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ÌÀÑÑÈÂÀÌÈ ÏÅÐÅÑÅ×ÅÍÈÉ {50, 42, 1; 1, 2, 50} È {50, 42, 9; 1, 2, 42}
ÍÅ ÑÓÙÅÑÒÂÓÞÒ

À.À. ÌÀÕÍÅÂ, Ì.Ñ. ÍÈÐÎÂÀ

Abstract. Let Γ be a distance-regular graph and its local subgraphs are
isomorphic the Ho�man-Singleton graph. A.L. Gavrilyuk and A.A. Makh-
nev proved that Γ is the Terwilliger graph with intersection array {50, 42,
9; 1, 2, 42} or {50, 42, 1; 1, 2, 50}. In this paper we prove that Terwilliger
graphs with intersection arrays {50, 42, 1; 1, 2, 50} and {50, 42, 9; 1, 2, 42}
do not exist.

Keywords: distance-regular graph, Terwilliger graph, triple intersection
numbers.

Ââåäåíèå

Ìû ðàññìàòðèâàåì íåîðèåíòèðîâàííûå ãðàôû áåç ïåòåëü è êðàòíûõ ðåáåð.
Äëÿ âåðøèíû a ãðàôà Γ ÷åðåç Γi(a) îáîçíà÷èì i-îêðåñòíîñòü âåðøèíû a, òî
åñòü, ïîäãðàô, èíäóöèðîâàííûé Γ íà ìíîæåñòâå âñåõ âåðøèí, íàõîäÿùèõñÿ
íà ðàññòîÿíèè i îò a. Ïîëîæèì [a] = Γ1(a), a⊥ = {a} ∪ [a]. Ïóñòü Γ � ãðàô
äèàìåòðà d, i ∈ {1, 2, 3, ..., d}. Ãðàô Γi èìååò òî æå ñàìîå ìíîæåñòâî âåðøèí, è
âåðøèíû u,w ñìåæíû â Γi, åñëè dΓ(u,w) = i.

Åñëè âåðøèíû u,w íàõîäÿòñÿ íà ðàññòîÿíèè i â Γ, òî ÷åðåç bi(u,w) (÷å-
ðåç ci(u,w)) îáîçíà÷èì ÷èñëî âåðøèí â ïåðåñå÷åíèè Γi+1(u) (Γi−1(u)) ñ [w].
Ãðàô Γ äèàìåòðà d íàçûâàåòñÿ äèñòàíöèîííî ðåãóëÿðíûì ñ ìàññèâîì ïåðå-
ñå÷åíèé {b0, b1, . . . , bd−1; c1, . . . , cd}, åñëè çíà÷åíèÿ bi(u,w) è ci(u,w) íå çàâèñÿò
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îò âûáîðà âåðøèí u,w íà ðàññòîÿíèè i â Γ äëÿ ëþáîãî i = 0, ..., d. Ïîëîæèì
ai = k − bi − ci. Çàìåòèì, ÷òî äëÿ äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà b0 � ýòî
ñòåïåíü ãðàôà, c1 = 1. Äàëåå, ÷åðåç plij(x, y) îáîçíà÷èì ÷èñëî âåðøèí â ïîäãðà-
ôå Γi(x) ∩ Γj(y) äëÿ âåðøèí x, y, íàõîäÿùèõñÿ íà ðàññòîÿíèè l â ãðàôå Γ. Â
äèñòàíöèîííî ðåãóëÿðíîì ãðàôå ÷èñëà plij(x, y) íå çàâèñÿò îò âûáîðà âåðøèí

x, y, îáîçíà÷àþòñÿ plij è íàçûâàþòñÿ ÷èñëàìè ïåðåñå÷åíèé ãðàôà Γ [1]. Äèñòàí-
öèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {b0, b1; 1, c2} íà v âåðøèíàõ
ÿâëÿåòñÿ ñèëüíî ðåãóëÿðíûì ãðàôîì ñ ïàðàìåòðàìè (v, k, λ, µ), ãäå k = b0,
λ = k − b1 − 1, µ = c2. Ãðàôîì Õîôôìàíà-Ñèíãëòîíà íàçûâàåòñÿ ñèëüíî ðåãó-
ëÿðíûé ãðàô ñ ïàðàìåòðàìè (50, 7, 0, 1).

Íåïîëíûé ãðàô Γ íàçûâàåòñÿ ãðàôîì Òåðâèëëèãåðà (ñ ïàðàìåòðîì µ), åñëè
ïåðåñå÷åíèå îêðåñòíîñòåé ëþáûõ äâóõ åãî âåðøèí íà ðàññòîÿíèè 2 ÿâëÿåòñÿ
µ-êëèêîé.

Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô, â êîòîðîì ëîêàëüíûå ïîäãðàôû
(îêðåñòíîñòè âåðøèí) èçîìîðôíû ãðàôó Õîôôìàíà-Ñèíãëòîíà. Òîãäà Γ ÿâëÿ-
åòñÿ ãðàôîì Òåðâèëëèãåðà [2] è èìååò ìàññèâ ïåðåñå÷åíèé {50, 42, 9; 1, 2, 42} èëè
{50, 42, 1; 1, 2, 50} [3]. Ââèäó [1, òåîðåìà 1.16.3] â äèñòàíöèîííî ðåãóëÿðíîì ãðà-
ôå Òåðâèëëèãåðà ñ ìàññèâîì ïåðåñå÷åíèé {50, 42, 9; 1, 2, 42} èëè {50, 42, 1; 1, 2, 50}
ëîêàëüíûå ïîäãðàôû èçîìîðôíû ãðàôó Õîôôìàíà-Ñèíãëòîíà.

Â [1, p. 36] ñôîðìóëèðîâàíà ïðîáëåìà ñóùåñòâîâàíèÿ äèñòàíöèîííî ðåãóëÿð-
íûõ ãðàôîâ Òåðâèëëèãåðà ñ ìàññèâàìè ïåðåñå÷åíèé {50, 42, 9; 1, 2, 42} è {50, 42,
1; 1, 2, 50}. Â [4] íàéäåíû âîçìîæíûå àâòîìîðôèçìû äèñòàíöèîííî ðåãóëÿðíûõ
ãðàôîâ Òåðâèëëèãåðà ñ ìàññèâàìè ïåðåñå÷åíèé {50, 42, 9; 1, 2, 42} è {50, 42, 1; 1,
2, 50}. Îêàçàëîñü, ÷òî ãðóïïà àâòîìîðôèçìîâ ëþáîãî èç ýòèõ ãðàôîâ èìååò
íå÷åòíûé ïîðÿäîê.

Â äàííîé ðàáîòå äîêàçàíî íåñóùåñòâîâàíèå ýòèõ äèñòàíöèîííî ðåãóëÿðíûõ
ãðàôîâ Òåðâèëëèãêðà.

Â òåîðåìå 1 óäàëîñü ïîëó÷èòü áîëåå ñèëüíûé ðåçóëüòàò � äîêàçàíî íåñóùå-
ñòâîâàíèå ïðîèçâîëüíîãî äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà ñ ìàññèâîì ïåðåñå-
÷åíèé {50, 42, 1; 1, 2, 50}.

Òåîðåìà 1. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {50, 42, 1;
1, 2, 50} íå ñóùåñòâóåò.

Òåîðåìà 2. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô Òåðâèëëèãåðà ñ ìàññèâîì ïåðå-
ñå÷åíèé {50, 42, 9; 1, 2, 42} íå ñóùåñòâóåò.

1. Òðîéíûå ÷èñëà ïåðåñå÷åíèé

Â ðàáîòå èñïîëüçóþòñÿ òðîéíûå ÷èñëà ïåðåñå÷åíèé [5].
Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà d. Åñëè u1, u2, u3 �

âåðøèíû ãðàôà Γ, r1, r2, r3 � íåîòðèöàòåëüíûå öåëûå ÷èñëà, íå áîëüøèå d,

òî
{

u1u2u3

r1r2r3

}
� ìíîæåñòâî âåðøèí w ∈ Γ òàêèõ, ÷òî d(w, ui) = ri,

[
u1u2u3

r1r2r3

]
=

|
{

u1u2u3

r1r2r3

}
|. ×èñëà

[
u1u2u3

r1r2r3

]
íàçûâàþòñÿ òðîéíûìè ÷èñëàìè ïåðåñå÷åíèé. Äëÿ

ôèêñèðîâàííîé òðîéêè âåðøèí u1, u2, u3 âìåñòî
[
u1u2u3

r1r2r3

]
áóäåì ïèñàòü [r1r2r3].

Ê ñîæàëåíèþ, äëÿ ÷èñåë [r1r2r3] íåò îáùèõ ôîðìóë. Îäíàêî, â [5] ïðåäëîæåí
ìåòîä âû÷èñëåíèÿ íåêîòîðûõ ÷èñåë [r1r2r3].
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Ïóñòü u, v, w � âåðøèíû ãðàôà Γ, W = d(u, v), U = d(v, w), V = d(u,w). Òàê
êàê èìååòñÿ òî÷íî îäíà âåðøèíà x = u òàêàÿ, ÷òî d(x, u) = 0, òî ÷èñëî [0jh]
ðàâíî 0 èëè 1. Îòñþäà èìååì [0jh] = δjW δhV . Àíàëîãè÷íî, [i0h] = δiW δhU è
[ij0] = δiUδjV .

