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ORTHOGONAL POLYNOMIAL BASIS IN THE SPACE OF
VECTOR FUNCTIONS H} AND STOKES SYSTEM IN A BALL

S.G. KAZANTSEV

ABSTRACT. B 0ogHOPOIHOM COBOJIEBCKOM IIPOCTPAHCTBE BEKTOP-(DYHKITHIA
H} (Bg) HOCTPOEH OPTOrOHAJIBHBIN HMOJTMHOMUAJIBHBIN Oa3uc. HekoTopbre
U3 TUX BEKTOP-QyHKIMIA, B 4aCTHOCTHU, ABJILAIOTCH BEKTOPHBIMU LIOTEH-
[IaIAMI /IS COJIeHOMIAIBHBIX HOMIel w3 6asuca mpocrpancTsa Lo (B?).
B pesynbrare pemaercs kpaesas 3ajada Jlupuxiie i CTAIMOHAPHOM
cucrembl Crokca B uiape. Peumlenue upeicraBieHo B Buje psijia 110 110-
CTPOEHHBIM IIOJIMHOMUAIBHBIM 0A3MCHBIM BEKTOP-(YHKIAAM.

Keywords: Vector spherical harmonics, vector fields, potential field,
solenoidal field, polynomial vector functions, Sobolev space, orthogonal
basis, Stokes problem

1. INTRODUCTION

In this work, we construct polynomial basis vector functions for homogeneous
Sobolev space H} (B?) in a ball B2. Some of which are, in particular, vector potentials
for basis solenoidal fields of the space Lo(B?). Then we study solutions to the
stationary Stokes equation in the ball emploing polynomial basis vector functions
from homogeneous Sobolev space H{ (B?).
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It is required to determine the velocity vector u and pressure p, satisfying the
system

(1) ~Au+Vp=finB®

(2) divu =0 in B?,

if homogeneous Dirichlet conditions are given on the boundary of the ball
(3) u=0onS?= 0B

Here u is the velocity vector, p is the ratio of pressure to constant fluid density, f
is the vector of acceleration of external mass forces and v =1 > 0 is the kinematic
coefficient of viscosity.

Detailed analysis of problems related to solvability of the Sokes systems and the
regularity of its solutions can be found, for example, in [1I, |2], [3], [4], [5], [6], [7]-

2. MAIN DEFINITIONS AND AUXILIARY RESULTS

Let B® and S? be the unit ball and the unit sphere in R3, respectively, i.e.
B3 ={xecR?:|x| <1} and S? = IB? = {¢ € R?: |¢| = 1}, where | - | denotes the
Euclidean norm. Throughout the paper we adopt the convention to denote in bold
type the vectors in R?, and in a simple type the scalars in R.

The Legendre polynomials Py of degree N € Ny = {0} UN are given by the
formula Py (t) = ﬁ(ﬁ%(tz —1)N. Here N and Ny are sets of the positive integers
and the non-negative integers, respectively. We define as C](\‘?/ % the Gegenbauer
polynomial of degree N with parameter A = 3/2, C](\?/Z)(t) = 4 Py11(t). We recall
that Legendre polynomials Py (t) are the orthogonal polynomials on (—1,1) with
weight function w(t) = 1. By Yy¢ we denote the complex normalized spherical
harmonics, N € Ny, [¢] < N (see e.g. [q]).

Let us recall the definition of basic differential operations related to vector
analysis — the operators Vv, div and rot. The nabla operator V or gradient
calculates the gradient (potential) vector field Vv,

Vv := (Ov/dx1,0v/dxs, 0v/0x3)T
and the scalar function v is called the scalar potential.

Smooth vector field f = (f1, f, f3)7 called solenoidal (divergence-free), if its
divergence is zero, divf = 0, where the divergence operator div is defined as

. ofi [ Ofa | Ofs
f=V.f=— 4 =4 ==
div v 8’131 + 8352 + 31‘3

Another differential operator rot is the rotor operator, briefly defined through a
symbolic determinant

i j K
rotf :=Vxf=| 9/0xy 0/0xy 0/0z3 |,
S f2 f3

here x stands for cross product. If the vector field is potential, then the rotor of
such a field is equal to zero, rot Vv = 0.

The vector Laplace operator A is defined by the formula through componentwise
application

Af = (Af1, Afo, Afs)T.
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The vector Laplace operator satisfies the vector identity

Af = Vdivf — rotrot f.
We will use the standard notation for Hermitian Sobolev spaces L2(B?), H*(B?),
H}(B?) in the scalar case and Lo (B?) = (L2(B?))?, HY(B?) = (H*(B?))?, H}(B?) =
(H}(B3))? in the vector case. Lebesgue space La(B3) — Hermitian space of square-
integrable functions, defined in the ball B3, with inner product and finite norm,

(1) sageey = [ u€)07(€) 06, 1l o) = (. 0s 0,

where * denote the complex conjugate.
Let HY(B3) = H(V) = {v € Ly(B?) : Vv € Ly(B?)} is Sobolev space of functions
in the ball B3 with Hermitian inner product

(u,v) g1 (83) :/ uv™ dx+/ Vu. Vo*dx, ||“H12L11(IB3) = (u,u) g1 (B3).-
B3 B3

Here Vu is the gradient of the function, and the corresponding norm is denoted by
\|U||§{1(Bs)-

In a homogeneous space Hj(B3) = {v € H'(B?) : v(¢) = 0, £ € B3} inner
product (Dirichlet integral) and norm have the form

(@) (o) = [ Fue Vot dx, lully ooy = (w0 ygesy = [ [V dx
B3 B3

Such a norm in H}(B?), as a subspace of H'(B?), is equivalent to the norm of the
space H!(B3).

