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REMARKS ON INVARIANCE PRINCIPLE
FOR ONE-PARAMETRIC RECURSIVE RESIDUALS

A.I. SAKHANENKO, A.P. KOVALEVSKII, A.D. SHELEPOVA

ABSTRACT. We investigate a linear regression model with one unknown
parameter. The idea of recursive regression residuals is to estimate the
regression parameter at each moment on the base of previous variables.
Therefore the distribution of recursive residuals does not depend on the
parameter. We investigate conditions for the weak convergence of the
process of sums of recursive residuals, properly normalized, to a standard
Wiener process. We obtain new conditions, which are better than ones in
Sen (1982). The recursive residuals were introduced by Brown, Durbin
and Evans (1975). Such residuals are the useful instrument for testing
hypotheses about linear regression. Our results give opportunity to use
correctly recursive residuals for a wide class of regression sequences,
including sinusoidal and i.i.d. bounded.

Keywords: linear regression, recursive residuals, weak convergence,
Wiener process.

1. INTRODUCTION
1.1. Preliminary notions. Consider the regression model
(1) Y;:xl/81+€la 2:17233

where, at time 4, Y; is the dependent variate, x; is the regressor, 3; is the (unknown)
regression coefficient and e; is the (unobservable) random error component.
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Introduce the following important notation:
v2 =2t 4 a2, n=12....
Denote by Hy(r) the (null) hypothesis that
B; = B (unknown) for all ¢ >1 and
£1,€2,... areiid. with Ee; =0 and 0<o?= Ea? < 00,
along with the assumption that
(2) vi=a]+---+22>0 for some integer 1 > 1.

Thus, we suppose in hypothesis Hy(r) that the random variable ¢; has an
unknown (but fixed) distribution. Note, that under Hy(r), representation (1) may
be rewritten in the following way:

(3) Y;ZLL',LB—F&Z, Z:1,2,

Assuming Hy(r) to be true, let Bk be the least-squares estimate of 3, based on the
first k£ observations. It is known that

k k k
(4) Bk 5:21'3‘5/}/21'?:[34“293]'@‘/1}%, Vk>r
Jj=1 j=1 j=1

The second equality is true by (3).
Underline that, in applications, only the first n variables Y7, ...,Y,, are observed
(for sufficiently large n), and only the first n regressors x1,...,x, are known. Of

course, in this case we have right to use estimates 3;9 only for r < k < n.

1.2. Ideas of Brown, Durbin and Evans (1975). To describe these ideas we
first introduce the following recursive regression residuals

i—1
~ 5 2 .
(5) g =Y, —xBi1 =& — 1y E wﬁj/”iﬂn Vi>r,
j=1

where the second equality in (5) follows from (3) and (4). Underline, that in the
definition (5) we use the estimate §;_; instead of the sharper estimate §,, even in
the case when we have n observations with large n > i — 1. Now from (5) it is clear
that

(6) E& =0 and 1<a?:=KE&/o*=1+a7/v? <00, Vi>r
Second, we introduce the following weighted recursive regression residuals

1) w; = Ervi _ Yegi — TrgiBryica i—19

, =1,2,....
Grti \/1"‘3712/“1'2—1

It is easy to see from (5) — (7) that

(8) Ew; =0 and FEw?=02 i=1,2,....

Property A. Suppose that the hypothesis Ho(r) is fulfilled. Then equalities (8) are
true and, moreover, random variables wy,wo, ... are uncorrelated, i.e.

9) Ewpw; =0, forall k>j>1.

If, in addition, random variable €1 has a normal distribution, then random variables
wy, Wa, ... are independent and identically distributed with €.
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This remarkable property follows from Lemma 1 in Brown, Durbin and Evans
(1975).

1.3. Invariance principle for recursive residuals. For any sequence of (one-

dimensional) random variables, say £1,&, ..., we will denote by S,,(¢; &) random
processes with the following properties:
k
(10) Vte [k k+1) Si(t&) = &+h(t -k, k=0,1,2,...,
i=1

where h is some measurable bounded function on [0, 1]; and we put
(11) Sn(t; &) = S1(nt; &) /v/n forall tel0,1], n=12,....

