that (Vg o G)(k) = S x G(k),
(Vs 0 G)(f) = GLP).

(a) If i = {ix € Homgs—_act(G(k),C) | k € Ob(K)} is a cone from G such that
Vs(ic) = {ix € Homs_act(S X G(k), S x C) | k € Ob(K)} is not a colimiting cone
from Vs oG then ig is not a colimiting cone from F. Thus, if S x C is not a colimit
of functor Vg o G then C is not a colimit of G.

In particular,

(b) if u,v € Homgs—act(A,B), w € Homgs—_act(B,C), w-u = w-v, and
W € Homg_ct(S x B, S x C) is not a coequalizer of the pair a, u: Sx A — S x B
in S — Act then w is not a coequalizer of the pair u, v.

Proof. It is known (see [2]) that if a functor has a left adjoint then it preserves limits,
that is, this functor maps every limiting cone to a limiting cone. If a functor has
a right adjoint then it preserves colimits, that is, this functor maps every colimiting
cone to a colimiting cone. By Theorem 1, the functor Vg is a left adjoint for Ug.
Since a product is a limit, we have (1). Since the functor Ug is a right adjoint for Vg
and a coequalizer is a colimit, we have (2). O

This theorem allows us to conclude both the presence of certain types of limits
and the absence of colimits in the category S.S — Act.
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Theorem 4 (the product completeness and coproduct completeness of the category
SS — Act). Any family {Cy | k € K} of S-acts admists a product and a coproduct
in the category SS — Act. More precisely,

(1) if [I,cx Ck is a Cartesian product of S-acts, pp € Homs_ act([[.c g Crs Cm)
is the projection onto the m-th factor of the product then

{pm € HomS_Act(H Ck,Cm) | m € K}
keK

is the product cone in S — Act and

{f)m € HomSS—Act( H Ck,Om) | m € K}
keK
is the product cone of the family {Cy | k € K} in SS — Act, i.e., [[cx Cr is
the product of the family {Cy | k € K} in SS — Act;
(2) if [ Iyc x Ck is a disjoint union of S-acts and iy, € Homs_ act(Cr, [{1cx Ck)
is the embedding then

{im € Homs_act(Cm, [ Ck) | m € K}
keK

is the coproduct cone in S — Act and

{Em S HomSS,ACt(Cm — H Ck) | m &€ K}
keK

is the coproduct cone of the family {Cy | k € K} in SS — Act, i.e., [[,cx Ck is
the coproduct of the family {Cy | k € K} in SS — Act.

Proof. (1) It is well known and easily verified directly that

{pm € HomSS—Act(H Ck,Cp) | m e K}
kEK

is the product cone in the category S — Act. Therefore, by item (1)(b) of Theorem 3,
we get (1).
(2) Tt is well known and easily verified directly that

{im : Cn = [] Cx | m € K}
keK

is the coproduct cone in the category S — Act.
Let us prove that ][, o, Cx is the coproduct of the family {Cy | k € K} in SS —
Act. Define m; € Homgs—_act(Ci, [ Ci) as follows: m;(s, ¢;)=c; for all ¢; € C; and
iel
1€ 1.
We will prove that (][] Ci, (m;)icr) is the coproduct of the S-acts C;, ¢ € I,
i€l
in SS — Act. Let D be an S-act and let u; € Homgs—act(Ci, D), i € 1. Consider
the mapping h : S x [[ C; — D: h(s,¢;) = u;(s,¢;) for any s € S, ¢; € C;, i € I.
i€l
The equalities
h(ts,tc;) = ui(ts, te;) = tui(s, ¢;) = th(s, ¢;)
imply h € Homgs—act(]1 Ci, D). Since h - m;(s,¢;) = h(s,mi(s,¢;)) = h(s,c;) =
iel
ui(s,¢;) for any s € S, ¢; € A;, we have h - m; = wu; for all i« € I. Let us
show that a morphism h such that h - m; = wu; is unique. Suppose that h' €
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Homgss—_act(]] Ci, D) and B’ - m; = u; for any i € I. Prove that h = I/, i.e.
i€l
KW (s,c;) = h(s,¢;) for all s € S, ¢; € C; and i € I. Indeed, for a; € C; C [] C; we
i€l
have

h(s,c;) = h(s,m;(s,c;)) = ui(s,c;) = h'(s,mi(s,c;)) = hi(s,¢;),

i.e. h = h'. Thus, h is unique and [], ., Ci is the coproduct of the family {C}. |
ke K}in SS — Act. d

6. SS — Act 1S CARTESIAN CLOSED

Let K be a category. Consider a functor Hg : K° x K — Set. For objects,
the functor is defined as follows: Hk (k, 1) is the set of all morphisms from an object k
into an object [ in K. For arrows the functor is defined as follows: for any f €
Hompgo(k, k') and g € Homg (1,1'),

HK(f,g)(u):gOuofv

where v € Hg (k,1).

