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ABSTRACT. In article the intervals in the lattice of ultraclones of rank 2
are considered. The well-known classes of all monotone M, all self-dual S
and all linear L Boolean functions are ultraclones of rank 2. We proved
that each of the intervals (M, Hz), (S, H2), S(L, H2), where Hy is
complete ultraclone of rank 2, contains exactly 4 elements.
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1. BBEJIEHUE

B Teopun pyuxmuit k-3Ha9HOM JTOTUKKA OHO U3 OCHOBHBIX HAIIPABJICHUN UCCTIETO0-
BAaHUIl CBA3AHO C MOJMHOXKECTBAMU (DYHKIH, 3AMKHYTHIMH OTHOCUTEJIBHO CyIIep-
no3unmu. TpajunuoHHON 3a/1a4€eil 31eCh SBJIAeTCs OIMCAHUE PELIeTKH 3aMKHYThIX
KJIACCOB WU KJIOHOB (byHKInii. [lepBhie pe3ynbTarsl B 9TOM HAPABIEHUN OBLIN MO-
JIy9eHbl aMEPUKAHCKUM MaTeMaTukoM . ITocToMm [1], KOTOpPBIH MOIHOCTBIO OMHCAI
PeIeTKy 3aMKHYTHIX KJIacCOB OysieBbix (dbyHKIMA. Pe3ynibrarsl, morydeHHbIe B 1BY-
3HAYHON JIOTHKE, CIIOCOOCTBOBAIN MATbHEHIIEMY PA3BUTUIO MCCIEIO0BAHUI TEOPHUH
dbyukuit k-3aaqnoit goruku. IIpm 3TOM BBIAEIAIOTCS [ABA HAIIPABJIEHU: IIEPBOE
CBSI3aHO C YBEJIMYEHNEM MOIIHOCTH OCHOBHOTO MHOYKECTBA, BTOPOE — C PACCMOTDE-
uueM (yHKIHN, KOTOPbIE OMpeeseHbl He Ha Beex Habopax. He Bciomy ompemenen-
uble GYHKIUHA YA00HO PACCMATPUBATL KaK OTOOPAXKEHWS U3 JE€KAPTOBOI CTEMEeHU
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k-3/1eMEHTHOrO MHOXKEeCTBa, A BO MHOXKECTBO BCEX €ro MOJMHOXKECTB, MPUYEM O
HO3JIEMEHTHBIE TIOJMHOXKECTBA OTOXKIECTBIISIIOTCSA € JeMeHTaMu A, a OCTalbHbBIE
[IOJIMHOYKECTBA, MOHUMAIOTCs KaK HeonpeaeaennocTr. QUeBUIHO, 9TO CYHePIO3UIIUs
B OOBIYHOM CMBICTIE JJIst PAabOTHI ¢ 3TUMK YHKIUIMEU He moaxoauT. CyirecTByer
HECKOJIPKO CITOCODOB PACIIIMPEHNUs CYTEPITO3UINN, KAXKIBIA W3 KOTOPHIX MO3BOJISIET
HAXOJUTh 3HAYEHWs CYMEPIO3UIMK Ha HAOOpax ¢ HeOompemeeHHOCTsIMU. B 3aBu-
CUMOCTH OT BHJIa U YUCJIA HEOMPENEIEHHOCTEH, a TaK¥Ke M3MEHEHHOU CyIepro3u-
[UU WX HA3BIBAIOT YaCTHYHBIMHU, HEJOONPEIETCHHBIME, JOOMPEIEIIeMbIME, THIIED-
byaKIMIaAME, MyAbTUPYHKIUAMA. Takue GyHKIUT BOSHUKAIOT IPHU U3y I€HUHA MHO-
FO3HAYHBIX JIOTUK, PEIeHnr (DyHKIMOHATIHHBIX YPABHEHUH, MOICIUPOBAHUN CXEM
C HEWCIPABHOCTAMHU. EcTecTBeHHO, 9TO W JjIs HUX TaKyKe CTaBUTCH 33/1a9a, OIU-
CAHUsl PEIIeTKH 3aMKHYTBIX KJIacCOB. B CBs3uM € TeM, 9TO MOJHOE pEIeHue 3TOi
3a/1a91 BBI3BIBAET OMPEJIETICHHBIE TPYIHOCTH, UCCIEAYIOTCS OTAeTbHbIE (PPATMEHTHI
pererku, pa3indnbie uHTepBasibl. OTMETHM, 94TO HEKOTOPBIE HHTEPBAJIbI B PEIIETKE
YIBTPAKJIOHOB paHra 2 onmcaHbl B paborax [2, 3].