Note that for & = 0 we use in (10) the standard agreement that ), = 0.
When h(t) = hyi(t) :=t, the processes S, (; &) are often called random broken
lines. Remind, that in this case it was proved by Donsker (1951) that

(12) é&mﬁgzﬁwm in 0,1,

where W(+) is a standard Wiener process. (Below, in subsection 3.2., we remind, in
details, the definition of convergence (12).)
The natural question arise whether we have the following convergence

(13) WM%z%&@szﬁWO in [0, 1),

for the weighted regression recursive residuals introduced in (7), when h = h;.
Underline, that in (12), (13) and everywhere below all limits are taken as n — oo
in all cases when the inverse is not specified explicitly.

Example 1. (See [3]). Suppose that the random wvariable £, has a normal
distribution. Then convergence (13) takes place under the hypothesis Ho(r).

In [3] this fact was rightly used as obvious corollary of Property A. Remind
that the approach from [3] is alternative to one developed by MacNeill (1978) and
Bishoff (1998). And the Example 1 shows that the approach of Brown, Durbin and
Evans (1975) from [3] has a number of advantages.

However, when the {;} are not normally distributed, the {w, } are not necessarily
independent nor identically distributed, and hence, invariance principles for these
weighted recursive residuals is not obvious. Moreover, the problem to obtain the
invariance principle (13) appeared to be sufficiently difficult.

Below we present the three partial cases of the invariance principle (13), which
we have found on page 311 of the more general paper of Sen (1982).

Example 2. Assume that z,, = 1 # 0 for all n > 1. Then convergence (13) holds
under hypothesis Ho(r).

In reality, in Sen (1982), p. 311, Example 2 was considered only when z; = 1.
But we always may investigate observations Y;/x; instead of Y;.

Example 3. Suppose that

(14) max 22 /vi_ | =0(mn™?"), for some X\>1/2.

If, in addition, Ec} < oo, then convergence (13) holds under hypothesis Ho(r).
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Example 4. Assume that condition (14) is true for A =1, i.e.

(15) 1211?2(”37;%/@721_1 =0(1/n) as r<n— oc.

Suppose, in addition, that for every 1 <i <mn —2
(16) (z; — i1)Tn/v2_ = O(1/n?) as r<n— 0.
Then convergence (13) takes place under hypothesis Ho(r).

Underline, that in Sen (1982), p. 311, Examples 3 and 4 was considered in a
more general case, when the unknown parameter 5 is multidimensional. Here we
agree with Bishoff (2016) that the paper of Sen (1982) until now remains to be the
only known investigation on the subject.

1.4. On conditions (15) and (16). The following two simple properties may be
interesting.

Property 1. Under assumption (15)

(17) Vn>r 02 <o?(n/r)° for 0<C:=supna?/vi_ | < oo,

n>r

Property 2. If condition (15) holds together with (16), then either

1 2
(18) 3 < K := limsup —222 < ' < oo,
n—oo 10N

orx; =x1 for all i > 1.

Thus, condition (16) is restrictive for one-dimensional parameter 3.

2. MAIN RESULTS AND DISCUSSIONS

2.1. Main statements. Below in the paper we suppose that the hypothesis Hq(r)
is fulfilled (together with condition (2)).

Theorem 1. Assume that
(19) o 2= |Tp| /v = p > 0.

Then the finite-dimensional distributions of the processes {Wy(t) : t € [0,1]} con-
verge to those of the standard Wiener process W (-).

Corollary 1. The assertion of Theorem 1 takes place in the case when
o0

(20) V2 = Zx? < 00.
i=1

Indeed, in this case x,, — 0 and condition (19) is satisfied for p = 0.
Corollary 2. The assertion of Theorem 1 takes place in the case when

sup |z, | < 0.
n>1

Indeed, in this case the condition (19) is again satisfied for ;4 = 0 when
(21) v2=a224 - +22 500 as n— oo.