Let n, k be any pair of objects of K. Fix a product (p,,px), where p, = pF €
Homg(n x k,n), pr = pZ’k € Hompg(n x k,k). Then for any pair of morphisms
h € Homg(n',n) and f € Homg (k' k) there exists a unique morphism h x f €
Hompg(n' x k',n x k) such that

pno(hx f)=hopn, pro(hx f)=fopu.

Thus the correspondence (n, k) — nxk, (h, f) — hx f defines a functor K°x K —
K. This definition is correct because (hoh') x (fo f') = (h x f)o (W x f') for any
W € Homg(n",n'), f' € Homg (K", k).

Therefore, we can define the functor HxT : K° x K° x K — Set. For objects,
the functor is defined as follows:

HgT(n,k,l) = Hg(n x k,1) = Homg(n x k,1),
where n, k € Ob(K°), | € Ob(K). For arrows, the functor is defined as follows:

HgT(h, f,g9)(w) = gouo (hx f),

where h € Homg(n',n), f € Homg (K', k), g € Homg (1,I'), w € Homg(n x k,1).
Let k,I € Ob(K). Suppose that there are an object Hg(k,l) € Ob(K) and
an isomorphism of functors from K¢ into Set:

(1) {pr(n,k,1) : Homg(n x k,1) — Homg(n, Hk (k1)) | n € Ob(K)}.

Then the object Hx (k,1) € Ob(K) is called internal hom. From category-theoretic
facts it follows that if for every pair of objects k,I € Ob(K) there are an object
Hr(k,1) and an isomorphism of functors (1) then the mapping (k1) — Hx (k1)
can be uniquely extended to a functor Hg : K° x K — K such that

Hi(f,9) opk(n,k,1))(w) o h = pr(n', k', U)(gouo (hx f)):n" — Hg(K,U)
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for any f € Homg (K', k), g € Homg(l,1'), h € Homg(n',n) and u € Homg (n X
k,1), i.e., the following diagram commutes:

prc(n,k,l)
- >

Hompg(n x k1) Hompg(n, Hk(k,1))

HK(h’ffg) HK(h)HK(f’g))

Homg (n' x K',lI") —— Hompg(n', Hr (K1)
pr(n'E"\1")

The functor Hg is also called the internal hom.

A category with finite products and a functor Hy is called Cartesian closed.
This category is a monoidal category with respect to the product, and the Cartesian
closure of this category is equivalent to its closure as a monoidal category.

It is known (see [3]) that the category S — Act is a topos and hence is Cartesian
closed.

Let us write a functor Hgs = Hs_act : (S — Act)® x (S — Act) — S — Act.
For objects, the functor is defined as follows:

Hs(/L B) = Homs,Act(S X A7 B),
where A, B € Ob(S — Act). For arrows, the functor is defined as follows:
Hs(f.g9)(w) =gowo(ls x f): Sx A" — B,
where f € Homg_act(A',A), g € Homs—_act(B, B’), w € Homg_ct(S X A, B).

Define a mapping

ps(l]7 A, B) : Homs,Act(U X A7 B) — HomS,Act(U, Homszct(S X A, B))
as follows

(ps(U, A, B)(u)(d))(t, a) = u(td, a),
where u € Homg_a(U x A,B), d € U, a € A. Since u is a morphism of S-acts
then pg(U, A, B)(u)(d) is a morphism of S-acts. Since
(ps(U, A, B)(u)(td))(s, a) = u(std,a) =

= (ps(U, A, B)(u)(dD(St’ a) = (tps(U, A, B)(u)(d))(87 a),
where s,t € S, d € U, a € A, then ps(U, A, B)(u) is a morphism of S-acts. Let us
write the mapping

qS(U,A,B) : HOmS_ACt(U, HomS—Act(S X A,B)) — HomS—Act(U X A, B),
the inverse to ps(U, A, B), as follows
qs(U, A, B)(v)(d,a) = v(d)(1,a),

where v € Homg_ act(U, Homg_act(S x A, B)), d €U, a € A.
Thus, the functor Hg is internal hom.

Theorem 5. The category SS — Act is Cartesian closed.

Proof. The product of objects U, S in the category SS— Act is the Cartesian product
U x A of this objects in the category S — Act, and the canonical projections are the
morphisms

v =po € Homss_ac(U x A,U), pa=pi™* € Homss_ac(U x A, A)
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such that
pU(Sa da a) = d7 pA(Sa d7 CL) = a,
where s € S, d € U, a € A. Moreover, for

f € Homss act(A',A), g€ Homss_act(B,B’)
the morphism h x f € Homgg—act(U' x A',U x A) such that
pu-(hx f)=h-py, pa-(hxf)=Ff pa
is given by the equality
(hx f)(s,d",a’) = (h(s,d'), f(s,d)),

where s € S,d eU’,d' € A'.
Define a functor

Hes = Hss—act : (S5 — Act)? x (SS — Act) — SS — Act.
For objects, the functor is defined by
Hss(A,B) = Homg—_act(S x A, B),
where A, B € Ob(SS — Act). For arrows, the functor
Hss(f,9): S x Homs_aet(S x A, B) — Homg_ae(S x A', B)
is defined by
Hss(f,9)(s,w) = (sg) - w- (sf),
where
(s,w) € SxHomg_act(SxA,B), f & Homgs_act(A',A), g& Homgs_act(B,B’).
Since
Hss(f9)(ts,tw) = (tsg) - tw - (tsf) = t(sg) - w - (sf)) = tHss(f,9)(s,w),
where s,t € S, it follows that Hgs(f,g) is a morphism of S-acts.
Let us show that Hgg is a functor. It suffices to prove two equalities
Hss(€a,€B) = €Homss_aui(A,B)>

