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Abstract

The spectrum w(G) is the set of orders of elements of G. We consider the
problem of generating the spectrum of a finite nonabelian simple group G given by
the degree of GG if G is an alternating group, or the Lie type, Lie rank and order of
the underlying field if G is a group of Lie type.

1. Introduction

The spectrum w(G) is the set of orders of elements of a group G. Let G be a
finite nonabelian simple group. We discuss whether there exists an algorithm that
given the degree of G if it is an alternating group, or the Lie type, Lie rank and
order of the underlying field if G is a group of Lie type, outputs the spectrum of G.
It is known that the size of the spectrum of an alternating group is an exponential
function of its degree (see Lemma 2.3 below). The size of the spectrum of a group of
Lie type happens to be an exponential function of its Lie rank (Lemma 3.3 below)
and is a polynomial function of the order of the field (this immediately follows from
the description of the spectra of these groups). So we are looking for an algorithm
with running time bounded by a polynomial in the length of the output. Define the
length of a set of positive integers S to be the sum of log s (note that log will always
mean the natural logarithm) where s runs over S.

Let 1(G) be the set of elements of w(G) that are maximal with respect to divis-
ibility. Since the spectrum is closed under taking divisors, it is uniquely determined
by any subset of w(G) that contains u(G).

Theorem 1. Let G be a symmetric or alternating group of degree n. There is an
algorithm that given n outputs u(G) and w(G) in time bounded by a polynomial of
the length of the output.

Thus, the required algorithm exists in the case of alternating groups. As for the
groups of Lie type, we have a weaker result. For the exceptional groups, we still
have a polynomial algorithm but only for u(G).

Theorem 2. Let G be a finite exceptional group of Lie type over a field of order q.
There is an algorithm that given the Lie type of G and q outputs u(G) in time
bounded by a polynomial of the length of the output.

*The work is supported by the Mathematical Center in Akademgorodok under the agreement No. 075-
15-2019-1613 with the Ministry of Science and Higher Education of the Russian Federation.

Thuturlakin@math.nsc.ru; Sobolev Institute of Mathematics, 4 Acad. Koptyug avenue, 630090 Novosi-
birsk, Russia.



Theorem 2 directly follows from the existing description of the spectra of the
exceptional groups. For more details see the proof of this theorem in Section 3.

In the case of classical groups, we only prove the existence of a quasi-polynomial
algorithm.

Theorem 3. Let G be a finite classical group of Lie rank n over a field of order q.
Let m be the length of n(G). There is an algorithm that given the Lie type of G, n
and q outputs i(G) in time mOVieglogm),

Observe that we actually do not provide any new algorithm for the spectrum
generation. We just analyze the efficiency of the most straightforward algorithms
provided by the known description of spectra of groups of Lie type (see [2,3] for the
classical groups, and [4] and references therein for the exceptional groups) and the
description of conjugacy classes of alternating groups. We also want to note that we
have no evidence for the existence or non-existence of a polynomial-time algorithm
for the classical groups.

The results of this paper complement the main theorem of [5], which is concerned
with the following problem. Given a finite set M of natural numbers, determine
whether there exists a finite simple group G whose spectrum coincide with the set
of divisors of elements of M. It is proved in [5] that there is a polynomial-time
algorithm which returns a unique candidate for G' (more precisely, its parameters
in the sense described above) or says that there is no such group. This candidate G
satisfies the following conditions: M is a subset of w(G) and if H is a finite simple
group whose spectrum differs from the spectrum of G, then the set of divisors of
elements of M is not the spectrum of H. Thus, to complete the task it remains to
verify whether w(G) is equal to the set of divisors of elements of M, or equivalently,
whether ;(G) is a subset of M. Hence the following statements are corollaries of
the main result of [5] and Theorems 1, 2 and 3.

Corollary 1. There is an algorithm that given a set M of positive integers outputs
the degree of an alternating group whose spectrum coincides with the set of divisors
of elements of M, or says that there is no such a group. The running time of the
algorithm is polynomial in the length of M.

Corollary 2. There is an algorithm that given a set M of positive integers outputs
a finite simple exceptional group of Lie type (the Lie type, Lie rank and order of
the underlying field) whose spectrum coincides with the set of divisors of elements
of M, or says that there is no such group. The running time of the algorithm is
polynomial in the length of M.