On the other hand, if (21) does not hold, then Corollary 2 is a partial case of
Corollary 1.
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Theorem 2. Suppose that
(22) p2 =a2 /vt =0(1/n) as n— occ.
Then the convergence (13) takes place.

Corollary 3. Let the assumption (15) from Example 4 is satisfied. Then conditions
(22) and (21) hold, and the convergence (13) takes place.

Thus, Theorem 2 allows us to obtain the assertions from Examples 4 and 3 (when
A > 1) without additional restrictions, but (22). Note, that our Theorems 1 and 2
may be applied, in contrast with Examples 4 and 3, also in the case (20).

2.2. Examples.

Example 5. Assume the model of the sinusoidal regressor, that is,
. [ mki )
mi:mn(T—i—(po), i1>1, kTeZ, 0<k<T, ¢o€R.

Then (2) holds with r < 2, x; # x1, |z;| <1 and

n

1 2mki
vi/n2n2<1cos( 7;Z+<po>) —1/2 as n— oo

i=1

because
mT

. mT .
2mki 2mki
;:1 cos T ;—1 sin T for any m +

Thus (22) holds whereas (16) does not.

Example 6. Assume that x; are i.i.d. bounded random variables, {z;};>1 and
{€:}i>1 are independent, Varz, > 0, P(zqx = 0) = 0. Then (2) holds with r = 1
a.s., (22) holds a.s. whereas (16) does not hold with probability one.

Example 7. Note that assumptions of Theorem 1 hold for any p € [0,1] threas
ones of Theorem 2 do are not true if i > 0. For example, if x; = g* for each i > 1
and some g > 1 then v2 = g?" — 1 and (19) takes place with yu = /1 —1/g% > 0;
whereas (22) does not hold.

2.3. Standard generalization. For arbitrary function h in (10) we use below
notation W, () := S, (-;we)/o instead of the notation W, (-) which we use when
h(t) = hy(t) := t. In subsection 3.1 we prove the next

Property 3. Suppose that sup,c( 1) |h(t)| < oo and that Ew? < oo for all i > 1.
Then

(23) sup Wi (t) = W (t)] < pp sup [h(t) — t],
te[0,1] te[0,1]
where
1 P
(24) pn = —= max |w;| =0 as n— oco.

V/n 1<i<n

Underline, that if the bounded function % in (10) is not continuous, then W, ¢
C[0,1] and, as a result, we have no right to use convergence (13) with W, instead
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of W,,. But, by Property 1, it is possible to find a neighborhood C[0, 1] of C0,1]
such that

(25) P(W, € C4[0,1]) =1 as n — oo.

The famous partial case here is when h(t) = ho(t) := 0. In this case processes
W, (t; &) are called random step-functions.
Consider now a functional f: C[0,1] — R which is a.s. continuous, i.e.

(26) P(f is continuous at random “point” W) = 1,

where, remind, W is a standard Wiener process. Now from (13) and Property 1 we
obtain that

(27) FWo) = F(W) as n— oo.

Convergence (27) for all functionals f : C;[0,1] — R which satisfy assumptions
(25) and (26), is naturally write as the following convergence

(28) Wa() == 28u(3wa) = W) in C4[0,1]

as n — oo. It is an obvious generalization of convergence (13). Such generalization
is well known, but we do not know a standard notation for it.

2.4. On applications of Invariance principles. Denote by
n
Si :Z(E_6H€Z)2/(n_r)a n>r,
i=r
the standard statistical estimator of the unknown variance o2,

sample of the size n. Then we have from (28) that

constructed by a

Wi() =~ 8u(wa) = W() i C,[0,1],

sn

as n — oo. It is a form of Invariance principle which is convenient for statistical
applications.