Hes(f- [ 9" -9) =Hss(f',g") o Hss(f.9).
where ' € Homgs_act(A”,A"), ¢ € Homss_act(B', B”). By (1.1) of Lemma 1,
the equalities
Hss(ea, ep)(s,w) = (sea) w-(sep) = (€a) w-(€B) =W = €Homgs_uei(4,B)(S, W),
where s € S, imply Hss(ea,eB) = €Homss_q..(A,B)- Check the second equality:
Hss(f- 29 - g)(s,w) =s(g"-g)-w-s(f - f')=sg"-sg-w-sf sf =
=sg - (sg-w-sf)-sf =sg"-Hss(f,9)(s,w)-sf =
=Mss(f',9")(Hss(f,9)(s,w)) = (Hss(f',g') o Hss(f,9)) (s, w),
where s € S, imply Hss(f - f',9" - 9) = Hss(f',g") o Hss(f,g)- Thus, Hss is a
functor.
Let us prove that this functor is an internal functor. Define pss_a.:(U, A, B) :
Homggs_act(U x A, B) — Homgs_act(U, Hss(A, B)) as
pSS—ACt(U7 A7 B) = pSS(Ua A7 B) = pS(S X Ua A7 B)
By the definition of psg_act, if © € Homgs— act(U x A, B) then
pss(U, A, B)(u)(s,d)(t,a) = ps(S x U, A, B)(u)(s,d)(t,a) = u(ts, td, a),
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where s,t € S, a € A, d € U. Since pg is bijective and hence so is pgS, it suffices
to prove the commutativity of the diagram

pss(U,A,B)
- >

Homggs—act(U x A, B) Homgs—act(U, Hss(A, B))

Hss(h,f,9) Hss(h,Hss(f,9))

U/)A/) ’
HomSS,ACt(UI X A/,BP§S(4> ]‘}OTrLSS,ACt(U’,’Hss(A/, BI))
i.e.
Hss(f.9) - pss(U, A, B)(u) - h=pss(U', A", B') (g -u-(hx f))
for any u € Homgs—act(U x A, B). That is, we need to show that

(sg) - (pss(U, A, B)(u))(h(s,d)) - (sf) = (pss(U", A, B )(g - u- (h x f)))(s,d)
for all (s,d’) € S x U', u € Homgs—act(U x A, B). Both sides of this equality are
mappings S x A" — B’. Apply the left-hand side of the equality to an arbitrary
element (¢,a') € S x A

((sg) - (pss(U, A, B)(u)(h(s, d")) - (sf))(t,a) =

= (sg)(t, (ps(SxU, A, B)(u)(s, h(s, d"))(t, (sf)(t,a))) = g(ts, u(ts, th(s,d'), f(ts,a)));
then apply the right-hand side of the equality to (¢,a’) € S x A’

(pSS(U/’A/7B/)<g “Uu- (h X f)))(svd/))(tva/) = (g TUu- (h X f)(tsvtdl,al) =
= g(ts,u(ts, (h x f)(ts,td’',a’) = g(ts,u(ts, h(ts,td'), f(ts,a’))).

Therefore, the diagram commutes. Thus, Hgg is an internal functor. O

7. INCOMPLETENESS OF THE CATEGORY SS — Act

In this section, we prove that the category S.S— Act is incomplete. By Theorem 4,
SS — Act is product complete and coproduct complete. But there exist morphisms
in this category for which there are no equalizers and coequalizers.

Proposition 1. The category SS — Act is not complete and not cocomplete for
some monoid S.

Proof. Let S = {1,a} be the monoid in which 1 is the unit of the monoid and
a® = a.

Prove that the category SS — Act is not complete for this monoid. Consider
the morphisms f1, fo € Homgs—act(S,S) defined by the equalities f1(1,u) =
fila,1) = 1, fi(a,a) = a, fa(l,u) = fa(a,a) = a, fa(a,1) = 1 for any u € S.
Demonstrate that there is no equalizer for f; and fo. Suppose that (E,e) =
Eq(f1, f2). Then e € Homgss—act(E,S) and f; - e = f5 - e. Therefore,

1= fl(Le(lvv)) = (fl : e)(l,v) = (f2 : e)(l,v) = fg(l,e(l,v)) =a
for any u € E. A contradiction.

