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ABSTRACT. In this paper, we construct a Grobner—Shirshov basis for the
group I't with respect to the tower order on the words. By using this
result, we apply the discrete algebraic Morse theory to find explicitly the
differentials of the Anick resolution for I's, and calculate the first and second
Hochschild cohomology groups of the group algebra of I't with coefficients
the trivial 1-dimensional bimodule over a field k of characteristic zero.

1. INTRODUCTION

V. O. Manturov |7|-[11] introduced a family of groups G* depending on two
positive integers n > k, and formulated the following principle: If a dynamical
system describing a motion of n particles possesses a nice codimension one
property governed by k particles, then it has topological invariants valued
in the group G*. In the paper [10], V.O. Manturov constructed maps from
fundamental groups of configuration spaces to the groups G*. Another group
'} corresponding to the motion of points in R® was proposed [12] from the
point of view of Delaunay triangulations

In terms of generators and defining relations the group I'? is defined as
follows. It is generated by the set

{dajrp | {65,k 1} =4 and {i,j,k 1} € {1,2,...,n}}
subject to the following relations:

2 _

iy =1

i gk ) As o) = s )i {0, 5,k 1 0, 5, k5 1} <3

(i g k)i, km) A g 1,m) Ak 1) A ke tmy = 1

Akt = d@igk) = dkiig) = ety =

dakg) = dGairk) = dkgit) = dkgi)-
In the paper [12], the authors studied homomorphisms from the group of pure
braids on n strands to the product of copies of I'4 | and also studied the group of
pure braids in R?, which is described by a fundamental group of the restricted
configuration space of R3. They defined a group homomorphism from the
group of pure braids in R? to I}, and gave some comments about relations
between the restricted configuration space of R? and triangulations of the 3-

dimensional ball and Pachner moves. Therefore, it is useful to study these

groups from combinatorial point if view.
1
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This paper is devoted to finding Grobner—Shirshov basis and cohomology
of G2 for n = 5 (the first infinite example in the series). Grébner basis and
Grobner—Shirshov basis were invented independently by A.L. Shirshov [18§]
for ideals of Lie algebras and, implicitly, associative algebras, by H. Hironaka
[19] for ideals of the power series algebras (both formal and convergent), and
by B. Buchberger [20] for ideals of the polynomial algebras. Grobner basis
and Grobner—Shirshov basis theories have been proved to be very useful in
different branches of mathematics, including commutative algebra and combi-
natorial algebra. It is a powerful tool to solve the following classical problems:
normal form, word problem, conjugacy problem, rewriting system, embedding
theorem, PBW theorem, growth function, (co)homology, etc., (see, e.g., [15]
and references therein). It is well known that the first cohomology group of an
associative algebra is related to its derivations, and the elements of the second
one are interpreted as its null extensions. Homological algebra also introduces
important numerical invariants in the group theory, e.g., (co)homological di-
mension and Euler characteristic. In some way, the (co)homology groups carry
in-depth information about the properties of a group or an algebra, e.g., the
property of a finite group to be nilpotent or solvable can be characterized in
homological terms. So we can say that homological methods allow us to get
important information about the structure of an algebra.

The most important cohomology theory for associative algebras is the Hoch-
schild cohomology. Given an associative algebra A over a field k and an A-
bimodule W, the set of Hochschild cochains C™(A, W) consists of all linear
maps A®™ — W, m > 0, and the mth Hochschild cohomology group is defined
as H"(A, W) = Ker A,,/Im A,,,_;, where A, : C™(A, W) — C™ LA, W) is
the Hochschild differential

Anf(Tl,...,Tn_H) :Tlf(’f’g,...,Tm+1)

+ Z(—l)zf(’l“l, ey T, - - - ,Tm+1> + (—1)m+1f(7”1, P ,Tm>7’m+17 (1)

=1

One of the most important features of the Hochschild cohomology groups is
that the first one, H'(A, W), describes outer derivations from A to W and the
second one, H?*(A, W), is in one-to-one correspondence with the equivalence
classes of null extensions

0—-W—E—=A—=0, W?=0.

It is often a difficult problem to find the groups H™ (A, W) for a given algebra
A an A-bimodule W. The first important step of solution is to find a long
exact sequence of A-bimodules starting from A, a resolution of A. Next, one
needs to calculate the derived functor to Hom(-, W) to find the cohomology
groups. The most natural resolution known as the bar-resolution is easy to
define but it is not convenient for the calculation of cohomologies. A smaller
resolution was proposed by D.J. Anick [1]: he found a way to construct a free
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resolution for an associative algebra which is homotopy equivalent to the bar-
resolution. The Anick resolution found numerous applications in combinatorial
algebra, see [2]. This long exact sequence is more convenient for the calculation
of cohomology groups, but the computation of differentials according to the
original Anick algorithm described in [1] is extremely hard. In order to visualize
the computation of differentials it is possible to use the discrete algebraic
Morse theoryl4, 5, 6] based on the concept of a Morse matching. In this paper,
we choose a tower order on the free monoid generated by a well-ordered set
X. By using this order, we find a Grébner—Shirshov basis for the group
I's. Then we apply the discrete algebraic Morse theory to find explicitly the
differentials ¢, and &, of the Anick resolution for I's. As an application, we
calculate the second Hochschild cohomology group of the group algebra of I's
with coefficients in the trivial 1-dmensional kI's-bimodule M. It turns out that
there exist five inequivalent 1-dimensional null extensions of kI's by means of
the trivial module.

2. COMPOSITION-DIAMOND LEMMA FOR ASSOCIATE ALGEBRAS

Let k be a field, X be a nonempty set, k(X)) be the free associative algebra
generated by X. Denote by X* the free monoid generated by X, where the
empty word is denoted by 1. Let deg(u) stand for the length (number of
letters) of a word v = x123...x, € X*, x; € X. In particular, deg(u) = 0
means u = 1.

A well order < on X* is said to be monomial if v > v implies wu > wv
and uw > vw for all u,v,w € X*. Let us fix a monomial order < on X*. An
arbitrary f € k(X) may be written as

n
f= Z QU €,
i=1

where a; € k\ {0}, w; € X*, n € N, and w3 > us > --- > u,. Define the
leading monomial of f, denoted by f, to be u;. If ay = 1, then we say f is a
monic polynomial.

Let us recall the main statements of the Grobner—Shirshov basis theory for
associative algebras according to [15, 17, 18|.

Definition 1. Let f,¢g € k(X) be monic polynomials. Define the following
two kinds of compositions:

o If w= fb=ag e X*, where a,b € X*, deg(f)+deg(g) > deg(w), then
(f,9)w = fb— ag is called an intersection composition of f and g with
respect to w;

e lfw=f=agbec X* a,bc X* then (f,9)w = f — agb is called an
inclusion composition of f and g with respect to w.

Let S C k(X) be a nonempty set of polynomials. Given f € k(X), w € X*,
if f=> a;a;8b;, where a; € k, a;,0; € X*, s, € 9, and ;5;b; < w with
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respect to the fixed monomial order, then f is said to be trivial modulo (S, w),
and is denoted by

f=0 (mod (S,w))

Definition 2. A nonempty set S C k(X) of monic polynomials is called a
Grébner—Shirshov basis in k(X) if for every f, g € S having a composition we
have (f,g)w = 0 modulo (S, w).

Theorem 1 (Composition-Diamond Lemma). Let < be a monomial order on
X*, S Ck(X) be a nonempty set of monic polynomials, and let 1d (S) be the
ideal of k(X) generated by S. Then the following statements are equivalent.

