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ÎÁ ÎÄÍÎÌ ÍÅÎÁÕÎÄÈÌÎÌ ÓÑËÎÂÈÈ ÐÅÃÓËßÐÍÎÑÒÈ

P -ÃÐÓÏÏÛ È ÅÃÎ ÏÐÈËÎÆÅÍÈÈ Ê ÂÎÏÐÎÑÓ ÂÅÐÔÐÈÖÀ

Ñ.Ã. ÊÎËÅÑÍÈÊÎÂ, Â.Ì. ËÅÎÍÒÜÅÂ

Abstract. We obtain a necessary condition for the regularity of a p-
group in terms of segments of P. Hall's collection formula. For any prime
number p such that (p + 2)/3 is an integer, it is proved that the Sylow
p-subgroup of the group GLn(Zpm) is not regular if n > (p + 2)/3 and
m > 3. We also list all regular Sylow p-subgroups of the Chevalley group
of type G2 over the ring Zpm .

Keywords: regular p-group, linear group, Chevalley group.

1. Ââåäåíèå

Â 1982 ã. Á. Âåðôðèö ïîñòàâèë â Êîóðîâñêîé òåòðàäè [1] âîïðîñ 8.3: äëÿ
êàêèõ n, m, p ñèëîâñêàÿ p -ïîäãðóïïà Pn(Zpm) ãðóïïû GLn(Zpm) íàä êîëüöîì
âû÷åòîâ öåëûõ ÷èñåë Zpm ðåãóëÿðíà? Íàïîìíèì, ÷òî êîíå÷íàÿ p -ãðóïïà G
íàçûâàåòñÿ ðåãóëÿðíîé, åñëè äëÿ ëþáûõ äâóõ ýëåìåíòîâ a, b ∈ G è ëþáîãî
n = pk èìååò ìåñòî ðàâåíñòâî (ab)n = anbnSn

1 . . . Sn
t , ãäå S1,. . . , St � ïîäõîäÿ-

ùèå ýëåìåíòû êîììóòàíòà ãðóïïû, ïîðîæäåííîé ýëåìåíòàìè a è b [2, c.205].
Îòâåò íà âîïðîñ èçâåñòåí â ñëåäóþùèõ ñëó÷àÿõ: nm−1 < p (ñëåäóåò èç ðàáîòû
Þ. È. Ìåðçëÿêîâà [3]), n > p + 1 (À. Â. ßãæåâ [4] ), n > (p + 1)/2 èëè n2 < p
(Ñ. Ã. Êîëåñíèêîâ [5], [6]). Â ðàáîòå ïîëó÷åíî íåîáõîäèìîå óñëîâèå ðåãóëÿðíî-
ñòè, êîòîðîå ïîçâîëÿåò ÷àñòè÷íî èññëåäîâàòü ñëó÷àé n > (p + 1)/3, à òàêæå
ïîëó÷èòü ïîëíîå ðåøåíèå àíàëîãà ýòîãî âîïðîñà äëÿ ñèëîâñêîé p-ïîäãðóïïû
PΦ(Zpm) ãðóïïû Øåâàëëå Φ(Zpm) äëÿ Φ òèïà G2.

Kolesnikov, S.G., Leontiev, V.M., One necessary condition for the regularity of

a p-group and its application to Wehrfritz's problem.
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Òåîðåìà 1. Åñëè êîíå÷íàÿ p-ãðóïïà G ðåãóëÿðíà, òî äëÿ ëþáûõ a, b ∈ G
ñóùåñòâóåò ýëåìåíò d ∈ ⟨a, b⟩′ òàêîé, ÷òî

dp =
∏

R
fi(p)
i ,

ãäå ïðîèçâåäåíèå áåð¼òñÿ ïî âñåì êîììóòàòîðàì Ri âåñà w(Ri) > p èç ñîáèðà-
òåëüíîé ôîðìóëû Ô. Õîëëà. Â ÷àñòíîñòè, äëÿ ëþáîãî öåëîãî íåîòðèöàòåëü-
íîãî ÷èñëà j

dp ≡
∏

p6w(Ri)6p+j

R
fi(p)
i (mod G(p+j+1)),

ãäå G(p+j+1) � (p+ j + 1)-é ÷ëåí íèæíåãî öåíòðàëüíîãî ðÿäà ãðóïïû G.

Èç òåîðåìû 1 è òåîðåìû 3 â [7] âûòåêàåò

Ñëåäñòâèå 1. Ïóñòü G ðåãóëÿðíàÿ p-ãðóïïà, p > 2, è a, b ∈ G. Ïðåäïîëîæèì,
÷òî âñÿêèé êîììóòàòîð îò a è b : 1) èìåþùèé áîëåå äâóõ âõîæäåíèé b, ðàâåí
1, 2) âåñà áîëüøå, ÷åì p−1, èìååò ïîðÿäîê 1 èëè p. Òîãäà ñóùåñòâóåò ýëåìåíò
d ∈ ⟨a, b⟩′ òàêîé, ÷òî

dp ≡ [b, p−1a] [b, p−2a, b]
−1

(p−3)/2∏
v=1

[[b, p−2−va], [b, va]]
(−1)v+1

(mod G(p+1)).

Òåîðåìà 2. Ïóñòü p òàêîå íå÷¼òíîå ïðîñòîå ÷èñëî, ÷òî ÷èñëî (p + 2)/3 �
öåëîå. Òîãäà ãðóïïà Pn(Zpm) íå ÿâëÿåòñÿ ðåãóëÿðíîé, åñëè n > (p + 2)/3 è
m > 3.

Ïðè ýòîì â [8] ïîêàçàíî, ÷òî ãðóïïû Pn(Zpm) ïðè m > 2, p > 5, n 6 (p−1)/2
óäîâëåòâîðÿþò ïåðå÷èñëåííûì â [2] óñëîâèÿì ðåãóëÿðíîñòè.

Òåîðåìà 3. Ãðóïïà PG2(Zpm) ðåãóëÿðíà òîãäà è òîëüêî òîãäà, êîãäà p > 17
èëè (m, p) ∈ {(1, 7), (1, 11), (1, 13), (2, 13)}.

2. Äîêàçàòåëüñòâî òåîðåìû 1 è ñëåäñòâèÿ 1. Âñïîìîãàòåëüíûå

óòâåðæäåíèÿ

Äîêàæåì òåîðåìó 1. Ïóñòü a, b ∈ G. Ïî òåîðåìå 12.4.2 èç [2], ñóùåñòâóåò
ýëåìåíò c ∈ ⟨a, b⟩′ òàêîé, ÷òî (ab)p = apbpcp. Ñ äðóãîé ñòîðîíû, ñîãëàñíî [9,
òåîðåìà 3.1], ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü êîììóòàòîðîâ Ri îò a è b, óïîðÿ-
äî÷åííûõ ïî âåñó, è ïîñëåäîâàòåëüíîñòü öåëûõ ÷èñåë fi(p) òàêèå, ÷òî

(ab)p = apbp
∏

26w(Ri)<p

R
fi(p)
i

∏
w(Ri)>p

R
fi(p)
i .

Òàê êàê ãðóïïà G ðåãóëÿðíà, à ïîêàçàòåëè fi(p) êðàòíû p, êîãäà 2 6 w(Ri) < p,
òî ïî ñëåäñòâèþ 12.4.1 èç [2] ñóùåñòâóåò ýëåìåíò u ∈ ⟨a, b⟩′ òàêîé, ÷òî

up =
∏

26w(Ri)<p

R
fi(p)
i .

Îòñþäà

apbpcp = apbpup
∏

26w(Ri)<p

R
fi(p)
i

èëè ∏
26w(Ri)<p

R
fi(p)
i = (u−1)pcp = dp
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äëÿ íåêîòîðîãî d ∈ ⟨a, b⟩′. Òåîðåìà 1 äîêàçàíà.

Çàìå÷àíèå. Äëÿ ëþáîãî öåëîãî ÷èñëà m è ëþáîãî öåëîãî íåîòðèöàòåëüíîãî
÷èñëà n ìû èñïîëüçóåì êëàññè÷åñêîå îïðåäåëåíèå áèíîìèàëüíîãî êîýôôèöèåí-
òà: (

n

m

)
=

 1
m!

m−1∏
i=0

(n− i), åñëè m > 0;

0, åñëè m < 0.

Ïðè òàêîì îïðåäåëåíèè ñïðàâåäëèâî ñîîòíîøåíèå
(
n
m

)
+
(

n
m+1

)
=
(
n+1
m+1

)
.

Äîêàæåì ñëåäñòâèå 1. Ñîãëàñíî [7, òåîðåìà 3] ñîáèðàòåëüíàÿ ôîðìóëà Ô. Õîë-
ëà ïðè óñëîâèè 1) ñëåäñòâèÿ ðåäóöèðóåòñÿ ê âèäó

(ab)n =

= apbp
p−1∏
u=1

[b, ua]
( p
u+1)

p−1∏
u=1

[b, ua, b]
p( p

u+1)−(
p+1
u+2)

∏
16v<u6p−1

[[b, ua], [b, va]]
gp(u,v),

ãäå

gp(u, v) =

=

p−1∑
m=1

v∑
k=1

p−m−k∑
i=v−k

(
i

u− k + 1

)(
p−m− i− 1

k − 1

)(
i

v − k

)
+

p−2∑
m=1

p−1∑
k=m+1

(
m

v

)(
k

u

)
.

Ïî óñëîâèþ 2) ñëåäñòâèÿ âñå êîììóòàòîðû âåñà áîëüøå, ÷åì p−1, èìåþò ïî-
ðÿäîê 1 èëè p. Âû÷èñëèì ïî ìîäóëþ p ïîêàçàòåëè ñòåïåíåé âñåõ êîììóòàòîðîâ
âåñà p, âõîäÿùèõ â ñîáèðàòåëüíóþ ôîðìóëó. Ïåðâîå è âòîðîå ïðîèçâåäåíèÿ ñî-
äåðæàò ïî îäíîìó êîììóòàòîðó âåñà p. Ýòî [b,p−1a] è [b,p−2a, b] ñîîòâåòñòâåííî.
Ïîêàçàòåëü ñòåïåíè ïåðâîãî êîììóòàòîðà ðàâåí

(
p
p

)
= 1. Äëÿ âòîðîãî èìååì

p

(
p

p− 1

)
−
(
p+ 1

p

)
= p2 − p− 1 ≡ −1 (mod p).

Ðàññìîòðèì ïîñëåäíåå ïðîèçâåäåíèå. Êîììóòàòîðû âåñà p, âõîäÿùèå â íåãî,
ñëåäóþùèå: [[b, p−2−va], [b, va]], ãäå v = 1, . . . , (p− 3)/2. Ñîãëàñíî [10, òåîðåìà 1]
ôóíêöèÿ gp(u, v) äîïóñêàåò ïðåäñòàâëåíèå

gp(u, v) =

=

v∑
k=1

v−k∑
s=0

(
u− k + 1 + s

v − k

)(
v − k

s

)(
p

u+ s+ 2

)
+

v+1∑
i=0

(−1)i
(

p+ i

u+ i+ 1

)(
p

v + 1− i

)
.

Ïîýòîìó

gp(p− 2− v, v) =

=
v∑

k=1

v−k∑
s=0

(
t+ s− k − 1

v − k

)(
v − k

s

)(
p

t+ s

)
+

v+1∑
i=0

(−1)i
(

p+ i

t+ i− 1

)(
p

v + 1− i

)
,

ãäå t = p − v. Èç íåðàâåíñòâà 1 6 v 6 (p − 3)/2 ñëåäóåò, ÷òî (p + 3)/2 6
p+ s− v 6 p− 1 è 0 6 v + 1− i 6 (p− 1)/2. Çíà÷èò, â äâîéíîé ñóììå áèíîìè-
àëüíûé êîýôôèöèåíò

(
p

t+s

)
=
(

p
p+s−v

)
âñåãäà êðàòåí p. Â îäíîêðàòíîé ñóììå
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áèíîìèàëüíûé êîýôôèöèåíò
(

p
v+1−i

)
íå êðàòåí p òîëüêî â åäèíñòâåííîì ñëó-

÷àå, êîãäà v + 1− i = 0. Ñëåäîâàòåëüíî,

gp(p− 2− v, v) ≡ (−1)v+1

(
p+ v + 1

p

)(
p

0

)
≡

≡ (−1)v+1 (p+ 1) . . . (p+ v + 1)

(v + 1)!
≡ (−1)v+1 (v + 1)!

(v + 1)!
≡ (−1)v+1 (mod p).

Ñåé÷àñ ñëåäñòâèå 1 âûòåêàåò èç òåîðåìû 1.

Ñëåäóþùèå äâà óòâåðæäåíèÿ ïîòðåáóþòñÿ äëÿ äîêàçàòåëüñòâà òåîðåì 2 è 3.