Äðóãîå ìíîæåñòâî óðàâíåíèé ìîæíî ïîëó÷èòü, ôèêñèðóÿ ðàññòîÿíèå ìåæäó
äâóìÿ âåðøèíàìè èç {u, v, w}, è ñîñ÷èòàâ ÷èñëî âåðøèí, íàõîäÿùèõñÿ íà âñåõ
âîçìîæíûõ ðàññòîÿíèÿõ îò òðåòüåé, ïîëó÷èì:

d∑
l=1

[ljh] = pUjh − [0jh],

d∑
l=1

[ilh] = pVih − [i0h],

d∑
l=1

[ijl] = pWij − [ij0] (+).

Ïðè ýòîì íåêîòîðûå òðîéêè èñ÷åçàþò. Ïðè |i− j| > W èëè i+ j < W èìååì
pWij = 0, ïîýòîìó [ijh] = 0 äëÿ âñåõ h ∈ {0, ..., d}.

Çàôèêñèðóåì âåðøèíû u, v, w äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà Γ äèàìåòðà

3 è ïîëîæèì {ijh} =
{

uvw
ijh

}
, [ijh] =

[
uvw
ijh

]
, [ijh]′ =

[
uvw
ihj

]
, [ijh]∗ =

[
uvw
jih

]
è

[ijh]∼ =
[
uvw
hji

]
. Â ñëó÷àÿõ d(u, v) = d(u,w) = d(v, w) = 2 èëè d(u, v) = d(u,w) =

d(v, w) = 3 âû÷èñëåíèå ÷èñåë [ijh]′ =
[
uwv
ihj

]
, [ijh]∗ =

[
vuw
jih

]
è [ijh]∼ =

[
wvu
hji

]
(ñèììåòðèçàöèÿ ìàññèâà òðîéíûõ ÷èñåë ïåðåñå÷åíèé, àíàëîãè÷íàÿ ñèììåòðè-
çàöèè òåíçîðîâ â òåíçîðíîé àëãåáðå) ìîæåò äàòü íîâûå ñîîòíîøåíèÿ, ïîçâîëÿ-
þùèå äîêàçàòü íåñóùåñòâîâàíèå ãðàôà.

2. Äîêàçàòåëüñòâî òåîðåìû 1

Â ýòîì ðàçäåëå Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé
{50, 42, 1; 1, 2, 50}. Òîãäà ãðàô èìååò ñïåêòð 501, 10357,−150,−5714, 1+50+1050+
21 = 1122 âåðøèí, Γ3 � îáúåäèíåíèå 51 èçîëèðîâàííûõ 22-êëèê, è äóàëüíàÿ
ìàòðèöà ñîáñòâåííûõ çíà÷åíèé ðàâíà

Q =


1 357 50 714
1 357

5 −1 − 357
5

1 − 17
5 −1 17

5
1 −17 50 −34

 .

Ëåììà 1. Äëÿ ÷èñåë ïåðåñå÷åíèé ãðàôà Γ âåðíû ðàâåíñòâà
(1) p1

11 = 7, p1
21 = 42, p1

32 = 21, p1
22 = 987, p1

33 = 0;
(2) p2

11 = 2, p2
12 = 47, p2

13 = 1, p2
22 = 982, p2

23 = 20, p2
33 = 0;

(3) p3
12 = 50, p3

13 = 0, p3
22 = 1000, p3

23 = 0, p3
33 = 20.

Äîêàçàòåëüñòâî. Ïðÿìûå âû÷èñëåíèÿ. �

Çàôèêñèðóåì âåðøèíû u, v, w ãðàôà Γ è ïîëîæèì {ijh} =
{

uvw
ijh

}
, [ijh] =[

uvw
ijh

]
.

Ïîëîæèì ∆ = Γ2(u), Λ = ∆2. Òîãäà Λ � ðåãóëÿðíûé ãðàô ñòåïåíè p2
22 = 982

íà k2 = 1050 âåðøèíàõ.

Ëåììà 2. Ïóñòü d(u, v) = d(u,w) = 2, d(v, w) = 1. Òîãäà äëÿ r3 = [322] è
r4 = [212] âåðíû ðàâåíñòâà:

(1) [111] = −r3 + r4 − 20, [112] = [121] = r3 − r4 + 22, [122] = −r3 + r4 + 24,
[123] = [132] = 1;
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(2) [211] = −r4 + 46, [212] = [221] = r4, [222] = −r4 + 962, [223] = [232] = 20;
(3) [311] = r3 − 19, [312] = [321] = −r3 + 20, [322] = r3,
ãäå r3 ∈ {19, 20}, r4 ∈ {39, 40, ..., 42}.