2. OCHOBHBIE HOHATHUSA U OITPEJEJIEHUSA

IIycts E = {0,1} u F = {{0},{1},{0,1}}. Onpeznennm cienyionme MHOKECTBA
PyHKITHII:
OQ,n = {f|f B — E}, 02 = UOQyn;

Hgn: {f‘len —>F}, HQ :UHQ,TL-

3

Oyukin n3 Oy HA3BIBAIOT OyeBbiMu QYHKIHUAME, & u3 Hy — runepdyHKIHIMEI
Ha E. OueBuano, uro Oy C Ho.
L1t TOro, YTOOBI CYMEPIIO3UIINST

F(fi(ze, o xm)y ooy fu(@1, oy m)),

rae f, f1,..., fn € Ha, onpenensina runepdyHKmio g(xy, . .., Tmy) ONPEIETAM 3HA-
geHns runepdyHknuyu [ Ha HAOOpaX w3 MHOXKeCTBA F' ClemyiomuM o0pa3oM: eCiiu
(a1,...,qp,) € E™ 10O

N f(B1,...,Bn), ecnum mepecevenHue He MyCTO;
g(a ) = Bi€fi(r,sam)
TyeosQm U f(B1,-..,Br), B IPOTHBHOM Ciydae.

Bi€fi(at,...,am)

Jamnee runepdyHKIUO Oy/1eM HAa3bIBATH TPOCTO (PYHKIMEH, eCn 9TO He BHI3bI-
BaeT HEJIOPA3yMEHUN.

s gr060r0 HATYpaabHOTO N u Jioboro 4, rae 1 < ¢ < n, 0603HAUMM Yepe3
ez, ..., iy ..., Tyn) OYHKIMIO, 3HAYEHNST KOTOPOI COBMAJAIOT CO 3HAYECHUSIMH TTe-
peMeHHOH x;. OYHKIUHA e’ Ha3bIBAIOTCA MPOEKIUAME WU CEJIEKTOPHBIME (DYyHKIIH-
SIMU.

SambikanueM MHOXKecTBa (byHKImH K Ha3bIBAETCS MHOXKECTBO BCeX (DYHKIHA,
[OJIyYEHHBIX C HOMOIIBIO cyleprosuiuu u3 GyHknmii Mmaoxkecrsa K. 3ambikanue
muoxkectBa K obozunadaercs wepe3 [K]. Muoxecrso dbyukiuit K Ha3bIBaeTCS 3a-
MKHYTBIM (3aMKHYTBIM KiaccoM), ecan K = [K].

Yabrpakiionom padra 2 (KJIOHOM) HAa3bIBAETCs 3aMKHYTOE MHOXKECTBO (hyHKIM
(6ysieBbix dbynkiwmit), conepxKaiiee Bce npoexuuu. MuoxkecrBo Bcex dyukiuii Ho
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HA3bIBAETCS TOJIHBIM YIBTPAKJIOHOM panra 2. Jlamee mjs KpaTkKoCTH JIIOOOH YiIb-
TPaKJIOH paHra 2 OyaeM Ha3bIBATh MPOCTO YJIBTPAKJIOHOM. 3aMETHM, 9TO JIH00O0H
KJIOH SIBJISIETCS YJIBTPAKJIOHOM.