In the vector case Lo(B?) — Hermitian space of vector functions, defined in the
ball B3, with inner product and the norm,

B e = [ 6O €€ e = (0w

In the Sobolev space H!(B?) we use inner product (-, -)g1,
(u, W) = (0, W), g3y + (divu, divw)y,gs) + (rot u, rot w)y,, gs).

In a homogeneous space H} (B?) = {v € H}(B3) : v(¢) = 0, ¢ € B3} inner product

(GRS

(W) = [ Vu:Vvidx = (divu,divw)p,ms) + (ot u,rot w)r,, (s
B3
generates an energy norm in H}(B?), equivalent to the norm in space H!(B?).
For vector fields on the sphere, we consider the Hilbert space L2 (S?) = (L2(S?))3,
which is determined by the inner product (-,-)p,s2) and the norm || - ||p,(s2)

(€ B = [ O£ O 1,0 = (£ Dro

2.1. Helmholtz—Hodge decomposition. A harmonic vector field is a potential
field with a harmonic potential, h = Vh, Ah = 0. We denote VHarm(B3) = {h =
Vh: he HY(B?), Ah = 0} — subspace of harmonic vector fields, and through
VHI(B?) ={p=Vov:ve H}B*} — subspace of potential vector fields having
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only a normal component at the boundary. Then the orthogonal sum gives the
whole set of potential fields,

L
VH'(B?) = {u=Vov:ve H (B} = VHL(B?) & VHarm(B?).
Also let Hy(div = 0) be the subspace of solenoidal fields, having only a tangential
component on the boundary S?,

Hy(div =0) := {v € L*(B?) : divv =0, £.v(¢) = 0 on S?}.

The Helmholtz—Hodge decomposition for Lo(B?) allows separating any vector field
into the sum of three uniquely defined components: curl free (irrotational), harmonic
and divergence free (solenoidal), see e.g. [, [2], [9], [10], [11].

Theorem 1. (Helmholtz—Hodge decomposition). Every vector field f € La(B3) can
be decomposed into an irrotational part Vv, v € H}(B3), a harmonic field Vh with

harmonic function h and a solenoidal ﬁeldj with tangential flow at the boundary
OB3, such that

(6) f=Vo+VhtJ=p+h+J.

That means, the space of square integrable vector fields Lo(B3) is an orthogonal sum
of three subspaces

L- L
Ly(B?) = VHL(B?) & VHarm(B?) & Hy(div = 0;B?).

On the other hand, for each potential vector field p there is a scalar function v,
called the scalar potential, p = V. Similarly, for a solenoidal field J there exists a
vector field u, called the vector potential, which satisfies the equation rotu = J. It
is clear that the vector potential u for J is determined ambiguously and, in some
cases, we can take as the vector potential the solenoidal vector field or impose
boundary conditions on this potential.

Therefore, the Helmholtz decomposition can be written with scalar and vector
potentials. For example, there are harmonic potential h € Harm(B?), scalar potential
v € HE(B3) and vector potential u € H}(B?), such that

h=Vh, p=Vwv, J=rotu
and, in this case, the potentials u, v and h are uniquely determined.

2.2. Zernike polynomials and generalized Zernike polynomials. It is known
that the 3D Zernike polynomials Z](V]\f%) form an orthogonal basis in the Hilbert

space L2(B?), see e.g. [12].
(N-+2k)

Definition 1. Zernike polynomials Z, and generalized Zernike polynomials
Z][\l,]g(NHk) are defined by formulas

N+2k 3/2
(7) Z(VR) (x) = 5 Yne(m)CS3 (xem)dn, N,k €Ny, |¢| <N,

8)  zy, M(x) = / Yne(n)Pniak(x.m)dn, N € Nk €No, [¢(| <N,
S2

where Yy are complex spherical harmonics, 01(3/2) are Gegenbauer polynomials

of degree m and of type 3/2, and P,, are Legendre polynomials. The degree of

polynomials @ and @ 1s determined by the superscript N + 2k.
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With the help of Funk — Hecke formula Zernike polynomials Z](v]\fr%) and

generalized Zernike polynomials ZJ[&]Z(NHIC) can be written in polar coordinates,

1
Z(V) (x) = 27 Y e (€) / P ()02, (s]x]) ds,
-1

1
2V () = 2Y v (€) / P (s) P o (s/x]) ds.
-1

For kK =0in we obtain harmonic polynomials in the ball, AZJ(VJZ) =0.For k=0

()
in we obtain Z][\l,]e(N) = %7 ie. ZJ[\l,]e(N) are harmonic functions too.
We will not subsequently write out and use the explicit form of the Zernike

polynomials. In the integral form it is more convenient to study the properties of
these polynomials. We will make an exception only for harmonic polynomials Z](VA?

)

N
Zz(ve) (x) =
S2

1
= 27Yne(€) x|V [ 1 C3/? (5)Py(s)ds = 4r|x|NYne(€).