(i) S is a Grébner—Shirshov basis in k(X).
(ii) If 0 # f € 1d (S) then f = asb for some s € S, a,b € X*.
(iii) The set Irr (S) = {2z € X* | z # asb, a,b € X*, s € S} is a linear
basis of the algebra k(X | S) :=k(X)/Id ().

If a subset S of k(X) is not a Grobner—Shirshov basis then we can add to S
all nontrivial compositions of polynomials of S, and by continuing this process
(maybe infinitely) many times, we eventually obtain a Grobner—Shirshov basis
S Such a process is known as the Shirshov algorithm since [18]. If S is
a set of semigroup (or binomial) relations (that is, polynomails of the form
u — v, where u,v € X*), then every their composition has the same form. As
a result, the set S°™P also consists of semigroup relations.

Let M = sgp(X | S) := X*/p(S) be a semigroup presentation, where
S C X* x X* and p(S) is the congruence on X* generated by S. Then S
may be considered is a set of semigroup relations in k(X), and hence one
can find the corresponding Grobner—Shirshov basis S°™P. The latter does
not depend on k and, as mentioned above, it consists of semigroup relations.
We will call S°™ a Grobner—Shirshov basis for M. This is the same as a
Grobner—Shirshov basis for the semigroup algebra kM = k(X | S).

The Grobner—Shirshov basis of a given algebra highly depends on the set
X of generators and on the chosen monomial order on X*. In what follows, we
will use the following one known as the tower order. Let X be a well-ordered
set. Given a word u € X*, u # 1, denote by max(u) the largest letter occurring
in u, and let n, be the number of occurrences of & = max(u) in u. Then u
may be uniquely presented as

U = UgQULAU3 . . . Up, —1QU,,, U € X7 0 < i < ny,.

Here max(u;) < max(u) for every nonempty w;.
For w € X*, u # 1, define the sequence

wt (u) = (max(u), My, U, - - ., Un,)

If u,v € X* are two nonempty words then set u > v if only and only if wt (u) >
wt (v) lexicographically, where ug, uy, . .., u,, are compared by induction. Such
an order is called a tower order on X* which is a monomial order.
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3. GROBNER-SHIRSHOV BASIS FOR '3

Definition 3 ([12]). The group I's is generated (as a semigroup) by the set of
elements
A = {a = d(1,2,3,4), b= d(1,2,4,3)7 Cc= d(1,3,2,4)7 d= d(1,2,3,5), € = d(1,2,5,3)
f= d(1,3,2,5), h = d(1,2,4,5), g= d(1,2,5,4), k= d(1,4,2,5),l = d(1,3,4,5)

m = d(1,3,5,4), n = d(1,4,3,5)> q= d(2,3,4,5)7 r= d(2,3,5,4), s = d(2,4,3,5)}
subject to the following relations:

S ={2*=1, v € A,
adhlq = qadhl = lqadh = hlqad = dhlga = 1,
bhdns = sbhdn = nsbhd = dnsbh = hdnsb = 1,
cflhr = rcflh = hrefl = lhref = flhre =1,
dagmr = rdagm = mrdag = gmrda = agmrd = 1,
egans = segan = nsega = anseq = ganse = 1,
femgq = qfemg = gqfem = mgqfe = emgqf =1,
hbemr = rhbem = mrhbe = emrhb = bemrh =1,
geblqg = qgebl = lqgeb = blqge = eblqg = 1,

kemes = skeme = eskem = meske = emesk = 1},
Lemma 1. Let
Ay =A{e,g,k,l,m,n,q,r,s}
and

Sy ={2® =1, v € Ay, ge = nsegns,
gnse = esng, le = rnsemrnkmgqgksrmgqlrm, lrnse = egqlskqgmknrm,
kse = rnsemrnkm, krnse = semknrm, me = rnsemrns, mrnse = esnrm,
qrnse = nsegnkqggmknrm, gnse = rnsemrnkmgqkng, lqg = rmgqlrm,

Irmg = qgmrlq, gglnse = mregqlsnrm, gmre = qlnsemrnsrmgqlrm}.
Then T = sgp (As | Sa).

Proof. The group I's is indeed generated by A, since a,b,c,d, f,h may be
expressed via Aj:

a =mnseq, b=emrh, ¢ =mesk, d=nsemr, f=cmgq, h =rmgql

It remains to show that Sy hold in T's and, conversely, that S; hold in sgp (A, |
Ss). For example,

1 = adhlq = anseg = agmrd
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Since a? = d*> = h?> = 1, then

a = dhlq = nseg = gmrd, nseg = gens
d = nsemr, nsemr =rmesn

h =rmgql, rmgql = lggmr

So
ge = nsegns, gnse = esng
me = rnsemrns, nNSemr = rmesn

lgqg = rmgqglrm lrmg = gmrl
Conversely, let
a = gnse ,d = nsemr, h =rmgql
then a®> = d®> = h? =1 and

drm =nse & hlg=rmg
drmg =nseg & dhlqg = drmg

So
a = dhlqg = nseg = drmg
1 = adhlq = anseg = agmrd
Similarly, we can get rest of the relations. U

Theorem 2. Let < be the tower order on A} based one > g >k >1>m >
n>q>r>s. Then

S = Sy U {g(qlrm)’qlnse — (mrlq)’mregqlsnrm, g(glrm)’nse — (mrlq) esng,

g(mrlq)?mre — (glrm)? glnsemrnsrmgqlrm, g(mrig) e — (glrm)’nsegns; j > 1}

is a Grobner-Shirshov basis for T's.

Proof. Let us show that the last four series of relations in S hold in I';. For
example,

lrmg = qgmrlq = gmrlq = qlrmg = gmrigmre = qlrm(gmre)

= gmrlgmre = qlrmglnsemrnsrmgqlrm
By induction, assume that

g(mrlq)’ " mre = (qglrm)’~qlnsemrnsrmgqlrm



HOCHSCHILD COHOMOLOGY OF THE MANTUROV GROUP T3 7

then

g(mrlg)?mre = g(mrlq)’ *mrigmre
Y

= g(mrlq
= (qlrm)’~'qlnsemrnsrmgqlr(me)lgmre

mreelgmre

J

qlrm) ~'qlnsemrnsrmgqlr (rnsemrns)lgmre

qlrm) ~tqlnsemrnsrm(gqlnse)mrnslgmre

J

qlrm) "' qlnsemrnsrm(mregqlsnrm)mrnslgmre

qlrm) ~'qlnse(mrnse)gmre

I=1gInse(esnrm)gmre

3

qlrm)’ ' qlrm(gmre)

qlrm)’*qlrm(gmre)
qlrm)? (gmre)

)
= (glrm)
= (glrm)
= (glrm)
= (glrm)
= (qlrm)
= (glrm)
= (glrm)
= (glrm)
= (glrm)

qlrm)’ qlnsemrnsrmgqlrm.
Similarly, we can get another relations. Let’s check some compositions:

(Irmg)mre — lrm(gmre) = q(gmrigmre) — lrmglnsemrnsrmglrm

= (qq)lrmglnsemrnsrmglrm — lrmglnsemrnsrmglrm = 0;

(gg)mrigmre — g(gmrigmre) = mrigmre — (gqlrmglnse)mrnsrmgqlrm
= mrlgmre — mrigmregqglsnrmmrnsrmgqglrm
= mrlgmre — mrigmregq(lrmg)qlrm
= mrlgmre — mrigmregqqgmrlqqlrm

= mrigmre — mrigmre = 0;

(lgg)qlnse — lq(ggqlnse) = rm(gqlrmglnse) — lgmregglsnrm

= rmmrlgmregqlsnrm — lgmregqlsnrm = 0;

