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ON THE UNIQUENESS OF THE SOLUTION TO THE
WIENER-HOPF EQUATION WITH PROBABILITY KERNEL

M.S. SGIBNEV

ABSTRACT. We study the problem of uniqueness for a solution to the in-
homogeneous generalized Wiener—Hopf equation whose kernel is a proba-
bility distribution with finite positive mean.
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Consider the inhomogeneous generalized Wiener—Hopf equation

(1) 2(z) = / z(x —y) F(dy) + f(z), z >0,
— 00
where z is the function sought, F' is a given probability distribution on R and f is a
known function. We first consider equation (1) whose kernel F' is a nonarithmetic
probability distribution with finite positive mean p = foF (dz) and prove the
uniqueness of its solution (4) (see below). If 4 = 0 or p < 0, then the homogeneous
generalized Wiener—Hopf equation, i.e., equation (1) with f(z) = 0, has a nontrivial
solution (see [1, Theorem 1] and [2, Chapter XII, Section 3a, Example (c)]). A
probability distribution F in R is arithmetic if it is concentrated on a set of points
of the form 0, £\, £2X,.... The largest A with this property is called the span of F'
[2, Chapter V, § 2, Definition 3]. If a distribution is not arithmetic, then we call it
nonarithmetic. All the functions involved are assumed to be Borel measurable. Let
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v and s be finite measures on the o-algebra Z# of Borel sets in R. Their convolution
is the measure

v se(A) = // u(dx)%(dy):/Ry(A_x) w(dz), A%
{z+ycA}

here A—z:={y € R:z+y € A}. Denote by F™* the n-th convolution power of
F:
F.=F FOtD = vy B n>1, F% =4,

where &g is the atomic measure of unit mass concentrated at zero. Let U be the
renewal measure generated by F: U := )" ° / F™*. Let v be a measure defined on
A, and a(z), x € R, a function. Define the convolution v * a(x) as the function
Jg a(z —y) v(dy), x € R. The relation a, ~ b, as n — +o0o means that a, /b, — 1
as n — +oo. Let Ry be the set of all nonnegative numbers and R_ := R\ R, be
the set of all negative numbers.

Let X, k > 1, be independent random variables with the same distribution
F not concentrated at zero. These variables generate the random walk Sy = 0,
Sp=X1+...+X,,n>1. By Theorem 1 in [2, § XII.2], there exist only two types
of random walks: (i) the oscillating type (.5, oscillates with probability 1 between
—oo and +00); (ii) the drifting type (S, tends to —oo or +oo with probability 1).
Put ?+ = min{n >1:5, > 0}. The random variable %4_ = S§+ is called
the first weak ascending ladder height. Similarly, .7 _ := min{n >1:85, < O} and
H_ = S= s the first strong descending ladder height.

Denote by Fy the distributions of the random variables J#, respectively. The
following factorization identity holds [3, Section 2]:

(2) 1— fE(eSXl) _ [1 o E(g?_ es?_)] [1 _ E(§?+€s%+)]7
where [£] < 1 and Rs = 0. Identity (2) with £ = 1 implies
3) S0 — F = (0 — F) (3 — Fy).

Let Uy := ) 12, F%* be the renewal measures generated by the distributions F,
respectively. Denote by 1g, the indicator of the subset Ry in R: 1g, (z) = 1 for
x € Ry and 1g, () = 0 for z € R_. Extend the function f onto the whole line:
f(z) :==0, x < 0. The following theorem has been proved in [4].

Theorem 1. Let F' be a probability distribution and f € L1(Ry). Then the function
(4) @) = Uy« [(U-* 1z, )(@), @ €Ry,

is the solution to (1) coinciding with the solution obtained by successive approxi-
mations.

The purpose of this note is to prove the uniqueness of solution (4) in the class
Li(Ry) + Loo(R4) of admissible solutions. We say that z € L1 (R) 4+ Loo(Ry) if
and only if z = 21 4 29 with 2; € L1(Ry) and 23 € Lo (R4). In order to justify this
choice, let us give an example which shows that solution (4) can be of this form.
Let F* for some m > 1 have a nonzero absolutely continuous component. Then
F7* for some n > 1 must also have a nonzero absolutely continuous component |5,
Theorem 2 and Remark 2]|. Stone [6] has shown that there exists a decomposition
U = Uy + Uy, where Uy is a finite measure and the measure U, is absolutely
continuous with bounded continuous density u > 0 such that lim, o u(z) = 1/p
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and lim,_, o, u(x) = 0. It follows that if f € Li(R), then U x f = Uy * f + Uy x f,

where Uy * f € L1(R) and Us * f(x) is a bounded continuous function having finite
limits as  — *oco. Indeed, by Fubini’s theorem [7, Section 36, Theorem C],

| ws@lde < [ [ il il do
-/ / Ol do[1](d9) = 171110

WMKMS/ e = I dy < supua) 11,

—0o0

(R) < oo,

and, by Lebesgue’s bounded convergence theorem [7, Section 26, Theorem D],

g%%*ﬂ@:g%‘fu@fwﬂw@:[7Mmfmﬂw@:%*ﬂmx
where Uy * f(—00) := 0 and U * f(+00) == [*_ f(y) dy/p.

