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Abstract. An initial-boundary value problem for one-dimensional
equations of the dynamics of viscous compressible multicomponent media
is considered, and the viscosity matrix is not assumed to be diagonal. The
stabilization of the solution to the initial-boundary value problem with
an unlimited increase of time is proved.

Keywords: compressible viscous medium, multicomponent �ows,
stabilization of solution.

1. Ïîñòàíîâêà íà÷àëüíî-êðàåâîé çàäà÷è

Ðàññìîòðèì ñëåäóþùóþ ñèñòåìó óðàâíåíèé äèíàìèêè âÿçêèõ ñæèìàåìûõ
ìíîãîêîìïîíåíòíûõ ñðåä:

∂ρ

∂t
+
∂(ρv)

∂x
= 0,

ρ

(
∂ui
∂t

+ v
∂ui
∂x

)
=
∂Pi
∂x

, i = 1, . . . , N.

Prokudin, D.A., On the stabilization of solutions to the initial-boundary value

problem for the equations of dynamics of viscous compressible multicomponent media.
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Çäåñü N > 2 � ÷èñëî êîìïîíåíò, ρ � ïëîòíîñòü ñðåäû, ui � ñêîðîñòü i�îé

êîìïîíåíòû, v =
1

N

N∑
i=1

ui � ñðåäíÿÿ ñêîðîñòü ñðåäû,

Pi = −p+

N∑
j=1

νij
∂uj
∂x

� íàïðÿæåíèÿ, ãäå p � äàâëåíèå â ñðåäå, à ïîñòîÿííûå êîýôôèöèåíòû âÿç-
êîñòåé {νij}Ni,j=1 îáðàçóþò ñèììåòðè÷íóþ ìàòðèöó N, ïðè÷åì N > 0, ò. å.

(Nξ, ξ) > B1(N)|ξ|2 äëÿ âñåõ ξ ∈ RN ñ íåêîòîðîé ïîñòîÿííîé B1(N) > 0. Îáî-
çíà÷èì N−1 = {ν̃ij}Ni,j=1.

Ââåäåííûå óðàâíåíèÿ âìåñòå ñ óðàâíåíèåì ñîñòîÿíèÿ

p = Kργ , K = const > 0, γ = const > 1

îáðàçóþò çàìêíóòóþ ñèñòåìó

∂ρ

∂t
+
∂(ρv)

∂x
= 0, v =

1

N

N∑
i=1

ui,(1.1)

ρ

(
∂ui
∂t

+ v
∂ui
∂x

)
+K

∂ργ

∂x
=

N∑
j=1

νij
∂2uj
∂x2

, i = 1, . . . , N.(1.2)

Áóäåì ðàññìàòðèâàòü ýòó ñèñòåìó â ïðÿìîóãîëüíèêå QT (çäåñü è äàëåå Qt =
(0, 1)×(0, t)) ñ ïðîèçâîëüíîé êîíå÷íîé âûñîòîé T , 0 < T < +∞, ïðè ñëåäóþùèõ
íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèÿõ (i = 1, . . . , N):

ρ|t=0 = ρ0(x), ui|t=0 = u0i(x), x ∈ [0, 1],(1.3)

ui|x=0 = ui|x=1 = 0, t ∈ [0, T ].(1.4)

Ïóñòü íà÷àëüíûå äàííûå â (1.3) óäîâëåòâîðÿþò óñëîâèÿì

ρ0 ∈W 1
2 (0, 1), ρ0 > 0, u0i ∈

◦
W 1

2 (0, 1), i = 1, . . . , N.(1.5)