(99)qlrmglnse — g(gqlrmglnse) = qlrmglnse — (gmrigmre)gqlsnrm
= qlrmqglnse — qlrmglnsemrnsrmgq(lrmg)qlsnrm
= glrmgqlnse — qlrmglnsemrnsrmgqqgmrlqqlsnrm

= gqlrmglnse — qlrmglnse = 0.
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This proves triviality of compositions for j = 1. Proceed by induction for
7 > 1. For example, we have

lrm(g(mrlq)?mre) — (Irmg)(mrlq)y mre =

= Irm(qlrm)? qinsemrnsrmgqlrm — qgmrlg(mriq)’ mre

= Irm(qlrm)! qglnsemrnsrmgqlrm — q(g(mrlq)’ T mre)
= Irm(qlrm)? qlnsemrnsrmgqlrm — q(g(mrlq)’ T mre)
_ m(
(
rm(
rlq)

= Irm(qlrm)! qlnsemrnsrmgqlrm — qqlrm(qlrm)’ glnsemrnsrmgqlrm)

| |
3

)’
)’
qlrm)! qinsemrnsrmgqglrm — q((qglrm)’ ' gInsemrnsrmgqlrm)
)
)’

qlrm)! qlnsemrnsrmgqlrm — lrm(qlrm)’qlnsemrnsrmgqlrm = 0;
Imre) — (gg)(mrlq)’mre = (g(qlrm) qglnse)mrnsrmgqlrm — (mrlq)’mre
= (mrlq)?mregq(lrmg)qlrm — (mrlq)’mre
(mrlq)?mregqqgmerlqglrm — (mrlg) mre
= (mrlg)?mre — (mrlg)!mre = 0;
lq(g(mrlg)e) — (lqg)(mrlq) e = lq(qlrm) nsegns — rmgqlrm(mriq)’e
= lgqlrm(qlrm)’~'nsegns — rm(g(mriq)’'e)
= rm(qlrm)’ 'nsegns — rm(qlrm)’ 'nsegns = 0;
g(g(mrig)e) — (g9)(mrlgfe = (g(glrm)nse)gns — (mrig)e
= (mrlq)’esnggns — (mrlg)’e
= (mrlg)’e — (mrig)e = 0.
Similarly, we can check that any compostion in S is trivial. U

4. MIORSE MATCHING

In this section, we state main definitions and known results related to the
construction of the Anick chain complex via algebraic Morse theory following
[13, 16, 4]. The approach is based on the following idea. Suppose k is a
field and A is a unital associative k-algebra. Let B = (B,,d,),>0 be a chain
complex of free left A-modules, and let X,, be a basis of B,, over A. One may
represent the complex with a weighted oriented graph I'(B) whose vertices are
U X, and there is an edge from = € X, to y € X,,_; if the distribution of

d,(z) € B,_1 contains Ay for 0 # A € A (the weight of the edge is set to be
this A).

Assume M is a particular matching in the graph T'(B), i.e., a subset of
edges such that neither of vertices belongs to more than one edge from M. In
addition, assume the weights of edges from M are invertible central elements
of A Then transform the graph I'(B) in the following way: invert the direction
of all edges from M and replace their weights A with —A~!. If the resulting
graph I"y/(B) has no directed cycles then M is called a Morse matching. The
vertices that do not belong to edge from M are said to be critical cells.
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For a Morse matching graph I'j;(B), one may construct another chain com-
plex of free A-modules (B, 0 )m>0, Where By, is spanned over A by the
set X(m) of all critical cells from X, and the calculation of 4,, is based on the
consideration of all paths in I'y;(B) (see, e.g., [13]). Namely,

m(x) = > T(,y)y, yeE Xm

YEX(m—1)

where I'(w, w’) is the sum of path weights in the Morse matching graph 'y, (B).
The new complex (B(n), 0m)m>o0 is homotopy equivalent to the initial one, but
it is smaller since we choose only critical cells as generators of the modules
B .

(F())r the bar-resolution B, there is a natural way to choose a Morse matching
M in T'(B) in such a way that the resulting complex constructed from I"y/(B)
coincides with the Anick resolution. We will state the construction in bimodule
setting which is easy to get by replacing A with A ® A°P.

Suppose A has an an augmentation ¢ : A — k, A is a set of generators for A.
Then A is a homomorphic image of the free associative algebra k(A) generated
by A. Assume < is a monomial order on the free monoid A*, and GSB, is a
Grobner—Shirshov basis of A. The latter may be considered as a confluent set
of defining relations for the algebra A, each of relations is of the form u — f,
where u € A%, f € k(A), u > f, f is the leading monomial of f relative to <.
Denote by V the set of all leading terms u of relations from GSB,. Following
Anick [1], V is called the set of obstructions.

The cokernel of € : k — A is denoted by A/k. The set of all non-trivial
words in A* that do not contain a word from V' as a subword (i.e., the set
of V-reduced words [17]) forms a linear basis of A/k. This is one of the
equivalent conditions in the Composition-Diamond Lemma about Grobner—
Shirshov bases for associative algebras (see Theorem (1)).

The two-sided bar resolution (B,,(A, A), dpn)m>0 is an exact sequence of A-
bimodules

0k A By(A,A) « Bi(AA) ..o
where
Bn(AA) = A ® (A/k)®MmHD @ A
We will use the standard convention denoting 1® A ®... A1 @1 € By, (A, A)
by [A1] ... |Ams1] for A; € A/k. The differential d,, is defined as follows:

A (M) - [Amsa]) = Ml ] + (D)™ ] ] A+
L G S PYT PR P ) VY DR Wy
=1

The role of critical cells X(,,) is played by so called m-chains. By definition,
0-chains are the elements of A, 1-chains are the words from V. For m > 1, a
word v = x;, ... x;, € A* is said to be an m-prechain if and only if there exist
indices a;,b; € Z, 1 < j < m, satisfying the following conditions:

(1) 1:a1<a2§bl<...<am§bm,1<bm:t;
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(2) Tig, - Ly, €V for 1< j <m.

That is, v is obtained by m obstructions consecutively intersecting with each
other. An m-prechain z;, ...x;, is an m-chain if the integers a;,b; can be
chosen in such a way that for every 1 <1 < m and for every s < b; the prefix
T, ...x;, is not an [-prechain. Denote the set of all m-chains by V™.

According [13, 4, 16], there is a way to choose a Morse matching in the graph
I'(B) corresponding to the bar-resolution in such a way that X,y = V) and
the new complex is exactly the Anick resolution

0(—]]&(8—/\(5—03(0)(5—13(1)(613(2)(—‘..,
where
By =AkV™ A, m>0.

We suppress the construction of graphs in the algorithm sketched above
in order to replace graphical manipulations with algebraic expressions. Our
aim is to evaluate d,(w) € A @ kV"D ® A for a given w € V™. For w =
Wwy . . Wpwpyy € V™, where all w; are V-reduced words, denote [w] =
[wi|ws] . .. |wa|wny1] € (A/K)2FD. In the sequel we will often omit symbols |
in the elements of the Anick resolution.

Define two A-bilinear operators §/, and ¢ via a recurrent procedure which
includes the following steps:

(1)

O [w] = wy[ws| . .. |wp|wa 1] + (= 1) [wi|ws] . . . |wy]w, g
+ ) [wifwa] sl wn] € A® (A/K) @ A,
=1

where s; are the V-reduced forms of the products w;w;;1, 7 =1,...,n;
(2) If [v] € (A/k)®" belongs to V"1 then

Onlv] = [v],
otherwise, proceed to the following step.