The condition p € (0,00) and the law of large numbers [2, Section VIL.7,
Theorem 2| imply that the random walk {5, } drifts to +oo, i.e., S, ~ nu — +00
as n — +oo with probability one. Moreover, as stated in [2, Section XVIIL.4 (a)],
drift to +o0o occurs if F_ is defective, i.e., if F_(R) < 1. Hence U_ is a finite
measure: U_(R) = 1/(1 — F_(R)) < oo. Obviously, U_ * f € L;(R) and the more
so (U- x f)1r, € Li1(R). Applying the established already to U, and (U_ * f)1r,
instead of U and f, respectively, we see that

2(z) = Uy = [(U= % f)1g, | (z) = 21(2) + 22(x),
where z; € L1(Ry) and the function zo(z) is continuous and has a finite limit as
x — 400, which entails zo € Loo(Ry). Thus, z € L1 (Ry) + Loo (Ry).

Theorem 2. Let F' be a nonarithmetic probability distribution with finite positive
mean p and f € Li(Ry). Then the solution z to equation (1) defined by (4) is
unique in the class L1(Ry) + Lo (Ry).

Proof. Denote

(5) v(x) B Z(.’L‘) for x > O, n(x) _ 0 N for x > 07
o for z < 0, N 7/ z(x —y) F(dy) for z <O0.

— 00

First, let us prove that
z€ L1(Ry) 4+ Loo(Ry) = n e L1(R).
Obviously, this assertion follows by synthesis from both implications
ze€Li(Ry)=neli(R.) and z€ Lo(Riy)=ne Li(R_).
If z € L1(Ry), then, by Fubini’s theorem,

/_ \dm</ / V)| F(dy) dz

/ [ el du ) < @) < .
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If 2 € Loo(Ry), then

0 0
/ n(@)|dz < 2lloe / Iyl F(dy) < oo,

— 00 —

since the mean p exists by assumption. Consider now the renewal equation

o) = [ T v(e—y) Fldy) + f(2) +n(),  zeR,

and its solution v(x) = U x (f +n)(z), € R. Suppose there exist two solutions z1,
zo € L1(Ry) + Lo (R4) to equation (1). Let vy, vo and ny, ng correspond to z1, 2o,
respectively (see (5)). Then the function V = vy —vg € L1 (Ry) + Loo (Ry) satisfies
the equation V(x) = F x V(x) + ni(x) — n2(x), z € R, or, by (3),

(b — F) # V(x) = (00 — F-) x (do — F}) x V(z) = ni(z) —na(z), z€R.
Since the distribution F_ is defective, we have U_ x (69 — F') = dp. Hence
(6) (b0 — F4) = V(z) = U- xni(x) — U- * na(x), reR.

The left-hand side is identically zero on R_ and so is the right-hand side. Moreover,
U_ is concentrated on R_U{0} and ny(x) —n2(x) = 0 on R,. Hence the right-hand
side of (6) is identically zero on R. It follows that

ni(x) —na(x) = (0g — F_) * [U- xny(z) = U_ xny(z)] =0

and we have V(z) = F x V(z), z € R. By [8, Theorem 1], there exists a constant ¢
such that V(z) = ¢ a.e. (almost everywhere). However, V(z) = 0 on R_. Hence
V(z) = 0 a.e. It follows that z1(x) = z2(x) a.e. The proof of the theorem is complete.

(]

For the sake of completeness, we give a discrete version of Theorem 2. Let Z
be the set of all integers, let Z, be the set of all nonnegative integers, and let
Z_ := 7\ Zy be the set of all negative integers. The discrete analog of equation (1)
is the infinite system of equations

J
(7) 5= > zkli+g,  JE€Ly,
k=—oc0

where {f;}52_., and {g;}32, are known numeric sequences, and {z;}32, is a

sequence of sought quantities (see [9, Section 13.1]). Moreover, we assume that
F = {f;j}32_ is an arithmetic probability distribution with span 1.

Denote the space of all two-sided summable sequences a = {a,}2>_ . C Cby iy
and the space of all bounded sequences by [,. Agree to write sequences in the form
of functions of integer argument if their notations contain more than one letter.
Define the convolution a % b of sequences a = {a,}52_ and b= {b,}52__ inly
as the sequence ¢ = {c,}32 __ €Iy, where

— 00 — 00

—00

oo
Cn = axb(n) = Z An—;bj, n € Z.
Jj=—00
This definition of convolution will also be used in the cases when the sum makes
sense for all n € Z despite the fact that the initial sequences a or b may fail to
belong to [, e.g., when a € l; and b € l,. The space l; is a Banach algebra
with the norm ||a|l; = Y.°7 |an| and the convolution a * b as multiplication;

n=—oo

the addition, subtraction, and multiplication of sequences by numbers are carried
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out termwise: a b = {a, £ b,}, aa = {aa,}, @ € C, and §y is the unity of the
algebra [y (see [10, Appendix, § 1, Subsection 1, Example 4]). Since complex-valued
measures concentrated on Z can be regarded as sequences, by the convolution of
these measures we will mean the convolution of sequences. We will not distinguish
such measures and the corresponding sequences.