Corollary 3. There is an algorithm that given a set M of positive integers outputs
a finite simple classical group of Lie type (the Lie type, Lie rank and order of the
underlying field) whose spectrum coincides with the set of divisors of elements of
M, or says that there is no such a group. The running time of the algorithm is
mOWloglogm) where m is the length of M.

2. Alternating groups

Denote by Sym,, and Alt,, the symmetric and alternating group of degree n. We
write g(n) for Landau’s function of a positive integer n, that is, the largest order of
an element of the group Sym,,.

Lemma 2.1. Ifn > 810, then 0.99 < logg(n)/v/nlogn < 1.08.
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Proof. Directly follows from the bounds for g(n) introduced in [7, Theorems 1, 2].

For a positive integer n, denote by o(n) the divisor function of n, that is, the
number of divisors of n. The following is a direct corollary of [8, Theoreme 1].

Lemma 2.2. Put
ng=2"-3.52.7.11-13-17-19

and
log o(ng) log log ng
o = .
log ng
If n > 2, then
logn
1 SoT———
ogo(n) < ag loglogn

Lemma 2.3. (1) [w(Sym,)| = exp (2, /o + 0 (Yzeen ) ).

(2) |u(Symy)| > exp (c 1Ogn—i-0< 1o§n)) for a positive ¢ greater than

(% — 2.16a0> > 0.26, where aq is defined in Lemma 2.2.

Proof. Statement (1) is proved in [6, Theorem I]. To prove the second statement,
let us bound the number o(m) of divisors of an element m of u(Sym,,). Since the
bound in Lemma 2.2 is an increasing function, we can write

log g(n)

| <oqpg—F>—.
ogo(m) < ag loglog g(n)

It follows from Lemma 2.1, that

<a 1.08y/nlogn _ 2-1.08apv/nlogn < 9160 n
= Olog(l.O&/nlogn) 2log 1.08 + logn + loglogn =~ °\/logn’

log o(m)

Finally, the inequalities

|w(Syman)|

| ( )| | ( )‘ InaXmeM(Symn) O'(m)

give the required asymptotic.

Given a positive integer n, define [(n) to be the minimal degree such that Symy,,
contains an element of order n. That is, I(n) = 0if n = 1, and I(n) = p{* +- - -+ p}*
if n # 1and n=pi" ...p*, where py, ..., py are pairwise distinct primes and every
a; > 0.

Proof of Theorem 1. Let us first prove the statement for the whole spectrum in
the case of symmetric group. The algorithm proceeds as follows. First, it generates
the list of all primes up to n using the sieve of Eratosthenes. Denote them by
p1 < p2 < -+ < pg. Put P = {pf| v > 01is an integer and p! < n}. Next the
algorithm generates the sets P; for 1 < ¢ < k. The elements of w(Sym,) are
parameterized by elements of the direct product of the sets P;. Now the algorithm
picks some z from P;. If n — [(x1) < p2, then the algorithm outputs (z,1,...,1).
Otherwise it proceeds to P,. Assume that zi, ..., x; are chosen. If i = k or
n—1(zy...x;) < pit1, then the algorithm outputs (x1,...,2;,1,...,1). Otherwise
it chooses x; 41 from P;;q such that [(x1...x;41) < n.
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Obviously this algorithm visits every element of w(Sym,,) once and the number
of steps required to write down such an element is at most k, which is less than n.
Hence, it remains to show that the time required to find all primes not exceeding n
is polynomial in output.

By Lemma 2.3, there exists a number N such that for every n > N we have

3T n > |w(S ) > m n
exp | — > |w(Symy)| = exp | —= .
P V6 '\ logn Yitn P V6 \ logn

Hence the length of the output is an exponential function of n. The sieve of Er-
atosthenes requires O(nloglogn) steps, and the theorem is proved for symmetric
groups.

To obtain an analogous algorithm for alternating group, one should change the
definition of P;: now P; = {2% + 2|z > 0 is an integer and 2* +2 < n}. The rest of
the algorithm remains unchanged.