(3) If [v] = [v1]...|va] does not belong to V1 (here all vs are V-
reduced) then there exists the largest integer ¢ > 0 such that v;...v; €
V=1, Vi1 May be presented as v;11 = vj vy, , and [v1|...|vj,] be-
longs to V@ [4]. Then set

Onlv] = (=1 on] - vi g v - - on)-

The recurrent application of 69/, leads to the result: after finitely many steps,
the computation of 0/ does not involve step (3). Therefore,

On(w) = (8707) ],

where k = k(w) > 1 is a sufficiently large integer.
Let A be a k-algebra as above, and let W be a unital A-bimodule. Consider
the Hochschild cochain complex (C™ (A, W), A,)m>0 where A, is given by (1).
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We may use the Anick resolution to calculate H™ (A, W) = Ker A,,,/Im A,,,_4
via

Am(f) - f5m7 .f : B(mfl) — W.
Indeed, H™(A, W) = Z™/B™, where
Bm = Im Amfl = {f : B(m—l) - W ’ f = gamflv g: B(m—Q) — W}7
Z™ =Ker Ay, = {f : Bpm-1) = W | fé,, = 0}.

5. THE ANICK COMPLEX FOR [';

To find the Anick complex, we need two steps. First, we have to find the
set of obstructions for I'; relative to the given Grobner—Shirshov basis (the
set of leading terms in S = GSBF%) and the set of 2-chains. Next, build a
Morse graph and calculate the path weights I'(w, w’) for every m-chain w and
(m — 1)-chain w’ for m = 1,2. Alternatively, we may apply the algorithm
described in the previous section to find the Anick differentials ¢,,, m =1, 2.

For m =1 we have

v = {e2, g% kK* 12, m* n?, ¢* 1, s, ge, gnse, le, lrnse, kse, krnse, me, mrnse, qrnse
qnse, lqg, lrmg, gqlnse, gmre, g(qlrm)? ginse, g(mriq)Y mre, g(glrm)’nse, g(mrig)e | j > 1
Let us calculate d; as stated in the previous section:
61[2%) = zlx] + [z]z, =z € {e g,k ,m,n,q,r, s}
A more complicated construction is needed for (See Fig. 1)
d1[ge] = gle]+[gle—[n]segns—n[slegns—ns[e]gns—nse[glns—nseg[n|s—nsegn]s].

d1[gnse] = [g]nse + g[n|se + gn[s|e + gnsle| — [e]sng — e[s|ng — es[n]g — esn|g]
d1[mrnse] = [m]rnse + m[r|nse + mr[n]se + mrn[sle + mrnsle] — [e]snrm — e[s|nrm
— es[n]rm — esn|rjm — esnr[m|.
d1[me] = [m]e + mle] — [r]nsemrns — r[n]semrns — rn[slemrns — rns[ejmrns
— rnse[mlrns — rnsem[r|ns — rnsemrin|s — rnsemrn]|s].
o1 [le] = [l]e + le] — [r]nsemrnkmggksrmgqlrm — r[n]semrnkmgqksrmgqlrm
— rnlslemrnkmgqksrmgqlrm — rns[e]mrnkmgqksrmgqlrm
— rnse[m]rnkmgqksrmgqlrm — rnsem|r|nkmgqksrmgqlrm
— rnsemr(nlkmgqksrmgqglrm — rnsemrn[klmgqksrmgqlrm
— rnsemrnk[m]gqksrmgqlrm — rnsemrnkm[glqksrmgqlrm
— rnsemrnkmg|qlksrmgqglrm — rnsemrnkmgqlk|srmgqlrm
— rnsemrnkmgqk[s|rmgqglrm — rnsemrnkmgqks[rimgqlrm
— rnsemrnkmgqksr[m]gqlrm — rnsemrnkmgqksrm[glqlrm
— rnsemrnkmgqksrmg|q)lrm — rnsemrnkmgqksrmgq[l]rm

— rnsemrnkmgqksrmgqlrlm — rnsemrnkmgqksrmgqlr[m].
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01[lrnse] = [ljrnse + lr|nse + lr[n]se + lrn[sle + lrnse] — [e]gglskggmknrm
— elglglskqgmknrm — eg|q]lskqgmknrm — egq[l]skqgmknrm — egql|s|kqgmknrm
— egqlslklggmknrm — egqlsk[qlgmknrm — egqlskq[glmknrm — egqlskqg[m]knrm
— egqlskqgm[k]lnrm — egqlskqgmk[n]rm — egqlskqgmkn[rim — egqlskqgmknr|m]

01 |kse] = [k]se + k[s|e + ks[e] — [rlnsemrnkm — r[n|semrnkm — rn[s|emrnkm
— rnslelmrnkm — rnse[m|rnkm — rnsem[r|nkm — rnsemrn|lkm — rnsemrn[klm

— rnsemrnk[m)].

d1[krnse] = [k]rnse + k[rlnse + kr[n]se + krn[s]e + krns[e] — [s]lemknrm — s[eJmknrm

— se[m]knrm — sem[k]nrm — semk[n]rm — semkn[r|m — semknr[m].

d1[grnse] = [g|rnse + g[rinse + qrin|se + grn[sle + qrnsle] — [n|segnkqgmknrm
— n[slegnkqgmknrm — nsle]gnkqgmknrm — nselglnkqgmknrm
— nseg[n|kqgmknrm — nsegn[k|lqgmknrm — nsegnk|q]gmknrm
— nsegnkqlglmknrm — nsegnkqg[m|knrm — nsegnkqgml|k|nrm

— nsegnkqgmkn|rm — nsegnkqgmkn|[rlm — nsegnkqgmknr|m).

d1[gnse] = [qlnse + q[n]se + qn[s]e + qnsle] — [rlnsemrnkmgqkng — rin]semrnkmgqgkng
— rn[slemrnkmgqkng — rnslelmrnkmgqgkng — rnse[m|rnkmgqkng
— rnsem[rlnkmgqkng — rnsemr[n]kmgqkng — rnsemrn[k]mgqkng
— rnsemrnk[m]gqkng — rnsemrnkm|glgkng — rnsemrnkmg|qlkng

— rnsemrnkmgqlklng — rnsemrnkmgqk[n|g — —rnsemrnkmgqgkng].

d1[gglnse] = [glglnse + glg]inse + gq(llnse + gql[n]se + ggln[sle + gglns|e]
— mlrlegqlsnrm — mrle|gglsnrm — mrelglglsnrm — mreg[q]lsnrm
— mregq(l|snrm — mregql|s|nrm — mregqls[nlrm — mregqlsn|[rim

— mregqlsnr[m] — [m]regqlsnrm.

01 [gmre] = [glmre + g[m|re + gm[r]e + gmrle] — [g|llnsemrnsrmgqlrm
— q[ljnsemrnsrmgqlrm — qlin]semrnsrmgqglrm — gln[slemrnsrmgqlrm
— qlnslelmrnsrmgqglrm — gqlnse[m]rnsrmgqlrm — glnsem[r|nsrmgqlrm
— gqlnsemr[n]srmgqlrm — qlnsemrn[s|rmgqlrm — glnsemrns|rimgqlrm
— qlnsemrnsrim|gqlrm — qlnsemrnsrm|glglrm — glnsemrnsrmg|q]lrm

— qlnsemrnsrmgq|llrm — qlnsemrnsrmgqlrlm — glnsemrnsrmgqlr[m].