Ëåììà 1. Ïóñòü G � ãðóïïà, y1, . . . , ys ∈ G, s > 2. Ïðåäïîëîæèì, ÷òî ñòó-
ïåíü íèëüïîòåíòíîñòè ïîäãðóïïû H = ⟨y1, . . . , ys⟩ ðàâíà 2. Òîãäà äëÿ ëþáîãî
íàòóðàëüíîãî ÷èñëà n èìååò ìåñòî ðàâåíñòâî

(y1 . . . ys)
n = yn1 . . . yns

∏
16i<j6s

[yj , yi]
(n2).

Äîêàçàòåëüñòâî. Èíäóêöèÿ ïî n. Ïîñêîëüêó ñòóïåíü íèëüïîòåíòíîñòè H ðàâ-
íà 2, èìååì

(y1 . . . ys)
n+1 = yn1 . . . yns ·

 ∏
16i<j6s

[yj , yi]
(n2)

 · y1 . . . ys =

= yn1 . . . yns · y1 . . . ys ·
∏

16i<j6s

[yj , yi]
(n2).

Ïîëüçóÿñü ñîîòíîøåíèåì ynj yi = yiy
n
j [yj , yi]

n, êîòîðîå ñëåäóåò èç óñëîâèé ëåì-
ìû, ñîáåðåì â ïðàâîé ÷àñòè ïî ïîðÿäêó y1, . . . , ys. Çàòåì, ó÷èòûâàÿ ïåðåñòàíî-
âî÷íîñòü êîììóòàòîðîâ, ïðåîáðàçóåì ïîëó÷åííîå âûðàæåíèå ê âèäó

(y1 . . . ys)
n+1 = yn+1

1 . . . yn+1
s

∏
16i<j6s

[yj , yi]
(n2)+n.

Ðàâåíñòâà
(
n
2

)
+ n =

(
n
2

)
+
(
n
1

)
=
(
n+1
2

)
çàâåðøàþò äîêàçàòåëüñòâî. �

Ñëåäñòâèå 2. Ïðåäïîëîæèì, ÷òî ïîäãðóïïà H èç ëåììû 1 ÿâëÿåòñÿ p-
ãðóïïîé, p > 2, ñ ýëåìåíòàðíûì àáåëåâûì êîììóòàíòîì, à ÷èñëî n êðàòíî
p. Òîãäà äëÿ ëþáûõ öåëûõ ÷èñåë α1, . . . , αs è ëþáîé ïåðåñòàíîâêè π íà ìíîæå-
ñòâå {1, . . . , s} èìååì

(yα1
1 . . . yαs

s )n =
(
y
απ(1)

π(1) . . . y
απ(s)

π(s)

)n
= ynα1

1 . . . ynαs
s .

Åñëè äëÿ íåêîòîðîãî i äîïîëíèòåëüíî yni = 1 èëè ypi ∈ H ′ è αi êðàòíî p, òî

(yα1
1 . . . yαi

i . . . yαs
s )n = (yα1

1 . . . ŷαi
i . . . yαs

s )n.

Çäåñü çíà÷îê ˆ íàä ýëåìåíòîì îçíà÷àåò îòñóòñòâèå ýòîãî ýëåìåíòà â ïðî-
èçâåäåíèè.



148 Ñ.Ã. ÊÎËÅÑÍÈÊÎÂ, Â.Ì. ËÅÎÍÒÜÅÂ

3. Ñèëîâñêèå p-ïîäãðóïïû ãðóïï GLn(Zpm) è Φ(Zpm)

Ñëåäóÿ [3], îïðåäåëèì ïîñëåäîâàòåëüíîñòü ôóíêöèé fn, n = 1, 2, . . . , îò íà-
òóðàëüíûõ àðãóìåíòîâ i, j, k, ïîëàãàÿ

fn(i, j, k) = −
[
i− j − k

n

]
,

çäåñü [x] � öåëàÿ ÷àñòü ÷èñëà x (áëèæàéøåå ê x ñëåâà öåëîå ÷èñëî). ×åðåç J
îáîçíà÷èì èäåàë êîëüöà Zpm , ïîðîæä¼ííûé ýëåìåíòîì p, à ÷åðåç E � åäèíè÷-
íóþ ìàòðèöó ïîðÿäêà n. Âûäåëèì â GLn(Zpm) ïîäãðóïïû

G(k) = ⟨E +A | A = (aij), aij ∈ Jfn(i,j,k), 1 6 i, j 6 n⟩, k = 1, 2, . . . .

Çäåñü è äàëåå ïî îïðåäåëåíèþ J0 = Zpm . Ñîãëàñíî [3], G(1) èçîìîðôíà ãðóïïå

Pn(Zpm) = {E + (aij) | aij ∈ Zpm ïðè i > j; aij ∈ J, ïðè i 6 j},

à ðÿä

G(1) ⊃ G(2) ⊃ . . . ⊃ G(mn−1) ⊃ ⟨E⟩
ÿâëÿåòñÿ å¼ íèæíèì öåíòðàëüíûì ðÿäîì, åñëè p > 2. Êðîìå òîãî, ïðè ëþáîì
ïðîñòîì p è äëÿ ëþáûõ íàòóðàëüíûõ k, l èìååò ìåñòî ñîîòíîøåíèå

(1)
[
G(k), G(l)

]
⊆ G(k+l).

Â [8, ëåììà 2] áûëî ïîêàçàíî, ÷òî åñëè A = (aij), B = (bij) òàêèå ìàòðèöû,

÷òî aij ∈ Jfn(i,j,k) è bij ∈ Jfn(i,j,l), òî ýëåìåíòû cij ìàòðèöû C = AB ñîäåð-

æàòñÿ â èäåàëàõ Jfn(i,j,k+l). Îòñþäà è èç ñâîéñòâ äåëèìîñòè áèíîìèàëüíûõ
êîýôôèöèåíòîâ ëåãêî ñëåäóåò

Ëåììà 2. Åñëè p > n, òî äëÿ ëþáîãî íàòóðàëüíîãî k èìååò ìåñòî âêëþ÷åíèå[
G(k)

]p ⊆ G(k+n).

Ïóñòü Φ � ïðîèçâîëüíàÿ ïðèâåä¼ííàÿ íåðàçëîæèìàÿ ñèñòåìà êîðíåé. Â
ãðóïïå Øåâàëëå Φ(Zpm) âûäåëèì ïîñëåäîâàòåëüíîñòü ïîäãðóïï (k = 1, 2, . . .)

S(k) = ⟨xr(t), hs(1 + u) | r, s ∈ Φ, t ∈ Jf(r,k), u ∈ Jf(0,k)⟩,

ãäå ôóíêöèÿ f(r, k) îïðåäåëåíà íà ìíîæåñòâå Φ0×N, Φ0 = Φ∪{0}, ðàâåíñòâîì
f(r, k) = −[(ht(r) − k)/h]. Çäåñü ht(r) � ôóíêöèÿ âûñîòû êîðíÿ, ht(0) = 0, h
� ÷èñëî Êîêñòåðà ñèñòåìû êîðíåé Φ. Ñîãëàñíî [11], ãðóïïà S(1) èçîìîðôíà
ñèëîâñêîé p-ïîäãðóïïå

PΦ(Zpm) = ⟨xr(Zpm), x−r(J), hr(1 + J) | r ∈ Φ+⟩,

ãðóïïû Øåâàëëå Φ(Zpm), à ðÿä

S(1) ⊃ S(2) . . . ⊃ S(mh) = ⟨1⟩.

ÿâëÿåòñÿ å¼ íèæíèì öåíòðàëüíûì ðÿäîì, åñëè ÷èñëî p íå äåëèò p(Φ)!, ãäå

p(Φ) = max{(r, r)/(s, s) | r, s ∈ Φ}.

Êàê è âûøå, ïðè ëþáîì ïðîñòîì p è äëÿ ëþáûõ íàòóðàëüíûõ k, l èìååò ìåñòî
ñîîòíîøåíèå

(2)
[
S(k), S(l)

]
⊆ S(k+l).

Íàïîìíèì, ÷òî â ãðóïïå PΦ(Zpm) âûïîëíÿþòñÿ ñîîòíîøåíèÿ: (r, s ∈ Φ)



ÎÁ ÎÄÍÎÌ ÍÅÎÁÕÎÄÈÌÎÌ ÓÑËÎÂÈÈ ÐÅÃÓËßÐÍÎÑÒÈ P -ÃÐÓÏÏÛ 149

1) àääèòèâíîñòü êîðíåâûõ ýëåìåíòîâ:

xr(t)xr(u) = xr(t+ u), t, u ∈ Jf(r,1);

2) ìóëüòèïëèêàòèâíîñòü äèàãîíàëüíûõ ýëåìåíòîâ:

hr(t)hr(u) = hr(tu), t, u ∈ 1 + Jf(0,1);

3) ñîîòíîøåíèÿ ìåæäó êîðíåâûìè è äèàãîíàëüíûìè ýëåìåíòàìè:

[xr(t), hs(u)] = xr(t(u
(r,hs) − 1)), t ∈ Jf(r,1), u ∈ Jf(0,1);

4) êîììóòàòîðíàÿ ôîðìóëà Øåâàëëå:

[xs(u), xr(t)] =
∏

ir + js ∈ Φ,
i, j > 0

xir+js∈Φ(Cij,rs(−t)iuj), t ∈ Jf(r,1), u ∈ Jf(s,1);

5) ñîîòíîøåíèÿ ìåæäó ïðîòèâîïîëîæíûìè êîðíåâûìè ýëåìåíòàìè:

[xr(t), x−r(u)] = xr(c
−1t2u)hr(c)x−r(−c−1tu2), c = 1−tu, t ∈ Jf(r,1), u ∈ Jf(−r,1)

Àíàëîãîì ëåììû 2 äëÿ ñèëîâñêèõ p-ïîäãðóïï ãðóïï Øåâàëëå ÿâëÿåòñÿ

Ëåììà 3. Åñëè p > h, òî äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà k ñïðàâåäëèâî âêëþ-
÷åíèå

[
S(k)

]p ⊆ S(k+h).

Äîêàçàòåëüñòâî. Èíäóêöèÿ ïî k. Èìååì[
S(mh)

]p
⊆ [⟨1⟩]p = ⟨1⟩ = S(mh+h).

Ïóñòü 1 6 k < mh è y ∈ S(k). Òîãäà

y =
l∏

i=1

xri(ti)

q∏
j=1

hsj (1 + zj),

ãäå ri ∈ Φ, ti ∈ Jf(ri,k) è sj ∈ Π(Φ), zj ∈ Jf(0,k). Ïîêàæåì, ÷òî yp ∈ S(k+h).
Ñîãëàñíî [2, òåîðåìà 12.3.1]

yp =
l∏

i=1

xri(ti)
p

q∏
j=1

hsj (1 + zj)
p · cα1

1 . . . cαu
u · cαu+1

u+1 . . . c
αu+v

u+v ,

ãäå c1, . . . , cu � êîììóòàòîðû âåñà îò 2 äî p−1, à ÷èñëà α1, . . . , αu êðàòíû p, âåñà
êîììóòàòîðîâ cu+1, . . . , cu+v áîëüøå, ÷åì p−1. Òàê êàê f(ri, k)+1 = f(ri, k+h),
òî

pti ∈ pJf(ri,k) = Jf(ri,k)+1 = Jf(ri,k+h)

è, ñëåäîâàòåëüíî, xri(ti)
p = xri(pti) ∈ S(k+h).

Äàëåå, ôóíêöèÿ f(0, k) óäîâëåòâîðÿåò íåðàâåíñòâàì: 1) f(0, k1) + f(0, k2) >
f(0, k1 + k2) äëÿ ëþáûõ k1, k2 ∈ N; 2) f(0, k1) > f(0, k2), åñëè k1 > k2. Òàêæå èç
óñëîâèÿ p > h ñëåäóåò, ÷òî kp > k+h. Ïîýòîìó f(0, k)p > f(0, kp) > f(0, k+h).
Îòñþäà

(1 + zj)
p = 1 +

p−1∑
w=1

(
w

p

)
zwj + zpj ∈ 1 +

p−1∑
w=1

pJf(0,k)w + Jf(0,k)p ⊆ 1 + Jf(0,k+h)

è, çíà÷èò, hsj (1 + zj)
p ∈ S(k+h).
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Êîììóòàòîðû c1, . . . , cu ñîäåðæàòñÿ â S(2k) ⊆ S(k+1), ïîýòîìó cα1
1 , . . . , cαu

u ∈
S(k+1+h) ⊆ S(k+h) ïî ïðåäïîëîæåíèþ èíäóêöèè. Íàêîíåö, èç ñîîòíîøåíèÿ (2)
ñëåäóåò, ÷òî cu+1, . . . cu+v ∈ S(kp) ⊆ S(k+h). �

Îáîçíà÷èì ÷åðåçKn(J
k) è Φ(Jk) ñîîòâåòñòâåííî êîíãðóýíö-ïîäãðóïïû ãðóïï

GLn(Zpm) è Φ(Zpm) ñîîòâåòñòâåííî, êîòîðûå îïðåäåëÿþòñÿ êàê ÿäðà ãîìîìîð-
ôèçìîâ GLn(Zpm) → GLn(Zpm−k) è Φ(Zpm) → Φ(Zpm−k), èíäóöèðîâàííûõ
êîëüöåâûì ãîìîìîðôèçìîì Zpm → Zpm−k . Ñîîòíîøåíèÿ 1) ñëåäóþùåé ëåì-
ìû ìîæíî íàéòè â [3] è [11], ñîîòíîøåíèÿ 2) ëåãêî óñòàíàâëèâàåòñÿ ìåòîäàìè
äîêàçàòåëüñòâ ëåìì 2 è 3.