Äîêàçàòåëüñòâî. Ðåøàÿ ñèñòåìó ëèíåéíûõ óðàâíåíèé, çàäàííûõ ôîðìóëàìè
(+) è ââîäÿ íåçàâèñèìûå ïåðåìåííûå r3 = [322] è r4 = [212], ïîëó÷èì ðàâåíñòâà
èç çàêëþ÷åíèÿ ëåììû. Ó÷èòûâàÿ íåîòðèöàòåëüíîñòü òðîéíûõ ÷èñåë ïåðåñå÷å-
íèé, ïîëó÷èì âêëþ÷åíèÿ r3 ∈ {19, 20}, r4 ∈ {39, 40, ..., 42}. �

Ïî ëåììå 2 èìååì 920 ≤ [222] = −r4 + 962 ≤ 923.
Ïàðàìåòðû r1 (âîçíèêàåò ïðè âû÷èñëåíèè òðîéíûõ ÷èñåë ïåðåñå÷åíèé äëÿ

âåðøèí ñ d(u, v) = d(u,w) = d(v, w) = 1) è r2 (âîçíèêàåò ïðè âû÷èñëåíèè
òðîéíûõ ÷èñåë ïåðåñå÷åíèé äëÿ âåðøèí ñ d(u, v) = 2, d(u,w) = d(v, w) = 1) â
ðàáîòå íå èñïîëüçóþòñÿ.

Ëåììà 3. Ïóñòü d(u, v) = d(u,w) = 2, d(v, w) = 3. Òîãäà âåðíû ðàâåíñòâà:
(1) [112] = [121] = 2, [122] = 45, [133] = 1;
(2) [212] = [221] = 47, [222] = 935, [233] = 19;
(3) [312] = [321] = 1, [322] = 19.

Äîêàçàòåëüñòâî. Óïðîùåíèå ôîðìóë (+). �

Ïî ëåììå 3 èìååì [222] = 935.

Ëåììà 4. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 2. Òîãäà äëÿ r5 = [221], r6 =
[212], r7 = [112] è r8 = [111] âåðíû ðàâåíñòâà:

(1) [111] = r8, [112] = r7, [113] = −r7 − r8 + 2, [121] = −r5 + r6 + r7, [122] =
r5 − r6 − 2r7 − r8 + 48, [123] = r7 + r8 − 1, [131] = r5 − r6 − r7 − r8 + 2, [132] =
−r5 + r6 + r7 + r8 − 1;

(2) [211] = −r6 − r7 − r8 + 48, [212] = r6, [213] = r7 + r8 − 1, [221] = r5,
[222] = −r5 + r7 + r8 + 960, [223] = −r7 − r8 + 21, [231] = −r5 + r6 + r7 + r8 − 1,
[232] = r5 − r6 − r7 − r8 + 21;

(3) [311] = r6 + r7 − 46, [312] = [321] = −r6 − r7 + 47, [322] = r6 + r7 − 27,
ãäå r5, r6 ∈ {44, 45, 46, 47}, r7, r8 ∈ {0, 1, 2}.

Äîêàçàòåëüñòâî. Óïðîùåíèå ôîðìóë (+) êàê â äîêàçàòåëüñòâå ëåììû 2. �

Ïî ëåììå 4 èìååì 913 ≤ [222] = −r5 + r7 + r8 + 960 ≤ 920.

Òàê êàê p2
12 = 47, p2

23 = 20, òî ââèäó ëåìì 2, 3 äëÿ ÷èñëà ðåáåð e ìåæäó
Λ(v) è Λ2(v) â ãðàôå Λ èìååì íåðàâåíñòâà 61940 = 47 · 920 + 20 · 935 ≤ e ≤
47 · 923 + 20 · 935 = 62081. Ïî àíàëîãèè ñ ïðÿìîóãîëüíûì ñîîòíîøåíèåì k(k −
λ − 1) = (v − k − 1)µ äëÿ âïîëíå ðåãóëÿðíîãî ãðàôà ñ ïàðàìåòðàìè (v, k, λ, µ)
ïîëó÷èì ðàâåíñòâî e = 982(981−λ), ãäå λ � ñðåäíåå çíà÷åíèå ïàðàìåòðà λ(Λ).
Ïîýòîìó 63.07 ≤ 981− λ ≤ 63.22 è 917.78 ≤ λ ≤ 917.93. Çäåñü ñðåäíåå çíà÷åíèå
ïàðàìåòðà λ(Λ) ðàâíî

∑
i[222]i/982.