Denote by F, = {f;“};?"i)and by F_ := {f; };2_. the distributions of the
random variables 7 and J#_, respectively. It is convenient to extend these se-
quences as follows: f;r =0forj € Z_ and f; = 0for j € Z,. Then the distributions

F, = {fj+ 72 _ooand F_ = {f}52_  are elements of the Banach algebra l;. Let

j=—o0

oo (oo}
U= F"={U(nhhi o and Us=) FI'={U:({nh}p

k=0 k=0
be the discrete renewal measures generated by the distributions F' and Fi, repect-
ively. Denote by 17_ the indicator of the subset Z_ in Z: 15_(j) = 1 for j € Z_ and
1z_(j) =0 for j € Z,. The notation 17, has a similar sense. Extend the sequence
g = {95152 by setting g;=0 for j < 0. The following theorem has been proved in
[3, Theorem 1].

Theorem 3. Let F' be an arithmetic probability distribution with span 1 and let
g € l1. Then the sequence

(8) 2j=Us x (U= % 9)12, (), J €2y,

is the solution to (7) coinciding with the solution obtained by successive approzi-
mations.

We will also need the following lemma [2, Lemma 1].

Lemma 1. Let F be a probability distribution not concentrated at the origin, and
let ¢ be a bounded continuous solution of the convolution equation

)= [ " (e — ) Fdy).

Then ((x) = const except if F' is arithmetic. If F' has span X then ( is periodic with
period \.

Theorem 4. Let F' = {f, G2 _oo be an arithmetic probability distribution with

step 1 and finite positive mean p = Ziooc jfj, andlet g € l;. Then the solution z =
{21520 to equation (7) defined by (8) is unique in the class loo(Z+.).

Proof. Suppose that there exist two solutions z(1) = {zj(»l)}?';o and 22 = {23(2)}?(;0
to equation (7) and that both solutions are in l.(Z4). Consider the following
sequences:

0 for j >0,

(9) v — Zj fOI“jZO, N — j
P00 forj<o, )= > zikfe forj<o.

k=—o0

First, let us prove that z € [oo(Z+) = n € l3. If z € loo(Z4), then

0 —1
S ngl < llzllee Y lilfi < oo,

j=—c0 j=—00
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since the mean p exists by assumption. Consider now the renewal equation
oo
vj = Zvj—kfk + g5 + 1y, J €L,
k—oo

and its solution v; = U * (g + n)(j), j € Z. Suppose there exist two solutions 2,
22 €1 (Z,) to equation (7). Let v, v® and n(, n® correspond to z(V), 2(2),
respectively (see (9)). Then the sequence V = v(!) —o(2) € [ satisfies the equation
V=Fx+V+n1D —n® or, by (3),

(6o —F)%V = (6o — F_) % (6g — Fy) « V =n1 — @,
Since the distribution F_ is defective, we have U_ x (09 — F') = dp. Hence
(10) (o — Fu)* V(j) = (U= xnD)(j) = (U= +n?)(j),  jeL

The left-hand side is identically zero on Z_ and so is the right-hand side. Moreover,
U_ is concentrated on Z_ U {0} and n™(j) — n®(j) = 0 on Z, . Hence the right-
hand side of (10) is identically zero on Z. It follows that

nW(j) = n®(j) = (60 — F_) * (U= *nM)(j) = (U= xn®)(j)]

and we have

0

Vi=FxV()= Y Vil J€L

k=—o00

Let us consider the following function on R:
Vieg) =Vi+(@=7) (Vi = Vi), zeljj+l], jeZ

We have V (j) = Vj, j € Z. Moreover, the function V(z), € R, is continuous and
bounded: sup,cp |V ()| = sup;ez [Vj| < oo since {V;}32_ € lw. Its graph is an
infinite broken line. We now show that V(z) = F « V(x), z € R. Let « € [§,j + 1].
Then, for k€ Z, x — ke [j—k,j+1—k| and

Fev)= [ Va-pFa)= Y V-0

k=—o

= > Vim o=k G-k (Vier—e=Vio) Mo = Vit (@) (Vi =V5) = V(2).
k=—o00

Applying Lemma 1, we see that V(z) is periodic with period 1. However, V; = 0 for

j €Z_.Hence V; =0 for all j € Z and 21 = 2| which proves the theorem. [
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