ViabpTpakyion K Ha3BIBAETCS MAKCUMAJIBHBIM, €CJIU He CYIIECTBYET YIbTPAKJIOHA,
K, makoro, uro K C K1 C Hs.

Nurepsasnom (Q, R) Ha3bIBAeTCs YACTUIHO YIIOPSAI0YEHHOE 110 BKIIOUEHUIO MHO-
JKECTBO BCEX YJBTPAKJIOHOB, B KOTOPOM JTI000# ateMedT K yIoBIeTBOpSET yCIOBH-
am Q € K u K C R. UnrepBasibl i HAIJISAHOCTA M300parkalTcs B BUIE Jxa-
rpaMM, IJie YIbTPAKIOHbI OO03HAYEHbI TOYKAMHU, & TOYKA, Hpejcrasidomas (1,
PACIIOJIOYKEHA, BBIIIE W COEIUHEHA OTPE3KOM C TOYKO, MpeicTaBisamomei Ry, ecan
R; C Q1 u He cymiecTByeT yapTpakjona P takoro, uto Ry C P C ;.

Yepes M obo3nadnM KJIOH BCeX OysI€BBIX MOHOTOHHBIX (DYHKIHI, S — KJIOH BCEX
Oy/IeBBIX CAMOJBONCTBEHHBIX PYHKIHIT, [ — K/IOH BCeX Oy/IeBBIX JUHEHHBIX (PYyHK-
Ui,

IIycts R® — s-MecTHBII TpeIWKAaT, 33/ IaHHbBII Ha MHOXKecTBe F'. Byaem roBoputs,
uro byukuus f(xy,...,T,), ONpeIeTeHHas Ha MHOXKecTBe F', cOXpaHseT npeankar
R?, eciin 119 1I00BIX HAOOPOB

(alla o '7a81)7 AR (a1n7 .. '1a8n)7

NpUHAAIeKAMAX Tpeaukary R, Habop

(f(alla"'7a1n)a~~~7f(asla~"7asn))

npunaaiexunr R,

Hns mabopa (aq,...,an) € F™ mabop (B1,...,0,) € {0,1}", rne 5; < a; nas
Beex ¢ € {1,...,n}, HA3BIBAETCSA YTOUHEHHEM.

J7st ynpomeHust 3amicy ucrnosbyercs koauposka: {0} < 0, {1} + 1, {0,1} +
—, rorga F' = {0,1,—}.

Koncranrayto yHKINO, TPUHAMAIOIIYIO Ha BCeX Habopax 3HadeHme —, 000-
3HauuM 4depe3 [, a 4epe3 d3 — TPEXMECTHYI0 (DYHKIMIO C BEKTOPOM 3HadeHuil
(00010111).

B [4] moka3aHo, 9T0 MaKCHMAIBLHBIMH YIBTPAKIOHAME PAHTA 2 SIBJISIOTCS TOJIBKO
caenyiomue 11 MHOXKECTB:

1) O2 — mHOXKeCTBO Beex GyseBbix dyHKIMIA;

2) T, — MHOXKecTBO (YHKIHI, KOTOpbIE COXPAHAIOT HYyJb, T. €. HA Habope u3
Bcex Hyse# dbyHKIuu npuHuMaioT 3Hadenue (;

3) Ty — MHOKeCTBO (DYHKIHIT, KOTOPBIE COXPAHSAIOT €MHUILY, T. €. Ha Habope u3
BCex enuHUIl (PYHKIMYA IPUHUMAIOT 3HAYEHHE 1;

4) ST — MHOXKeCTBO (DYHKIHU, COXPAHSAIONIUX TTPEIAKAT

0 1 —
Rs=<1 0 _);

5) L™ — MHOXKeCTBO (DYHKIHUiT, COXPAHAIOIIAX MPEIUKAT

001 1 -
RL‘<0101—>’

6) M~ — MHOXKeCTBO (DyHKIHM, COXPAHSIONIUX IPEIAKAT

0010 - -
RM(011—1—>’