Ëåììà 4. Èìåþò ìåñòî ñëåäóþùèå âêëþ÷åíèÿ

1) [Kn(J
k),Kn(J

l)] ⊆ Kn(J
k+l), [Φ(Jk),Φ(J l)] ⊆ Φ(Jk+l);

2)
[
Kn(J

k)
]p ⊆ Kn(J

k+1),
[
Φ(Jk)

]p ⊆ Φ(Jk+1).

4. Äîêàçàòåëüñòâî òåîðåìû 2.

Ïîñêîëüêó ñâîéñòâî ðåãóëÿðíîñòè íàñëåäóåòñÿ íà ïîäãðóïïû è ôàêòîð ãðóï-
ïû, òî äëÿ äîêàçàòåëüñòâà òåîðåìû 2 äîñòàòî÷íî óñòàíîâèòü íåðåãóëÿðíîñòü
ãðóïïû P(p+2)/3(Zp3). Íàì ïîòðåáóåòñÿ ðÿä âñïîìîãàòåëüíûõ óòâåðæäåíèé.

Ëåììà 5. Äëÿ ëþáûõ E +X,E + Y ∈ Pn(Zpm) èìååò ìåñòî òîæäåñòâî

(3) [E +X,E + Y ] = E +
∞∑
k=2

k−2∑
t=0

(−1)kXtY k−t−2(X,Y ),

ãäå (X,Y ) = XY − Y X.

Äîêàçàòåëüñòâî. Ââèäó íèëüïîòåíòíîñòè ìàòðèö X è Y èìååì

[E +X,E + Y ] =

( ∞∑
i=0

(−X)i

)  ∞∑
j=0

(−Y )j

 (E +X)(E + Y ).

Ðàñêðûâ ñêîáêè, ïîëó÷èì ñóììó îäíîðîäíûõ ñòåïåíè k ìíîãî÷ëåíîâ fk(X,Y ),
ïðè÷åì, î÷åâèäíî, ÷òî f0(X,Y ) = E è f1(X,Y ) = O, ãäå O � íóëåâàÿ ìàòðèöà.
Çàôèêñèðóåì k > 2. Òîãäà

fk(X,Y ) =

= (−X)k + (−X)k−1(−Y ) + (−X)k−1X + (−X)k−1Y+

+

k−2∑
t=0

(−X)t
(
(−Y )k−t + (−Y )k−t−1X + (−Y )k−t−1Y + (−Y )k−t−2XY

)
=

=
k−2∑
t=0

(−1)kXtY k−t−2(X,Y ).

�

Çàìåíèâ X íà pX â (3), ìû ìîæåì ïðåäñòàâèòü êîììóòàòîð [E+ pX,E+ Y ]
â âèäå ðÿäà ïî ñòåïåíÿì p ñ êîýôôèöèåíòàìè, çàâèñÿùèìè îò X è Y. Äàëåå íàñ
áóäåò èíòåðåñîâàòü êîýôôèöèåíò ïðè p â ðàçëîæåíèè ñëîæíûõ êîììóòàòîðîâ.
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Ëåììà 6. Ïóñòü E+pB,E+A ∈ Pn(Zpm). Êîýôôèöèåíò ïðè p â ðàçëîæåíèè
êîììóòàòîðà [E + pB, sE +A], s ∈ N, ïî ñòåïåíÿì p ðàâåí

(4) F (s) =
s−1∑
j=0

∞∑
k=j

(−1)k
(
s− 1

j

)(
s+ k − j − 1

s− 1

)
Ak(B,A)As−j−1.

Äîêàçàòåëüñòâî. Èíäóêöèÿ ïî s. Ïî ëåììå 5

[E + pB,E +A] = E +
∞∑
k=2

k−2∑
t=0

(−1)k(pB)tAk−t−2(pB,A) =

= E + p
∞∑
k=2

(−1)kAk−2(B,A) + . . . = E + p

∞∑
k=0

(−1)kAk(B,A) + . . . .

Ïîëó÷åííûé êîýôôèöèåíò ïðè p, î÷åâèäíî, ðàâåí âûðàæåíèþ (4), åñëè â ïî-
ñëåäíåì ïîëîæèòü s = 1.

Ïóñòü s > 1. ×òîáû âû÷èñëèòü êîýôôèöèåíò ïðè p â ðàçëîæåíèè êîììóòà-
òîðà [E+pB,s+1 E+A] ïî ñòåïåíÿì p âîñïîëüçóåìñÿ ïðåäïîëîæåíèåì èíäóêöèè
è ïîäñòàâèì âìåñòî B â ñóììå

∞∑
k=0

(−1)kAk(B,A)

âûðàæåíèå (4). Ïîëó÷åííóþ êðàòíóþ ñóììó

∞∑
t=0

s−1∑
j=0

∞∑
k=j

(−1)k
(
s− 1

j

)(
s+ k − j − 1

s− 1

)
At(Ak(B,A)As−j−1, A) =

ïðåîáðàçóåì, ðàñêðûâ âíåøíèé ëèåâ êîììóòàòîð,

=

∞∑
t=0

s−1∑
j=0

∞∑
k=j

(−1)t+k

(
s− 1

j

)(
s+ k − j − 1

s− 1

)
At+k(B,A)As−j+

+
∞∑
t=0

s−1∑
j=0

∞∑
k=j

(−1)t+k+1

(
s− 1

j

)(
s+ k − j − 1

s− 1

)
At+k+1(B,A)As−j−1.

Çàôèêñèðóåì ÷èñëî j′, 0 6 j′ 6 s, è ÷èñëî k′, k′ > j′. Êîýôôèöèåíò ïðè
Ak′

(B,A)As−j′ ðàâåí:

k′∑
t=0

(−1)k
′
(
s− 1

0

)(
s+ k′ − t− 1

s− 1

)
= (−1)k

′
(
s

0

) k′∑
t=0

(
s− 1 + k′ − t

s− 1

)
=

= (−1)k
′
(
s

0

)(
s+ k′

s− 1

)
= (−1)k

′
(
s

j′

)(
s+ k′ − j′

s

)
,

åñëè j′ = 0;

k′−s∑
t=0

(−1)k
′
(
s− 1

s− 1

)(
s+ k′ − s− t− 1

s− 1

)
=

(
s

s

) k′−s∑
t=0

(−1)k
′
(
k′ − t− 1

s− 1

)
=

= (−1)k
′
(
s

s

)(
k′

s

)
= (−1)k

′
(
s

j′

)(
s+ k′ − j′

s

)
,
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åñëè j′ = s;

k′−j′∑
t=0

(−1)k
′
(
s− 1

j′

)(
s+ k′ − j′ − t− 1

s− 1

)((
s− 1

j′

)
+

(
s− 1

j′ − 1

))
=

= (−1)k
′
(
s

j′

) k′−j′∑
t=0

(
s− 1 + k′ − j′ − t

s− 1

)
= (−1)k

′
(
s

j′

)(
s+ k′ − j′

s

)
,

êîãäà 0 < j′ < s. Òàêèì îáðàçîì, êîýôôèöèåíò ïðè Ak′
(B,A)As−j′ âî âñåõ

ñëó÷àÿõ ðàâåí

(−1)k
′
(
s

j′

)(
s+ k′ − j′

s

)
.

�

Äàëåå ñ÷èòàåì, ÷òî n > 3. Ìàòðèöó ïîðÿäêà n ñ åäèíèöàìè íà ìåñòå (i, j),
ãäå 1 6 i, j 6 n, è íóëÿìè íà îñòàëüíûõ ìåñòàõ áóäåì îáîçíà÷àòü ÷åðåç eij
è íàçûâàòü ýëåìåíòàðíîé ìàòðèöåé. Íàïîìíèì, ÷òî ñïðàâåäëèâà ñëåäóþùàÿ
ôîðìóëà óìíîæåíèÿ ýëåìåíòàðíûõ ìàòðèö

eijets = δjteis,

ãäå δij � ñèìâîë Êðîíåêåðà. Òàêæå çàôèêñèðóåì ñëåäóþùåå ñîãëàøåíèå: eij =
O, åñëè i /∈ {1, . . . , n} èëè j /∈ {1, . . . , n}. Ñóììó, ó êîòîðîé íèæíèé ïðåäåë
áîëüøå âåðõíåãî, ñ÷èòàåì ðàâíîé íóëþ (íóëåâîé ìàòðèöåé).

Çàôèêñèðóåì äî êîíöà ïàðàãðàôà ñëåäóþùèå ìàòðèöû

A = e21 + e32 + . . .+ en,n−1, B = e1n.

Â ëåììàõ íèæå âû÷èñëÿåòñÿ ïðîèçâåäåíèå èç ñëåäñòâèÿ 1 è èññëåäóåòñÿ êîì-
ìóòàíò ãðóïïû, ïîðîæäåííîé ýëåìåíòàìè E + pB è E +A.

Ëåììà 7. Äëÿ ëþáîãî íàòóðàëüíîãî s èìååò ìåñòî ðàâåíñòâî

F (s) =
s∑

j=0

n−1∑
k=j

(−1)k
(
s

j

)(
s+ k − j − 1

s− 1

)
ek+1,n−s+j .

Äîêàçàòåëüñòâî. Ñ ó÷¼òîì ïåðå÷èñëåííûõ âûøå ñîãëàøåíèé, äëÿ ëþáîãî öå-
ëîãî íåîòðèöàòåëüíîãî k èìååì

Ak =
n∑

t=k+1

et,t−k.

Îòñþäà

Ak(B,A)As−j−1 =

=

(
n∑

t=k+1

et,t−k

)
(e1,n−1 − e2n)

 n∑
t=s−j

et,t−s+j+1

 = ek+1,n−s+j − ek+2,n−s+j+1.
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Ïîäñòàâèì â (4) è ðàçîáü¼ì íà äâå ñóììû

F (s) =
s−1∑
j=0

n−1∑
k=j

(−1)k
(
s− 1

j

)(
s− 1 + k − j

s− 1

)
ek+1,n−s+j−

−
s−1∑
j=0

n−1∑
k=j

(−1)k
(
s− 1

j

)(
s− 1 + k − j

s− 1

)
ek+2,n−s+j+1.

âî âòîðîé äâîéíîé ñóììå çàìåíèì k íà k − 1 è j íà j − 1

F (s) =
s−1∑
j=0

n−1∑
k=j

(−1)k
(
s− 1

j

)(
s− 1 + k − j

s− 1

)
ek+1,n−s+j+

+
s∑

j=1

n−1∑
k=j

(−1)k
(
s− 1

j − 1

)(
s− 1 + k − j

s− 1

)
ek+1,n−s+j .

Ïîñêîëüêó
(
s−1
s

)
=
(
s−1
−1

)
= 0, ðàñïðîñòðàíèì ñóììèðîâàíèå ïî j â ïåðâîé

ñóììå äî s, à âî âòîðîé � îò 0, è ñëîæèì èõ

F (s) =

s∑
j=0

n−1∑
k=j

(−1)k
[(

s− 1

j

)
+

(
s− 1

j − 1

)](
s− 1 + k − j

s− 1

)
ek+1,n−s+j =

=
s∑

j=0

n−1∑
k=j

(−1)k
(
s

j

)(
s+ k − j − 1

s− 1

)
ek+1,n−s+j .

�

Çàìåòèì, ÷òî ïðîèçâîëüíûé ýëåìåíò E+C èç ãðóïïû Pn(Zpm) ìîæíî ïðåä-
ñòàâèòü (êîíå÷íî, íå åäèíñòâåííûì îáðàçîì) â âèäå

E + C = E + p0C0 + pC1 + . . .+ pm−1Cm−1.

Ñëåäóþùàÿ ïðîñòàÿ ëåììà ÷àñòî îáëåã÷àåò âû÷èñëåíèÿ â Pn(Zp3).