Yne(n)CY? (x.m) dn

Harmonic Zernike polynomials of the first degree are

/3 . /3 /3 .
Zf’lll(x) =47 g(xl—wg), Z{(l)) (x) =4r Exg, Zﬁ)(x) = —4r g(fﬂl"‘liﬂg).

The following theorem lists the basic properties of the Zernike polynomials.

Theorem 2. Zernike polynomial system @ and generalized Zernike polynomial
system (@) are complete in Lo(B3). Zernike polynomial system (@ forms an orthogonal
basis of the space Lo(B3). The generalized Zernike polynomials {Z][\I,]Z(NJF%), |4 <
N} Neng ken will be a basis for the homogeneous space HE(B?) and orthogonal with
respect to inner product . Following are the properties of the Zerike polynomials,

Harmonic Zernike polynomials , N > 0
7 (%) = 4m|x|NYae(€), x = [x|€
(©) Z}vsz J|V§)2 =AYy
AzN =0
1280, = ALY o, — 2V
2N +1

Zernike polynomials, N >0, k> 1
7 (N+2k)
N
(10) Z0 Mg = dnYig ,
N+2k U
125 s =

el = V2N 4k + 3
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Harmonic Generalized Zernike polynomials, N > 0
(N)
LU _ Zne
ne 2N +1
(11) e A
Ne sz = ON 11 V¢
N _ gy _ AN+ DVN
1Zxe M. = 1Bye L, T TN+l

Generalized Zernike polynomials, N >0,k > 1
Z(N+2k) _ (N+2k—2)
Ne — ZNe

1|(N+2k
Al

[1](N+2k) 2N +(14)k + 1(3/2) (N+2k—1)
V?N]\e} o (x) = fgz yNe(TI)CNJr%q(X .n)dn =: Ay, (%),
(12) ZQN2R 1, —

\|Z[1](N+2k)|| — 4r 2(2N +4k + 1)
N L (2N + 4k — 1)(2N + 4k + 3)

_ 47
FUIN+2R) | g (N+2k-1) _ _
2Ry = AR e, = et

2.3. Vector spherical harmonics (VSHs). There are vectorial analogues of
scalar spherical harmonics called vector spherical harmonics (VSHs). In this section
we give definitions and properties of the vector spherical harmonics, which are
needed in our work. We refer to [13} 14} 15} [16] for more details in this theme. Here
we recall the definitions and some properties of covariant derivatives on the surface
of a sphere S2.

We introduce standard polar coordinates (6, ) on the unit sphere S?, 0 < ¢ <
21,0 < <, 0 — latitude, ¢ — longitude and the unit vector & = (0, ¢) € S? be
represented in polar coordinates

&= (£1,£,8&3) = (sinf cos p,sin @ sin p, cos ) = isin 6 cos ¢ + jsin O sin ¢ + kcos b,
where i, j, k is the canonical orthonormal Cartesian basis. The plane £+ = {x € R3:
x.& = 0} is spanned by the two orthonormal vectors eg, e, with representations
in polar coordinates ey, e, are the standard unit vectors tangent to the sphere,
(13)
€9

L o8 _

= (cosf cos @, cosfsing, —sinh), e, = = (—sinp, cos ¢, 0).

~ 00 sin 0 %
The e, = &, ey, e, form the so called local moving triad £ .eg = 0, £.eg = 0,

e,.eg=0and ey x e, =&.

Definition 2. The tangential gradient or the surface gradient, denoted by V = V¢
and the tangential rotated gradient (the surface curl-gradient), denoted by V+ =
Vé‘, are defined accordingly as

ou 1 Ou
(14) VE’U, = %69(5) + M%e¢(£),
1 __ 1 Ou Ou
(15) Veu=§€x Veu = " a(peg(E) + 89e¢(§).

Obviously, we have £.Veu(§) =0, €. Vg-u(ﬁ) =0 and Vu.V+u = 0. Therefore,
Vu and V4 u are tangent (tangential) vector fields on S2. The vector field V4u on
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the sphere is obtained by rotation of Vu by the angle 7/2 in the tangent plane and
V+ =iL, where L is angular momentum operator. In this article we work with the
pure—spin VSHs given in [16] with the exception that the normalization factors are
neglected here.

The vector spherical harmonics are defined for £ € S? by

Definition 3. The vector spherical harmonics (pure—spin VSHs or Hansen spherical
harmonics) are arranged in three families: yg\}%(ﬁ), yggz(ﬁ) and yg\?z(é). For ¢ € §?
and given a scalar spherical harmonic Yyo(&) the unnormalized vector spherical
harmonics are the set

(16) Y\ (€) = EVni(€), N eN,,
(17) v (€) — VeYe(€), Ne€N,
(18) Yo &) =&xyT€) = Vivni(€), NeN.

The connections between the VSHs of indices +¢ and —¢ are the following
YN-®) = (DYW©
Y6 = (DY@
YW €) = (DY (©),

where * denote the complex conjugate. We will say that yg% and yg\?,’% are the grad
and curl spherical harmonics. The field yg% is called poloidal, electric, or potential;

while yg\?,’% — toroidal, magnetic, or solenoidal.

The pure-spin VSHs form a complete set of orthogonal vector functions on the
surface of a sphere S? with the inner product of the Ly(S?) space. The vector
spherical harmonics, defined as above, are orthogonal but not normalized,

1 1 ! 7 2 2 ! / 3 3 7 /
(Y y W, = 6N 68, (v ¥yl ). = AN 6F . (v, vy, = A% 6N oF .