We now prove that S5 — Act is not cocomplete. Consider the morphisms f1, fs €
Homgss—act(S,S) defined by the equalities fi(1,u) = fo(l,u) = fo(a,1) = 1,
fi(a,u) = fa(a,a) = afor any u € S. Show that there is no coequalizer for f; and fo.
Suppose that (Q,h) = Coeq(f1, f2). Then h € Homgs— ac(S,Q) and h- f1 = h- fo.
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Since h is a coequalizer, h is an epimorphism. So Q = h1(S) = {h(1,1),h(1,a)} =
Q. Let h(1,1) = ¢; and h(1,a) = g2. Then aqy = aga = g; for some i € {1,2}. We
may assume that go = aga (if ¢1 = ag; then the argument is similar). So g2 = ags =
ah(1,a) = h(a,a). Since h(a,1) = h(a, f2(a,1)) = h(a, fi(a,1)) = h(a,a), we have
h(a,1) = h(a,a) = go.

Consider an S-act D = {d;,ds,d}, where ad; = ads = ad = d, and the morphism
g € Homgs—act(S, D) such that g(1,1) = d1, g(1,a) = da, and g(a,1) = g(a,a) =
d. Note that g - f1 = ¢ - f2. Indeed,

(g : fl)(a" 1) = g(av fl(a7 1)) = g(a’a) = g(a" 1) = g(av f2(a7 1)) = (g : f2)(a'a 1)7
(9- f1)(a,a) = g(a, f1(a,a)) = g(a, f2(a,a)) = (g f2)(a,a)

and

(9- f1)(1,u) = g(1, fr(Lu)) = g(1, fo(L,u) = (- f2)(1,u)
for any u € S. Since (Q,h) is a coequalizer for f; and fo, there exists ¢’ €
Homgs—act(Q, D) such that g = ¢’ - h. Therefore,

g/(la Q1) = g/(l, h(lv 1)) = (Ql : h‘)(la 1) = g(la 1) =dy,

g/(laq2) = g/(la h(1,a)) = (g/ “h)(1,a) = g(1,a) = ds,

g,(a7Q2) = g’(a7 h(a,1)) = (g/ ) h)(a, 1) =g(a,1) =d.
We may assume that ¢'(a,q1) # di (if ¢'(a,¢q1) = di then d; is replaced by dy in
the argument below). Consider the mapping ¢” : S x Q@ — D defined as follows:
9" (a,q1) = dy and ¢"(u,v) = ¢'(u,v) for any (u,v) # (a,q;). Show that g is well
defined. Indeed, ¢”(au, aq) = ¢"(a,q2) = ¢'(a,q2) = d = ag’ (u, q) for any u € S and
g€ Q.So g’ € Homgs—act(Q, D). Show that g = ¢” - h. Since (1, h(1,u)) # (a,q1)
for u € S, we have ¢"(1,h(1,u)) = ¢’'(1, h(1,u)) = g(1,u); since h(a,u) = g2 # ¢1
for u € Sm we have ¢"(a, h(a,u)) = ¢'(a, h(a,u)) = g(a,u). Thus, by definition of
a coequalizer, ¢’ = ¢”. A contradiction. O

8. THE CATEGORY SetS — Act

In this section, we consider the category SetS — Act. As explained below, on the
one hand, this category is equivalent to the category of sets; on the other hand, it
contains information about the categories S — Act and S.S — Act. This information
can be obtained by using the functor Q,. : SS — Act — SetS — Act. In particular,
@, defines an isomorphism from the category F'S — Act to the category S — Act for
allr € S.

Define the category SetS — Act as follows:

- Ob(SetS — Act) = Ob(S — Act);

- Homgets—act(A, B) is the set of all mapping from the set A into the set B;

- the composition of morphisms is defined as the superposition of mappings;

- the identity morphism is the identity mapping.

It is clear that the category SetS — Act contains S — Act as a subcategory and
is closely related to SS — Act. The main properties of SetS — Act, which are not
directly related to the properties of the monoid S, follow from the equivalence of
this category and the category Set. We define explicitly the equivalence and the
adjoint mapping.

Consider the following functor Ac : Set — SetS — Act. For objects, Ac(A) is
the S-act A with the trivial action of the monoid 5, i.e., as = a for any a € A,
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where A € Ob(Set); for arrows, Ac(x)=x, where © € Homge (A1, As). Clearly,
Ac(z) € Homgets—act(Ac(Ar), Ac(Ag)).
In the following lemma, I : SetS — Act — Set stads for the forgetful functor.

Lemma 5. (equivalence of categories SetS — Act and Set). The functors I and Ac
are equivalences of the categories SetS — Act and Set. The functor I is a left and
right adjoint for Ac, and I o Ac = 1ges : Set — Set is the identity functor.

Proof. 1t is clear that I and Ac are full and faithful functors. The equality o Ac =
lget is obvious too. Since every set is endowed with the structure of an S-act, any
object A of Set is isomorphic to I(A). Hence, I is an equivalence. Similarly, Ac is
an equivalence.