dllqg) = [llqg + lglg + lqlg] — [r]mgqlrm — r[m|gqlrm — rm|[g]qlrm — rmg|q]lrm
— rmgq(llrm — rmgqlrlm — rmgqlr[m].
di[lrmg| = [lJrmg + l[rlmg + Ir[m]g + lrm[g] — [glgmrlq — q[g]mrlg — qg[m]riq
— qgmlr]lqg — qgmr[llg — qgmr[q]
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j—1
61lg(qlrm) qinse] = [g](qlrm)’ qlnse + Z g(qlrm)*[q)lrm(qlrm)’~"qinse

i=0

+ Zg(qlrm)iq[l]rm(qlrm)j "Lglnse + g(qlrm)[q]Inse
i1

+ Z g(qlrm)ql[rim(qglrm)? =" 'qinse + g(qlrm)’q[llnse

=0

+ Z g(qlrm)qlrim)(qglrm)’~"tqlnse + g(qlrm)’qlin]se
=0

— Z mrlq) [m]rig(mrlq) " tmregqlsnrm + g(qlrm)? qinsle]
j—l
- Z(mrlq)i [r)lq(mrlq) " *mregqlsnrm + g(qlrm)’qln|s]e

1=0
-1

.

j—i—1

5

(mrlq)'mr[l)q(mriq) mregqlsnrm — (mrlq) mreg|q|lsnrm

S
(|
= O

j—i—1

- (mrlq)'mrl]q](mriq)

mregqlsnrm — (mrlq) mregq[l]snrm

mrlq) [m]regqlsnrm — (mrlq)’m[rlegqlsnrm — (mrlq)’mr[e]gqlsnrm

(
— (mrlq)?mre[glglsnrm — (mrlq)mregql]sinrm — (mrlq)mregqls[n)rm
(

mrlqY mregqlsn[rim — (mrlq)’mregqlsnrim).

j-1
51lg(mrlg)mre] = [g](mrlg)mre + Z glmrlg)imrig(mrlgy—mre
i=0
Jj—1 j—1
+ > glmrlg)mlrliq(mrlq) = "'mre + ) g(mrlg)'mr(llq(mrlq) " mre
=0 i=0
j—1
+ Z g(mrlq)'mri[q)(mrlq)’~"'mre 4+ g(mrlq)’ [m]re + g(mrig)’m|rle
i=0
j—1
— Z(qlrm)i[q]lrm(qlrm)j_i_lqlnsemrnsrmgqlrm + g(mrlg)mr[e]
=0
j-1

- Z(qlrm)iq[l]rm(qlrm)j’i’1qlnsemrnsrmgqlrm
i=0
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<.
I
_

(qlrm)'qllrlm(glrm)’ "~

S
(|
= O

qlnsemrnsrmgqlrm

(qlrm)'[q)lr[m](qlrm)’ =" tqlnsemrnsrmgqlrm

o

— (glrm)?[q]Insemrnsrmgqlrm —
— (glrm)? gl[n]semrnsrmgqlrm —

— (glrm)? glns[e]mrnsrmgqlrm —

— (glrm)? gInsemrn[s)rmgqlrm —
— (glrm)? glnsemrnsr[m]gqlrm —

— (glrm)? glnsemrnsrmg[q)lrm —

qlrm) q[llnsemrnsrmgqlrm
qlrm) qin[slemrnsrmgqlrm
qlrm)! qlnse[m|rnsrmgqlrm
qlrm) qlnsemrns[rimgqlrm
qlrm)? glnsemrnsrm|glqlrm

qlrm)! qlnsemrnsrmgq[llrm

e e e e e e e e
=
o~
§

)
Y4q
)’
Y qlnsem|rinsrmgqlrm —
)
)
)
)

(
(
(
(
(
(
(
—(

)
)
)’
qlrm) qlnsemr[n)srmgqlrm
)
)
)’
)

— (glrm)? glnsemrnsrmgql[rlm — (glrm)? glnsemrnsrmgqlr[m)].

i1
S1lg(glrm)nse] = [g)(qlrm)’nse + Y _ g(qlrm)’[q]lrm(glrm)’™ ' nse
i=0
j—1
+ Z glglrm)iqllrm(qlrm)’~"*nse — (mrlq)?esn]g]
i=0
j—1
T Z g(glrm)*qlrim(glrm)’~"'nse — (mrig)’es[n]g
i=0

+ Z g(qlrm)qlrim](glrm)?~"'nse + g(qlrm)’[n]se

=0

- Z mrlq) [m]rlg(mrlq)’ " tesng + g(qlrm)’nse]
jfl

— Y (mrlg)'m[rllg(mrlq)’"tesng + g(qlrm)’n[s]e
i=0
j—1

_ Z(mrlq) mr(l]g(mrlg) " tesng — (mrlq)’e[s|ng
i=0
j—1

j—i—1

P (mrlq)'mri[q)(mriq) esng — (mrlq)’[e]sng.
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j-1
Sulg(mrigy'e] = [g)(mrige + g(mrlg)'e] + 3 glmrla) fmlrig(mrig) e
i=0
i1 i
+ 3 glmrtg)mirlig(mriq)™"e + 3 glmriq)'mrlllg(mrlqy e
=0 i=0
j-1
+ > g(mrlg)' mrifg)(mrlg)’~'e — (qlrm)’[n]segns — (qlrm) nsegn]s]
i=0
j—1
_ Z(qlrm)i[q]lrm(qlrm)j—i—lnsegns _ (qlrm)jns[e]gns
i=0
j-1

- Z(qlrm)iq[l]rm(qlrm)j’i’lnsegns — (glrm)?n[s]egns
i=0
j—1

- Z(qlrm)iql[T]m(qlrm)j_i_lnsegns — (qlrm)’nse[g|ns
i=0
j—1

— Z(qlrm)i[q]lr[m] (qlrm)~"nsegns — (qglrm)’nseg[n]s.
i=0
For m = 2 we have
Ve = {e3,¢° k3 13, m® n®, ¢*,13, s, g”e, ge?, g*nse, IPe, ’rnse, k?se, k*rnse, m*e, m*rnse,
¢*rnse, ¢*nse, 1°qq, *rmg, g*qlnse, g*mre, gnse?, le?, lrnse?, kse?, krnse?, me*, mrnse?,
grnse®, qnse?, 1qq*, lrmg?, gqlnse?®, gmre?, lqge, lrmge, lggnse, lrmgnse, lggqinse,
g*(qlrm)’qlnse, g(qlrm)? glnse?, g*(mrlq) mre, g(mriq) mre?, g*(qlrm) nse, g(qlrm) nse?
g (mrlg)e, g(mrlg)e?, lrmgqlnse, lggmre, lrmgmre, lqg(qlrm)’ glnse, lrmg(qlrm)’qlnse
lqg(mrlg)mre, lrmg(mrlg) mre, lgg(glrm) nse, lrmg(qlrm)’nse, lqgg(mrig)’e
lrmg(mrig)e|j > 1}

Let us construct a Morse matching and evaluate the differential 0, : B3y — B(g)
(See Fig. 2). In the simplest case w = 23, x € {e, g, k,l,m,n,q,r, s}, we have
do|2?] = x[x?] — [2*]x for x € {e, g, k,[,m,n,q,r,s}. In a similar way, one may
calculate

5g%e] = glge] — [¢*]e + [gnse]gns + esn[g*|ns + es[n?]s + e[s?].

0alge’] = gle?] — lgele — nselgnse] — ns[e’|sng — n[s’|ng — [n’]g.
Salg*nse] = glgnse] — [g*|nse + [ge]sng + nsegn[s®|ng + nseg[n®]g + nse[g?].
Sz[gnse?] = gnsle?] — [gnsele — esnlge] — es[n?|segns — e[s]egns — [e?|gns.
i

Sa[m*rnse] = m[mrnse] — [m?]rnse + [me]snrm + rnsemrn[s*Inrm + rnsemr[n®jrm

+ rnsem[r?Jm + rnse[m?).
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Salmrnse?] = mrns[e?] — [mrnsele — esnrime] — esn[r*|nsemrns — es[n?|semrns

— e[s*lemrns — [e*]mrns.
Sa[m?e] = m[me] — [m?|e + [mrnse)mrns + esnr[m?|rns + esn[r?|ns + es[n®]s + e[s?].
Sy[me?] = mle?] — [mele — rnse[mrnse] — rnsle?]snrm — ro[s*Jnrm — r[n?)rm — [rm.