Ëåììà 8. Ïóñòü E + pX + p2Y,E + pU + p2V ∈ Pn(Zp3). Òîãäà

1) (E + pX + p2Y )−1 = E − pX − p2Y + p2X2;

2) (E + pX + p2Y )p = E + p2X;

3) [E + pX + p2Y,E + pU + p2V ] = E + p2(X,U).

Ëåììà 9. Ïóñòü ïðîñòîå ÷èñëî p òàêîå, ÷òî n = (p+2)/3 � öåëîå ÷èñëî. Â
ãðóïïå Pn(Zp3) èìååò ìåñòî ðàâåíñòâî

[E + pB, p−1E +A] [E + pB, p−2E +A,E + pB]−1×

×
(p−3)/2∏

s=1

[[E + pB, p−2−sE +A], [E + pB, sE +A]](−1)s+1

=

= αen,1 − p2en,2 − p2en−1,1,

ãäå α ∈ Zp3 .
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Äîêàçàòåëüñòâî. Ñíà÷àëà ïîêàæåì, ÷òî [E + pB, sE + A] = E, åñëè s > 2n.
Â ÷àñòíîñòè, [E + pB, p−1E + A] = E, ïîñêîëüêó p > 7, à çíà÷èò, n > 3, è,
ñëåäîâàòåëüíî,

p− 1 = 3n− 3 = 2n+ (n− 3) > 2n.

Ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ:

ϕ(x, ry) = [x, y], ϕ(x, ly) = [y, x],

ïî èíäóêöèè ïðè q > 2 ïîëàãàåì

ϕ(x, α1y1, . . . ,
αqyq) = ϕ(ϕ(x, α1y1, . . . ,

αq−1yq−1),
αqyq),

ãäå αi = r èëè αi = l.
Ðàçëîæèì ìàòðèöû E +A è E + pB â ïðîèçâåäåíèå òðàíñâåêöèé:

E +A = t21(1)t32(1) . . . tn,n−1(1), E + pB = t1n(p).

Èç êîììóòàòîðíûõ òîæäåñòâ

[x, yz] = [x, y][x, y, z][x, z], [yz, x] = [z, x][z, [x, y]][y, x]

ñëåäóåò, ÷òî [E + pB, sE + A] ðàñêëàäûâàåòñÿ â ïðîèçâåäåíèå êîììóòàòîðîâ
âèäà

(5) ϕ(t1n(p),
α1ti1,i1−1(1), . . . ,

αq tiq,iq−1(1)), q > s.

Èçó÷èì ïîäðîáíåå âûðàæåíèå (5). Èç ñîîòíîøåíèÿ

(6) [tij(α), tkm(β)] =

= (1− δjk)(1− δim)E + δjk(1− δim)tim(αβ) + δim(1− δjk)tkj(−αβ),

ñïðàâåäëèâîãî, êîãäà j ̸= k èëè i ̸= m, ñëåäóåò, ÷òî, êîììóòèðóÿ òðàíñâåêöèè ñ
ðàçíîñòÿìè ìåæäó ïåðâûì è âòîðûì èíäåêñàìè, ðàâíûìè s1 è s2, ìû ïîëó÷èì
åäèíè÷íóþ ìàòðèöó, ëèáî òðàíñâåêöèþ ñ ðàçíîñòüþ èíäåêñîâ s1 + s2. Çíà÷èò,
âûðàæåíèå (5) ïðè q = n − 2 åñòü åäèíè÷íàÿ ìàòðèöà, ëèáî òðàíñâåêöèÿ ñ
ðàçíîñòüþ èíäåêñîâ, ðàâíîé, −1, ò.å.

ϕ(t1n(p),
α1ti1,i1−1(1), . . . ,

αn−2tin−2,in−2−1(1)) = ti,i+1(ϵip),

ãäå ϵi = 0 èëè ϵi = ±1 äëÿ íåêîòîðîãî i. Äàëåå, èñïîëüçóÿ ñîîòíîøåíèå

(7) [tij(α), tji(β)] = tij(c
−1α2β)dij(c)tji(−c−1αβ2),

ãäå dij(c) = E + (c− 1)eii + (c−1 − 1)ejj , ñïðàâåäëèâîå, åñëè ýëåìåíò c = 1−αβ
îáðàòèì (â íàøåì ñëó÷àå ýòî òàê, ïîñêîëüêó c ≡ 1 (mod p)), íàõîäèì

(8) [ti,i−1(ϵip), tin−1,in−1−1(1)] =

= (1− δi,in−1)E + δi,in−1ti,i+1(ϵ
2
i p

2)di,i+1(1− ϵip)ti+1,i(−ϵip(1− ϵip)
−1).

Çäåñü ìû âîñïîëüçîâàëèñü òåì, ÷òî p3 = 0 â Zp3 è, ñëåäîâàòåëüíî, ϵ2i p
2(1 −

ϵip)
−1 = ϵ2i p

2. Íàêîíåö, ñîîòíîøåíèÿ (6), (7) è

(9) [tkm(α), diag(β1, . . . , βn)] = tkm(α(βmβ−1
k − 1))

ïîêàçûâàþò, ÷òî êîììóòèðîâàíèå (8) ñ òðàíñâåêöèåé tin,in−1(1) äà¼ò åäèíè÷-
íóþ ìàòðèöó, åñëè in ̸= i − 1, i, i + 1, ìàòðèöó èç óíèòðåóãîëüíîé ãðóïïû
UTn(Zp3), åñëè in = i − 1, i + 1, íàêîíåö, ìàòðèöó di,i+1(1 − ϵ2i p

2)θ, ãäå θ ∈
UTn(Zp3), êîãäà in = i. Îòñþäà è (9) ñëåäóåò, ÷òî âûðàæåíèå (5) ïðè q = n+ 1
ñîäåðæèòñÿ â UTn(Zp3) è ðàâíî E ïðè q = 2n, ò.ê. ãðóïïà UTn(Zp3) íèëüïî-
òåíòíà ñòóïåíè n− 1.
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Çàìåòèì, ÷òî åñëè p > 7, òî p− 2 > 2n è ïîýòîìó

[E + pB, p−2E +A,E + pB] = E.

Êîãäà p = 7, òî n = 3 è íåïîñðåäñòâåííûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî

[E + pB, p−2E +A] = t31(−3p2), [t31(−3p2), t13(p)] = E.

Òàêèì îáðàçîì, âî âñåõ ñëó÷àÿõ

[E + pB, p−1E +A] [E + pB, p−2E +A,E + pB]−1 = E.

Âû÷èñëèì îñòàâøååñÿ ïðîèçâåäåíèå. Ñîãëàñíî ï. 3 ëåììû 8 èìååì

(10) [[E + pB, p−2−sE +A], [E + pB, sE +A]] = E + p2F (p− 2− s)F (s).

Ïóñòü s > 2n− 1. Òîãäà âûðàæåíèå

Ak(B,A)As−j−1 = AkBAs−j +Ak+1BAs−j−1

ðàâíî íóëåâîé ìàòðèöå, åñëè 0 6 j 6 s è k > j, ïîñêîëüêó An = O. Â ñàìîì
äåëå, êîãäà 0 6 j 6 n − 2, èìååì s − j − 1 > n; åñëè j = n − 1, òî s − j > n
è k + 1 > n; íàêîíåö, åñëè j > n, òî k > n. Îòñþäà è ëåììû 6 ñëåäóåò, ÷òî
F (s) = O, êîãäà s > 2n− 1, è F (p− 2− s) = O, êîãäà p− 2− s > 2n− 1. Çíà÷èò,
êîììóòàòîð (10) îòëè÷åí îò E, êîãäà

n− 2 6 s 6 min{2n− 2, (p− 3)/2} = (3n− 5)/2.

Ïîëîæèì s = n− 2 + α. Òîãäà

(p−3)/2∏
s=1

[[E + pB, p−2−sE +A], [E + pB, sE +A]](−1)s+1

=(11)

=

(n−1)/2∏
α=0

[[E + pB, 2n−2−αE +A], [E + pB, n−2+αE +A]](−1)α+1

=

= E + p2
(n−1)/2∑

α=0

(−1)α+1(F (2n− 2− α), F (n− 2 + α)).

Ñòóïåíü íèëüïîòåíòíîñòè ãðóïïû Pn(p
3) ðàâíà 3n− 1 = p+1. Ïîýòîìó ïðî-

èçâåäåíèå (11), ñîñòîÿùåå èç êîììóòàòîðîâ âåñà p, ñîäåðæèòñÿ â ãèïåðöåíòðå
è ðàâíî

E + p2θen,1 + p2βen−1,1 + p2γen,2

äëÿ ïîäõîäÿùèõ θ, β, γ.
Âû÷èñëèì êîýôôèöèåíò β ïðè en−1,1. Äëÿ ýòîãî, èñïîëüçóÿ ëåììó 6, âû-

äåëèì â ðàçëîæåíèè F (2n − 2 − α) ÷åðåç ýëåìåíòàðíûå ìàòðèöû ñëàãàåìûå
ñ ïåðâûì èíäåêñîì, ðàâíûì n − 1, à â F (n − 2 − α) � ñëàãàåìûå ñî âòîðûì
èíäåêñîì, ðàâíûì 1:

(12)

n−2∑
j=0

(−1)n−2

(
2n− 2− α

j

)(
3n− 5− α− j

2n− 3− α

)
en−1,−n+2+α+j ,

(13)

n−1∑
k=α−1

(−1)k
(
n− 2 + α

α− 1

)(
n− 2 + k

n− 3 + α

)
ek+1,1.

Çàìåòèì, ÷òî â (13) ïðè α = 0 è k = −1, íå òîëüêî e01 ðàâíà íóëåâîé ìàòðèöå,
íî áèíîìèàëüíûé êîýôôèöèåíò

(
n−2+α
α−1

)
=
(
n−2
−1

)
òîæå ðàâåí íóëþ. Ó÷èòûâàÿ,
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÷òî −n+ 2+ α+ j 6 α 6 k+ 1, êîýôôèöèåíò ïðè en−1,1 â ïðîèçâåäåíèè (12) è
(13) ðàâåí

(−1)n−2+α−1

(
2n− 2− α

n− 2

)(
3n− 5− α− n+ 2

2n− 3− α

)(
n− 2 + α

α− 1

)(
n− 2 + α− 1

n− 3 + α

)
=

(14) = (−1)α
(
2n− 2− α

n− 2

)(
n− 2 + α

n− 1

)
.

(Ïðè α = 0 âûðàæåíèå (14), î÷åâèäíî, ðàâíî íóëþ). Äàëåå, âûäåëèâ â ðàçëî-
æåíèè F (n − 2 + α) ñëàãàåìûå ñ ïåðâûì èíäåêñîì n − 1, à â F (2n − 2 − α) �
ñëàãàåìûå ñî âòîðûì èíäåêñîì 1, ïîëó÷èì

(15)

n−2∑
j=0

(−1)n−2

(
n− 2 + α

j

)(
2n− 5 + α+ j

n− 3 + α

)
en−1,2−α+j ,

(16)
n−1∑

k=n−1−α

(−1)k
(
2n− 2− α

n− 1− α

)(
n− 2 + k

2n− 3− α

)
ek+1,1.

Ñ ó÷¼òîì òîãî, ÷òî 2 − α + j 6 n − α 6 k + 1, êîýôôèöèåíò ïðè en−1,1 â
ïðîèçâåäåíèè (15) è (16) ðàâåí

(−1)n−2+n−1−α

(
n− 2 + α

n− 2

)(
2n− 5 + α− n+ 2

n− 3 + α

)(
2n− 2− α

n− 1− α

)(
2n− 3− α

2n− 3− α

)
=

(17) = (−1)α+1

(
n− 2 + α

n− 2

)(
2n− 2− α

n− 1

)
.

Óìíîæèâ ðàçíîñòü ìåæäó (14) è (17) íà (−1)α+1, à çàòåì ïðîñóììèðîâàâ ïî α,
âèäèì, ÷òî

(18) β = −
(n−1/2)∑

α=0

[(
2n− 2− α

n− 2

)(
n− 2 + α

n− 1

)
+

(
n− 2 + α

n− 2

)(
2n− 2− α

n− 1

)]
.

Âû÷èñëèì ïîëó÷åííóþ ñóììó. Èìååì

(n−1)/2∑
α=0

(
2n− 2− α

n− 2

)(
n− 2 + α

n− 1

)
=

0∑
α=−(n−1)/2

(
2n− 2 + α

n− 2

)(
n− 2− α

n− 1

)
=

=
n∑

α=n−(n−1)/2

(
n− 2 + α

n− 2

)(
2n− 2− α

n− 1

)
=

n∑
α=(n+1)/2

(
n− 2 + α

n− 2

)(
2n− 2− α

n− 1

)
.