7) K; — mHOX)eCcTBO (DbYHKIMI, COXPAHMIONMX [IPEJAUKAT
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8) K3 — muoxkecTBO (byHKUMIA, COXPAHAIOIIMX [IPEAUKAT

0010 — -
R2(o 10— 0 —)’
9) K3 — MmHOX)KeCTBO (DYHKIINI, COXPAHAIONINX MPeIUKaT R3, onpeaensemMblii MaT-
puneit

o O O

= o O

o = O

—_—_ O

—_ O =

11
11
0 1

0
0

0

0

0
1

0

1

0
1

1
0

10) K4 — muoxkecTBO DyHKIMIT, COXPAHSIONIUX [IPEIUKAT

o o010 0 - 0 — — —
Ry={0 0110 — 0 — 0 — —1;
060101 - 090 - — 0 -

11) K5 — mHoxecrBo, cocrosiiee u3 Bcex (DYHKIMIA, CYIIECTBEHHO 3aBHCAIIAX
He OoJjiee 9eM OT OTHON IEepeMEeHHOMH, a TakKe m3 (PYHKIHH, TPUHUMAIOIINX B
3HaYEHUsd, OJIHO U3 KOTOPbIX €CTb —.

3. OCHOBHBIE PE3YJIbTATHI

Jlemma 1. U3z 11 MaKCUMAGADHBIL Yabmpaksonos parea 2 moavko Oy u M~ co-
depotcam M.

Jloxasameavcmeo. MeToaoM OT MPOTUBHOTO MOKaXKeM, 4TO M C M~. IlycTo Haii-
nyrest dyskiys f (21, ..., Ty,) 1 HAOOPH & = (A1, ..., 0n) u = (f1,..., Bn) Takue,

aro 1 (3) < {(V. (1) (5) ) (%) € oo € 1,

a 1 1 ~ .
Ecmm f (B) € {(0> , () }, TO Ayt HAbopa [ BO3bMEM YTOYHEHHE T, KOTOPOe

obs3arenbHO HalmeTca, mockonbky f € Oy u f(B) € {0,—}, rakoe, uto f(7) = 0,

a JuIs HAGOpa & BHIOEPEM YTOUHEHHE O TaK, ITOOBI <i’> € {(8) , (2) , G)}

s Beex ¢ € {1,...,n}. Herpyauo 3amerutsb, uro Oynesa dbyHkuus f Ha JH000M

1
o) Uro upo-

tuBopeunt f € M. Ecmu f (%) = <0>, TO i HADOpa (@ BBIOEPEM YTOUYHE-

Hre 0 Takoe, 4to f(0) = 1, a mma wabopa [3 BO3bMEM YTOYHEHWE T TakK, YTOOBI

(5 < L(0): (). (1) s € 1 Tt (2) = (1) oo

nporuBopeunt f € M.

OueBugno, uro M C O,. Jlanee cripaBeiuBOCTb JIEMMbBI CJIEYeT U3 TOTO, YTO
kKoHcranTa 1 ne npunajie:xutr 1y , koncranta 0 He npuHa ae;kuT 1), KOHbIOHKIINS
ue npunajiexkur S, L™, K1, K3, K5, nu3bonkius #e npuaaginexur Ko, Ky, O

- é
yroudenuu Habopa & npunummaer s3uadenue 1. Torma f (~ =
7
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Caencrue 1. Bepno, ymo O N M~ = M.

Zloxasameavcmeo. 3amerum, 910 M B TOYHOCTH COBIIAIAET C MHOXKECTBOM OyJie-
0 1
0 1 1

OYeBU/IHO, 4TO Jyis 1060 f € M~ u J00bIX IBOMYHBIX HAOOPOB & 1 B TaKUX,
aro & < B u f(&), f(B) € {0,1} Bomonuserca f(&) < f(B). Orciona crenyer, aro
O N M~ C M. B o6paTHyi0 CTOPOHY BKJIIOUEHNE BEPHO B CHUJIY JEMMBI 1. O

BBIX (DYHKIWH, COXPAHAIONINX TPEIUKAT ( ) (cm., mampumep, [5]). Torma,

Jlemma 2. Taa arobot f € M~ \ M cnpasedauso M~ = [M U{f}].