Prove that Ac is left adjoint to I. Let A, A’ € Ob(Set), B, B € Ob(SetS — Act),
f € Homget (A, A), g € Homgers—act(B, B'). Consider the diagram

a(A,B)

Homgers— act(Ac(A), B) Homge (A, I(B))

Homsgets—act(Ac(f),9) Homset(f,1(g))

A',B’
Homsers—act(Ac(A'), B) "5 Homs.i (A, 1(B"))

where «(A, B) is the identity mapping. Since

gouoAc(f)=1I(g)ouof

for any u : Ac(A) — B, the diagram commutes. Thus, Ac is left adjoint to I.
Similarly, the following diagram commutes:

B(B',A"))
Homge:(I(B'), A'Y —— Homgets— act(B’, Ac(A))

Homs_ act(I(9),f) Homss—act(g9,Ac(f))

B(B,A)

Homge(I(B), A) Homgers—act(B, Ac(A))

where 3(B, A) is the identity. Therefore, Ac is right adjoint to I. a
The following propositions are consequences of Lemma 5.

Proposition 2. (1) SetS — Act is a Grothendieck topos and so an elementary
topos.

(2) Any monomorphism in SetS — Act is an equalizer, and any epimorphism
in SetS — Act is a coequalizer.

(8) Let f € Homgers—act(A, B). Then

f is a monomorphism in SetS — Act if and only if [ is left invertible if and only
if f is an injective mapping;

f is an epimorphism in SetS — Act if and only if f is right invertible if and only
if [ is a surjective mapping;

f is an isomorphism in SetS — Act if and only if [ is a bijective mapping.

Proof. (1) The category Set coincides with the category of sheaves of sets on a cate-
gory with one object and one morphism. Consequently, any category equivalent
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to Set is a Grothendieck topos. But any Grothendieck topos is an elementary topos
(see [3]).

(2) In Set, any monomorphism is an equalizer and any epimorphism is a coequalizer.
The category SetS — Act is equivalent to Set. Hence, (2) is proved.

(3) Every injective mapping has a left inverse, by the assumption the axiom of
choice, every surjective mapping has a right inverse. Hence, (3) is proved. O

Proposition 3. The category SetS — Act is complete and cocomplete. Limits and
colimits for an arbitrary functor F': K — SetS — Act can be found as follows:

(1) Let {p(k) : E — I(F(k)) | k € Ob(K)} be a limiting cone of the functor
IToF : K — Set (it always exists). We fix an arbitrary action of the monoid
S on E (for example, the trivial one) and denote the obtained S-act by D. Then
{o(k) : D — F(k) | k € Ob(K)} is a limiting cone of the functor F and limF = D.

(2) Let {¢(k) : I(F(k)) — E | k € Ob(K)} a colimiting cone of the functor
IoF : K — Set (it always exists). We fix an arbitrary action of the monoid
S on E (for example, a trivial one) and denote the obtained S-act by D. Then
{Y(k) : F(k) — D | k € Ob(K)} is a colimiting cone of the functor F and
colimF = D.

Proof. (1) Apply the functor I to the cone {p(k) : D — F(k) | k € Ob(K)}. Since
I1(D) = E, the resulting cone coincides with the limiting cone of the functor I o F.
Since I is an equivalence of categories, {¢(k) : D — F(k) | k € Ob(K)} is the
limiting cone of F.

(2) Apply the functor I to the cone {¢(k) : F(k) — D | k € Ob(K)}. Since
I1(D) = E, the resulting cone coincides with the colimiting cone of the functor Io F.
Since I is an equivalence of categories, {¢(k) : F(k) — D | k € Ob(K)} is the
colimiting cone of F. O

Definition 4. (the functor Q, : Homgs—_act(A, B) — Homget—act(A, B), where
res)

For objects, put Q(A) = A, where A € Ob(SS — Act); for arrows, put Q,(u) =
Up, where w € Homgs— act(A, B), i.e., (ur)(a) = u(r,a) for all a € A.

By (5.1) of Lemma 1, we have (v - u), = v, ou, and (ea), = 14. Therefore, the
functors Q. : SS — Act — SetS — Act, r € S, are well defined.

The following proposition gives one more characterization of monomorphisms,
epimorphisms, and isomorphisms in SS — Act with the use of the functors Q...

Proposition 4. Let u € Homgs—_act(A, B).

(1) Consider the following conditions:

(Im) u is a monomorphism in SS — act;

(2m) Qs(u) € Homgers—act(A, B) is a monomorphism in SetS — Act for any
seS;

(8m) Q1(u) € Homgers— act(A, B) is a monomorphism in SetS — Act.

Then (2m)=(1m)=(8m). Moreover, if S is a group, then all this conditions are
equivalent.

(2) The following conditions are equivalent:

(1e) u is an epimorphism in SS — Act;

(%2¢) Qs(u) € Homgers—act(A, B) is an epimorphism in SetS — Act for any
ses.

(8) The following conditions are equivalent:
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(1is) u is an isomorphism in SS — Act;
(2is) Qs(u) € Homgers—act(A, B) is an isomorphism in SetS — Act for any
ses.

Note that any functor @, defines an isomorphism from the category F'S — Act
onto the category S — Act.

Theorem 6. Let r € S. The mappings A — Q.(A4) and v — Q,.(u) define an
isomorphism from the subcategory F'S — Act of SS — Act onto the subcategory
S — Act of SetS — Act.