The normalizing pure—spin vector spherical harmonics or orthonormal system of
VSHs are

~(1 1 ~(2 — 2 ~(3 — 3
YN =YL T = ARG, T =AY A = VNN 1),

The scalar Funk-Hecke formula is contained in the next theorem, see e.g. [§],
[16].

Theorem 3. (scalar Funk-Hecke theorem) Suppose F(t) is continuous for —1 <
t < 1. Then for every spherical harmonics of degree N

(19) [ € myitm g =2mvite) [ PPyt

Her & .1 is the usual inner product in R3.
Now we formulate vectorial version of the Funk-Hecke formula (see [15] [16]).

Theorem 4. (Vector Funk-Hecke theorem) Let F(t) € L1(—1,1) — an integrable
function of one variable on the segment —1 < t < 1. Then, for vector spherical
harmonics, the following equalities hold:
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/S YO MF(E.n)dn = a1y (&) + anay (&),
/S YAMFE 1) dn = any () + anyDE),

/S Y ) F(€ . ) dn = assyS)(€),

where the coefficients are calculated by the formulas

o = g (N / 11 F(s)Paoa(s)ds + (V4 1) [ 11 F(5)Prsa (5) ds) ,
=57 ( 11 F(s)Py-a(s)ds - [ 11 F(s)Py 41 (5) ds) ,

ag1 = N(N + 1)aye,

sy = 2]\?11 ((N+1)/11F( )Px_1 (s )ds+N/ §)Py 1 (s )ds>,

Qg3 = 27r/_1 F(s)Pn(s)ds.

These formulas imply the following formula
1
[ (35 m + ym ) #(€.my dn = 20 (N3O + ¥2H©) [ Fo)Py-a()s
s2 -1
L (= 0y + yim)) P&y dn

—2n(= (V4 )y INO +¥8UO) [ Fo)Pvn()ds

The Funk — Hecke vector formulas will also be used to calculate spherical integrals,
in particular, for computing the boundary values of vector fields in the ball B3.

2.4. The basis for the object space Ly (B?). Solenoidal and potential polynomial
vector fields. This part contains information from the work [15], [17]. We recall

the definitions and the main properties of solenoidal and potential basis vector fields

of the space L?(B3).

Definition 4.

(200 AU (x) = / YO CE2_ (x.m)dn, N,k eNy ,

@) BRI [ (R i) e xmyan, N e
22) BOPPY(x / 2 ;f;k ((x.m)dn, NeN, keN,
(23) il (x /S 2 MO/ (x.n)dn, NeN, keN,

For convenience, we put
-1 o
ALY (x) = 0.
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Remark, that if we put & = 0 in and (22), then we get

N-1 1 N-1 N-1 N+1__ (N1
ANV = N 00 BT ) = g HN (),

which in the end gives
- N1 N-1
HY; (0 = NAY, Y+ B V().
The following two theorems reflect the results obtained in [15], [17].

Theorem 5. Following are the properties of the polynomial vector fields (@) -
. Action results of operators div, rot, the values of these vector functions on
the boundary (on the sphere) S? are considered. All of these properties are listed
below for each group of polynomial vector fields (@) - separately.

harmonic, poloidal fields, N > 1
N N-1
vzy,) Hy Y

A=) _ Z[l]( ) _ _
Nt Vv T 2N+1 2N +1

divA(Y"" =0

(24) rot Ag\],\z_l) =0
ar (Ny) +y%))
A(Nfl)l _
Ne s 2N + 1
Ar/N
IAD g, = 2V
2N +1

potential fields, N >0, k> 1
(N+2k—1) 1](N +2k)
Ay = V7| ]e

N
div A(N+2lc71) 25;3(2N+43+3)Z§V1\£+25)

(25) rotA(N+2k V_p
A(N+2k 1)| f47ry(1)
||A(N+2k 1)HL2 _ m

V2N +4k +1

harmonic, poloidal fields, N > 1

N-1 (N N+1 N—1
Bgve )= =(N+1 )sz[v]e( )= “ON 1+ 1H§\re )
. N
divB{ " =0
rot Bg\],\z_l) =0
(26) oy, ATV 1) (Ny + )
By e = ON +1
N—-1 47T(N + 1)\/N
1B VL, =~

Bg\%_l) (X) = rotrot (XZ[ ](N)( )>
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solenoidal, poloidal ﬁelds N >1,k>1
B%Hk_l) —rot [o yNe 1) Py ok(x.m)dn
divB“\;“’“ b o

s 47ry
||B]$+2’“‘1 [, = 4r %

B(N+2k_1)(x) = rotrot (xZ][\}]Z(NHk)(X))

N¢

solenoidal, toroidal fields, N > 1,k >0
Ry = rot [ 5y (m) Pvsar1 (x 2 m) dny
dive(V T = o

rot G\ = -8 (N 4+ 4s + )BT

2
(28) Cg\]f\;-i-%)‘ 47ry(3)
NIN+1)
C(N+2k) — 4
] I 2N + 4k + 3
Cc (V2 (x) = —rot (XZ](VJW)(X)) =xx vz (x)

harmonic, poloidal fields, N > 1
B 2 o2

divHY, ™ =0

rot Hg\j,\z_l) =0

H%71)|52 =47 (Ny( )+ y(2))
YV, = 4mVN

H%il)(x) = rot rot (XZ(N)( ))

(29)

N+1

In [I7] was shown that B(NHIC Y and H%\;, ) are poloidal, while Cy N+2k> are
toroida vector fields. Decompose a solenoidal vector field in the ball w1th respect
to this basis we obtain the so—called poloidal-toroidal decomposition.