Finally, Lemma 2.3 implies that there exist polynomials p; and ps such that

w(Syma)| < pr([p(Symn)|) and |w(Alt,)| < p2(|p(Alty)]).

Hence the elements of (G) where G is Alt,, or Sym,, can be constructed from w(G)
in time polynomial in the length of x(G). This completes the proof.

3. Groups of Lie type

Proof of Theorem 2. The spectra of all finite simple exceptional groups of Lie
type are described (see, for example, [4] and references therein). It follows from
these descriptions that there exists a constant C not depending on G such that
the spectrum of G contains a subset v(G) with the following properties: u(G) is a
subset of v(G), the cardinality of v(G) is at most C' and every element of v(G) can
be computed in time polynomial in log q, where ¢ is the order of the underlying field
of G. Hence v(G) can be computed in time bounded by a polynomial of log ¢ and
so can be p(G). This proves the theorem.

Before proving Theorem 3, we need to introduce some notations and preliminary
results.

Fix an integer a with |a| > 1. If s is an odd integer coprime to a, define e(s, a)
to be the multiplicative order of s modulo a. If a is odd, put e(2,a) =1ifa =1
modulo 4, and e(2,a) = 2 otherwise. A prime 7 is said to be a primitive prime
divisor of a® — 1 if e(r,a) = i. We write r;(a) to denote some primitive prime divisor
of a® — 1, if such a prime exists, and R;(a) to denote the set of all such divisors.
In [1,10], it is proved that primitive prime divisors exist for almost all pairs (a, ).

Lemma 3.1. Let a be an integer and |a|] > 1. For every posi-
tive integer i the set R;(a) is nonempty, except for the pairs (a,i) €
{(27 1)7 (2> 6)a (_Qa 2)7 (_27 3)a (37 1)7 (_37 2)}

For a pair of integers a and b, denote by (a,b) and [a, b] their greatest common
divisor and least common multiple. If b is a prime, then denote by (a), the b-part
of a, that is, the greatest power of b that divides a, and by (a)y the ratio |a|/(a)p.

The following lemma is elementary.

Lemma 3.2. Let a be an integer such that |a| > 1 and s, t positive integers.
1) (a®* —1,at —1) =alH —1;

2) (as—i-l,at—l)—{

a®t) 41 if (:—t) 1s odd and ﬁ s even,

(2,a — 1) otherwise.
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If r;(a) exists, let ri(a) be the greatest power of r;(a) dividing a® — 1. Also
define r5(—2) = r§(2) = 9 and r35(—3) = 8. The following statement is a direct
consequence of Lemma 3.2.

Corollary 4. Let s be a prime, o a positive integer, and a an integer such that
la| > 1. Suppose that %a(a) is defined. If ria(a) divides

A=la"t —eq,...,a" — g,

where g; € {1, —1}, then one of the following statements holds:
1) there exists i € {1,...,1} such that s divides n;;
2) s =2 and there exists i € {1,...,1} such that e; = —1 and s*~ ' divides n;.
If (rfa(a),a — 1) # 1, then either s* = 2 and 13 (a) is a power of 2, or s =3
and . (a) is a power of 3.

Denote by p(n) the number of partitions of n. For a group of Lie type over a field
of characteristic p, denote by w,(G) the set of orders of semisimple elements, that
is, elements whose order is coprime to p. Put p,(G) = p(wy(G)). Following [9],
we use the notation prk(G) for the dimension of G if G is a linear or unitary group
and the Lie rank of G if G is an orthogonal or symplectic group.

Lemma 3.3. Let G be a simple classical group with prk(G) = n. Then

[ (G)] = [u(Symn)|

unless G = PSU,(2) and always

(G| = |p(Syma)|.

Proof. We will prove the lemma by constructing an injection ¢ from p(Symy,)
to py (G) for groups distinct from PSU,(2) and to u(G) otherwise.