Proof. Since @, is a functor, it suffices to check that Q,(Homps_act(A, B)) =
Homg_act(A, B) for any A, B and that the mapping Q, | Homps_ac(A, B) :
Homps_act(A, B) — Homgers—act(A, B) isinjective. Let u € Hompg—_act(A, B).
By Lemma 3, u = f for some f € Homg_act(A, B). Hence Q,(u)(a) = f(r,a) =
f(a)forany a € A,ie. Q,(u) = f. Thus, Q,(Homps—act(A, B)) C Homgs_act(A, B).
If f € Homgs_act(A, B) then fe Homps_ act(A, B) and Q,«(f) = f, i.e., we have
Qr(Homps—_act(A,B)) D Homg_act(A, B).

It remains to prove that Q,. | Homps—_act(A, B) is injective. Suppose that u, v €
Homps_act(A, B) and Q,(u) = Q,(v). Then u = f and v = § for some f,g €
Homg_ act(A, B). Therefore, Q,(u) = f and Q,.(v) = g. Hence, f = g and u = f =
g = v. Thus, the injectivity is proved. ([l

9. THE CATEGORY SS — Act WHEN S IS A GROUP

In this section, we assume that S is a group. Here we prove that SS — Act is a
Grothendieck topos, characterize epimorphisms, monomorphisms, and isomorphisms,
describe methods for constructing limits and colimits.

Lemma 6. Letr € S.
(1) Define a mapping (t, f) — tf as follows:
(tf)(a) = rtr= L f(rt~r " a)
wheret € S, a € A. Then this mapping defines an action of S on Homgets— act(A, B).
(2) If g € Homgers—act(B,C) then t(go f) =tgotf.
(8) The mapping f : A — B is a fizxed point under this action if and only if
f S HomS_Act(A, B).
Proof. (1) The equalities
s(tf)(a) = rsr Y (tf(rs 'rta)) = rsr L (tf (b)) = rsrtrtr L f(rtTr D)) =
=rstr L f(rt e b)) = rstr U f(rt T e s T ) =
=rstr U f(rt s a) = r(st)r Tt f(r(st) e a) = (st) f(a),
where s,t € S and a € A, imply s(tf) = (st)f for any s,t € S.
1f(a) = = f(rra) = f(a),
ie,1f=f.
(2) Let g € Homgets—act(B,C). The equalities
(tgotf)(a) = (tg)(tf(a)) = rtr tg(rt"r~(tf(a)) =

=rtr tg(rt7 e rtr L f (rt T e a)) = rtr g (F(rt T a)) = t(g o £)(a),
where t € S, a € A, imply (tgotf) =t(go f) for any t € S.
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(3) Let a € A, s,t,r € S. If t = rsr—! then (tf)(sa) = sf(a). If f is a fixed point
then f(sa) = (tf)(sa) = sf(a). Thus, f € Homg_act(A, B).
Conversely, if f € Homg_ act(A, B) then

(tf)(a) = rtr=tf(rt"'r~ta) = f(rtr'rt"'r~ta) = f(a),
hence tf = f for any t € S. O

Thus, by Lemma 5, for any r € S the set Homgers—act(A, B) is S-act and
(tf)(a) = rtr~ f(rt~'r~la), where t € S, a € A.

Theorem 7. (on the isomorphism of the categories SS — Act and SetS — Act). Let
ref.

(1) The functor Q, : SS — Act — SetS — Act is an isomorphism of categories.
The inverse functor P, : SetS — Act — SS — Act is defined by P.(A) = A,
where A € Ob(SetS — Act), and P.(f)(s,a) = sr='f(rsla, where s € S, a € A,
f € HomSetszct(A7 B)

(2)(a) The mapping u — Q. (u) is an isomorphism of the S-acts Homgs— act(A, B)
and Homgets—act(A, B).

(b) for w € Homgss— act(A, B), we have

u € Homps_act(A, B) <= Q. (u) € Homs_ct(A, B).
Proof. (1) Prove that P.(f) € Homg_act(A, B) for any f € Homgets—act(A, B).
Indeed,
Pr(f)(t(s,a)) = Pr(f)(ts, ta) = tsr™ ' f(r(ts) " 'ta) =
=t(sr™ f(rs™'a)) = t(P:(f)(s, a))
for any s € S, a € A.
Show that P, : SetS— Act — SS— Act is a functor. Indeed, for any S-acts A, B,

C, f € Homgets—act(A, B), g € Homgers—act(B,C), and the identity morphism
14 € Homgets—act(A, A), we have

(Pr(9) - Pr()(s,a) = Pr(9)(s, Po(f)(s,a)) = Prg)(s, 577 f(rs™a)) =
=srtg(rs tsrt f(rs7ta)) = s (g o f)(rsta) = P.(go f)(s,a),
Pr(1104))(s,a) = st 114y (rs™'a) = a = ea(s,a)

for any s € S, a € A, i.e., P.(go f) = P.(9) - P-(f) and P.(1704)) = ea.
It remains to prove that the functors @, and H, are mutually inverses. The func-

tors @, and H, coincide for objects. Let A, B be left S-acts, u :€ Homgs—_act(A, B)
and f € Homgets—act(A, B). Then