Sok?se] = k[kse] — [k*]se + [krnse]mrnkm + semknr[m?®|rnkm + semkn[r*nkm

+ semk[n?)km + sem[k*Im + se[m?].

Sylkse?] = ks[e?] — [ksele — rnsemrnk[me] — rnsemrn[krnselmrns — rnse[mrnse]lmks
— rns[e?]|snrks — rn[s*inrks — r[n*rks — [r*lks — knr[m*rns — kn[r?]ns

— k[n%s — [m*ks.

Sy[k*rnse] = k[krnse] — [k*]rnse + [kselmknrm + rnsemrnk[m?)knrm + rnsemrn[k*lnrm

+ rnsemr[n®|rm + rnsem[r*Jm + rnse[m?).

Sylkrnse?] = krns[e?] — [krnsele — semknr[me] — sem[kselmrns — k[m?rns
— selmrnse]mrnkrns — nr[m?|rnkrns — n[r?lnkrns — [n?*|krns — s[e?]|skrns

— [s*]krns — semkn[r*lnsemrns — semk[n?]semrns.

Salq*rnse] = qlgrnse] — [¢*Jrnse + [gnselgnkqgmknrm + rnsemrnkmgqkn[g*Inkqgmknrm
+ rnsemrnkmgqk[n?®|kggmknrm + rnsemr[n?®lrm + rnsem[r*jm
+ rnsemrnkmgq[k*|ggmknrm + rnsemrnkmg|q?lgmknrm + rnse[m?]

+ rnsemrnkm[g?lmknrm + rnsemrnk[m?|knrm + rnsemrn[k*Inrm.

Saqgrnse?] = grns[e?] — [grnsele — nsegnkqgmknr|me] — nsegnkqgmkn|r?|lnsemrns
— nsegnkqgmk[n®)semrns — nsegnkqgm|kselmrns — nsegnkqgmrnselmrnkrns
— nsegnkq[ge|skrns — nsegnk[qnse|gnkrns — nsegnlkrnselmrnkmgqrns
— nse[gnselgqrns — [¢*]qrns — ns[e*|sngrns — n[s*|ngrns — [n*jgrns — q[m?*rns
— knr[m?|rnkrns — kn[r*lnkrns — k[n?|krns — qk[s*|krns — qkn|g*|nkrns
— qk[n*lkrns — q[k*Jrns — gmknr[m*)rnkmgqrns — gmkn[r*|nkmgqrns

— gmk[n?|kmgqrns — gm[k*)mgqrns — glm?*gqrns.

Sa]q*nse] = qlqnse] — [¢*]nse + [grnselmrnkmgqkng + nsegnkqgmknr[m?|rnkmgqgkng
+ nsegnkqgmkn|r?\nkmgqgkng + nsegnkqgmk[n?|kmgqkng
+ nsegnkqgm[k*)mgqkng + nsegnkqgm?® ggkng + nsegnkqlg®|gkng
+ nsegnk[q®lkng + nsegn[k®*|ng + nseg[n®|g + nselg?).
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Salqnse?] = qns[e?] — [gnsele — rnsemrnkmgqkn|ge] — rnsemrnkmgqk[n®]segns
— rnsemrnkmgq[kse]gns — rnsemrnkmg[qrnselmrnkmgns
— rnsemrnkm|[gnse]lgnkqns — rnsemrnk[me|skqns — rnsemrn[krnselmrnkqns
— rnse[mrnse]lmgns — rnsle?|snrqns — rn[s*|nrqns — r[n*jrqns — [r*qns
— [m?]qns — [k*]qns — k[n*|kqns — kn[r*|nkqns — knrim?|rnkqns
— k[s*]kqns — k[n?*|kqns — kn[g*|nkqns — q[g*Ins — qg[m*|gns — qgm[k*|mgns

— qgmk[n®|kmgns — qgmkn|[r*lnkmgns — qgmknr[m?*rnkmgns.

5y[1%e] = l[le] — [I%]e + [lrnselmrnkmgqksrmgqlrm + egqlskqgmknr[m?|rnkmgqgksrmgglrm
+ egqlskqgmkn[r*lnkmgqgksrmgqlrm + egqlskqgmk[n?|kmgqksrmgglrm
+ egqlskqgm|[k*mgqksrmgqlrm + egqlskqg[m?® ggksrmgqlrm
+ egqlskqlg®lgksrmgqlrm + egqlsk[q*]ksrmgqlrm
+ egqls|[k*|srmgqlrm + egql[s®|rmgqlrm + egq[lrmglqlrm
+ elg?] + eglq®lg + e[m?] + em[r?]|m + emr[I*)rm + emrl[¢*]lrm

5[le?] = l[e?] — [le]e — rnsemrnkmgqgksrmgqlrime] — rnsemrnkmgqksrmgql[r*lnsemrns
— rnsemrnkmgqksrm([gglnselmrns — rnsemrnkmgq[kse]gql
— rnsemrnkmg|grnselmrnkmgql — rnsemrnkm|gnse]lgnkl — rnsemrnk[me]skl
— rnsemrnlkrnse]mrnkl — rnse[mrnselml — rns[e*|snrl — rn[s*|nrl — r[n?)rl
— [Pl — [kl — k[n?)kl — kn[r?|nkl — knr[m*)rnkl — [¢*]l — q[¢®]ql — qg[m?]gql
— qgm[k*Imgql — gqgmk[n®lkmgql — qgmkn[r?lnkmgql — qgmknr[m?|rnkmgql
— rnsemrnkmgqksr[m?|regql — rnsemrnkmgqks(r?legql — kn[g*Inkl — k[n?]kl

— k[s*]kl — lsnr[m?®rns — Isn[r?ns — Is[n?]s — I[s*] — [m?]L.

Ss[IPrnse] = l[lrnse] — [I*|rnse + [le]gqlskqgmknrm
+ rnsemrnkmgqksrmgq[lrmglqlskqgmknrm
+ rnsemrnkmgqksrmg|q®]gmrskqgmknrm
+ rnsemrnkmgqksrm|g®lmrskqgmknrm
+ rnsemrnkmgqksr[m?rskqgmknrm + rnsemrnkmgqks[r?|skqgmknrm
+ rnsemrnkmgqk|[s?|kqgmknrm 4 rnsemrnkmgq[k*|qgmknrm
+ rnsemrnkmg|q®lgmknrm + rnsemrnkm|g*|mknrm + rnsemrnk[m?® knrm
+ rnsemrn[k*lnrm + rnsemr[n®lrm + rnsem[r*Jm + rnse[m?]

+ rnsemrnkmgqksl|q®|lskqgmknrm + rnsemrnkmgqks[l®]skqgmknrm
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Sy[lrnse®] = lrns[e?] — [lrnsele — egqlskqgmknr[me] — egqlskqgmkn|r?nsemrns
— egqlskqgmk[n?]semrns — egqlskqgm[kselmrns — egqlskqg[mrnse]mrnkrns
— UIm*rns — egqlskq[ge]skrns — Ik[n*|krns — lkn[r*nkrns — Uknr[m?|rnkrns
— egqlsk[qnse]gnkrns — lk[s*|krns — egqls[krnselmrnkmgqrns — [[k*]rns
— Ik[n*krns — lkn[g®|nkrns — egql[s*]egqrns — rmgqlrm[m?*]gqrns
— rmgqlr[k*)mgqrns — rmgqlrk[n*|kmgqrns — rmgqlrkn[r*nkmgqrns
— rmgqlrknr[m®rnkmggrns — egqlle]ggrns — skqgmknr[m?|rnkmgqkslrns
— skqgmkn[r?lnkmgqkslrns — skqgmk[n?|kmgqkslrns — skqgm[k?|mgqkslrns
— skqg[m?|gqkslrns — skqlg®|qkslrns — sk[q®|kslrns — s[k?*|slrns
— eglgrnselmrnkmgqkslrns — e[gnse|gnslrns — rmgq[lrmg|qrns
— [e*]lrns — [s%]lrns — s[n?|slrns — sn|g®|nslrns — [r*]lrns — r[m?|rirns

— rm[g?*]mrirns — rmglq®|lgmrirns — l[¢*]rns.