Consider now an example. Below in the paper we will suppose that h(t) = 0
and, hence, that W,(-) and W} (-) are step-functions. For any function z = ()
introduce two functionals

fol@) = sup [2(t)] and fi(x) = sup a(d).
t€(0,1] te(0,1]

Consider two statistics

D= max Si(0)/{sn(n =)'} and Du= max [Si(0)]{sa(n —r)'/?).

It is easy to see from (27) that, as n — oo,

(29) D = f+(W) = f(W) = max W(t);
(30) D = fo(W3) = fo(W) = max [W ()

Thus, formulas (29) and (30) allow us to find approximations for the distribution
of statistics D;} and D,,. Underline, that the known CUSUM test is based on these
statistics. This test is used in analysis for structural change in linear regression
models (see, e.g., Zeileis et al., 2002).
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The rest of the paper is devoted to proofs of assertions stated above in Section 2.
Remind, that the hypothesis Hy(r) is supposed to hold below.

3. PROOFS OF PROPERTIES 1 — 3 AND ELEMENTARY LEMMAS

3.1. Proof of Property 1. For each k > r

k
2 2 Cd
logv? —logv?_, = log <1 + f”“ ) < xk % < / *

V-1 Vi x
k—1
Summing up, we obtain for n > 7 that
n
2 n

v Cdx n

log 2 = log v2 — log v? < | — =Clog —.

g V2 Z (log vy, g Vk—1) - g ”

k=r+1

s

And (17) follows.

3.2. Proof of Property 2. If condition (15) is fulfilled, then we have from
Property 2, that K < C, where the value K is defined in (18). But if K < oo,
then
(31) Ve >0 v2=o0(n") as n— occ.

Suppose now that assumption (16) is true for some ¢ > 1 with ; # x;11. Then

T, /v2_ =0(1/n?) and 22 =O0(vi/n*) as n— oco.
This fact and (31) imply that
Ve >0 22 =O0(vl/nt) = o(n?E 21,
Hence, for each € > 0 there exists a number N(g) < oo such that
2 < p?KH2e=1 forall n > N(e).

In particular, for all n > N(e)
N(e)—1

(32) Z T + Z a} <01 Z pREe,

k=N (e) k=N (e)
Suppose first that K < 3/2. Then we have from (32) with e = (3 —2K)/3 >0

that .
> kT =0).
k=N (e)
But this fact contradicts to condition v, — oo, which follows from (15).
Assume next that 3/2 < K < 3. Then we put ¢ = (3 — K)/3 > 0 in (32) and
obtain that

v =0(1) + Z EEIme = onf ), e< K.
k=N (¢e)
Hence 5
limsupll()gi% <K-e<K.
n

n—oo 108
But it contradicts to the definition (18) of the value K.
Thus, only the case K > 3 is possible.
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3.3. Proof of Property 3. Inequality (23) follows from (10) and (11) with no
assumption.
To prove (24), first of all note that

§i(N) :=E[w? : |w;| > N] =0 as N — oo,

if only Ew? < co. Hence, when N,, — oo as n — oo, we have

n

Zéi(Nn) —0 as n— oo.
i=1

1
0n(N,) = —
(No) 1=~
Now, using the idea of Chebyshev, we obtain for each ¢ > 0 that

n

(ev/n)? Z; di(ev/n)

1-
= —0n(evn) =0 as n— oo.
€

1

P(pn > €) < D Pllwil > ev) <

Thus, (24) is proved.

3.4. Two elementary lemmas. Define

x
—, [y, i=sSup —.

|2k | 5
Vg k>n Uk

(33) xp = max |z;|, W, = sup ur = sup
1<j<n k>n k>n

Below we frequently use the following evident inequalities:

(34) Viz0 |oegl <opy <oy, gy S gy < gy S TS oy

Lemma 1. Assume that (21) and (19) takes place with p = 0. Then

X x¥
(35) OSM":Mgﬁn::SUPNkSM:ﬁ:Supfk%O.
Un k>n k>n Uk

Proof. For alln >m >r

l,*
0< pn <T, <p':=sup—- =sup max —L
" " k>n Uk k>n 1S5Sk vk

<maxm+su M x

< < 4,
1<j<m vy j>m Uj Un
Taking now limit as n — oo, we get
(36) 0 <limsupp) <y, forall m >r.