Joxazameavemeo. Brarouenne [M U {f}] C M~ ouernano. [Tokazkem, uto mobast
runepbyHkuusa g(1,...,T,) € M~ MoxKer ObITh BbIpAXKEHA C MOMOIIBIO CYIEp-
NO3UIMU MOHOTOHHBIX OyseBbix dbyukimii u f € M~ \ M. B cuny caencrus 1
JIOCTaTOYHO PACCMOTPerhb ciaydail, korna g(xy,...,x,) € M~ \ M.

O6o03nauum 4gepes aq, . .., Qs HAOOPDI, HA KOTOPBIX 3HAYEHHE TUNEPQYHKINU g
pasno 0, uepes f1, ..., 3 — HabOPbL, HA KOTOPBIX 3HadeHue rumepdyHKIMT PABHO
1, a wepe3 A1, ...,% — HADOPBI, HA KOTOPHIX 3HAUEHWE TUMEPGMYHKIINN PABHO —.
Bamerum, wT0 75t TOGHIX HABOPOB &y, By, Ak, A i € {1,...,8}, 7 € {1,...,1},
ke{l,...,t}, mubo &; < Bj, F < Bj, b0 3TH HADOPBI HE HAXOAATCS B OTHOIIEHUHT
mpe/recTBoBanus. VHade momydnm, 9To ¢ (@]> = (1) g (?7) = <1>, 9TO

Q; 0 Yk -
nporusopedur g € M~

C momorresto runepdyarnun f u KoHCTAHT 0, 1 MOIyYNM KOHCTAHTHYIO THUIED-
dynkuumio . Tasee BbibepeM MOHOTOHHYIO (DYHKIHUIO G(X1, - . . , Ty, Y) TAKYIO, YTO
#(@;,0) =0, ¢(34,0) = 1, ¢(7%,0) = 0, ¢(&s,1) =0, ¢(B5,1) = 1, ¢(,1) = 1, T11e
ie{l,...,shje{l,....1}, ke{l,... t}

IMokaxkeMm, 910 G(T1, ..., Tm, [~ (Tm)) = g(21, - .., Tm). JelicTBurensHo,

¢(O~‘iv _) = ¢(0~4i, 0) n ¢(di7 1) =0= g(di)v
¢(Bj, =) = ¢(B;,0) N p(B;,1) = 1= g(B;),
¢(:Yk7 7) = ¢(:Yk70) U d)(;?ka 1) = - = g(:yk)v

rnei€{l,...,sh je{l,.... 1, ke{l,... t}.
Cnenoparensno, M~ C [M U{f}]. O

CaencrBue 2. Bepno, wmo M~ = [{0,1,V, A, f~}].
Joxazameavemeo. Crenyer uz M = [{0,1,V, A}] (cm., nanpumep, [5]). O

Jlemma 3. U3z 11 MaxcumasvHolT Yyabmparaonos parza 2 moavko Oz u S~ codep-
orcam S

Zloxazameavcmeo. MeTomom OT mpoOTWBHOTO moKaxkem, uto S C S~. Ilycrs Haii-

ayred Gynkius f(xq,. .., Ty) 1 HAOOP & = (01, ..., o) Takme, 910 f € 5, f (g €
{(8) 5 <1) 5 (O> 5 <6) ) (I) ; (1) } u <g’) € Ry msBeex i € {1,...,n}. Ec-

i (3)

(07

f(g) = ¢, a 719 Habopa (v BLIOEPEM YTOYHEHHE T TaK, YTOOBI (51) € { ((1)> , <(1)) }