Ñèììåòðèçàöèÿ äëÿ âåðøèí u, v, w ñ d(u, v) = d(u,w) = d(v, w) = 2. Èìååì
[111] = r8 = r′8 = r∗8 = r∼8 , [112] = r7 = r∗7 , [212] = r6 = r∼6 , [221] = r5 = r∗5 è

r′6 = r5.
Òàê êàê [112] = r7 = r∗7 , òî r

′
7 = (r∼7 )∗, ïîýòîìó [121] = −r5 + r6 + r7 =

[211]∗ = −r∗6 − r∗7 − r∗8 + 48 è r6 + r7 + r∗6 + r∗7 + r∗8 = r5 + 48. Àíàëîãè÷íî,
[212] = r6 = r∼6 , r

′
6 = (r∗17)∼, ïîýòîìó [221]∼ = r∼5 = [122] = r5−r6−2r7−r8 +48

è r6 + 2r7 + r8 + r∼5 = r5 + 48. Ñðàâíèâàÿ ñ r6 + r7 + r∗6 + r∗7 + r∗8 = r5 + 48,
ïîëó÷èì r∗6 = r∼5
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Íàêîíåö, [221] = r5 = r∗5 , r
′
5 = (r∼5 )∗, ïîýòîìó [212]∗ = r∗6 = [122] = r5 − r6 −

2r7− r8 + 48 è r∗6 + r6 + 2r7 + r8 = r5 + 48, [131] = r5− r6− r7− r8 + 2 = [113]′ =
−r′7 − r′8 + 2, ïîýòîìó r5 − r6 = r7 − r′7.

Ëåììà 5. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 2. Òîãäà âûïîëíÿþòñÿ ñëåäóþ-
ùèå óòâåðæäåíèÿ:

(1) åñëè r6 + r7 = 46, òî r5 = r6 = 45, r7 = r8 = 1 è ìû èìååì ñèììåòðè-
çîâàííûé ìàññèâ

[111] = [112] = [121] = 1, [113] = [131] = 0, [122] = 45, [123] = [132] = 1;
[211] = 1, [212] = [221] = 45, [213] = [231] = 1, [222] = 917, [223] = [232] = 19;
[311] = 0, [312] = [321] = 1, [322] = 19;
(2) åñëè r6 + r7 = 47, òî r5 = r6 = 45, r7 = r8 = 1 è
[111] = 0, [112] = 2, [113] = 0, [121] = 1, [122] = 45, [123] = 1, [131] = 1,

[132] = 0;
[211] = 1, [212] = 45, [213] = 1, [221] = 46, [222] = 916, [223] = 19, [231] = 0,

[232] = 20;
[311] = 1, [312] = [321] = 0, [322] = 20.

Äîêàçàòåëüñòâî. Ïî ëåììå 4 èìååì 46 ≤ r6 + r7 ≤ 47.
Ïóñòü r6 + r7 = 46. Òàê êàê [311] = r6 + r7 − 46 = 0, [131] = r5 − r8 − 44,

[113] = −r7 − r8 + 2, [121] = −r5 + r6 + r7, òî 44 + r8 ≤ r5 ≤ 46, 0 = [131]∗ =
r∗5 − r∗8 − 44 = r5 − r8 − 44 è r5 = r8 + 44. Îòñþäà r5 = r′5 = [212] = r6 è
r5 = r∼5 = [122] = r5−r7−r8 +2, ïîýòîìó r7 +r8 = 2, r7 = r8 = 1 è âûïîëíÿþòñÿ
ðàâåíñòâà èç óòâåðæäåíèÿ (1) ëåììû.

Ïóñòü r6 + r7 = 47. Òîãäà [312] = [321] = −r6 − r7 + 47 = 0. Äàëåå, [231] =
[132] = −r5 + r8 + 46. Îòñþäà r5 = r∼5 = [122] = r5 − r7 − r8 + 2 è r7 + r8 = 2.
Òåïåðü 0 = [123]∼ = r∼7 + r∼8 − 1 = r∼7 + r∼8 − 1 è r∼7 + r8 = 1. Ñðàâíèâàÿ ñ
r7 +r8 = 2, ïîëó÷èì r7−r∼7 = 1. Åñëè r7 = r8 = 1, òî 0 = r∼7 = [211] = −r6 +46,
ïðîòèâîðå÷èå. Çíà÷èò, r7 = 2, r8 = 0, r6 = 45, r5 = 46 è