n—oo

But the left-hand side in (36) does not depend on m. So, taking m — oo in (36),
we obtain (35) because, by the definition of limits, as m — oo, the sequence T,
has the same limit ¢+ = 0 as the sequence p,, has. (]

For all j > r, m > k > 0 introduce the following notations

m
T
R J — o * R =
(37) aj = ———, Qpm = g |aryil, @i, := max V,i;Gm-
ViUj— ’ k<i<m !
jUj—1 .
i=k+1
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Lemma 2. Under assumption (19) for alln>1>j>m

(38) a;,l/\/ﬁ S \/ 1- v%—&-m/vg-&-n'

In addition, when —r < j <k and 0 < k <1 < m we have
(39) |Zj @k < Vjgr (U= k) [Vktr <y
and if n > 1> j > m, then

(40) |2l @j0 < 25050 < p5ag, < fio G,

Proof. By Schwartz inequality for alln >1> 5 >0

2
l

l
?l— Z|ar+i| S(l—j)za <nZ 7+z

i=j+1 i=j+1 i=j+1 T-H T+1 1

2
=n Z ( 1 > Y (P S [
- 2 - 2 2 -2 2 .
i=j+1 ’I‘+’L 1 7‘+i UrJrj U7'+n Ur+j U7'+n

Hence, when n >1>j>m

2 1)2

r+j r+m
[ <1— 2 < m

r+n Ur+n

7‘+J J

Thus, (38) is proved.
Inequalities (39) and (40) follows immediately from (34) and definitions (33)
and (37). O

4. PROOF OF THEOREM 1

4.1. Representations for recursive residuals. For all ¢ > r and &k, > 1
introduce the following notations

x; Ty
(41)  a(k) = Zar+ia ai(l) = a(l) —a(k), where a; = Vo el

In this case we have from (5) and (7) that

r+i—1 r+i—1

& 1 x 1 e ;
(42) w; = T T;ﬂ E .Tj{-:j = or E a/rJriijj.
Qrai Cr4ilpiin 5 Qryg —
Hence, for all £ > 1
c k r+i—1
= Cr+i 2 :
(43) 51( E w; = E o — E Qp4iTGE;
i=1 Tt =1 =1
r+k r+k—1 r+k—1

= > L Y ali-nwe —alk) Y ag

It is convenient also to introduce the following i. i. d. random variables

(44) & :=¢epyifo, i=1-72—7r3—7,..., with E& =0 and E& =1.
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4.2. Key Lemmas. We use below notations, introduced before Lemmas 1 and 2.

Lemma 3. For all n > k > 0 random variables W, (k/n) may be represented in
the form

kY _ Si(k) ~ Aj(k,n)
4 (=) = =y S
(45) w, (1) =20 P
for some numbers A;(k,n). Moreover, for all n > m >0
(46) A(n) :=max{|A;(k,n)|: —r <j <k <n} <T+m+pn,an, -

Proof. Representation (45) follows from (43) and (44) with

= L when j = k;

r+k

(47) Aj(k,n) = ¢ o=+ ar()zjer, 1<) <k
—a(k)zjqr, when —r < 5 <0.

Comparing definitions (37) and (41), we obtain when j <0 <m <nandj <k <n
that

(48) la(k)zjr| < |zjirl@ok < T4l (@0m + Tmmn) <M+ Gy -

Here we also used (39) and (40).
Similarly, for all n > k > j > m we have from (40) that

(49) lak (3)Tjr| < Tjarl@n < pip -
Now consider the case, when j < k < m. We have from (39) that
(50) lar () zjr] < lwjrl@se < m.
At last, in the most difficult case, when j < m < k, we obtain from (39) and
(40) that
(51) lak ()| <NTjrrl@r = [Tjr|@m + [Tjr (@ <m+ pan, -

Since a4 > 1, substituting (48) — (51) into (47), we obtain (46). O

Lemma 4. Under assumption (19)
(52) A(n)/v/n—0 as n — co.