7

c . .
=) rece {0,1}, To nyst Habopa & BO3bMEM yTOYHEHHE §, TAKOE, UYTO
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s Beex ¢ € {1,...,n}. Herpyauo 3amerutsb, uro Oynesa dbyHkuus [ Ha JH000M

= 1) c
yTOYHeHHH HabOpa & IpuHuMaer 3Hadenue c. Torna f <~ =) 4TO IIPOTUBOPE-
T

gnt f € M. Ecm f (g) = (;), rae ¢ € {0, 1}, To 15 Habopa & BO3bMEM YyTOUHE-

Hue §, Koropoe 0bg3aTesbHO Hailuercs, nockoubky f € Oy u f(8) = —, rakoe, 4ro
T = ~ 6 O 1
f(8) = ¢, a nna nabopa & BHIGEPEM YTOUYHEHUE T TaK, YTOOBI (TZ) € { (1) , <0) }

K3
s Beex 4 € {1,...,n}. Herpyauo 3amerutsb, uro Oynesa dbyHkius [ Ha JH000M

= 1) c
yTOYHeHUHM HabOpa & HpuHUMaeT 3HadeHue c. Torma f (~ =) YTO IIPOTUBO-
T

peunt f € M. Cnywaii f (g) = <C>, rae ¢ € {0, 1}, aHAJIOTHYeH TTPebIIYIIEMY.

OueBugno, uro S C O,. Jlanee cnpaBeIInBOCTb JIEMMBbI CJIEIYEeT U3 TOTO, YTO
Ty, Ty, M~, Ky, K3, K3, K4 He conepskat oTpulianne, Kinaccsl L, K5 — GyHKIHIIO
ds. a

Caencrsue 3. Beprno, ymo O, NS~ = 8S.

Jokaszameabcmeo. 3aMeTuM, 9TO KJIAcC S B TOYHOCTH COBIAJAET C MHOXKECTBOM

1 (1)) (cum., HampumMep, [5]). Torza,

O0YeBHUIHO, 4TO s oot f € S~ u moboro mBomdHoro Habopa & TAKOro, 9TO
f(&) € {0,1} somommgerca f(a) = f(a). Orcona cremyer, auto O, NS~ C S. B
00paTHyI0 CTOPOHY BKJIIOYEHUE BEPHO B CHUILY JIEMMBI 3. (]

OyseBbIx (DYHKINI, COXPAHSIONINX MPEINKAT (

JIemma 4. Jas moboi f € S~ \ S enpasedauso S~ = [SU{f}].

Joxazameavemeo. Brarouenne [S U {f}] C S~ ouesnzamno. ITokaxkem, uro mobast
runepdyukuusa g(ry,...,T,) € ST MOKET ObITh BHIPAYKEHA C TOMOIIBIO CyIepIIO-
3UIMK CAMO/IBONRCTBEHHBIX OysieBbix dbyukimii u runepdyuknuu f € S~\S. B cuny
CJIEICTBUS 3 JOCTATOYHO PACCMOTPETh Caydail, Koraa g(ry,...,o,) € ST\ S.

O6o3nauum 4gepes aq,. .., Qs HAOOPHI, HA KOTOPBIX 3HAYEHHE TUNEPQYHKINU g
pasno 0, gepe3 31, ..., ) — HaBOPbI, HA KOTOPBIX 3HaYeHHe TUIePyHKIIE § PABHO
1, a gepe3 Aq,...,% — HaAOOPHI, HA KOTOPBIX 3HAUYEHUE TUMEP(MYHKIMA ¢ PABHO
—. Toraa 3nauenne runepdyHKINN g HA HAOOPAX (v, ..., Qs PABHO 1, HA HAGOPAxX
Bl, e ,Bl pasuo 0, Ha HAGOPax 1, ...,7; PaBHO —.