Êàê âèäíî, â óðàâíåíèÿõ (1.2) ïðèñóòñòâóþò ñëàãàåìûå, îòâå÷àþùèå çà âçà-
èìîäåéñòâèå ìåæäó êîìïîíåíòàìè â ñòàðøèõ ÷ëåíàõ, à èìåííî ñëàãàåìûå, îò-
âå÷àþùèå çà âÿçêîå òðåíèå ìåæäó êîìïîíåíòàìè. Êîýôôèöèåíòû âÿçêîñòåé
îáðàçóþò ìàòðèöó N, íåäèàãîíàëüíûå ýëåìåíòû êîòîðîé îòâå÷àþò çà óêàçàí-
íîå âçàèìîäåéñòâèå. Åñëè ýòà ìàòðèöà äèàãîíàëüíà, âçàèìîäåéñòâèå íå ïðîèñ-
õîäèò, è ñîîòâåòñòâóþùàÿ çàäà÷à íå ïðåäñòàâëÿåò ñóùåñòâåííûõ íîâûõ ìàòå-
ìàòè÷åñêèõ òðóäíîñòåé ïî ñðàâíåíèþ ñ îäíîêîìïîíåíòíûì äâèæåíèåì [1]�[8].
Âîïðîñû î ñòàáèëèçàöèè äëÿ ñìåæíûõ îäíîìåðíûõ ìîäåëåé äèíàìèêè ìíîãî-
êîìïîíåíòíûõ ñðåä èçó÷àëèñü â ðàáîòàõ [9], [10].

Â ðàáîòå [11] óñòàíîâëåíà îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è (1.1)�(1.5) â QT
ñ ïðîèçâîëüíûì T . Â äàííîé ðàáîòå ïîëó÷åíû îöåíêè ðåøåíèé çàäà÷è (1.1)�
(1.5), íå çàâèñÿùèå îò âðåìåíè, èç êîòîðûõ ñëåäóåò ñòàáèëèçàöèÿ ðåøåíèÿ ïðè
t→ +∞.
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2. Ââåäåíèå ëàãðàíæåâûõ êîîðäèíàò

Ïðè èññëåäîâàíèè çàäà÷è (1.1)�(1.5) áóäóò èñïîëüçîâàòüñÿ ëàãðàíæåâû êî-

îðäèíàòû. Âîçüìåì çà íîâûå íåçàâèñèìûå ïåðåìåííûå y(x, t) =

x∫
0

ρ(s, t) ds è t.

Òîãäà ñèñòåìà (1.1), (1.2) ïðèìåò âèä

∂ρ

∂t
+ ρ2

∂v

∂y
= 0, v =

1

N

N∑
i=1

ui,(2.1)

∂ui
∂t

+K
∂ργ

∂y
=

N∑
j=1

νij
∂

∂y

(
ρ
∂uj
∂y

)
, i = 1, . . . , N.(2.2)

Îáëàñòü QT ïðè òàêîì ïåðåõîäå îòîáðàæàåòñÿ â ïðÿìîóãîëüíèê ΠT = (0, d)×

(0, T ), ãäå d =

1∫
0

ρ0 dx > 0, íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ ïðåîáðàçóþòñÿ ê

âèäó (i = 1, . . . , N)

ρ|t=0 = ρ̃0(y), ui|t=0 = ũ0i(y), y ∈ [0, d],(2.3)

ui|y=0 = ui|y=d = 0, t ∈ [0, T ].(2.4)

3. Âûâîä àïðèîðíûõ îöåíîê

Ïðèñòóïèì ê âûâîäó àïðèîðíûõ îöåíîê. Óìíîæèì óðàâíåíèÿ (2.1) íà
KNργ−2, (2.2) íà ui, ïðîñóììèðóåì è ïðîèíòåãðèðóåì ïî y, ïîëó÷èì

(3.1)
d

dt

d∫
0

(
1

2

N∑
i=1

u2i +
KN

γ − 1
ργ−1

)
dy +

N∑
i,j=1

νij

d∫
0

ρ

(
∂ui
∂y

)(
∂uj
∂y

)
dy = 0.