Ïîýòîìó

− β =
n∑

α=0

(
n− 2 + α

n− 2

)(
2n− 2− α

n− 1

)
=

2n−2∑
α=n−2

(
α

n− 2

)(
3n− 4− α

n− 1

)
=

=

(
3n− 3

2n− 2

)
=

(
p− 1

2n− 2

)
≡ (−1)2n−2 ≡ 1 (mod p).
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Çäåñü ìû âîñïîëüçîâàëèñü òåì, ÷òî
(
3n−4−(2n−2)

n−1

)
= 0, è äîêàçàííûì [10] òîæ-

äåñòâîì
n−a∑
i=b

(
n− i

a

)(
i

b

)
=

(
n+ 1

a+ b+ 1

)
.

Âû÷èñëèì êîýôôèöèåíò γ. Âûäåëèì â ðàçëîæåíèè F (2n−2−α) ñëàãàåìûå ñ
ïåðâûì èíäåêñîì, ðàâíûì n, à â F (n−2−α) � ñëàãàåìûå ñî âòîðûì èíäåêñîì,
ðàâíûì 2:

(19)
n−1∑
j=0

(−1)n−1

(
2n− 2− α

j

)(
3n− 4− α− j

2n− 3− α

)
en,−n+2+α+j ,

(20)

n−1∑
k=α

(−1)k
(
n− 2 + α

α

)(
n− 3 + k

n− 3 + α

)
ek+1,2.

Ó÷èòûâàÿ, ÷òî −n+ 2 + α+ j 6 α+ 1 6 k + 1, êîýôôèöèåíò ïðè en,2 â ïðîèç-
âåäåíèè (19) è (20) ðàâåí

(−1)n−1+α

(
2n− 2− α

n− 1

)(
2n− 3− α

2n− 3− α

)(
n− 2 + α

α

)(
n− 3 + α

n− 3 + α

)
=

(21) = (−1)α
(
2n− 2− α

n− 1

)(
n− 2 + α

n− 2

)
.

Äàëåå, âûäåëèâ â ðàçëîæåíèè F (n− 2 + α) ñëàãàåìûå ñ ïåðâûì èíäåêñîì n, à
â F (2n− 2− α) � ñëàãàåìûå ñî âòîðûì èíäåêñîì 2, ïîëó÷èì

(22)

n−1∑
j=0

(−1)n−1

(
n− 2 + α

j

)(
2n− 4 + α− j

n− 3 + α

)
en,2−α+j ,

(23)

n−1∑
k=n−α

(−1)k
(
2n− 2− α

n− α

)(
n− 3 + k

2n− 3− α

)
ek+1,2.

Îòìåòèì, ÷òî â (22) ïðè α = 0 è j = n − 1 ìàòðèöà en,n+1 íóëåâàÿ è áèíîìè-

àëüíûé êîýôôèöèåíò ïðè íåé
(
n−2
n−1

)
ðàâåí íóëþ. Ñóììà (23) ïðè α = 0 òîæå

ïî îïðåäåëåíèþ ðàâíà íóëþ. Ñ ó÷¼òîì òîãî, ÷òî 2− α+ j 6 n− α+ 1 6 k + 1,
êîýôôèöèåíò ïðè en,2 â ïðîèçâåäåíèè (22) è (23) ðàâåí

(−1)n−1+n−α

(
n− 2 + α

n− 1

)(
n− 3 + α

n− 3 + α

)(
2n− 2− α

n− α

)(
2n− 3− α

2n− 3− α

)
=

(24) = (−1)α+1

(
n− 2 + α

n− 1

)(
2n− 2− α

n− 2

)
.

(Ïðè α = 0 âûðàæåíèå (24), î÷åâèäíî, ðàâíî íóëþ). Ïðîñóììèðîâàâ ïî α ðàç-
íîñòü ìåæäó (21) è (24), óìíîæåííóþ íà (−1)α+1, ñíîâà ïîëó÷èì âûðàæåíèå
(18). Ñëåäîâàòåëüíî, γ = −1. �
Ëåììà 10. Êîììóòàíò ïîäãðóïïû H = ⟨E + A,E + pB⟩ ãðóïïû Pn(Zp3)
ïîðîæäàåòñÿ êîììóòàòîðàìè

yi = [E + pB, iE +A], i = 1, 2, . . . ,

yjl = [[E + pB, jE +A], [E + pB, lE +A]], j, l = 0, 1, . . . .
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Åñëè d ∈ H ′ è dp ∈ G(p) (� p-é ÷ëåí íèæíåãî öåíòðàëüíîãî ðÿäà ãðóïïû
Pn(Zp3)), òî

dp = E + λp2en,1 − τp2
(
2n− 3

n− 2

)
en−1,1 + τp2

(
2n− 3

n− 2

)
en,2.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî yi ∈ Kn(J) è yjl ∈ Kn(J
2) äëÿ ëþáûõ i, j, l.

Òàê êàêKn(J
3) = ⟨E⟩, à ïî ëåììå 4 èìåþò ìåñòî âêëþ÷åíèÿ: [Kn(J),Kn(J

2)] ⊆
Kn(J

3) è
[
Kn(J

2)
]p ⊆ Kn(J

3), òî [yi, yjl] = E è ypjl = E. Òàêèì îáðàçîì, ââèäó
ñëåäñòâèÿ 2, ìîæåì ñ÷èòàòü, ÷òî

d = yτ11 . . . y
τ3n−1

3n−1 .

Äàëåå, åñëè i > 2n − 1, òî yi ∈ G(2n) ⊆ Kn(J
2) è ïîýòîìó ypi = E. Çíà÷èò,

ïðîèçâåäåíèå y
τ2n−1

2n−1 . . . y
τ3n−1

3n−1 â ðàçëîæåíèè d òîæå ìîæíî îòáðîñèòü.

Ïóñòü 1 6 i 6 2n − 4. Òîãäà yi ∈ G(i+1) è ïî ëåììå 4 èìååì ypi ∈ G(i+n+1).

Ïîêàæåì, ÷òî ypi ̸∈ G(i+n+2). Äåéñòâèòåëüíî, åñëè 1 6 i 6 n − 1, òî èñïîëüçóÿ
ëåììû 4 è 8, íàõîäèì

ypi = (E + pF (i) + p2Q(i))p = E + p2F (i) =

= E + . . .+ (−1)0
(
i

0

)(
i− 1

i− 1

)
p2e1,n−i + . . . = E + . . .+ p2e1,n−i + . . . .

Â òîæå âðåìÿ

fn(1, n− i, i+ n+ 2) = −
[
1− (n− i)− (i+ n+ 2)

n

]
= 3,

÷òî îçíà÷àåò, ÷òî ýëåìåíò, ñòîÿùèé íà ïîçèöèè (i, n−i), ïðîèçâîëüíîé ìàòðèöû
èç G(i+n+2) ëåæèò â èäåàëå J3. Àíàëîãè÷íî, åñëè n 6 i 6 2n− 4, òî

ypi = E + . . .+ (−1)i+1−n

(
i

i+ 1− n

)(
i− 1

i− 1

)
p2ei+2−n,1 + . . .

è
(

i
i+1−n

)
̸≡ 0 (mod p), à ñ äðóãîé ñòîðîíû,

fn(i+ 2− n, 1, i+ n+ 2) = −
[
i+ 2− n− 1− (i+ 2 + n)

n

]
= 3.

Çíà÷èò, ypi ̸∈ G(i+n+2). Îòñþäà è âêëþ÷åíèÿ dp ∈ Gp = G(3n−2) ñëåäóåò, ÷òî
êîììóòàòîðû y1, . . . , y2n−4 äîëæíû âõîäèòü â ðàçëîæåíèå d â ñòåïåíÿõ êðàòíûõ
p, à ïîòîìó òîæå ìîãóò áûòü îòáðîøåíû. Ñëåäîâàòåëüíî, ìîæåì ñ÷èòàòü, ÷òî
d = yτ2n−3y

µ
2n−2. Ñíîâà èñïîëüçóÿ ñëåäñòâèå 2 è ëåììó 7, íàõîäèì

dp = ypτ2n−3y
pµ
2n−2 =

(
E + p2F (2n− 3)

)τ (
E + p2F (2n− 2)

)µ
=

=

(
E + p2(2n− 3)

(
2n− 3

n− 2

)
en,1 − p2

(
2n− 3

n− 2

)
en−1,1 + p2

(
2n− 3

n− 2

)
en,2

)τ

×

×
(
E + p2

(
2n− 2

n− 1

)
en,1

)µ

=

= E + γp2en,1 − τp2
(
2n− 3

n− 2

)
en−1,1 + τp2

(
2n− 3

n− 2

)
en,2.

�
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Äîêàæåì òåîðåìó 2. Èç ëåìì 9 è 10 ñëåäóåò, ÷òî â ñëó÷àå ðåãóëÿðíîñòè
ïîäãðóïïû H äîëæíû áûòü îäíîâðåìåííî ðàçðåøèìû ñðàâíåíèÿ

−τ

(
2n− 3

n− 2

)
≡ −1 (mod p), τ

(
2n− 3

n− 2

)
≡ −1 (mod p)

îòíîñèòåëüíî τ . Ñêëàäûâàÿ èõ, ïîëó÷èì 0 ≡ −2 (mod p), ïðîòèâîðå÷èå. Ñëå-
äîâàòåëüíî, ãðóïïà P p+2

3
(Zp3) íå ÿâëÿåòñÿ ðåãóëÿðíîé. Òåîðåì 2 äîêàçàíà.

5. Äîêàçàòåëüñòâî òåîðåìû 3

Âñþäó äàëåå a, b � ïðîñòûå êîðíè ñèñòåìû êîðíåé òèïà G2, ïðè÷åì |a| < |b|.
Êàê è âûøå, âû÷èñëåíèÿ, íåîáõîäèìûå äëÿ äîêàçàòåëüñòâà òåîðåìû, âûíåñåì â
îòäåëüíûå óòâåðæäåíèÿ. Ñïèñîê âñåõ íåòðèâèàëüíûõ êîììóòàòîðíûõ ôîðìóë
Øåâàëëå ïðèâåä¼í â ïðèëîæåíèè 2. ×èñëà Cij,rs â ôîðìóëàõ âûðàæåíû ÷åðåç
ñòðóêòóðíûå êîíñòàíòû ϵ1 = Na,b, ϵ2 = Na,a+b, ϵ3 = Na,2a+b, ϵ4 = Nb,3a+b,
ñîîòâåòñòâóþùèå ýêñòðàñïåöèàëüíûì ïàðàì (a, b), (a, a+b), (a, 2a+b), (b, 3a+b).
Â âû÷èñëåíèÿõ ìû âñþäó ñ÷èòàåì ϵ1 = ϵ2 = ϵ3 = ϵ4 = 1.

Ëåììà 11. Ïóñòü

g = xb(α)xa+b(β)x2a+b(γ)x3a+b(δ)x3a+2b(ϵ) ∈ PG2(Zp).

Èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà:

gxa(1) =

xb(α)xa+b(β−α)x2a+b(γ+α−2β)x3a+b(δ−α+3β−3γ)x3a+2b(ϵ−α2−3β2+3αβ),

gxb(1) = xb(α)xa+b(β)x2a+b(γ)x3a+b(δ)x3a+2b(ϵ− δ).

Äîêàçàòåëüñòâî. Èñïîëüçóÿ òîæäåñòâî xy = yx[x, y] è êîììóòàòîðíóþ ôîðìó-
ëó Øåâàëëå (ôîðìóëû (29), (28), (27), (31) ïðèëîæåíèÿ 2) áóäåì ïåðåñòàâëÿòü
ýëåìåíò xa(1) ñ êàæäûì ñîìíîæèòåëåì èç g â ïðîèçâåäåíèè g xa(1) :

g xa(1) = xb(α)xa+b(β)x2a+b(γ)x3a+b(δ)x3a+2b(ϵ)xa(1)

= xb(α)xa+b(β)x2a+b(γ)xa(1)x3a+b(δ)x3a+2b(ϵ)

= xb(α)xa+b(β)xa(1)x2a+b(γ) [x2a+b(γ), xa(1)]x3a+b(δ)x3a+2b(ϵ)

= xb(α)xa+b(β)xa(1)x2a+b(γ)x3a+b(−3γ)x3a+b(δ)x3a+2b(ϵ)

= xb(α)xa(1)xa+b(β) [xa+b(β), xa(1)]x2a+b(γ)x3a+b(δ − 3γ)x3a+2b(ϵ)

= xa(1)xb(α) [xb(α), xa(1)]xa+b(β)x2a+b(−2β)x3a+b(3β)×
x3a+2b(−3β2)x2a+b(γ), x3a+b(δ − 3γ)x3a+2b(ϵ)

= xa(1)xb(α)xa+b(−α)x2a+b(α)x3a+b(−α)x3a+2b(−α2)xa+b(β)×
x2a+b(γ − 2β)x3a+b(δ + 3β − 3γ)x3a+2b(ϵ− 3β2)

= xa(1)xa+b(β − α)x2a+b(γ + α− 2β)x3a+b(δ − α+ 3β − 3γ)×
x3a+2b(ϵ− α2 − 3β2 + 3αβ).