(@Qr 0 P)(N))(a) = Qr(Pe(f))(a) = Po(f)(r,a) = rr7 " f(rr~ a) = f(a),

P(Qr(w)(s,a) = sr7 Q- (u)(rs™ a) = srtu(r,rs ta) = u(s, a)
for any s € S, a € A, ie., Q-(H-(f)) = f and P.(Q,(u)) = u.
(2) (a) By (1), the mapping @, : Homgss—_act(A,B) — Homsgets—act(A, B)
is bijective. Let us prove that @, is a morphism of S — Act. Indeed, for any u €
Homgss_act(A,B), t € S and a € A, we have

(Qr(w)(a) = (tur)(a) = uri(a) = u(rt,a) = (tu)(r, a) = (tu),(a) = Qr(ut)(a),

Le., @ (tu) = tQr(u).
(b) If w € Homps—act(A, B) then, by Theorem 9, Q,(u) € Homg_act(A, B).
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If Q-(u) € Homgs_ac(A,B) then Q.(u) is a fixed point of the S-act
Homgers— act(A, B). Since, by (2)(a), @, is isomorphism of S-acts, it follows that
u is a fixed point of the S-act Homgs_act(A, B), i.e., u € Homps_act(A, B). O

The following results are consequences of Theorem 7. Some of these results are
concerned with arbitrary topoi and some are consequences of the specific properties
of the categories SetS — Act.

Theorem 8. Let S be a group. The category SS — Act is a Grothendieck topos, in
particular, it is an elementary topos.

Proof. By Proposition 2, category SetS — Act is a Grothendieck topos. By Theorem
7, SS — Act is isomorphic to SetS — Act. Therefore, SS — Act is a Grothendieck
topos. U

Theorem 9. (on monomorphisms, epimorphisms, and isomorphism in SS — act).

Let r € S and uw € Homgss— act(A, B).

(1) The following are equivalent:

(Im) u is a monomorphism in SS — act;

(1'm) u is left invertible, i.e. there isv € Homgs_act(B, A) such that v-u = ey;

(8’m) w, is injective for any r € S.

(2) The following are equivalent:

(1e) u is an epimorphism in SS — Act;

(1’e) u is right invertible, i.e., there is w € Homgs_ act(B, A) such that u-w =
€B;

(8’¢) u, : A — B is surjective for any s € S.

(8) The following are equivalent:

(1is) u is an isomorphism in SS — Act;

(2’is) u, is bijective for any r € S.

(4) Any monomorphism in SS — Act is an equalizer, and any epimorphism
in SS — Act is a co-equalizer.

Proof. Suppose the fulfillment of the hypotheses of the theorem.

(1) (1m) = (3'm) By Proposition 4, the mapping u, = Q. (u) is a monomorphism
in SetS — Act. By Proposition 2(3), it is injective.

(3'm) = (1'm) Since u,. : A — Bis an injective mapping, there exists h: B — A,
such that hou, = 1 4. Applying the functor P, we have P.(hou,) = P.(h)-P.(u,) =
ea. Let v = P.(h). Then P.(u,) = P-(Q,(u)) = u implies v - u = e4.

(1'm) = (1m) A left invertible morphism is a monomorphism in any category.

(2) (1e) = (3'e) By Proposition 4, the mapping u, = Q,(u) is an epimorphism
in SetS — Act. By Proposition 2(3), it is surjective.

(3’e) = (1'e) Since u, : A — B is a surjective mapping, by the axiom of choice,
there exists a mapping h : B — A such that u, o h = 1. Applying the functor
P,, we infer P,(u, o h) = P(u,) - P.(h) = ep. Let w = P,(h). Since P.(u,) =
P.(Qr(u)) = u, we have v - w = ep.

(I'e) = (1le). A right invertible morphism is an epimorphism in any category.

(3) (1is) = (2'is) was proved in Theorem 4.

(2'is) = (1is)). Since the mapping u, : A — B is injective and surjective, by (1)
and (2), u is left and right invertible. Thus, u is an isomorphism.
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(4) By Proposition 2, any monomorphism is an equalizer and any epimorphism
is a coequalizer in SetS — Act. Since the categories SS — Act and SetS — Act are
isomorphic, these properties hold in SS — Act. (]

Theorem 10. (on limits and colimits in the category SS — act). Let S be a group.
Then the category SS — Act is complete and cocomplete.

More exactly, let F : K — SS — Act be a functor, r € S.

(1) Suppose D is an S — act and {¢(k) € Homgers—act(D, Q- (F(k))) | k €
Ob(K)} is a limiting cone in the category SetS — Act. Let ®(k) = P.(¢(k)) be
the mapping from S x D into F(k) such that ®(k)(s,d) = sr~t@(k)(rs=1d) for all
se€S,de D; then

{®(k) € Homss—act(D, F(k)) | k € Ob(K)}

is a limiting cone for the functor F.

(2) Let E be an S — act and let {¢(k) : Q. (F(k)) — E | k € Ob(K)} be
a colimiting cone in the category SetS — Act.