Îòñþäà, ïîñëå èíòåãðèðîâàíèÿ ïî t, ïîëó÷àåì îöåíêó

(3.2)

N∑
i=1

d∫
0

u2i dy +

d∫
0

ργ−1 dy +

N∑
i=1

t∫
0

d∫
0

ρ

(
∂ui
∂y

)2

dydτ 6 B2,

ãäå B2 = B2

(
B1, ‖ρ̃0‖Lγ−1(0,d)

,
{
‖ũ0i‖L2(0,d)

}
,K,N, γ

)
.

Äàëåå, ïåðåïèøåì óðàâíåíèÿ (2.2) â âèäå

1

N

N∑
j=1

ν̃ij
∂uj
∂t

+
K

N

 N∑
j=1

ν̃ij

 ∂ργ

∂y
=

1

N

∂

∂y

(
ρ
∂ui
∂y

)
, i = 1, . . . , N,(3.3)

à çàòåì ïðîñóììèðóåì (3.3) ïî i îò 1 äî N , ïîëó÷èì

1

N

N∑
i,j=1

ν̃ij
∂uj
∂t

+ K̃
∂ργ

∂y
=

∂

∂y

(
ρ
∂v

∂y

)
, K̃ =

K

N

N∑
i,j=1

ν̃ij .(3.4)

Èç óðàâíåíèÿ (2.1) âûðàçèì

ρ
∂v

∂y
= −∂ ln ρ

∂t
(3.5)
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è ïîäñòàâèì â (3.4):

∂2 ln ρ

∂t∂y
+ K̃

∂ργ

∂y
= − 1

N

N∑
i,j=1

ν̃ij
∂uj
∂t

.

Óìíîæèì ýòî ðàâåíñòâî íà
∂ ln ρ

∂y
=: w è ïðîèíòåãðèðóåì ïî y, ïîëó÷èì ñîîò-

íîøåíèå

1

2

d

dt

 d∫
0

w2 dy

+ K̃γ

d∫
0

ργw2 dy = − 1

N

N∑
i,j=1

ν̃ij

d∫
0

(
∂uj
∂t

)
w dy.(3.6)

Ïðàâóþ ÷àñòü (3.6) ïðåîáðàçóåì, èíòåãðèðóÿ ïî ÷àñòÿì è èñïîëüçóÿ (2.1), (3.5):

− 1

N

N∑
i,j=1

ν̃ij

d∫
0

(
∂uj
∂t

)
w dy = − d

dt

 1

N

N∑
i,j=1

ν̃ij

d∫
0

ujw dy

+

+
1

N

N∑
i,j=1

ν̃ij

d∫
0

ρ

(
∂v

∂y

)(
∂uj
∂y

)
dy.

(3.7)

Òàêèì îáðàçîì, èç (3.6) ñëåäóåò, ÷òî

1

2

d

dt

 d∫
0

w2 dy

+ K̃γ

d∫
0

ργw2 dy = − d

dt

 1

N

N∑
i,j=1

ν̃ij

d∫
0

ujw dy

+

+
1

N

N∑
i,j=1

ν̃ij

d∫
0

ρ

(
∂v

∂y

)(
∂uj
∂y

)
dy.

(3.8)

Ïðîèíòåãðèðóåì (3.8) ïî t:

1

2

d∫
0

w2 dy + K̃γ

t∫
0

d∫
0

ργw2 dydτ =
1

2

d∫
0

w2
0 dy−

− 1

N

N∑
i,j=1

ν̃ij

d∫
0

ujw dy +
1

N

N∑
i,j=1

ν̃ij

d∫
0

ũ0jw0 dy+

+
1

N

N∑
i,j=1

ν̃ij

t∫
0

d∫
0

ρ

(
∂v

∂y

)(
∂uj
∂y

)
dydτ, w0 = w|t=0.

(3.9)
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Îòñþäà ñ ó÷åòîì (3.2) çàêëþ÷àåì

d∫
0

w2 dy +

t∫
0

d∫
0

ργw2 dydτ 6

6 B3

(
B2, inf

(0,d)
ρ̃0, ‖ρ̃0‖W 1

2 (0,d)
, {‖ũ0i‖L2(0,d)

},N, K̃,N, γ
)
.