Òàêèì îáðàçîì,

g xa(1) = xa(1)xb(α)xa+b(β − α)×
x2a+b(γ + α− 2β)x3a+b(δ − α− 3β − 3γ)x3a+2b(ϵ− α2 − 3β2 + 3αβ),

îòêóäà ñëåäóåò òðåáóåìîå ðàâåíñòâî.
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Àíàëîãè÷íî,

g xb(1) = xb(α)xa+b(β)x2a+b(γ)x3a+b(δ)x3a+2b(ϵ)xb(1)

= xb(α)xa+b(β)x2a+b(γ)xb(1)x3a+b(δ) [x3a+b(δ), xb(1)]x3a+2b(ϵ)

= xb(α)xa+b(β)x2a+b(γ)xb(1)x3a+b(δ)x3a+2b(ϵ− δ)

= xb(1)xb(α)xa+b(β)x2a+b(γ)x3a+b(δ)x3a+2b(ϵ− δ).

�

Ëåììà 12. Ïóñòü

g = xa+b(α)x2a+b(β)x3a+b(γ)x3a+2b(δ) ∈ PG2(Zp).

Äëÿ ëþáîãî n ∈ N èìååò ìåñòî ðàâåíñòâî:

gn = xa+b(nα)x2a+b(nβ)x3a+b(nγ)x3a+2b(nδ + 3
(
n
2

)
αβ).

Äîêàçàòåëüñòâî. Èíäóêöèÿ ïî n è ôîðìóëà (29) ïðèëîæåíèÿ 2.

gn+1 = gng

= xa+b(nα)x2a+b(nβ)x3a+b(nγ)x3a+2b(nδ + 3
(
n
2

)
αβ)×

xa+b(α)x2a+b(β)x3a+b(γ)x3a+2b(δ)

= xa+b((n+ 1)α)x2a+b((n+ 1)β)x3a+b((n+ 1)γ)×
x3a+2b((n+ 1)δ + 3

(
n
2

)
αβ + 3nαβ)

= xa+b((n+ 1)α)x2a+b((n+ 1)β)x3a+b((n+ 1)γ)×
x3a+2b((n+ 1)δ + 3

(
n+1
2

)
αβ).

�

Ëåììà 13. Â ãðóïïå PG2(Zp) èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ:

(xa(1)xb(1))
2
= xa(2)xb(2)xa+b(−1)x2a+b(1)x3a+b(−1),

(xa(1)xb(1))
3
= xa(3)xb(3)xa+b(−3)x2a+b(5)x3a+b(−9)x3a+2b(−4),

(xa(1)xb(1))
4
= xa(4)xb(4)xa+b(−6)x2a+b(14)x3a+b(−36)x3a+2b(−31),

(xa(1)xb(1))
5
= xa(5)xb(5)xa+b(−10)x2a+b(30)x3a+b(−100)x3a+2b(−127).

Äîêàçàòåëüñòâî. Ïîëîæèì D = xa(1)xb(1) è âîñïîëüçóåìñÿ ëåììîé 11.

(D)2 = xa(1)xb(1)xa(1)xb(1)

= xa(2)xb(1) [xb(1), xa(1)]xb(1)

= xa(2)xb(1)xa+b(−1)x2a+b(1)x3a+b(−1)x3a+2b(−1)xb(1)

= xa(2)xb(2)xa+b(−1)x2a+b(1)x3a+b(−1).

(D)3 = xa(2)xb(2)xa+b(−1)x2a+b(1)x3a+b(−1)xa(1)xb(1)

= xa(3)xb(2)xa+b(−3)x2a+b(5)x3a+b(−9)x3a+2b(−13)xb(1)

= xa(3)xb(3)xa+b(−3)x2a+b(5)x3a+b(−9)x3a+2b(−4).

(D)4 = xa(3)xb(3)xa+b(−3)x2a+b(5)x3a+b(−9)x3a+2b(−4)xa(1)xb(1)

= xa(4)xb(3)xa+b(−6)x2a+b(14)x3a+b(−36)x3a+2b(−67)xb(1)

= xa(4)xb(4)xa+b(−6)x2a+b(14)x3a+b(−36)x3a+2b(−31).
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(D)5 = xa(4)xb(4)xa+b(−6)x2a+b(14)x3a+b(−36)x3a+2b(−31)xa(1)xb(1)

= xa(5)xb(4)xa+b(−10)x2a+b(30)x3a+b(−100)x3a+2b(−227)xb(1)

= xa(5)xb(5)xa+b(−10)x2a+b(30)x3a+b(−100)x3a+2b(−127).

�

Ëåììà 14. Â ãðóïïå PG2(Zpm) äëÿ i = 1, . . . , 12 èìåþò ìåñòî ðàâåíñòâà

Vi = [x−3a−2b(p), ixa(1)xb(1)] = Wi+1Yi+2, Yi+2 ∈ S(i+2),

ãäå
i Wi i Wi i Wi i Wi

2 x−3a−b(p) 5 x−a(−2p)x−b(6p) 8 xa+b(28p) 11 x3a+2b(−168p)

3 x−2a−b(p) 6 h−a(1 + 2p)h−b(1− 6p) 9 x2a+b(−56p) 12 1

4 x−a−b(2p) 7 xa(10p)xb(−18p) 10 x3a+b(168p) 13 1

Äîêàçàòåëüñòâî. Ñëó÷àé i = 1. Ôîðìóëà (44) ïðèëîæåíèÿ 2:

V1 = [x−3a−2b(p), xb(1)] = x−3a−b(p).

Ñëó÷àé i = 2. Ôîðìóëà (40) ïðèëîæåíèÿ 2:

V2 = [x−3a−b(p), xa(1)xb(1)] ≡ [x−3a−b(p), xa(1)] ≡ x−2a−b(p) (mod S(4)).

Ñëó÷àé i = 3. Ôîðìóëà (39) ïðèëîæåíèÿ 2:

V3 = [x−2a−b(p)Y4, xa(1)xb(1)] ≡ [x−2a−b(p), xa(1)] ≡ x−a−b(2p) (mod S(5)).

Ñëó÷àé i = 4. Ôîðìóëû (13) è (18) ïðèëîæåíèÿ 2:

V4 = [x−a−b(2p)Y5, xa(1)xb(1)] ≡

≡ [x−a−b(2p), xb(1)][x−a−b(2p), xa(1)] ≡ x−a(−2p)x−b(6p) (mod S(6)).

Ñëó÷àé i = 5. Ñîîòíîøåíèå 5) ï 3.:

V5 = [x−a(−2p)x−b(6p)Y6, xa(1)xb(1)] ≡

≡ [x−a(−2p), xa(1)] [x−b(6p), xb(1)] ≡ h−a(1 + 2p)h−b(1− 6p) (mod S(7)).

Ñëó÷àé i = 6. Ñîîòíîøåíèå 3) ï 3 è òàáëèöà 2 ïðèëîæåíèÿ 1:

V6 = [h−a(1 + 2p)h−b(1− 6p)Y7, xa(1)xb(1)] ≡
≡ [h−a(1 + 2p)h−b(1− 6p), xb(1)] [h−a(1 + 2p)h−b(1− 6p), xa(1)] ≡

≡ xa(10p)xb(−18p) (mod S(8)).

Ñëó÷àé i = 7. Ôîðìóëû (26) è (27) ïðèëîæåíèÿ 2:

V7 = [xa(10p)xb(−18p)Y8, xa(1)xb(1)] ≡

≡ [xa(10p), xb(1)] [xb(−18p), xa(1)] ≡ xa+b(28p) (mod S(9)).

Ñëó÷àé i = 8. Ôîðìóëà (28) ïðèëîæåíèÿ 2:

V8 = [xa+b(28p)Y9, xa(1)xb(1)] ≡

≡ [xa+b(28p), xa(1)] ≡ x2a+b(−56p) (mod S(10)).
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Ñëó÷àé i = 9. Ôîðìóëà (29) ïðèëîæåíèÿ 2:

V9 = [x2a+b(−56p)Y10, xa(1)xb(1)] ≡

≡ [x2a+b(−56p), xa(1)] ≡ x3a+b(168p) (mod S(11)).

Ñëó÷àé i = 10. Ôîðìóëà (30) ïðèëîæåíèÿ 2:

V10 = [x3a+b(168p)Y11, xa(1)xb(1)] ≡

≡ [x3a+b(168p), xb(1)] ≡ x3a+2b(−168p) (mod S(12)).

Ñëó÷àé i = 11. Èìååì

V11 = [x3a+2b(−168p)Y12, xa(1)xb(1)] ≡ [Y12, xa(1)xb(1)] ∈ S(13).

Ñëó÷àé i = 12. Î÷åâèäåí. �

Ëåììà 15. Â ãðóïïå PG2(Zpm) äëÿ i = 1, . . . , 5 èìåþò ìåñòî ðàâåíñòâà

Ui = [[x−3a−2b(p), 11−i xa(1)xb(1)], [x−3a−2b(p), i xa(1)xb(1)]] = PiQi,

ãäå Qi ∈ S(14), P1 = xb(−168p2) è

i 2 3 4 5

Pi xa(168p
2) xa(−224p2) xa(168p

2)xb(168p
2) xa(−100p2)xb(−324p2)

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ëåììîé 14, çàìåòèâ, ÷òî Wi ∈ S(i).
Ñëó÷àé i = 1. Ôîðìóëà (66) ïðèëîæåíèÿ 2:

U1 = [x3a+2b(−168p)Y12, x−3a−b(p)Y3] ≡

≡ [x3a+2b(−168p), x−3a−b(p)] = xb(−168p2) (mod S(14)).

Ñëó÷àé i = 2. Ôîðìóëà (60) ïðèëîæåíèÿ 2:

U2 = [x3a+b(168p)Y11, x−2a−b(p)Y4] ≡

≡ [x3a+b(168p), x−2a−b(p)] ≡ xa(168p
2) (mod S(14)).

Ñëó÷àé i = 3. Ôîðìóëà (52) ïðèëîæåíèÿ 2:

U3 = [x2a+b(−56p)Y10, x−a−b(2p)Y5] ≡

≡ [x2a+b(−56p), x−a−b(2p)] ≡ xa(−224p2) (mod S(14)).

Ñëó÷àé i = 4. Ôîðìóëû (45) è (47) ïðèëîæåíèÿ 2:

U4 = [xa+b(28p)Y9, x−a(−2p)x−b(6p)Y6] ≡
≡ [xa+b(28p), x−a(−2p)][xa+b(28p), x−b(6p)] ≡

≡ xb(168p
2)xa(168p

2) (mod S(14)).

Ñëó÷àé i = 5. Ñîîòíîøåíèÿ 3) ï.3 è òàáëèöà 2 ïðèëîæåíèÿ 1:

U5 = [xa(10p)xb(−18p)Y8, h−a(1 + 2p)h−b(1− 6p)Y7] ≡
≡ [xa(10p), h−a(1 + 2p)h−b(1− 6p)][xb(−18p), h−a(1 + 2p)h−b(1− 6p)] ≡

≡ xa(−100p2)xb(−324p2) (mod S(14)).

�
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Äîêàæåì òåîðåìó 3. Ñîãëàñíî [11], ñòóïåíü íèëüïîòåíòíîñòè ñèëîâñêîé p-
ïîäãðóïïû PG2(Zpm) ðàâíà mh − 1 = 6m − 1, ïîýòîìó îíà ðåãóëÿðíà, êîãäà
6m−1 < p. Ñ äðóãîé ñòîðîíû, â [6] ïîêàçàíî, ÷òî ãðóïïà PG2(Zpm) ðåãóëÿðíà,
åñëè p > |G2|+ |Π(G2)| = 12+2 = 14, òî åñòü êîãäà p > 17. Òàêèì îáðàçîì, íàì
îñòà¼òñÿ èññëåäîâàòü ñëó÷àè, êîãäà p ∈ {2, 3, 5, 7, 11}.

Ñíà÷àëà ïîêàæåì, ÷òî ãðóïïà PG2(Zp) íå ÿâëÿåòñÿ ðåãóëÿðíîé ïðè p =
2, 3, 5. Çàìåòèì, ÷òî ýòèõ ñëó÷àÿõ PG2(Zp) ñîâïàäàåò ñ óíèïîòåíòíîé ïîäãðóï-
ïîé UG2(Zp) ãðóïïû Øåâàëëå G2(Zp). Êîììóòàíò UG2(Zp), ñîãëàñíî [11], ñî-
äåðæèòñÿ â ïîäãðóïïå

H = ⟨xa+b(1), x2a+b(1), x3a+b(1), x3a+2b(1)⟩,
êàæäûé ýëåìåíò g êîòîðîé åäèíñòâåííûì îáðàçîì ïðåäñòàâëÿåòñÿ â âèäå

g = xa+b(α)x2a+b(β)x3a+b(γ)x3a+2b(δ), α, β, γ, δ ∈ Zp.