(1) [111] = 0, [112] = 2, [113] = 0, [121] = 1, [122] = 45, [123] = 1, [131] = 1,
[132] = 0;

(2) [211] = 1, [212] = 45, [213] = 1, [221] = 46, [222] = 916, [223] = 19, [231] = 0,
[232] = 20;

(3) [311] = 1, [312] = [321] = 0, [322] = 20, �

Ïî ëåììå 5 èìååì [222] ∈ {916, 917}. Ïðîòèâîðå÷èå ñ òåì, ÷òî ñðåäíåå çíà-
÷åíèå ïàðàìåòðà λ(Λ), íàéäåííîå ïîñëå ëåììû 4, áîëüøå 917.

Òåîðåìà 1 äîêàçàíà.

3. Äîêàçàòåëüñòâî òåîðåìû 2

Â ýòîì ðàçäåëå Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô Òåðâèëëèãåðà ñ ìàññè-
âîì ïåðåñå÷åíèé {50, 42, 9; 1, 2, 42}. Òîãäà ãðàô èìååò ñïåêòð 501, 11350,−1390,
−6585, 1 + 50 + 1050 + 225 = 1326 âåðøèí, è äóàëüíàÿ ìàòðèöà ñîáñòâåííûõ
çíà÷åíèé ðàâíà

Q =


1 350 390 585
1 77 − 39

5 − 351
5

1 −1 − 39
5

39
5

1 −14 182
5 − 117

5

 .

Ëåììà 6. Äëÿ ÷èñåë ïåðåñå÷åíèé ãðàôà Γ âåðíû ðàâåíñòâà
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(1) p1
11 = 7, p1

21 = 42, p1
32 = 189, p1

22 = 819, p1
33 = 36;

(2) p2
11 = 2, p2

12 = 39, p2
13 = 9, p2

22 = 830, p2
23 = 180, p2

33 = 36;
(3) p3

12 = 42, p3
13 = 8, p3

22 = 840, p3
23 = 168, p3

33 = 48.

Äîêàçàòåëüñòâî. Ïðÿìûå âû÷èñëåíèÿ. �

Çàôèêñèðóåì âåðøèíû u, v, w ãðàôà Γ è ïîëîæèì {ijh} =
{

uvw
ijh

}
, [ijh] =[

uvw
ijh

]
.

Ïîëîæèì ∆ = Γ2(u), Λ = ∆2. Òîãäà Λ � ðåãóëÿðíûé ãðàô ñòåïåíè p2
22 = 830

íà k2 = 1050 âåðøèíàõ.

Ëåììà 7. Ïóñòü d(u, v) = d(u,w) = 2, d(v, w) = 1. Òîãäà âåðíû ðàâåíñòâà:
(1) [111] = −s8 + 2, [112] = [121] = s8, [122] = −s5− s8 + 39, [123] = [132] = s5

[133] = −s5 + 9;
(2) [211] = s7 + s8− 4, [212] = [221] = −s7− s8 + 42, [222] = s5− s6 + s8 + 779,

[223] = [232] = −s5 + s6 + s7 + 9, [233] = s5 − s6 − s7 + 171;
(3) [311] = −s7+9, [312] = [321] = s7, [322] = s6, [323] = [332] = −s6−s7+180,

[333] = s6 + s7 − 144,
ãäå s5 ∈ {0, 1, ..., 9}, s6 ∈ {135, 136, ..., 178}, s7 ∈ {2, 3, ..., 9}, s8 ∈ {0, 1, 2}.

Äîêàçàòåëüñòâî. Ðåøàÿ ñèñòåìó ëèíåéíûõ óðàâíåíèé, çàäàííûõ ôîðìóëàìè
(+), è ââîäÿ íåçàâèñèìûå ïåðåìåííûå s5 = [123],s6 = [322], s7 = [312], è
s8 = [112], ïîëó÷èì ðàâåíñòâà èç çàêëþ÷åíèÿ ëåììû. Ó÷èòûâàÿ íåîòðèöà-
òåëüíîñòü òðîéíûõ ÷èñåë ïåðåñå÷åíèé, ïîëó÷èì âêëþ÷åíèÿ s5 ∈ {0, 1, ..., 9},
s6 ∈ {135, 136, ..., 178}, s7 ∈ {2, 3, ..., 9}, s8 ∈ {0, 1, 2}. �

Ïî ëåììå 7 èìååì 601 ≤ [222] = s5 − s6 + s8 + 779 ≤ 655. Òàê êàê {v, w} ∪
Λ(v) ∪ Λ(w) ñîäåðæèò 1662− [222] âåðøèí, òî 612 ≤ [222].