Proof. First, consider the case, when v, < 00. Since pf, < 1 by (34), we have from
(46) and (38) that

A)/vVn < L+ m)/Vn+ /1 =0, /v,

for all n > m > 0. Taking limit as n — co, we get

(53) limsup A(n)/v/n < /1 —v2,, /v2 forall m>1.

n— oo

But the left-hand side in (53) does not depend on m. So, taking m — oo in (53),
we obtain (52) because v, 4, — Voo aS M — 00.

Second, consider the case, when v, — oo and (19) holds with p = 0. Then we
have from (46) and (38) that

A(n)/vn < (14+m)/vn+p;, ¥Yn>m>0.
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Taking limit, we get
(54) limsup A(n)/v/n <, forall m > 1.

n—oo
But the left-hand side in (54) again does not depend on m. So, taking m — oo in
(54), we obtain (52) because pf, — 0 as m — oo by Lemma 1.
At last, consider the third case, when (19) holds with p > 0. In this case u <1

and
4n Izvn—1/vn=m—>q::M<l as n — oo.

For any 0 < € < 1 — ¢ there exists m > 0 such that the inequality ¢; < ¢+¢ <1
holds for any j > m. Using (54), we have for the chosen m that

n
* * vj+7‘ |.'L'7;+T|

Gy, < Gy, = INAX ————— < max

n

m<j<n “— Vi, Vitr_1 m<j<n “—~— Vji,_
i—j+1 1+rVi+r—1 i—jt 1+r—1

noigr—1
:1+mr2?§n ;Ql}:[r+lql<l+bllpizj;2q+glﬂ 1 =(1-q—e¢) 1
Hence
Am)<l4+m+(1—qg—e) <o V¥n>0.
Thus, (52) is true also in the third case. O

4.3. Properties of random step-functions. Remind that for the standard
Wiener process W(t)

(55) VT >t>0 EWHW(T)] =EW?(t)=t>0.
Below we use notation W@() = Sn(-,€e)/0 only when h(t) = ho(t) = 0 in (10).
Thus, everywhere below W, (-) is a random step-function, n = 1,2,..., and |a]

denotes the integer part of a real number a.

Lemma 5. For alln >1

~ ~ 1

(56) VT >t>0 t>E[W, ()W, (T)] = EW2(t) = u -
Proof. In this case for all t > 0

~ [t]

Sy(t) = 51([t)) = sz/o
It is easy to see now that for all T >t >0

E[S1(T)5,(t)] = ESF(t) = [t|Bw} /0 = [t].

And (56) follows for random step functions. O

4.4. Proof of Theorem 1. Note first of all that, by Property 1, it is sufficient for
us to prove the convergence of the finite-dimensional distributions for the processes
{W,(t) : t € [0,1]} instead of {W,,(t) : t € [0,1]}.

We are going to use the idea of Wold. For arbitrary integer m > 1 choose
arbitrary numbers

0<t1i<...<tp, <1 and ¢ #0, i=1,...,m,
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and introduce random variables

(57) n:= ZCiW(ti) and 7, = ZCiW (t:)
=1 =1

Here 7 has a degenerate normal distribution with

(58)  0<o2(cy) :=En? —Z&]EWQ +2Z Z ciciE[Wi(t)W;(t;)]

=1 i=1 j=i+1
m m
:Zciti ci—|—22:cj chct with C; —cz—|—QZc]
i=1 j=i+1 j=ird
as it follows from (55). Similarly, by (56)
m m 5
(59) 0 <02(ce) :=En2 = ZQEW ¢ +2 Z ¢ | = ZciCiEan(ti).
j=it1 i=1
Hence, by (56) it is easy to obtain from (58) and (59) that
1 m
60 2(ce) — 0% (ca)| < = :Cil = 0 — 0.
(60) |07, (ce) U(C)LHZIC | as n — 0o

i=1
In particular, o,,(ce) > 0 for all n > ng with some ny < co.
Next, from (57) and (45) we have that for n > ng

(61)  My:= () jzl:TA & with Aj( ; (e nt;|,n).
And hence, by (52)

- A(
(62) A(n) == max |4;(n)| < Z|CZ‘ —0 as n — oo.