C nomonipto runepdyHKIpY f ¥ OTPUIAHKSA TOTY 9MM KOHCTAHTHYO runepdyHK-
o . Janee BbIOEpEM CAMOIBOWCTBEHHYIO (DYHKINIO G(L1,...,Tm,Y) TAKYIO,

qTo ¢(6‘ia0> = Ol d)(/éj’o) =1, ¢(5’k70) =0, ¢(O:‘i’0) = 15: (b(/éj»()) =0, Qj)(%’bo) =0,
(,25(512,1) = 05 ¢(6j,1) = 1v d)(ﬁ/kal) = 1) ¢(&1a 1) = ]-7 ¢(ﬂja 1) = 0) ¢(§/k71) = 1; rae
ie{l,...,shge{l,....0}, ke {l,... t}

TokaxkeM, 910 G(x1, ..., Tm, [~ (Tm)) = g(21, ..., Tm). JeiicTBuTEIBHO,
P(&i, —) = #(a;,0) N (ay, 1) = 0 = g(&),

¢(Bj,—) = &(B;,0) N d(B;, 1) =1 = g(8;),

(k> —) = ¢, 0) U (%, 1) = — = g(V),

¢(@i, =) = ¢, 0) N p(ai, 1) = 1 = g(v),

o(Bj, —) = &(B;,0) N d(B;,1) =0 = g(B;),

(Vs —) = ¢(Wk, 0) U d(Yk, 1) = — = g()s
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rnei € {1,...,s},j€{1,....01}, ke {l,...,t}.
Cnenosarensro, S~ C [SU{f}]. O

CaencrBue 4. Bepno, wmo S~ = [{ds,Z, f~}].
Joxasameavcmeo. Crenyer u3 S = [{ds, Z}] (cm., manpumep, [5]). O

Jlemma 5. U3z 11 mMaxcumasvHoT yavmparaonos paraa 2 moavko Os u L™ codep-
orcam L.

Zloxazameavcmeo. 3amMernm, 94TO L B TOUHOCTHU COBMAIAET C MHOKECTBOM OYJIEBBIX
00 0 0 1 1
0 0 1

01 0

0 1 1 1

[5]). Meromom ot mporuBHOrO TOKaxkeM, uro L C L. Ilycrs Haiinyrcs dyHKIms

f(z1,...,2,) n HAGODBI & = (Qv1,..., Q) U B = (B1,...,Bn) Takue, uro f € L,

0 (N O NG B Ry S R

Eciu f (g) =

u 62, KOTOpBIE 00F3aTeNbHO HAfiAyTes, TOCKOMbKy f € Oy 1 f(B) = —, Takwue,
aro f(6') = ¢ f(0%) = ¢, a ans mabopa [ BbibepeM yroumenums 71 u 72 Tak,
0 0 1 1 1 1
1 1 1 1 0 0
fof 1211 {of’f1’10
0 1 0 1 0 0 1
i €{1,...,n}. Herpyzauo 3amerurs, uro 6yiesa dbyHnkius [ Ha J1000M yTOYHEHUN

51

~ 52
unabopa [ mpuauUMaer 3HadveHue c. Torga f 21| =

byHKIMIA, COXPAHAIONUX IPEIUKAT (cM., HAIpUMeED,

11
11 00
1 01 0
1 00

O ==

, tae ¢ € {0,1}, 10 mns mabopa & BO3bMEM yTOUHEHUs O

S

ITOOBI IJIST BCEX

)

ST S

0
0
0

= =0 O

!

, 910 mpotuBopeunt f € L.

o0 O O

7’:2

Cuyuait f <g> = (f), rae ¢ € {0, 1}, anasioruyen npeabLLymemy.

OueBuano, uro L C O,. [ajee cupaBeluBOCTb JIEMMBbI CJIELYyeT U3 TOIO, YTO
S~ ne cogepxur koucranry 0, Ty, Ty, M~, K1, Ko, K3, K4 — orpunanne, K5 —
3KBUBAJIEHTHOCTD. O

Jlemma 6. Bepno, wmo O, N L™ = L.