(3.10)

Òåïåðü çàìåòèì, ÷òî èç óðàâíåíèÿ íåðàçðûâíîñòè (1.1) î÷åâèäíî ñëåäóåò,
÷òî ïðè êàæäîì t ∈ [0, T ] õîòÿ áû â îäíîé òî÷êå z(t) ∈ [0, d]

ρ(z(t), t) = d.(3.11)

Ñëåäîâàòåëüíî, ìîæíî âîñïîëüçîâàòüñÿ ïðåäñòàâëåíèåì

ln ρ(y, t) = ln ρ(z(t), t) +

y∫
z(t)

∂s ln ρ(s, t) ds,

èç êîòîðîãî ïî íåðàâåíñòâó Ãåëüäåðà, ñ ó÷åòîì (3.10) è (3.11), èìååì

| ln ρ(y, t)| 6 | ln d|+
√
d‖w‖L2(0,d) 6 B4(B3, d).

Îòñþäà íåïîñðåäñòâåííî ñëåäóåò

0 <
1

B5
6 ρ 6 B5 < +∞, B5 = B5(B4)(3.12)

è, ïîýòîìó, èç (3.2) è (3.10) èìååì

N∑
i=1

t∫
0

d∫
0

(
∂ui
∂y

)2

dydτ +

d∫
0

(
∂ρ

∂y

)2

dy+

+

t∫
0

d∫
0

(
∂ρ

∂y

)2

dydτ 6 B6(B2, B3, B5, γ).

(3.13)

×òîáû ïîëó÷èòü ñëåäóþùóþ îöåíêó, óìíîæèì (2.2) íà
∂2ui
∂y2

è ïðîèíòåãðè-

ðóåì ïî y

(3.14)

1

2

d

dt

d∫
0

(
∂ui
∂y

)2

dy +

N∑
j=1

νij

d∫
0

ρ

(
∂2ui
∂y2

)(
∂2uj
∂y2

)
dy =

= −
N∑
j=1

νij

d∫
0

(
∂ρ

∂y

)(
∂2ui
∂y2

)(
∂uj
∂y

)
dy+

+Kγ

d∫
0

ργ−1

(
∂ρ

∂y

)(
∂2ui
∂y2

)
dy.
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Òåïåðü (3.14) ïðîñóììèðóåì ïî i è ïðîèíòåãðèðóåì ïî t:

(3.15)

1

2

N∑
i=1

d∫
0

(
∂ui
∂y

)2

dy +

N∑
i,j=1

νij

t∫
0

d∫
0

ρ

(
∂2ui
∂y2

)(
∂2uj
∂y2

)
dydτ =

=
1

2

N∑
i=1

d∫
0

(
∂ũ0i
∂y

)2

dy −
N∑

i,j=1

νij

t∫
0

d∫
0

(
∂ρ

∂y

)(
∂2ui
∂y2

)(
∂uj
∂y

)
dydτ+

+Kγ

N∑
i=1

t∫
0

d∫
0

ργ−1

(
∂ρ

∂y

)(
∂2ui
∂y2

)
dydτ.

Ëåâóþ ÷àñòü (3.15) îöåíèì ñëåäóþùèì îáðàçîì:

1

2

N∑
i=1

d∫
0

(
∂ui
∂y

)2

dy +
N∑

i,j=1

νij

t∫
0

d∫
0

ρ

(
∂2ui
∂y2

)(
∂2uj
∂y2

)
dydτ >

> B7(B1, B5)

 N∑
i=1

d∫
0

(
∂ui
∂y

)2

dy +

N∑
i=1

t∫
0

d∫
0

(
∂2ui
∂y2

)2

dydτ

 .