Ëåììà 8. Ïóñòü d(u, v) = d(u,w) = 2, d(v, w) = 3. Òîãäà äëÿ s23 = [312],
s24 = [222], s25 = [231], s26 = [212], s27 = [121] è s28 = [113] âåðíû ðàâåíñòâà:

(1) [112] = −s23−s26 +42, [113] = s23 +s26−40, [121] = s27, [122] = s23 +s26−
s27 + s28−10, [123] = −s23− s26− s28 + 49, [131] = −s27 + 2, [132] = s27− s28 + 7,
[133] = s28;

(2) [212] = s26, [213] = −s26 + 39, [221] = −s25 + 39, [222] = s24, [223] =
−s24 +s25 +791, [231] = s25, [232] = −s24−s26 +830, [233] = s24−s25 +s26−651;

(3) [312] = s23, [313] = −s23 +9, [321] = s25−s27 +3, [322] = −s23−s24−s26 +
s27 − s28 + 849, [323] = s23 + s24 − s25 + s26 + s28 − 672, [331] = −s25 + s27 + 6,
[332] = s24 + s26 − s27 + s28 − 669, [333] = −s24 + s25 − s26 − s28 + 699,
ãäå s23 ∈ {1, 2, ..., 9}, s24 ∈ {623, 624, ..., 676}, s25 ∈ {0, 1, ..., 8}, s26 ∈ {31, 32, ...,
39}, s27 ∈ {0, 1, 2}, s28 ∈ {0, 1, ..., 9}.

Äîêàçàòåëüñòâî. Óïðîùåíèå ôîðìóë (+) êàê â äîêàçàòåëüñòâå ëåììû 7. �

Ïî ëåììå 8 èìååì 623 ≤ [222] = s24 ≤ 676.

Ëåììà 9. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 2. Òîãäà äëÿ s15 = [222], s16 =
[311], s17 = [113], s18 = [333], s19 = [122], s20 = [112], s21 = [231] è s22 = [321]
âåðíû ðàâåíñòâà:

(1) [111] = −s17−s20+2, [112] = s20, [113] = s17, [121] = −s16+s17+s20+s21−
s22, [122] = s19, [123] = s16−s17−s19−s20−s21 +s22 +39, [131] = s16−s21 +s22,
[132] = −s19 − s20 + 39, [133] = −s16 + s19 + s20 + s21 − s22 − 30;
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(2) [211] = −s16 + s17 + s20, [212] = −s15 + s16 − s18 − s19 − s20 + s22 + 715,
[213] = s15 − s17 + s18 + s19 − s22 − 676, [221] = s16 − s17 − s20 − s21 + 39,
[222] = s15, [223] = −s15 − s16 + s17 + s20 + s21 + 790, [231] = s21, [232] =
−s16 + s18 + s19 + s20 − s22 + 114, [233] = s16 − s18 − s19 − s20 − s21 + s22 + 66;

(3) [311] = s16, [312] = s15 − s16 + s18 + s19 − s22 − 676, [313] = −s15 − s18 −
s19 + s22 + 685, [321] = s22, [322] = −s15− s19 + 829, [323] = s15 + s19− s22− 649,
[331] = −s16 − s22 + 9, [332] = s16 − s18 + s22 + 27, [333] = s18,

ãäå s15 ∈ {610, 611, ..., 666}, s16, s17, s20 ∈ {0, 1, ..., 2}, s18 ∈ {0, 1, ..., 36}, s19 ∈
{28, 29, ..., 39}, s21, s22 ∈ {0, 1, ..., 9}.

Äîêàçàòåëüñòâî. Óïðîùåíèå ôîðìóë (+) êàê â äîêàçàòåëüñòâå ëåììû 7. �

Ïî ëåììå 9 èìååì s16 ≤ s17 + s20 ≤ 2 è 610 ≤ [222] = s15 ≤ 666.
Ñèììåòðèçàöèÿ. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 2. Òîãäà [112] = s20 =

s∗20, [113] = s17 = s∗17, [122] = s19 = s′19, [222] = s15 = s′15 = s∗15 = s∼15, [311] =
s16 = s′16, [333] = s18 = s′18 = s∗18 = s∼18, [231] = s21 = [321]∗ = s∗22 è [111] =
−s17 − s20 + 2, ïîýòîìó s17 + s20 = s′17 + s′20 = s∼17 + s∼20.