1<j<n Vnoy,(ce)

But condition (62) means, that we have right to apply CLT to the sum 7%” of
weighted random variables introduces in (61). As a result we obtain, that

°o 1 o
(63) Np= o (ca) == (s

as n — oo,

where 7% has the standard normal distribution.
By the idea of Wold, convergences (63) and (60) imply the assertion of
Theorem 1.

Underline, that the fact that condition (62) imply that %n is a sum of independent,
random variables with Lindeberg condition, was independently proved by many
authors. See, for example, Héjek and Sidék (1967), p. 153.

Note that condition (19) plays the key role in Lemma 4, so generalizations of
Theorem 1 must deal with new ideas of its proof.

5. PROOF OF THEOREM 2

Here our proof differs from the both approaches used by Sen (1982) in the proofs
of his Theorems 1 and 2. We use condition (22) in Lemma 8 to match assumptions
of Theorem 1 from Moricz (1976) with the function of the special form.
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5.1. Useful equalities. We may now rewrite (42) in the next form

(64) wi/a:&—éi with (Si: Z a,»lgl, i:1,27...,
I=1—r
where
1-— ﬁ, when [ = 4;
(65) il = § QpyiTrgy, if =7 <1<
0, otherwise.
Lemma 6. For alli >0
9 1
Qpy g
(67) E[0;0;] = aij + aji = arpizrry, of 0<j<i.

Proof. Tt is easy to see from (64) that for all possible 4, j
(68)  E[wsw;]/o® =E[(& — 6:)(&; — 6;)] = El&:€;] — El6i€;] — E[€:6;] + E[8:0;].
Remind that for all such 4, j by (8) and (9)
Elwiw;]/o® = E[&:&;].
Hence, we have from (68) and (64) that
(69) E[6:0;] = E[di&;] + E[&:05] = ag; + aji
for all possible 4, j. Substituting now (65) into (69), we obtain (66) and (67).

Note now that for all m >k >0

(70) Wk:,m = Z wi/U:S\k,m_Sk,m7
i=k+1
where
(71) Skm= Y & and Spm= Y G
i=k+1 i=k+1

Lemma 7. For allm >k>0

m m i—1 )
(72) ES}, =2 <1— ! )+2 St > meyy, ai= vi;”;_l.

i=kt1 Qri i=k+1 j=k+1
Proof. We have from (71) that
m m i—1
(73) ESF,, = > E&Z+2 Y > E[54]
i=k+1 i=k+1 j=k+1

Substituting now (66) and (67) into (73), we obtain (72).
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5.2. Main Lemmas. Note, that condition (22) may be rewritten in the next form:
(74) Vi>r |z < Klvl_l/\ﬁ for some K; < oco.

Lemma 8. Forallm >k>0

(75) ESE,. < 4K7(vVm — Vk)?.

Proof. By (74) for alli > j >0

T Lr+ilrj < |Zr4il |Tr4j] Kl K,
e Upti—1Urti  Upgi—1 Upgj—1 \f \[
Hence
m m 1—1
K, Ky
(o Y N ey Y B
i=k+1j=k+1 i=k+1j=k+1 v J
On the other hand
R e a7 T < Kt
Qg Ur4i Ur+i(vr+i “F'UrJrifl) 2/07"—0—1 1 - 2\/%2
From this inequality and (76) we have:
(77) 2_22 ( )+2R1
Qg
1=k+1
m m i—1 m m
K1 K1 K; Ki
<y Moy 2. 7 Z = > =
2
i=k+1 i=k+1j= k+1 ‘7 f j=k+ f
Remind that
| T dx
— < | = =2(v/m = Vk).
DN A
= k
From this fact and (77) we obtain (75). O

Now introduce into consideration random variables

My = max |Sg |, 0<k<m.
’ k<j<m

Lemma 9. For allm > k>0
(78) EMZ,, < ATK}(vVm — V)2

Proof. We are going to apply Theorem 1 from the paper of Méricz (1976) with the
following parameters:

(79) y=a=2 and g(Fim)=2Ki(vVm — Vk).