Assume that G = PSL5(q), where ¢ € {+,—}. Suppose that ni,...,ns are
positive integers such that ni 4 --- 4+ ny < n. Define

1 ift+n—(n1+---+n)>2
(n/(n1,n2),eq—1) ift=2andn=ny+ -+ ny
C(nh ant) - .
(n,eq —1) ift=1landn=1+ny+ -+ ng
(g—¢el)((n,eq—1) ift=1landn=mng+ -+ ng.
In any case, w(c(n1,...,n)) C w(eqg —1).
According to [2, Corollary 3], for every nq,...,n; such that n; +--- 4+ n; < n,

w(G) contains the number

[(eq)™ —1,...,(eq)™ — 1]/c(n1,...,n),

and every element of p,y(G) has such a form.
Let

a=pt...pM
for prime numbers p; < -+ < p; be an element of p(Sym,). Since l(a) < n, the
number of the form

e

b = (e —1,..., (e — 1] /e, ..., p3)



is an element of w(G).

Assume that for some i, the number r* = r;% (eq) is defined but does not
divide b,. Then r* is not coprime to c(p?l,...,plf‘t), in particular, ¢ < 2. By
Corollary 4, it follows that pj"* = 2 or 3 and r* is a power of p{". If t = 2, then
n = p;" —|—p?j is coprime to p;*, and so (c(pf‘i,p?j),r*) =1.Ift=1,thenn=2or
3 (the lemma in this cases can be easily checked and we will assume in what follows
that » > 3). So we may assume that every r* e (eq) divides b, if exists.

Suppose that r o; (€q) is defined for all i and let A be an element of pp (G)

divisible by b,. We deﬁne ¢(a) =
Suppose that there exists an element a = rfl. e of w(Symy,) such that
a' # a, all 75 (eq) are defined, and ¢(a) = ¢(a’). Let
T

A=1[(eq)™ —1,...,(eq)™ —1]/c(mq,...,mg)

with my +---+mg < n. It follows from Corollary 4 that for each p;*, there exists a

number my, divisible by p;". The same is true for each 1 Since mi+---+ms <N,
the least common multiple of my, ..., mg lies in u(Symn). By maximality of a and
a’, this number is equal to both a and o/, which is a contradiction.

Assume that some r;% (eq) does not exists. By Lemma 3.1, we have G =

PSUL(2) and p;* = 2 (1;1 fact, p{* = 2). Observe that the cases when n < 8

can be checked by direct computations. Since 2a is not an element of u(Sym,,), the
sum of p;" for i > 1 is n — 3 or n — 2. Define ¢(a) to be

2 [21’32 F1,.L ot 1} /d if this sum is . — 2,

and as ,
« a
4 [2p2 +1,...,2Pt + 1} /d otherwise,

where in both cases d = 1 if t > 1, and d = (n, 3) otherwise. Using [2, Corollary 3]
and the fact that r a; (eq) divides ¢( ) for i > 1, it is easy to see that ¢(a) € u(QG)

and the resulting (b is an injection from p(Sym,,) to w(PSUL(2)). Thus the lemma
is proved for all linear and unitary groups.

Assume that G = PSpa,(q) or Qo,41(q). Again let a = pi" ... p*, where p,
..., py are pairwise distinct primes, be an element of u(Sym,). By [3, Corollaries
2, 3, 6], w(G) contains the number

ba = [g"" + (1), g+ (~1)7]/(2,q - 1). (1)

Observe that b, is divisible by all r %( ) for p; # 2 and also by r] al( ) if p; = 2.

Define ¢(a) to be an element of 1,y (G) divisible by b,. It follows from [3, Corollaries
2, 3, 6] that ¢(a) has the form

[qml _817"'7qm8_55]/07 (2)

where ¢; € {1,—1} and ¢ = 1,2. Tt follows from Corollary 4, that for each ¢ there
exists index j such that p}* divides m;. As before, the assumption that ¢ is not
injective leads to a contradiction with the maximality of a in u(Symy,).

Let G = PQ5,,(¢q), where ¢ € {+,—}. By [3, Corollaries 8, 9], the number of
the form (1), but with possibly (4,¢ — ¢) instead of (2,¢ — 1) in the denominator,
lies in w(G) if and only if either I(a) < n, or the number of pluses among (—1)? is
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even when € = + and odd otherwise. Hence we should worry about the signs in the
definition of b, in this case. If I(a) < n, then the previous definition of b, works.
Suppose that [(a) = n. If t <2 or p; # 2, then one can substitute qp?z —1 by qp;'% +1
for one odd prime p; if necessary. If n = a is a power of 2, then b, = (¢"+1)/(2,¢9—1)

if e = — and b, = (¢" — 1) if ¢ = +. Again b, is divisible by 7‘;% (q) or r;p% (q)

for each odd p; and also by 'r;pgi(q) if p; = 2 and (n,a,¢) # (2',2!, +). As before,
define ¢(a) to be an element oflup/(G) divisible by b,.