02[1qg] = Illqg] — [*lag + [lrmglqlrm + qgmri[q*]irm
+qgmr[Plrm + qgm[r?m + qg[m?].
0allag®] = lalg®] — [laglg — rmgqllrmg] — rmglg*|gmrig
— rm[g*Jmrlq — r[m?rlq — [r*]lq.
So[I’rmg] = l[lrmg] — [I*]rmg + [lgg)mrlq + rmgqlr[m?]riq
+ rmgql[r?)lq + rmgq(l*]q + rmg[q?].
0[lrmg?] = lrmlg*] — [lrmglg — qgmr[lqg) — qgm[r*|mgqlrm
— qg[m®|gglrm — q[g°Jqlrm — [¢*)lrm.
8ag%qlnse] = glgginse] — [g*]qlnse + [gmre]gglsnrm + qlnsemrnsrmgq[lrmglqlsnrm
+ qlnsemrns([q®]lsnrm + glnsemrns|l®|snrm + glnsemrnsrmg[q®|gmrsnrm

+ glnsemrnsrm[g®)mrsnrm + qinsemrnsr[m?|rsnrm + glnsemrns[r*|snrm

+ qlnsemrn[s®|nrm + glnsemr[n®jrm + glnsem[r*]m + qlnse[m?).

52]gqinse®] = gqlnsle?] — [gqlnsele — mregqlsnrime] — mregqlsn|r?lnsemrns
— mregqls[n®|semrns — mregql[s®|emrns — mregq(lelmrns — gqlrm®|rns
— mreglgrnselmrnkmgqgksrmgqlns — mre[gnse]gnsrmgglns — mr[e*jrmgqlns
— m[r¥mgqlns — [m?*gqins — mrsn|g*|nsrmgqlns — mrs[n?|srmgqlns
— mr[s?lrmgqlns — gql[r*|ns — mrskqgmknr[m?|rnkmgqksrmgqlns
— mrskqgmkn[rinkmgqksrmgqlns — mrskqgmk[n®|kmgqksrmgqlns
— mrskqgm|[k*mgqksrmgqlns — mrskqg[m?|gqksrmgqlns

— mrskq|g®lgksrmgqlns — mrsk|q®|ksrmgqins — mrs[k*|srmgqlns.
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Sslg*mre] = glgmre] — [g*]mre + [gglnse]lmrnsrmgglrm 4+ mregq[lrmglqlrm + mreglq®]g
+ mrelg?] + mremrl[¢®)lrm + mremr[l*]rm + mrem[r?lm + mre[m?]
+ mregqlsnrim?rnsmgqlrm + mregqlsn|r?|lnsmgqlrm + mregqls[n® smgqlrm

+ mregql[s*]mgglrm.

Sy[gmre?] = gmrle®] — [gmrele — glnsemrnsrmgglr[me] — ginsemrnsrmgql[r?|nsemrns
— qlnsemrnsrm|gqlnselmrns — gmrsnr[m?®jrns — gmrsn[r?lns — gmrs[n®]s
— gmr[s®] — glnsemrnsr[m?®|regql — glnsemrns|r?legql — qlnselmrnse]gql
— qlns[e*]|snrmgql — qln[s*lnrmgql — ql[n®*|rmgql — q[lrmglql — [¢*]gmr
— gmrl[g®]l — gmr[l?).

82[g* (qlrm) qlnse] = g[g(qlrm)qunse] — (6% (qlrm) glnse + [g(mrlq) mre]gqlsnrm
qlrm)? glnsemrns[l*|snrm + (qlrm)? glnsemrnsrmg[q®|gmrsnrm

(

( )

(qlrm)? glnsemrnsrm|g?|mrsnrm + (glrm)! glnsemrnsr[m?|rsnrm
(qlrm)! qlnsemrns[r?]snrm + (qglrm)’glnsemrn[s*Jnrm

(qglrm)’

qlrm)? glnsemr[n*Jrm + (glrm)’ glnsem[r*lm + (qlrm)’glnse[m?].

8:g* (mrlq)Ymre] = glg(mrlq)?mre] — [¢%](mrlq)ymre + [g(qlrm)’ qinselmrnsrmgqlrm
+ (mrlg)!mregqllrmglqlrm + (mrlg)mreg[q®]g + (mrig)mre[g?]

+ (mrlg)!mremri[g®]lrm + (mrig) mremr[I*]rm + (mrlq)?mrem[r*Jm

+ (mrlg)?mre[m?) + (mrlq)!mregqlsnr[m?|rnsrmgqlrm

+ (mrlg)mregqlsn|r®lnsrmgqlrm + (mrlq)mregqls[n®)srmgqlrm

+ (mrlq)

mrlq) mregql[s*Jrmgqlrm.

0alg*(alrm)’nse] = glg(qlrm)’nse] — [g°](glrm)’nse + [g(mrlg)e]sng
+ (glrm)’nsegn[s*Ing + (glrm) nsegn®|g + (qlrm)’nse[g?).

821g*(mrlg)e] = glg(mrlg)e] — [g°)(mrlg) e + [g(glrm)’nselgns + (mrlg) esn[g®|ns
+ (mrlg)es[n?]s + (mrig)e[s?].

Solg(mrlg) e?] = g(mrlq)’[e?] — [g(mrig)ele — (qlrm) nse[gnse] — (qglrm) ns[e?]sng
— (glrm)’n[s’Ing — (qlrm)’[n®]g — Z(qlrm)j “qltrmg)(mrlg)"
= > (alrmy~"[¢*)g(mrlq)’.

=1
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52]g(qlrm)nse®] = g(qlrm)’ns[e?] — [g(qlrm) nsele — (mrlq)’esn[ge] — (mrlq)’es[n®|segns
— (mrlg) e[s*legns — (mrlq)?[e*]gns — Z(mrlq)j_im[T2]mg(qlrm)ins
— 3" (mrlg) ' mrliqg)(glrm)~'ns — 3" (mrlq) " m?)g(qlrm)'ns.

i=1 i=1

82]g(qlrm) qinse?] = g(qlrm)? qins[e?] — [g(qlrm)! qinsele — (mrlq) mregqlsnr[me]
— (mrlq)?mregqlsn|r?lnsemrns — (mrlq) mregqls[n®|semrns
— (mrlg)!mregql]s®lemrns — (mrlq)y mregq[lelmrns
— (mrlqg) gqlr[m?*rns — (mrlq) mreglgrnselmrnkmgqksrmgqlns
— (mrlg)mrelgnse|gnsrmgqins — (mrlq)?mr[e*lrmgqlns
— (mrlg)?m[r*)mgqins — (mrlq) mrsn[g®|nsrmgqlns

— (mrlq)?mrs[n?|srmgqins — (mrlq)’mr[s*|rmgqlns

(

(mrlg)’

(mrlg)

(mrlg)

(mrlg)

(mrlg)