Theorem 6. Polynomial vector field system (@) —

(N+2k—1)
{af
NeNg, keN

H(N—l)} {B(N+2k+1)} {C(N-i-%)}
U{ Nt NeN’U Ne NeN, keNo U NE NeN, keNo

forms a polynomial orthogonal basis of the space La(B3). Thus we have an orthogonal
polynomial basis and for each vector functions f € Lo(B3) there is orthogonal
expansion in Fourier series
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o
NE

(30) Zf(N+2k7 DA\ (N+2k 1)
¢

=2
I

0

~
Il

0

potential part

Z (N+2k+1)BB(N+2k+1) I Z ZZ (N+2k)CC(N+2k)'
0 N=1k=0 ¢

n
NE
NE

2
I

1k

Il
o

=3, solenoidal part

If we need to highlight the harmonic part, then we get

£ = ZZZf(N+2k 1)A N+2k 1) +ZZ 1)

N=0k=1 ¢ N=1 ¢
=p=Vu, potential part =h, harmonic part
oo o0 o0 oo
N+2k+1)B N+2k+1) (N+2k)C ~(N+2k)
> DD I =D D e O
N=1k=0 ¢ N=1k=0 ¢

:3, solenoid part
In the future for the sake of simplicity the summation over £ will be omitted.
Exactly, {Hg\%_l), |4 < N} — an orthogonal basis of the subspace of harmonic
NeN

fields VHarm(B?), {A%\;Hk_l), || < N} — an orthogonal basis of the
NeNo,keN
subspace of potential fields VH}(B?), {B%Jr%“), C%i“k), | < N}Nk o
,KENg

an orthogonal basis of the subspace of solenoidal vector fields Ho(div = 0).
As an example, we consider the harmonic vector fields that are constant, NV = 1.
There should be three of them: ¢ = —1,0,1. Then

0) 3 . 0 1 3
H" =vz{’ = = dm\ [ (1L 0), HY) =vz{) = 4my [ (0,0,1)",
[3
=vzW = 4 /= (1,1,0)1
11 =V m 87r( ,1,0)

There are only nine vector functions of the first degree

AR ) = [y et ey dn = o~ Vi,

3 / (x.7)d
o e mdn = 3
1
c) (x) / vy )PP (x.m)dn = 27T|X|y§331(£)3/ s*ds = dnlx|y(D (£),
-1
1 ) 2 3/2 1 2
Hy) (x) = ¢ / y5 ) O (. m) dm = arlx| (255 (6) + ¥, (€))
$2 —
=3(x.m)
3. VECTOR POTENTIALS FOR SOLENOIDAL BASIS VECTOR FUNCTIONS

In this section we construct polynomial vector functions, which are vector potentials
for solenoidal fields from the basis of the space Lo(B?). Based on these vector
functions, a basis for Sobolev space H}(B3) is constructed.
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We introduce into consideration polynomial vector fields U(N+2k D V(N+2k)

and W%Hk 1), in determining which we use the same approach as in the case of

basis vector functions AE\J,\?_%_D, B%Hkﬂ) and Cg\],\;+2k).

Definition 5.

(31) UE\J,\T%_I)(X) : /s y%&(n)PNHk—l(X- n)dn, N,k € Ny,
(32) VE\%HM(X) = — /S2 yg\?%(n)PN_A'_Qk(X . T]) d’l’], N € N, ke NO,

33) WV (x) = / Yy (M) Py yak_1(x.m)dn, N € Nk € Ny,
S2

where P, are Legendre polynomials. For convenience, we also put

Ui, (x) =0.

Note that in this definition, as before, all options are taken into account values
for integer variables N and k for which the data integrals exist and are not equal to
zero. In this work, the explicit form of polynomial vector fields are not considered
and not used, so it will be a separate task.

For example we have

N) _ _ 1 (3/2) (3/2) _ 1 (V)
Ve = 2NH/y HECN” ()O3 (x:8)) dE = — o= O, N €N,

1 : 1
iy =3 [yRec . g dg = 5l

Let us formulate the basic properties of vector fields , and .
Theorem 7. For vector functions Ug\],\;+2k71), Vg\],\zﬁk) and W%\;Hk*l) the following
properties are considered:

e representation in basis of Lo(B?)

e values of operators div, rot

e boundary values on the sphere
All of these properties are listed below for each group separately.

potential field, N =0, k=1
Uy _ Ay _ vam
3
(34) divU(}) = O<38 = Vir
rotU(B) =0
1 T 1 VAT
Ul ()l = 500 () = ¢



(37)

(39)

N-1
vy

N+1
U
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harmonic vector fields, N € N, k=0

(N-1 N-1
_ AN ) _ ng :
9N -1 (2N —1)(2N +1)

UN s =

divU{ =
rotUS\],\;H) =0

N+1 -
Ugv; )|83 =

divUly, ™ =0
rotU%il) =0

A (Ny“)

2
+yi)