Zokaszameavcmeo. Britouenne L C Oy N L™ BepHo B cuiay jemmbt 5. Jlokaxkem
Brutiouenre OoNL™ C L. Or uporusuoro. ITycrs naiigercs Oynesa dyukius f € L™

at 000O0T1 111
a2 001 11100
rakas, yro f ¢ L, 1. e. f &3 ¢ 010110 1 ol m™e
at 01 101001
a} 0 0 0 0 1 1 1 1
a? 0 0 1 1 1 1 0 0 .
a§, S 0 5 1 5 0 5 1 5 1 5 0 5 1 5 O ,ZE{l,...,?’l}.
al 0 1 1 0 1 0 0 1
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Torga cymepnosurmeit f ¢ mpoekiusimu, KoucTtantamu 0, 1, oTpuranueM, Caoxke-
HHUEM, KBUBAJEHTHOCTHIO, KOTOPBIE IO JIeMMe 5 JieKaT B L™, moayduM OmHy H3
dyukuuit (0001), (0010), (0100), (1000), (0111), (1011), (1101), (1110), upuuem,
MEPECTAHOBKON MEPEMEHHBIX B f MBI MOYKEM IMOJIYyYUTh UMEHHO KOHBIOHKITUIO WU
IU3BIOHKINIO. V3 KOHBIOHKINU W IU3BIOHKIIUN C TOMOIIbI0 f~ € L™ JIerko moJy-
unth GyHKIuU, He mpuHagexamue L7 e A f~ = (00 — =), ef V f~ = (= — 11).
Tlocrennee mpoTwBOpPEYUT TOMY, 9TO L~ sBISETCS 3aMKHYTBIM MHOXKECTBOM. [

JIlemma 7. Beprno, wmo L~ \ L= {f"}.

Zloxasameavcmeo. C ydaerom jieMMbl 6 JTOCTATOYHO PACCMOTPETH CJIyUaii, KOTIa
mg f € L™\ L rakxke Bomoaasierca f € Hy \ Og. Ilpenmnosnoxum, 9to [ oraudna
a

3

() (5) < {(3): (2 (). ()} e oo

Habop, Ha KoTOpoM 3HadeHue pyHkuuyu f paBHo —. [IporuBopeune.

or f7, 1. e. cymectByer Habop & Takoii, uro f(&) = ¢ € {0,1}. Torma f

CuencrBue 5. Bepho, wmo L~ = [{1,®, f~}].
Hoxaszamesvemeo. Crenyer u3 L = [{1,®}] (cum., Hanpumep, [5]). O

Teopema 1. Humepsan (A, Ha) codeporcum posno 4 yavmparsona, 2de
Ae{M,S, L},

L

JHoxazameavemso. 1) Eciiu A = M, 10 cupaBeyiuBOCTh yTBEPXKIEHUs CIIEIyeT U3
jgieMM 1, 2 1 u3 Toro, yro M siBjiiercsa MakKCUMaJbHbIM KJIOHOM B Oz, a Oy u M~
SBJISTIOTCST MAKCUMAJILHBIMU YIBTPAKIOHAMHI PAHTa 2.

2) Ecim A = S, TO cupaBeIIMBOCTb yTBEPKICHUSA CileAyeT u3 jeMMm 3, 4 u
U3 TOTO, 94TO S ABJAETCI MAKCHMAJIBHBIM KJIOHOM B (s, a Os m S~ ABIAIOTCS
MaKCHMAaJIbHBIMH yJIbTPAKJIOHAMU PAHTa 2.

a UMEHHO,

3) Eciu A = L, To cupaBemjiuBOCTb yTBEDXKJEHUs CJedyer u3 JeMMm 5, 7 u
u3 Toro, 4ro L sBisercs MakcuMaibHbiM KJIOHOM B Oz, a Oy u L™ gaBisiorcs
MaKCUMAaJbHBIMHI YILTPAKJIOHAMY PAHTA 2. (I
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