Ïîëîæèì A = xa(1) è B = xb(1). Î÷åâèäíî, ÷òî [⟨A,B⟩, ⟨A,B⟩]p ⊆ Hp.

Ñëó÷àé p = 2. Ïî ëåììå 13 â PG2(Z2) èìååò ìåñòî ðàâåíñòâî

C = B−2A−2 (AB)
2
= xa+b(1)x2a+b(1)x3a+b(1).

Ââèäó ëåììû 12 H2 ⊆ x3a+2b(Zp), ïîýòîìó C /∈ H2. Çíà÷èò, ãðóïïà PG2(Z2)
íåðåãóëÿðíà. Ïîñêîëüêó îíà ñëóæèò ãîìîìîðôíûì îáðàçîì PG2(Z2m) äëÿ ëþ-
áîãî m > 2, òî îòñþäà çàêëþ÷àåì, ÷òî PG2(Z2m) íåðåãóëÿðíà ïðè m > 1.

Ñëó÷àè p = 3, 5. Ïî ëåììå 12 â îáîèõ ñëó÷àÿõ Hp = 1. Â òîæå âðåìÿ, ïî
ëåììå 13 (AB)

3
= A3B3·x2a+b(2)x3a+2b(2) â PG2(Z3) è (AB)

5
= A5B5·x3a+2b(2)

â PG2(Z5). Çíà÷èò, ãðóïïû PG2(Z3m), PG2(Z5m) íåðåãóëÿðíû ïðè m > 1.
Ñëó÷àè p = 7, 11. Äîêàæåì, ÷òî ãðóïïà PG2(Zp2) íå ÿâëÿåòñÿ ðåãóëÿðíîé

ïðè óêàçàííûõ p. Ïîëîæèì A = xa(1)xb(1) è B = x−3a−2b(p). Ýëåìåíò B ñîäåð-
æèòñÿ â êîíãðóýíö-ïîäãðóïïå G2(J), êîòîðàÿ íîðìàëüíà â PG2(Zp2) è ÿâëÿåò-
ñÿ ýëåìåíòàðíîé àáåëåâîé p-ãðóïïîé. Ïîýòîìó ëþáîé êîììóòàòîð îò ýëåìåíòîâ
A è B ëåæèò â G2(J) è ðàâåí åäèíèöå â ñòåïåíè, êðàòíîé p. Ñëåäîâàòåëüíî,
[⟨A,B⟩′]p = 1. Ñ äðóãîé ñòîðîíû, ëþáîé êîììóòàòîð îò A è B, èìåþùèé áîëåå
äâóõ âõîæäåíèé B, ðàâåí åäèíèöå, ïîýòîìó

B−pA−p (AB)
p
= [B,A](

p
2) . . . [B, p−1A]

(pp) = [B, p−1A].

Ïî ëåììå 14 êîììóòàòîð [B, p−1A] ðàâåí xa(10p)xb(−18p)Y8 ̸= 1 â PG2(Z72) è
ðàâåí x3a+2b(−168p) ̸= 1 â PG2(Z112). Çíà÷èò, ãðóïïû PG2(Z72), PG2(Z112) íå
ÿâëÿþòñÿ ðåãóëÿðíûìè. Îòñþäà âûòåêàåò íåðåãóëÿðíîñòü ãðóïï PG2(Z7m) è
PG2(Z11m) ïðè ëþáîì m > 2.

Ñëó÷àé p = 13. Äîêàæåì, ÷òî ãðóïïà PG2(Z133) íå ÿâëÿåòñÿ ðåãóëÿðíîé.
Ïîëîæèì A = xa(1)xb(1) è B = x−3a−2b(p). Ýëåìåíòû A è B óäîâëåòâîðÿþò
óñëîâèÿ 1) è 2) ñëåäñòâèÿ 1. Äåéñòâèòåëüíî, âñÿêèé êîììóòàòîð îò A è B
âåñà áîëüøå 12 èëè, èìåþùèå äâà âõîæäåíèÿ B, ñîäåðæèòñÿ â ýëåìåíòàðíîé
àáåëåâîé p-ãðóïïå G2(J

2), êîòîðàÿ öåíòðàëèçóåòñÿ ýëåìåíòîì B.
Ïðåäïîëîæèì, ÷òî ãðóïïà PG2(Zp3) ðåãóëÿðíà. Òîãäà ïî ñëåäñòâèþ 1 íàé-

äåòñÿ ýëåìåíò d ∈ ⟨A,B⟩′ òàêîé, ÷òî

(25) dp ≡ [B, 12A] [B, 11A,B]−1
5∏

i=1

[[B, 11−iA], [B, iA]]
(−1)i+1

(mod S(14)).

Ãðóïïà ⟨A,B⟩′ ïîðîæäàåòñÿ êîììóòàòîðàìè yi = [B, iA], i = 1, 2, . . . , è yij =
[yi, yj ], i, j = 1, 2, . . . , êîòîðûå óäîâëåòâîðÿþò ëåììå 1 è ñëåäñòâèþ 2. Ïðè÷åì,
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ypij = 1 äëÿ ëþáûõ i, j, à ypi = 1, êîãäà i > 12. Ïîýòîìó â ñèëó ñëåäñòâèÿ 1
ìîæåì ñ÷èòàòü, ÷òî

d = [B,A]α1 . . . [B,11A]α11

äëÿ íåêîòîðûõ α1, . . . , α11. Ýëåìåíò [B,iA]
p ëåæèò â S(i+7), íî íå ëåæèò â S(i+8)

äëÿ i = 1, . . . , 10. Äåéñòâèòåëüíî, èñïîëüçóÿ ëåììû 14 è 1, ïîëó÷àåì

[B,iA]
p = W p

i+1Y
p
i+2[Wi+1, Yi+2]

(p2).

Ïî ëåììå 4 ypi+2 ∈ S(i+9), [Wi+1, Yi+2]
(p2) ∈ S(2i+9), W p

i+1 ∈ S(i+7), íî, î÷åâèäíî,

÷òî W p
i+1 ̸∈ S(i+8). Ïîñêîëüêó ïðàâàÿ ÷àñòü (25) ñîäåðæèòñÿ â S(13), à

dp = [B,A]pα1 . . . [B,11A]
pα11 ,

òî ÷èñëà α1, . . . , α6 äîëæíû áûòü êðàòíû p. Ïîýòîìó ìîæåì ñ÷èòàòü, ÷òî

d = [B,7A]α7 . . . [B,11A]α11 .

Íàêîíåö, [B,iA]
p ∈ S(14) ïðè i > 8, ïîýòîìó

dp ≡ [B,7A]
α7 ≡ xa(10α7p

2)xb(−18α7p
2) (mod S(14)).

Ñ äðóãîé ñòîðîíû, èñïîëüçóÿ ëåììû 14 è 15, íàõîäèì

[B, 12A] [B, 11A,B]−1
5∏

i=1

[[B, 11−iA], [B, iA]](−1)i+1

≡

≡ 1 · 1 · xb(−168p2) (xa(168p
2))−1 xa(−224p2) (xb(168p

2)xa(168p
2))−1×

× xa(−100p2)xb(−324p2) ≡ xa(−660p2)xb(−212p2) (mod S(14)).

Ëåãêî âèäåòü, ÷òî îáà ðàâåíñòâà 10α7p
2 = 9p2 è 8α7p

2 = 3p2 îäíîâðåìåííî íå
óäîâëåòâîðÿþòñÿ â êîëüöå Z133 íè ïðè êàêîì α7. Çíà÷èò, ãðóïïà PG2(Z133), à
âìåñòå ñ íåé è ãðóïïû PG2(Z13m), m > 3, íå ÿâëÿþòñÿ ðåãóëÿðíûìè. Òåîðåìà
3 äîêàçàíà.

6. Ïðèëîæåíèå 1

Ñëåäóÿ [13, ñ.319], â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå ñ îðòîíîðìèðî-
âàííîé áàçîé ε1, ε2, ε3 âûáåðåì äâà âåêòîðà

a = ε1 − ε2, b = −2ε1 + ε2 + ε3.

Òîãäà ìíîæåñòâî âåêòîðîâ

−3a− 2b, −3a− b, −2a− b, −a− b, −a, −b, a, b, a+ b, 2a+ b, 3a+ b, 3a+ 2b

îáðàçóþò ñèñòåìó êîðíåé òèïà G2, à êîðíè

a, b, a+ b, 2a+ b, 3a+ b, 3a+ 2b

� å¼ ïîäñèñòåìó ïîëîæèòåëüíûõ êîðíåé. Êîðíè a è b îáðàçóþò ôóíäàìåíòàëü-
íóþ ñèñòåìó êîðíåé.

Ñòðóêòóðíûå êîíñòàíòû àëãåáðû Ëè òèïà G2 óêàçàíû â ñëåäóþùåé ëåììå.

Ëåììà 16. Ïîëîæèì

Na,b = ϵ1, Na,a+b = 2ϵ2, Na,2a+b = 3ϵ3, Nb,3a+b = ϵ4

è ïóñòü ϵ5 = ϵ1ϵ3
ϵ4

. Òîãäà íåíóëåâûå êîíñòàíòû Nr,s èìåþò âèä, óêàçàííûé â

ñëåäóþùåé òàáëèöå:
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Òàáëèöà 1.

Nr,s

−
3
a
−

2
b

−
3
a
−

b

−
2
a
−

b

−
a
−

b

−
a

−
b a b a
+

b

2
a
+

b

3
a
+

b

3
a
+

2
b

−3a − 2b ϵ4 −ϵ5 ϵ5 −ϵ4
−3a − b ϵ4 ϵ3 −ϵ3 −ϵ4
−2a − b −3ϵ5 3ϵ3 2ϵ2 −2ϵ2 −ϵ3 ϵ5
−a − b 3ϵ5 2ϵ2 3ϵ1 −ϵ1 −2ϵ2 −ϵ5

−b −ϵ4 ϵ1 −ϵ1 ϵ4
−a −3ϵ3 −2ϵ2 −ϵ1 3ϵ1 2ϵ2 ϵ3
a −ϵ3 −2ϵ2 −3ϵ1 ϵ1 2ϵ2 3ϵ3
b −ϵ4 ϵ1 −ϵ1 ϵ4

a + b ϵ5 2ϵ2 −3ϵ1 ϵ1 −2ϵ2 −3ϵ5
2a + b −ϵ5 ϵ3 2ϵ2 −2ϵ2 −3ϵ3 3ϵ5
3a + b ϵ4 ϵ3 −ϵ3 −ϵ4

3a + 2b ϵ4 −ϵ5 ϵ5 −ϵ4

Äîêàçàòåëüñòâî. Ñîãëàñíî [12, òåîðåìà 4.2.2.] ñòðóêòóðíûå êîíñòàíòû ïðî-
ñòîé àëãåáðû Ëè òèïà Φ íàä C óäîâëåòâîðÿþò ñëåäóþùèì ñîîòíîøåíèÿì:

(i) Ns,r = −Nr,s, r, s ∈ Φ;

(ii)
Nr1,r2

(r3, r3)
=

Nr2,r3

(r1, r2)
=

Nr3,r1

(r2, r2)
, åñëè r1, r2, r3 ∈ Φ è r1 + r2 + r3 = 0;

(iii) Nr,sN−r,−s = −(p+ 1)2, r, s, r + s ∈ Φ;

(iv)
Nr1,r2Nr3,r4

(r1 + r2, r1 + r3)
+

Nr2,r3Nr1,r4

(r2 + r3, r2 + r3)
+

Nr3,r1Nr2,r4

(r3 + r1, r3 + r1)
= 0,

åñëè r1, r2, r3, r4 ∈ Φ, r1 + r2 + r3 + r4 = 0 è ñðåäè êîðíåé r1, r2, r3, r4 íåò ïàð
ïðîòèâîïîëîæíûõ.

Èç ðàâåíñòâ

b+ (−a− b) + a = 0, (a+ b) + (−2a− b) + a = 0,

(2a+ b) + (−3a− b) + a = 0, (3a+ b) + (−3a− 2b) + b = 0

è ï. (ii) ñëåäóåò, ÷òî

Nb,−a−b

2
=

N−a−b,a

6
=

Na,b

2
=

ϵ1
2
,

Na+b,−2a−b

2
=

N−2a−b,a

2
=

Na,a+b

2
= ϵ2,

N2a+b,−3a−b

2
=

N−3a−b,a

2
=

Na,2a+b

6
=

ϵ3
2
,

N3a+b,−3a−2b

6
=

N−3a−2b,b

6
=

Nb,3a+b

6
=

ϵ4
6
.