2N —1)(2N + 1)’

potential vector fields, N e N, k=1
N+ DAY -

(N-1)
HN@

(2N +1)(2N +3)

(N)
2%

dr( = (N +1)y

2
ARAD)

(2N + 1)(2N + 3)

solenoidal vector fields, N e N, k=0

N
vy —Cy/
ne 2N +1

divv(¥) =0

potential vector fields, N € Ng, k € N
N+2k—1 N+2k—3

UyW+2k-1) _ Agve - Agve )

ne 2N + 4k — 1
diVU%\erQkil) _ p(N+2k=2)

+ —_

Uny lss =0 4

U(N+2k 1) _ ZN+2k 2) _ 4
TSy = | s =

Ny _pN-1n _ NAT1 v
rot V) = B, N = oy AN
V(N)| , — 47Ty
Ne 1S 2N+ 1
N+1 N-1)
Vil = L o~ [
H H! 2N +1 Nf
solenoidalvector fields, N,k € N
N+2k N+2k—2
v (V+2k) _ Cgv; )*Cgve )
Ne 2N +4k +1
divv{y T — o
rotVl(\Il\ka) _ B%\;Hkq)
Ve =0
N(N +1)
N+2k (N+2k—1)
IV sy = IBE Ve, = 4n

2N +4k+1



ORTHOGONAL POLYNOMIAL BASIS IN THE SPACE OF VECTOR FUNCTIONS Hé 157

harmonic vector fields, N e N, k=10
N-1 N-1
wvn_BED (v DR
ne 2N -1 (2N —1)(2N +1)
(40) divw( Y =0
rotWEVA;_l) =0
(N + 1)(Ny§v13z + y@)
(2N —1)(2N +1)

N-1
WE\I@ )|82 =

solenoidal vector fields, N e N, k=1
N+1 N-1
N+ 1B — (N + nHE( Y

W(NJFl) —
ne (2N +1)(2N +3)

. N
(41) divw iy =0
rotWinth = c(V)
1N (= (N + 1)y +¥%)

W(N+1) _
el (2N + 1)(2N +3)

solenoidal vector fields, N € N, k€ N\{1}
(N+2k—1) (N+2k—3)
B — B

2N +4k -1

N+2k—1
W§ve )=

divw (0 —
rotwg\%ﬂk—n _ Cg\zf\zﬂk—z)
W§V1\2+2k71)|s2 -0

N+2k—1 N+2k—2
WS Dl = [1C5 |, = 4x

(42)

NN +1)
ON + 4k — 1

Proof. Formulas are derived by direct calculations. Let’s make a few comments.
Formulas for decompositions UE\I,\;JF%_U, VEVA?_%) and W%\z“k_l) on the basis
vector functions of the space Lo(B3) are a consequence of equality Py.1(t) =
PR w-c{®
2N+3 :
Using the obtained formulas and boundary values for basis functions , (21),

(22) and on the sphere S?, we can immediately evaluate boundary values for
U]\],\f%*l ; ng]\?%) and W%”kfl). Another way might be to directly calculating
the integrals (31)), and using vector Funk-Hecke formulas, see Theorem
Using the properties of vector functions , and it is easy to check their
orthogonality in the space H}(B?) and calculate the corresponding norms.

Vector functions Us\l,\?rzk_l) — potential vectr fields, because we can write

U%+2k71)(x) =V - YNZ(&)P%L%(X L£)dE = /Sz yg\}%(ﬂPNﬂk—l(X .m)dn,

where Pg\l,]+2k(t) = flt Py yo_1(s) ds.
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Further we have
divU@ 2D _ A /S Yne(©)PY o, (x €) de

= | e €CRE a(x @) = 21 € La(BY)

For £k =0 in and , we obtain a harmonic field

1J(N N N-1
gW-1 _ vz _ V2, _ Hy,
Nt 2N -1 (2N -1)2N+1) (2N -1)(2N +1)
N—-1 N—-1
wW-1 _ ng : _ (V+ 1)H5\r£ )
N¢

~2N-1 (2N -1)(2N+1)

We already know that vector harmonic polynomials can be obtained also according
to different formulas, namely

_ H(N D — N+1 —
N-1 N-1 N-1
AEVZ ) = 7]$£ 1 5 BEVZ )(X) = 1H§VZ )(X)

O

To conclude this section, we also define a set of vector fields with zero traces on
the boundary.

Definition 6. Let N € N then we define

o (N+1) (N+1) (N+1) o (M)
(43) Uy, (x)=NUy, ""(x) + Wy, " (x), Uy (x):=0.
This definition is based on the formulas
(V1) gy — —4r (N 4+ v 2)
U0 = Gy rnan s (- O DY v ),
(N+1) gy _ An N _ (1) (2)

o (N+1)
From these formulas it follows that there is for Uy,

o (N+1) NAE\JI\;H)_‘_BE\J,\;H)_HE\JI\;*U

Yne = N +3
o (N+1)
As a result, we bring together the properties of Uy, , N €N
IOJ(N+1) B NA%\QH) + BS\J{\;H) _ Hg\zfyl)
e B ON + 3
~ o (NHD o)
div U(NN€+1) =NZyy,
0
(44) rot Uy, = C%\;)
o (N+1)
UNE(N 1|)§2 =0
o N(@2N +1)
= (N) _
10ne ey = VNCN + DIZG [, = 4my | =55 -
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4. ORTHOGONAL DECOMPOSITION OF THE SPACE H}(B?)