To see that ¢ is bijection, it is sufficient to show that ¢(a) # ¢(n) when e = +, n
is a power of 2 and a # n. Suppose that ¢(a) = ¢(n) = A. Then A has the form as
in (2) but with ¢ = 1,2, 4. Reasoning as above, we conclude that a = [myq,...,mg].
Since A is divisible by 77 (¢) then there exists index j such that n/2 divides m;. If
mj = n, then a = n, so m; = n/2. Since A is divisible by 7":;/2((]) then there exists
index ji such that n/4 divides m;,. Repeating this argument until n/2! > 4, we see
that each of my,..., ms divides m; and so a = n/2, which contradicts maximality
of a. The lemma, is proved.

Proof of Theorem 3. Let G be a classical group with prk(G) = n over a field of
characteristic p and order q. By Lemma 3.3, we have |u(G)| > |u(Symy)|. Hence
there exist € > 0 and M such that for all n > M, we have

(&) > exp (\/E ). 3)

If G is a linear or unitary group, then by [2, Corollary 3| there is a subset v(Q)
of w(G) containing u(G) whose elements are parameterized by partitions of n of the
form

n=p*—1)+n +-+ns, (4)
where first term can be not presented. There are at most 1 + logy(n + 1) choices
for the first term (including its absence), and the number of choices for nq, ..., ng

obviously not exceeds p(n) for each choice of the first term. Therefore we have
|v(G)] < p(n)logy(2n + 2).

Every element of v(G) can be computed in time polynomial in nlogq. Hence the
bound (3) provides the required bound on the running time of the algorithm that
just generates all partitions of the form (4) and calculates corresponding elements
of v(G).

Let G be a symplectic or orthogonal group. By [3, Corollaries 2, 3, 6], there
is a subset v(G) of w(G) containing ©(G) whose elements are parameterized by
partitions of n of the form

n = f(p) +mi + ma,

where k denote a partition of a number k and first term f(p) can be not presented.
The function f(p) depends on the Lie type of G and its characteristic and is equal
to pk;i for some i € {1,2,3,4}. As before, we obtain the required bound on the
running time of the brute force algorithm in this case. This completes the proof.

References

[1] A.S. Bang, Taltheoretiske undersolgelser, Tidskrift f. Math., 5 (1886), 70-80,
130-137.



2]

A. A. Buturlakin, Spectra of finite linear and unitary groups, Algebra Logic,
47 (2008), no. 2, 91-99.

A. A. Buturlakin, Spectra of finite symplectic and orthogonal groups, Siberian
Adv. Math. 21 (2011), no. 3, 176-210.

A. A. Buturlakin, Spectra of the groups Es(q), Algebra Logic, 57 (2018), no. 1,
1-8.

A. A. Buturlakin, A. V. Vasil’ev The graph of atomic divisors and recognition
of finite simple groups, J. Algebra, 537 (2019), 478-502.

P. Erdés, P. Turdn, On some problems of a statistical group-theory. IV, Acta
Mathematica Academiae Scientiaruin Hungaricae, V. 19 (3-4), (1968), pp.
413-435.

J.P. Massias, J.L. Nicolas, and G. Robin, Effective bounds for the mazimal
order of an element in the symmetric group, Math. Comp. 53 (1989), no. 188,
665—678.

J.L. Nicolas and G. Robin, Majorations explicites pour le nombre de diviseurs
de N, Canad. Math. Bull. 53 (1983), no. 4, 485-492.

A. V. Vasil’ev, On finite groups isospectral to simple classical groups, J. Alge-
bra 423 (2015), 318-374.

K. Zsigmondy, Zur Theorie der Potenzreste, Monatsh. Math. Phys. 3 (1892),
265-284.