Let U(k) = P.(1(k)) : SxF(k) — E be such that ¥ (k)(s,a) = sr~ (k) (rs~1a)
forall s €S, a € F(k). Then

{U(k) € Homgs—act(F(k),E) | k € Ob(K)}
is a colimiting cone for F'.

Proof. By Proposition 3, for any functor with codomain in the category SetS — Act,
in particular, with codomain in @, o F, there exist a limiting cone and a colimiting
cone. Since P, is an isomorphism of categories, we may apply it to the limiting or
colimiting cone of the functor @, o F' and obtain the corresponding cone of F. [

We will now give the constructions of the fibered products, fibered sums, equalizers,
and coequalizers.
Let S be a group, r € S.

Fibered products. Let u € Homgs_act(A,C), v € Homgs—act(B,C), u, :
A — C and v, : B — C be the mappings such that u,(a) = u(r,a) and v,(b) =
v(r,b) for any a € A, b € B. Introduce the notations: F = u, x¢ v, = {(a,b) €
A x B | u(r,a) =v(r,b)}, ha: E — A and hp : E — B are the projections, i.e.,
ha(a,b) =a, hp(a,b) =bfor all a € A, b € B. Fix an arbitrary action of the group
S on the set F and denote the resulting S-act by A x¢ B. The following diagram
is a pullback square in Set:

E

ha l

A

By Lemma 5, the following diagram is a pullback square in SetS — Act:

hp

—_——

Sy

-~
S
5

_—
Uy

Q

AXcB&B

ha Uy

A
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Let pa = P.(ha), pp = Pr(hp), i.e.
pa(s,a,b) = sr_lhA(rs_l(a, b)), ps(s,a,b) = sr_lhB(rs_l(a, b))

forall s € S;a € A, b€ B. Then, by Theorem 7, the following diagram is a pullback
square in the category SS — Act:

AxeB 22+ B

A c

In particular, if r = 1, E is an S-act with the trivial action of S, and pa(s,a,b) =
sha(a,b) = sa, pp(s,a,b) = shp(a,b) = sbfor all s € S, a € A, b € B, then
the square is a pullback.

u

Fibered sums. Let u € Homggs_at(C, A),v € Homgs—_act(C, B). The mappings
up : C = A, v, : C — B are defined by u,(c) = u(r,c), v.(c) = v(r,c). Suppose
that the following diagram is a cocartesian square (pushout) in Set:

c—"+B

A=
A
Fix an arbitrary action of the group S on @) and denote the resulting S-act by
AUc¢ B. By Lemma 5, the following diagram is a pushout in SetS — Act:

C B

Uy

Uy hp

A TA> AlUc B
Let ga = P.(ha), g = P.(hp), i.e.,
qa(s,a) = st ha(rs™a), qp(s,b) = sr hp(rs—'b)
for all s € S, a € A, b € B. By Theorem 7, the following diagram is a pushout
in S — Act:

v

C

B

A v Alc B

In particular, if r = 1, A U¢ B is an S-act with the trivial action of S, and
qa(s,a) = ha(s7ta), qg(s,b) = hp(s7'b) for all s € S, a € A, b € B, then AlLlc B
is fibered sum.

Equalizers. Let u,v € Homgs_act(A, B), let u,,v, € Homg.i(A, B), where
ur(a) = u(r,a), v.(a) = v(r,a) for any a € A, and let ¢ € Homget (T, A) be
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an equalizer of the pair w,,v,, and so T = {a € A | u(r,a) = v(r,a)}, i(a) = a for
all a € A. Fix an arbitrary action of the group S on 7' and denote the resulting
S-act by E. By Lemma 5, ¢ € Homgers—act(E, A) is an equalizer of the pair u,., v,
in SetS — Act. Apply the functor P.. By Theorem 7, the morphism e = P,.(i) €
Homgs—act(E, A) is an equalizer of the pair u, v in the category SS — Act, where
e(s,a) = sr~ti(rs~ta) for all s € S, a € A.

In particular, if » = 1, E is an S-act with trivial action of S, and e(s,a) = sa
forall s € S, a € A, then e € Homgg—ac:(F, A) is an equalizer of the pair u,v.

Coequalizers. Let u,v € Homgs—act(4, B), let u,, v, € Homget(A, B), where
ur(a) = u(r,a), vr-(a) = v(r,a) for any a € A, and let a mapping j € Homge:(B,T)
be a coequalizer of the pair u,,v, in Set. Fix an arbitrary action of S on T
and denote the resulting S-act by E. By Lemma 5, j € Homgets—act(B, E) is
a coequalizer of the pair u,, v, in SetS — Act. Apply the functor P.. By Theorem
7, the morphism e = P.(j) € Homgs—_act(B, E) is a coequalizer of the pair u,v
in $S — Act, where e(s,b) = sr—1j(rs~1b) for all s € S, b € B.

In particular, if r = 1, E is an S-act with the trivial action of S, and e(s,b) =
j(s7ib) for all s € S, b € B, then e € Homss_act(B, E) is a coequalizer of the pair
u, v.
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