(Here we use unusual notation g(Fj ) from the mentioned paper.) Note that the
values g(Fy m) have the next property:

(80) 9(Fem) + 9(Fnn) = g(Fip) forall n>m>k>0.
And these notations allows us rewrite (75) in the next form:

(81) IES,%Vm < ¢*(Frm) forall m >k >0.
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From properties (80) and (81) follows that we may apply Theorem 1 from Mdricz
(1976) with the parameters given in (79). As a result we obtain that

EMl?m < Oa,'vQZ(Fk,m) = 4K1200w(\/a - \/E)Z»

where
2
1 1 2 2(v2+1)?
oy = - S V2 AR o4y,
s (1 _ 2(1—(1)/7)7 (1 _ 2—1/2)2 (\/i _ 1)2 (\/§ . 1)2
So, 4Cy 4 < 47, and (78) follows. O
Consider now arbitrary integers n > m > 0 and ky,...,k,, which satisfy the

following conditions:
O=ko<ki<...<km=n,
and introduce random variable

(82) M, = max M

1<i<m

n > 0.

117

Lemma 10. For all x > 0

(83) BT, > o) < TEVD Lo (Vi — VB

2 1<z<m

Proof. By Chebyshev inequality

3

_ 1
(84) P(M, > ) <> P(My,_ k5, >2) < — > EMZ

where we used (78).
Since Z (VEi —/ki—1) = — Vkog = y/n, inequality (83) follows from (84)
(]
5.3. Proof of Theorem 2. Using formulas (10) and (11) with A(t) = hi(t) = ¢
introduce into consideration the following random broken lines:
So(t) i= S, (t;&) and S, (t) := S, (t;8),
where variables {{;} and {0;} were defined in (64) It follows from (70) that

(85) Wi (t) i= Sn(twa) /o = Su(t) + Su(t).

For arbitrary integer n > 1 and real § € (0,1/2) introduce integers
(86) m=m(d) = |1/6] and k; =k;i(n,d) = [ind] + 1,
fori=1,...,m—1, with kg = 0 and k,,, = n. It is easy to see that in this case for
eachi=1,...,m

(87) Vi = VEi g = \;+mf(f+

because vk; > k1 > vné foreachi=1,...,m

Now for m defined in (86) introduce
to=0, t,m=1 and t;=ki/n, i=1,...,m.

i)
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It is not difficult to verify that

My, 1k .
A= , max Sy (t) — Sn(ti—1)| = T, =1

Hence, for every € > 0

P(A, := max A; >¢) =P(M,, > ev/n),

1<i<n

where we use notation M, from (82). Now, using (83) and (87) we obtain with
x =ey/n > 0 that

P(A, >¢) < % max (v/k; — /ki—1 47K1 (\/S—F 2) .

52 1<z<m n\/g
Hence,
ATK2/§
(88) Ve >0 limlimsupP(A, >¢) < lim 7; =0.
=0 n—oo 5—>0 e

Thus, the tightness of the family of distributions of processes {S,(:)} follows
from (88).

The tightness of distributions in C[0,1] of the classical processes {S,(-)}
is well known. These facts and equality (85) imply, that the distributions of
{W,(-)} are also tight. By Prokhorov theorem we have now the convergence (13)
of the distributions in functional space C[0,1], because the convergence of the
corresponding finite-dimensional distributions was proved in Theorem 1.

So, all results of the paper are proved.
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