Recall that in a homogeneous space
H;(B%) = (Hy(B))* = {v e H'(B’) : v(€) = 0, € € B’}

the inner product ((-,))gy,
(45) ((u, W) = /3 Vu: Vw*dx = (divu, divw)g, + (rotu, rotw)y,,,
B

generates an energy norm in H}(B?), equivalent to the main norm of the space
H!(B?).
Vector field system

(46) {JJ(N“) U {U(N+2k+1)} U {V(N+2k) W(N+2k+1)}
ne ven ne NeNg,keN Ne o TENE N,keN

forms an orthogonal polynomial basis in homogeneous space H}(B?). Orthogonality
is understood in the sense of the inner product (45). We have

0 (N+1)
Hj = 5pan § Uy,
NeN

H! H!
& spam {UE\J,\Q”’““)} & spam {VE\J,\;”“,WE\,N@“’““)}

N€ENg,keEN N,keN

Next, consider the subspace V. C H}(B?), containing solenoidal vector fields
from H}(B?),
(47) V = {v € H}(B?) : div v = 0} = Hy(div = 0) N Hj(B?).
Then the orthogonal decomposition is valid (see [1I,[2], [3], [11] )

TRy
(48) H,=V & V%4
Here V1 denotes the orthogonal complement of the subspace V in H} with respect

to the inner product (45).
There is a descriptive characteristic of the subspace (see [2]),

V* = {(-=A0)"'Vq: g € L»(B*)}
or
Vit ={veHj: —-Av=Vq, g€ L(B*)/R}.

Remark. By the Schur complement (Schur operator) of the system 7 we

mean the operator
S =divA,'V.

The pressure function p in is definied up to a constant and satisaifies the
equation Sp = divA; 'f. Here we have designated (—Ag) ™' u vector function v such
that (—A)v = u, v(€) = 0 and the divergence operator is an isomorphism of the
spaces V1 and Ly(B3)/R (see e.g. [2, Chap. I, Corollary 2.4]), which corresponds
to the accuracy of the de Rama complex

49) R 9 g@) Y vE(BY) 2 HIBY) I L,(BY)/R.
The de Rama complex forms an exact sequence. This means that the image the left
operator is the same as the kernel of the right one.
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Theorem 8. Polynomial basis (@) of the space H}(B3) corresponds to the orthogonal
decomposition @, namely, vector field system

V(N+2k) W(N+2k+1)}
{ Ne 0 T NE N.,keN

forms an orthogonal polynomial basis in the subspace V, and the system

o (N+1)
(N+2k+1)
{UN@ } U{UW }NkeN
NeN ’

— orthogonal basis in the subspace V.

Proof. We have by definition,

U%Hkﬂ)(x) = /S2 yg\}Z(n)PN+2k+1(X .n)dn,
hence

N+2k+1 1 5/2
AUR 00 =5 [ v mOd b dn

N+2k
_v /S Vem)CR G 0cm) dn = V200,

It is easy to check that for £ > 1 we have
i.e. ASIVZI(V]\,EHIC) = UE\J,\;HkH) which means Ug\],\z“kH) e Vi

o
Further, by definition, we have Uy, = 0, and for N > 1 we have

0 (N+1)_ . (N+1) (N+1)
AUy, = (Vdiv-rotrot) (WNZ (x)+ NUy, (x))

= —rotrot WEVA;H) (x) + NV div US\J,\QH) (x) = —rot CS\J,\? (x) + NVZ](VIZ) (x).
Since CE\I,\Q (x) = —rot(xZ](VJ\é)(x)) =X X VZJ(VA,Z) (x), then

- rotCs\I,\? (x) = rotrot (XZ](V]\;)(X)) = (2N + 1)rotrot (xZ][\l,]Z(N) (X))

_ N +1
=@N+1)BY Y (x) = (2N + OFan 1VZ§VJ§> (x) = (N +1)VZ{) (x).
o (N1 V) ) 3
As a result, we have A Uy, (2N +1)VZy,', Zy, € L2(B?)/R, because
o (N+1)
N > 1. Hence Uy, € V=, O

3. STOKES SYSTEM

Consider the boundary value problem f in a weak (variational) formulation
(see e.g. [I, p. 26]): find a pair of functions u € H}(B3) and p € Ly(B3)/R,

Vu: Vvdx — /

p(x)divvdx = / f.vdx Vv e H(B?)
B3

B3 B3

(50) (0, v)mz — (p,div V)1, = (£, V), V v € Hy(B?).
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Theorem 9. Assume that the right-hand side f € Lo(B3) and has series an
expansion (@) in basis vector functions. Then the weak solution of the Stokes
problem, the velocity vector u and the pressure p, have the forms

51 u— Z Z (N+2k (N+2k) + Z Z (N+2k+1)W (N+2k+1) c HO(Bg)

N=1k=1 N=1k=1
(52) p= Z p%\é)z(N) + Z Z (N+2k)Z(N+2k) e LQ(E?’)/R,
N=1 N=0k=1

where the coefficients are calculated by the formulas

( (N+2k)> (f W(N+2k+1))

SN2V R Y NAZEEDW LN Ly

Ung N+2k ) N¢ - N+2k+1 ’
VM2, W2,

o (N+1)
— | £, Uny B <f,U(N+2k+1))
(N) _ Lo (N+2k) _ L2.