Äàëåå, [113] = s17 = [311]∼ = s∼16, [121] = −s16 +s17 +s20 +s21−s22 = [112]′ =
s′20, ïîýòîìó s17+s20+s21 = s16+s′20+s22. Ñ ó÷åòîì ðàâåíñòâà s17+s20 = s′17+s′20

ïîëó÷èì s′17 + s21 = s16 + s22. Àíàëîãè÷íî, [112] = s20 = s∗20 âëå÷åò s
′
20 = (s∼20)∗,

ïîýòîìó [121] = −s16 + s17 + s20 + s21 − s22 = [211]∗ = −s∗16 + s∗17 + s∗20 è
s21 − s22 = s16 − s∗16.

Òàê êàê [122] = s19 = s′19, òî s
∗
19 = (s∼19)′, ïîýòîìó [212] = −s15+s16−s18−s19−

s20+s22+715 = [221]′ = s′16−s′17−s′20−s′21+39 è s15+s18+s19 = s17+s′21+s22+676.
Èìååì [311] = s16 = s′16, s

∗
16 = (s∼16)′, ïîýòîìó [131] = s16 − s21 + s22 = [113]′ =

s′17.

Ëåììà 10. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 2. Åñëè s17 + s20 = 0, òî s16 =
0, s21 = s22 = 0, s19 = 39, s15 + s18 + s19 = 676 è ìû èìååì ñèììåòðèçîâàííûé
ìàññèâ

[111] = 2, [112] = [113] = [121] = [131] = 0, [122] = s19, [123] = [132] = 0,
[133] = 9;

[211] = 0, [212] = [221] = 39, [213] = [231] = 0, [222] = s15, [223] = [232] =
−s15 + 790, [233] = s15 − 610;

[311] = [312] = [321] = 0, [313] = [331] = 9, [322] = −s15 + 790, [323] = [332] =
s15 − 610, [333] = 637− s15.

Äîêàçàòåëüñòâî. Ïóñòü s17+s20 = 0. Òîãäà [111] = 2 è [112] = [121] = [211] = 0.
Îòñþäà [211] = −s16 = 0 è s21 = s22. Òàê êàê [123] = −s19 + s22 + 39 = [132]′ =
−s′19 + 39, òî s22 = 0. Äàëåå, [213]′ = s′15 + s′18 + s′19 − 676 = [231] = 0, ïîýòîìó
s′15 + s′18 + s′19 = s15 + s18 + s19 = 676. Íàêîíåö, [323] = s15 + s19 − 649 =
s∼15 + s∼19 − 649, ïîýòîìó s19 = s∼19, èç ðàâåíñòâ 0 = [321] = [123]∼ = −s∼19 + 39
ñëåäóåò, ÷òî s19 = 39 è ìû èìååì ñèììåòðèçîâàííûé ìàññèâ

[111] = 2, [112] = [113] = [121] = [131] = 0, [122] = s19, [123] = [132] = 0,
[133] = 9;

[211] = 0, [212] = [221] = 39, [213] = [231] = 0, [222] = s15, [223] = [232] =
−s15 + 790, [233] = s15 − 610;

[311] = [312] = [321] = 0, [313] = [331] = 9, [322] = −s15 + 790, [323] = [332] =
s15 − 610, [333] = 637− s15. �
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Çàâåðøèì äîêàçàòåëüñòâî òåîðåìû 2. Çàôèêñèðóåì ðåáðî {y, z} èç Γ. Òàê
êàê îêðåñòíîñòè âåðøèí â Γ èçîìîðôíû ãðàôó Õîôìàíà-Ñèíãëòîíà, òî [y] ∩
[z] = {u1, ..., u7} ÿâëÿåòñÿ êîêëèêîé. Ïðèìåíèì ëåììó 10 ê òðîéêå âåðøèí
(u1, ui, uj) âìåñòî (u, v, w). Çàìåòèì, ÷òî [u1]∩ [ui] = [u1]∩ [uj ] = {y, z}, ïîýòîìó
[112] = s20 = [113] = s17 = 0. Ïî ëåììå 10 ïîäãðàô [u1] ñîäåðæèò 9 âåðøèí èç
Γ3(ui)∩Γ3(uj). Íàïîìíèì, ÷òî b2 = 9, ñëåäîâàòåëüíî, [u1] ñîäåðæèò 9 âåðøèí èç
Γ3(u2)∩...∩Γ3(u7). Îòñþäà Γ3(u6)∩Γ3(u7) ñîäåðæèò ïî 9 âåðøèí èç [u1], ..., [u5],
âñåãî 45 âåðøèí èç [u1] ∪ ... ∪ [u5]. Ïðîòèâîðå÷èå ñ òåì, ÷òî p2

33 = 36.
Òåîðåìà 2 äîêàçàíà.
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