(3.16)

Äëÿ âòîðîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (3.15), ââèäó (3.13) è ìóëüòèïëèêàòèâ-
íîãî íåðàâåíñòâà ∥∥∥∥∂ui∂y

∥∥∥∥2
C[0,d]

6 2

∥∥∥∥∂ui∂y

∥∥∥∥
L2(0,d)

∥∥∥∥∂2ui∂y2

∥∥∥∥
L2(0,d)

,(3.17)

èìååì îöåíêó

−
N∑

i,j=1

νij

t∫
0

d∫
0

(
∂ρ

∂y

)(
∂2ui
∂y2

)(
∂uj
∂y

)
dydτ 6

6
B7

4

N∑
i=1

t∫
0

d∫
0

(
∂2ui
∂y2

)2

dydτ+

+B8(B7,N, N)

N∑
i=1

t∫
0

∥∥∥∥∂ui∂y

∥∥∥∥2
L2(0,d)

∥∥∥∥∂ρ∂y
∥∥∥∥4
L2(0,d)

dτ 6

6
B7

4

N∑
i=1

t∫
0

d∫
0

(
∂2ui
∂y2

)2

dydτ +B9(B6, B8).

(3.18)
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Íàêîíåö òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè (3.15) îöåíèì ñëåäóþùèì îáðàçîì:

Kγ

N∑
i=1

t∫
0

d∫
0

ργ−1

(
∂ρ

∂y

)(
∂2ui
∂y2

)
dydτ 6

6
B7

4

N∑
i=1

t∫
0

d∫
0

(
∂2ui
∂y2

)2

dydτ +B10,

(3.19)

ãäå B10 = B10(B5, B6, B7,K,N, γ). Òàêèì îáðàçîì, èç (3.15), â ñèëó (3.16), (3.18)
è (3.19), ñëåäóåò îöåíêà

N∑
i=1

d∫
0

(
∂ui
∂y

)2

dy +

N∑
i=1

t∫
0

d∫
0

(
∂2ui
∂y2

)2

dydτ 6

6 B11

(
B7, B9, B10,

{
‖ũ0i‖W 1

2 (0,d)

})
.

(3.20)

Èíòåãðèðóÿ (3.14) ïî t, çàêëþ÷àåì (ñì. (3.18))

t∫
0

∣∣∣∣∣∣ ddτ
d∫

0

(
∂ui
∂y

)2

dy

∣∣∣∣∣∣ dτ 6

6 B12 (B5, B6, B7, B11,N,K,N, γ) , i = 1, . . . , N.

(3.21)

4. Äîêàçàòåëüñòâî ñòàáèëèçàöèè ðåøåíèÿ ïðè íåîãðàíè÷åííîì

âîçðàñòàíèè âðåìåíè

Èç (3.13) è (3.21) âûòåêàþò ïðè t→ +∞ ñõîäèìîñòè∥∥∥∥∂ui∂y

∥∥∥∥
L2(0,d)

→ 0, i = 1, . . . , N.(4.1)

Äèôôåðåíöèðóÿ (2.1) ïî y è óìíîæàÿ íà
∂ρ

∂y
, ñ èñïîëüçîâàíèåì (3.17), ïðè-

õîäèì ê îöåíêå

t∫
0

∣∣∣∣∣∣ ddτ
d∫

0

(
∂ρ

∂y

)2

dy

∣∣∣∣∣∣ dτ 6 B13 (B5, B6, B11) .(4.2)

Ñëåäîâàòåëüíî, ïðè t→ +∞ ∥∥∥∥∂ρ∂y
∥∥∥∥
L2(0,d)

→ 0.(4.3)

Òàêèì îáðàçîì äîêàçàíî (ñì. (3.11)), ÷òî â íîðìå W 1
2 (0, d) ïðè t→ +∞

ui → 0, i = 1, . . . , N, ρ→ d.(4.4)

Íåñëîæíî óáåäèòüñÿ òåïåðü, ÷òî ýòè æå ñõîäèìîñòè èìåþò ìåñòî â ýéëåðîâûõ
ïåðåìåííûõ â íîðìå W 1

2 (0, 1).
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