Pne = y Pne - N+2k)
NIIZ$I2, 125

113,

Proof. For solutions problem in a weak setting, it is suffices to require the equality
only on the basic functions of the space H}(B?).
Due to the orthogonal decomposition H}(B?) = V@& V+ we can first put v € V,
that is,
c v V+2k) W(N+2k+1)} .
{ Ne > YWiNe N keN
Then we obtain the equalities ((u,v))my@ms) = (f,V)L,ms) and, therefore, the
solution will have the form . To find the second function, consider the rest
of the basis H}(B3), we can assume that

o (N+1)
v e {UNZ 7US\Z/\2+%+1)}

In this case, from we have the equalities (p,div v)r,m@s) = —(f, V)L, ®s)
which determine the pressure p by the formula and this completes the proof.
O

NeNy,keN

In proving above theorem, we saw that the use of the orthogonal basis when
solving the Stokes problem in a weak setting, it leads to a separate determination
of the velocity and pressure. Another approach for excluding the pressure field from
the system may consist of applying the operator rotor.

Below we will show that the problem — can be split into two independent
subproblems

1) Vp = f, in B?,
2) rotrotu = —Au=f in B3 u=0onS?= 0B

e f = f; + f5 — a special decomposition of the right—hand side in .
Hint: since divu = 0, then —Au =rotrotu .
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For this purpose, we consider the influence of the solenoidal part of f, i.e. J, to
determine the pressure function p. It is clear that this influence will be felt only in

the coefficients pg\],\;). We have

o (N+1)
_ (f, Uy > B (3 B(N+1)) (N+1)
(N) _ L, _ N L — /By ||L2 f(N+1)B
PN TN 2, | 16mN e T S 0
. N+1 (N+1)B
- 2N+ 5 N[ + e o

Here we used the formula

AR NAGY B —HG, Y
e = 2N +3

2 _ 1672N(N +1)
L~ " 2N +5

1672 || (N+1

2N + 3’
Then the expansion for p has the forrn

and norms ||Z HLZ =

N N+1 (Nt1)B (N
)= =" srraine TN ()
N=1

—|—(this part is determined only by the potential part of f).
Thus, there is an equality for the pressure gradient

= N+1 (N+1)Bw (N o o (N+2k—1)A x (N+2k—1
VPG === 3 o VAR G+ 30 3 A
Ne N=0 k=0

potential part of f

2N +1 N+1)B (N42k— 1)A N+2k 1)
:_22N+5 v B +sz
N=0 k=0

As a result, we obtain a complete decomposition of pressure

2N +1 (ninB N N2k DA, N2k:
-1 N=0 k=0

For the velocity vector u, Laplace equation will be fulfilled

2N +1 (N4+1)B(N—1
—Au="f:= Z2N+5 ](V€+)B( )( )+J

- (N+1)B (N+1) 2N +1_(n-1)
= 32T (B0 + Sy B o)

o (N42k11) By (N42k41) o= o= o(N12k)C on(N-+2K)
Z Ine By +ZZfNe Che s

N=1k=0

+

EMW
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and we have a formal solution

(N+3 oo oo N+2k+3 N+2k+1
E A AN i
2N +5 + 5 2N +4k+5
N=1k=1
V (N+2) V(N+2k+2) V(N+2k)
54 (N)C (N+2k: )C N¢
(54) +Zf 2N+3+ZZ 2N + 4k + 3

N=1k=1
We verify this by direct calculations,

NIBW( 0
Au—rotroth TOBIINE

= 2N +5
o oo (N+2k+3) (N+2k+1)
(N+2k+1)B Wi - Wy
+rotrotZZfNe N T 1h 5
N=1k=1
0o (N+2) N+2k+2) (N+2k)
e Vy pvzme Vy ~ Ve
— rotrot — rotrot
rotro ]szlle 2N rot ro 21; SN T 1k 1 3

(N+2k+2) _ oWv+2Kk)
Ne

2N +4k+5

(N+1)B CNZ (N+2Ic+1 yBCxN
—roth 2N+5—|—r0t]vz:1;f

N+2k+1) _ g(N+2k-2)

(
(N)C BNe (N+2k)CB N¢
t rot
—ro Z IN+3 21; ON + 4k + 3

oo

ST (N+1)B 2N+ 1BV + 2N + 5B
9N +5

N=1

_rot Z Z (N+2k+1 V§VJ\1[Z+2k+2)
N=1k=1

Z (N)CC(N) rot Z Zfﬁfi”k)cwﬁx”’““)

N=1k=1

(N-1) 0 o0
N+1)B (2N +1)By, (N+2k+1) By (N+2k-+1)
Z B e DD BE By

N=1k=0

N+2k)C N+2k
- Z ij(w” e = .

N=1k=0

In the above formal calculations were used the properties of vector polynomial
functions form Theorm [7} Thus, knowing the decomposition of the right-hand side
f = f; +£5, Stokes problem can be split into two independent subproblems for which
we have given formal solution and .

3. CONCLUSION

It is constructed polynomial vector function which form an orthogonal basis in
H}(B?). After the result is established, we solve system of Stokes equations in the
ball. The constructed polynomial vector functions also can be used when solving
some problems of vector analysis related with operators V, div and rot.
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