Äàëåå, èç ðàâåíñòâà

(a+ b) + (2a+ b) + (−b) + (−3a− b) = 0

è ï. (iv) ñëåäóåò, ÷òî

Na+b,2a+bN−b,−3a−b

6
+

N−b,a+bN2a+b,−3a−b

2
= 0,

îòêóäà

Na+b,2a+b = −3
N−b,a+bN2a+b,−3a−b

N−b,−3a−b
= −3

(−ϵ1)ϵ3
−ϵ4

= −3
ϵ1ϵ3
ϵ4

= −3ϵ5.

Íàêîíåö, èç ðàâåíñòâà

(2a+ b) + (−3a− 2b) + (a+ b) = 0
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âûòåêàåò, ÷òî

N2a+b,−3a−2b

2
=

N−3a−2b,a+b

2
=

Na+b,2a+b

6
= −ϵ5

2
.

Îñòàâøèåñÿ ñòðóêòóðíûå êîíñòàíòû Nr,s îïðåäåëÿþòñÿ èç ñîîòíîøåíèé:

Nr,s = N−s,−r = −Ns,r = −N−r,−s.

�

Â ñëåäóþùåé òàáëèöå ïðèâåäåíû çíà÷åíèÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ (hs, r).

Òàáëèöà 2.

hr \ s a b a+ b 2a+ b 3a+ b 3a+ 2b
ha 2 -3 -1 1 3 0
hb -1 2 1 0 -1 1

ha+b -1 3 2 1 0 3
h2a+b 1 0 1 2 3 3
h3a+b 1 -1 0 1 2 1
h3a+2b 0 1 1 1 1 2

7. Ïðèëîæåíèå 2

Êîììóòàòîðíûå ôîðìóëû Øåâàëëå äëÿ òèïà G2

Ïóñòü Φ� ïðèâåä¼ííàÿ íåðàçëîæèìàÿ ñèñòåìà êîðíåé,K � ïîëå èëè àññîöè-
àòèâíî-êîììóòàòèâíîå êîëüöî ñ åäèíèöåé. Ñîãëàñíî [12, òåîðåìà 5.2.2] êîììó-
òàòîð

[xs(u), xr(t)] = xs(u)
−1xr(t)

−1xs(u)xr(t),

ãäå r, s ∈ Φ è u, t ∈ K, ðàâåí åäèíèöå, åñëè r+s /∈ Φ è r ̸= −s, è ðàñêëàäûâàåòñÿ
â ïðîèçâåäåíèå êîðíåâûõ ýëåìåíòîâ ïî ôîðìóëå

[xs(u), xr(t)] =
∏

ir + js ∈ Φ,
i, j > 0

xir+js(Cij,rs(−t)iuj),

åñëè r + s ∈ Φ. Ñîìíîæèòåëè ïðîèçâåäåíèÿ ðàñïîëîæåíû â ñîîòâåòñòâèè ñ
âîçðàñòàíèåì ñóììû i + j, à êîíñòàíòû Cij,rs ÿâëÿþòñÿ öåëûìè ÷èñëàìè è
îïðåäåëÿþòñÿ èç ôîðìóë [12, òåîðåìà 5.2.2]:

Ci1,rs = Mr,s,i, C1j,rs = (−1)jMs,r,j , C32,rs =
1

3
Mr+s,r,2, C23,rs = −2

3
Ms+r,s,2.

Â ñâîþ î÷åðåäü, ÷èñëà Mr,s,i âûðàæàþòñÿ ÷åðåç ñòðóêòóðíûå êîíñòàíòû Nr,s

ñîîòâåòñòâóþùåé àëãåáðû Ëè ïî ôîðìóëå [12, ñ. 61]

Mr,s,i =
1

i!
Nr,sNr,r+s . . . Nr,(i−1)r+s,

Ñïèñîê ôîðìóë.
Ïîëîæèòåëüíûå êîðíè

(26) [xb(u), xa(t)] =

= xa+b(−ϵ1tu)x2a+b(ϵ1ϵ2t
2u)x3a+b(−ϵ1ϵ2ϵ3t

3u)x3a+2b(−ϵ2ϵ5t
3u2),



ÎÁ ÎÄÍÎÌ ÍÅÎÁÕÎÄÈÌÎÌ ÓÑËÎÂÈÈ ÐÅÃÓËßÐÍÎÑÒÈ P -ÃÐÓÏÏÛ 167

(27) [xa(u), xb(t)] =

= xa+b(ϵ1tu)x2a+b(−ϵ1ϵ2tu
2)x3a+b(ϵ1ϵ2ϵ3tu

3)x3a+2b(−2ϵ2ϵ5t
2u3),

(28) [xa+b(u), xa(t)] = x2a+b(−2ϵ2tu)x3a+b(3ϵ2ϵ3t
2u)x3a+2b(−3ϵ2ϵ5tu

2),

(29) [x2a+b(u), xa(t)] = x3a+b(−3ϵ3tu),

(30) [x3a+b(u), xb(t)] = x3a+2b(−ϵ4tu),

(31) [x2a+b(u), xa+b(t)] = x3a+2b(3ϵ5tu),

Îòðèöàòåëüíûå êîðíè

(32) [x−b(u), x−a(t)] =

= x−a−b(ϵ1tu)x−2a−b(ϵ1ϵ2t
2u)x−3a−b(ϵ1ϵ2ϵ3t

3u)x−3a−2b(−ϵ2ϵ5t
3u2),

(33) [x−a(u), x−b(t)] =

= x−a−b(−ϵ1tu)x−2a−b(−ϵ1ϵ2tu
2)x−3a−b(−ϵ1ϵ2ϵ3tu

3),

(34) [x−a−b(u), x−a(t)] = x−2a−b(2ϵ2tu)x−3a−b(3ϵ2ϵ3t
2u)x−3a−2b(−3ϵ2ϵ5tu

2),

(35) [x−2a−b(u), x−a(t)] = x−3a−b(3ϵ3tu),

(36) [x−3a−b(u), x−b(t)] = x−3a−2b(ϵ4tu),

(37) [x−2a−b(u), x−a−b(t)] = x−3a−2b(−3ϵ5tu),

Ñìåøàííûå êîðíè

(38) [x−a−b(u), xa(t)] = x−b(3ϵ1tu),

(39) [x−2a−b(u), xa(t)] = x−a−b(2ϵ2tu)x−b(3ϵ1ϵ2t
2u)x−3a−2b(3ϵ2ϵ5tu

2),

(40) [x−3a−b(u), xa(t)] =

= x−2a−b(ϵ3tu)x−a−b(ϵ2ϵ3t
2u)x−b(ϵ1ϵ2ϵ3t

3u)x−3a−2b(ϵ2ϵ5t
3u2),

(41) [xa(u), x−3a−b(t)] =

= x−2a−b(−ϵ3tu)x−a−b(−ϵ2ϵ3tu
2)x−b(−ϵ1ϵ2ϵ3tu

3)x−3a−2b(2ϵ2ϵ5t
2u3),

(42) [xb(u), x−a−b(t)] =

= x−a(ϵ1tu)x−2a−b(−ϵ1ϵ2t
2u)x−3a−2b(ϵ1ϵ2ϵ5t

3u)x−3a−b(−ϵ2ϵ3t
3u2),

(43) [x−a−b(u), xb(t)] =

= x−a(−ϵ1tu)x−2a−b(ϵ1ϵ2tu
2)x−3a−2b(−ϵ1ϵ2ϵ5tu

3)x−3a−b(−2ϵ2ϵ3t
2u3),

(44) [x−3a−2b(u), xb(t)] = x−3a−b(ϵ4tu),

(45) [x−a(u), xa+b(t)] = xb(3ϵ1tu),
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(46) [x−b(u), xa+b(t)] =

= xa(−ϵ1tu)x2a+b(−ϵ1ϵ2t
2u)x3a+2b(−ϵ1ϵ2ϵ5t

3u)x3a+b(−ϵ2ϵ3t
3u2),

(47) [xa+b(u), x−b(t)] =

= xa(ϵ1tu)x2a+b(ϵ1ϵ2tu
2)x3a+2b(ϵ1ϵ2ϵ5tu

3)x3a+b(−2ϵ2ϵ3t
2u3),

(48) [x−2a−b(u), xa+b(t)] = x−a(−2ϵ2tu)xb(−3ϵ1ϵ2t
2u)x−3a−b(3ϵ2ϵ3tu

2),

(49) [x−3a−2b(u), xa+b(t)] =

= x−2a−b(−ϵ5tu)x−a(ϵ2ϵ5t
2u)xb(ϵ1ϵ2ϵ5t

3u)x3a+b(ϵ2ϵ3t
3u2),

(50) [xa+b(u), x−3a−2b(t)] =

= x−2a−b(ϵ5tu)x−a(−ϵ2ϵ5tu
2)xb(−ϵ1ϵ2ϵ5tu

3)x3a+b(2ϵ2ϵ3t
2u3),

(51) [x−a(u), x2a+b(t)] = xa+b(2ϵ2tu)x3a+2b(−3ϵ2ϵ5t
2u)xb(−3ϵ1ϵ2tu

2),

(52) [x−a−b(u), x2a+b(t)] = xa(−2ϵ2tu)x3a+b(−3ϵ2ϵ3t
2u)x−b(3ϵ1ϵ2tu

2),

(53) [x−3a−b(u), x2a+b(t)] =

= x−a(−ϵ3tu)xa+b(−ϵ2ϵ3t
2u)x3a+2b(ϵ1ϵ2ϵ5t

3u)xb(−ϵ1ϵ2t
3u2),

(54) [x2a+b(u), x−3a−b(t)] =

= x−a(ϵ3tu)xa+b(ϵ2ϵ3tu
2)x3a+2b(−ϵ2ϵ3ϵ5tu

3)xb(−2ϵ1ϵ2t
2u3),

(55) [x−3a−2b(u), x2a+b(t)] =

= x−a−b(ϵ5tu)xa(−ϵ2ϵ5t
2u)x3a+b(−ϵ2ϵ3ϵ5t

3u)x−b(ϵ1ϵ2t
3u2),

(56) [x2a+b(u), x−3a−2b(t)] =

= x−a−b(−ϵ5tu)xa(ϵ2ϵ5tu
2)x3a+b(ϵ2ϵ3ϵ5tu

3)x−b(2ϵ1ϵ2t
2u3),

(57) [x−a(u), x3a+b(t)] =

= x2a+b(ϵ3tu)xa+b(−ϵ2ϵ3tu
2)xb(ϵ1ϵ2ϵ3tu

3)x3a+2b(2ϵ2ϵ5t
2u3),

(58) [x3a+b(u), x−a(t)] =

= x2a+b(−ϵ3tu)xa+b(ϵ2ϵ3t
2u)xb(−ϵ1ϵ2ϵ3t

3u)x3a+2b(ϵ2ϵ5t
3u2),

(59) [x−2a−b(u), x3a+b(t)] =

= xa(−ϵ3tu)x−a−b(ϵ2ϵ3tu
2)x−3a−2b(ϵ2ϵ3ϵ5tu

3)x−b(−2ϵ1ϵ2t
2u3),

(60) [x3a+b(u), x−2a−b(t)] =

= xa(ϵ3tu)x−a−b(−ϵ2ϵ3t
2u)x−3a−2b(−ϵ2ϵ3ϵ5t

3u)x−b(−ϵ1ϵ2t
3u2),

(61) [x−3a−2b(u), x3a+b(t)] = x−b(−ϵ4tu),
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(62) [x−a−b(u), x3a+2b(t)] =

= x2a+b(−ϵ5tu)xa(−ϵ2ϵ5tu
2)x−b(ϵ1ϵ2ϵ5tu

3)x3a+b(2ϵ2ϵ3t
2u3),

(63) [x3a+2b(u), x−a−b(t)] =

= x2a+b(ϵ5tu)xa(ϵ2ϵ5t
2u)x−b(−ϵ1ϵ2ϵ5t

3u)x3a+b(ϵ2ϵ3t
3u2),

(64) [x−2a−b(u), x3a+2b(t)] =

= xa+b(ϵ5tu)x−a(ϵ2ϵ5tu
2)x−3a−b(−ϵ2ϵ3ϵ5tu

3)xb(2ϵ1ϵ2t
2u3),

(65) [x3a+2b(u), x−2a−b(t)] =

= xa+b(−ϵ5tu)x−a(−ϵ2ϵ5t
2u)x−3a−b(ϵ2ϵ3ϵ5t

3u)xb(ϵ1ϵ2t
3u2),

(66) [x−3a−b(u), x3a+2b(t)] = xa+b(−ϵ4tu).
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