— (mrlg)?mrskqgmknr[m?rnkmgqksrmgqlns

— (mrlq)?mrskqgmkn[r®lnkmgqksrmgqlns

— (mrlg)!mrskqgmk[n®|kmgqksrmgqlns — (mrlq)? gql[r?|ns

— (mrlg)mrskqgm[k*)mgqksrmgqlns — (mrlq)’[m?|gqins

— (mrlq)?mrskqg[m?|gqksrmgqlns — (mrlq)mrs|[k?|srmgqlns

— (mrlg)mrskqlg®]qgksrmgglns — (mrlq)Y mrsk[q*]ksrmgqlns

— i(mrlq)j_im[TQ]mg(qlrm)iqlns — i(mrlq)j_imr[lqg](qlrm)i_lqlns
1;1 i=1

- Z(mrlq)j’i[mQ]g(qlrm)iqlns.

i=1

Sag(mrlg)ymre?] = g(mrlqY mr(e?] — [g(mrlg)?mrele — (qlrm)? gInsemrnsrmgqlr[me]

— (glrm)? glnsemrnsrmgql[r®|nsemrns — g(mrlq) mrsn[r]ns
~ (gl ’

Insemrnsrm|gqlnselmrns — g(mrlg) mrsnrim?\rns
m)'q 9q g(mrlq

— g(mrlq)?mrsn®|s — g(mrlg)?mr[s*] — (glrm)? glnsemrnsr[m?|regql

— (glrm)? glnsemrns[r®legql — (qlrm)’ qlnse[mrnse]gql

— (qlrm)? qins[e*|snrmgql — (glrm)! qin[s*|nrmgql — (glrm)’ql[n?|rmgql

(qan)j gllrmglal — (glrm)’[¢*Jgmr — g(mrlg)’mrl[g*]l — g(mrlg) mr(’]
=Y (glrm) " g*lg(mrlg)'mr = (qlrm)’~qllrmg](mrlg)' mr

i=1 =1
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ds[lgg(mrlg)e] = lqlg(mrlg)’e] — [lgg](mrlg) e + l[g°)lrm(glrm)’™ 'nsegns

[ZQ]Tm(qlrm)J nsegns — rmgqlrim ] lg(mrlg)’~ le — rm[g(mrlq)j_le]
)

—rmgql[r ]lq(mrlq)J le — rmgqll ] (mrlq i- le—rmg[q2](mrlq)j_le

Syllrmg(mrlq)e] = lrm[g(mrig)’e] — [lrmg](mrig) e — [¢*]lrm(glrm) nsegns

— qlg(mrlg)™'e]
Sallag(agirm)mse] = lqlg(atrm)nse] — [igg)(alrmnse  rim?lrig(mriqPesng
— rm|g(glrm)?nse] — [r?)lg(mriq) esng.

Ss[lrmg(qlrm)inse] = lrm[g(qlrm)’nse] — [lrmg](qlrm) nse — qgmrl|g*]lrm(qlrm)’ 'nse
— qgmr[l*]rm(qlrm) " 'nse — qgm[r?}m(qlrm)’ 'nse
— qg[m?](qlrm)’'nse — q[g(qlrm)jflnse] + lr[m?|rig(mrlq)’'esng
+ U[r¥lq(mrlq)’tesng + [1*]q(mrlg)’tesng.
Sllrmg(mrlq)?mre] = lrm[g(mriq) mre] — [lrmg|(mriq)’mre — qlg(mriq)’ mre]
— [¢*]lrm(qlrm)? gInsemrnsrmgqlrm.
Sa[lgg(mrlq)?mre] = lq[g(mriq)ymre] — [lqgl(mrlg)mre — rm[g(mrlg)’ mre)]
+ U[¢*]lrm(glrm)? glnsemrnsrmgqlrm — rmglq®](mrlq)’'mre
+ [IP]rm(glrm)’~tgInsemrnsrmgglrm — rmgqlr[m?|rig(mrig)’ mre
— rmgql[r?)lg(mriq)’ 'mre — rmgq[l*]q(mriq)’ 'mre.
S[lqg(qlrm)’qinse] = lq[g(qlrm)’ qlnse] — [lqg](qlrm)’qlnse — r[m?|riq(mrlq) mregqlsnrm
— rm[g(qlrm)?qinse] — [r?]lqg(mriq) mregqlsnrm.
Ss[lrmg(qlrm)’qlnse] = lrm[g(qlrm) qglnse] — [lrmg](qlrm)’ qginse — q[g(qglrm)? qinse]
— qgmrl[Plrm(qlrm) " 'qlnse + I[r*|lg(mrlq)’ mregqlsnrm
— qgmr[l*]lrm(qlrm) " tqlnse — qgm[r*]m(qlrm)’*qinse
— qg[m?](glrm) " 'qlnse + lr[m?|rig(mriq)’ " 'mregqlsnrm
+ [Blqg(mrlq)’ 'mregqlsnrm.
da[lgge] = lqlge] — [lggle + l[gnselgns — rmgqlrime] + [lrnse]mrnkmgqks
— rmgql[r®lnsemrns — rm[gqlnse]lmrns — r[m*regql — [r*legql — egqlsnr[m?)rns
— egqlsn[r?|ns — egqls[n®]s — egql[s®] + egqlskqgmknr[m*|rnkmgqks
+ egqlskqgmkn[rinkmgqks + egqlskqgmk[n®|kmgqks + egqlskqgm|[k*mgqks
+ egqlskqg[m®|gqks + egqlskq(glqks + egqlsk(q®]ks + egqls[k’]s + egql[s?]
+ egqls[n®]s + egqlsn|g®|ns
Ss[lggnse] = lq[gnse] — [lqglnse — rm[gqlrmnse] — r[m?*|rigesng — [r?*]lgesng.
5[lqgqinse] = lqlgqinse] — [lqglginse — rm[gqlrmglnse] — r[m?|rigmregqlsnrm

— [r*]lgmregqlsnrm.
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Ssllggmre] = lg[gmre] — [lgg]mre + l[¢*]insemrnsrmgglrm + [I*|nsemrnsrmgqlrm
— rmgqlr[m?®re — rmgql[r?le — rmgq(le] — rmg[grnselmrnkmgqksrmgqlrm
— rm[gnse]gnsrmgqlrm — r[melrmgqlrm — [r*|lnsemrnsrmgqlrm
— nsemrnkqgmkn[r?lnkmgqgksrmgqlrm — nsemrnkqgmk[n?|kmgqksrmgqlrm
— nsemrnkqgm|k*lmgqksrmgqlrm — nsemrnkqg[m?gqksrmgqlrm
— nsemrnkq[g®|qksrmgqlrm — nsemrnk[q*|ksrmgqlrm — nsemrn[k*|srmgqlrm
— nsemrnkqgmknr[m?|rnkmgqksrmgqlrm — nsemr|g*|nsrmgqlrm
— nsemrn[n?|srmgqlrm — nsemrns[s*jrmgqlrm.
Sallrmge] = lrm|ge] — [Irmgle — qlgmrige] — [¢*]lrmnsegns.
da[lrmgnse] = lrm[gnse] — [lrmg|nse 4 lrme]sng — ggmrl[gnse]
— qgmr(lrnselmrnkmgqgkng — qlgmrelgqlsng — [¢*linsemrg
— Insemrnsrmgq[lrmglqlsng — Insemrnsl[q®]lsng — Insemrns[l*]sng
— Insemrn[s*|ng — Insemr[n®]g — Insemrns[r®|sng — Insemrnsrim*|rsng
— Insemrnsrm[g?|mrsng — Insemrnsrmg|q®|gmrsng
— Insemrkqgmknr[m?rnkmgqkng — Insemrkqgmkn[r*nkmgqgkng
— Insemrkqgmk[n?|kmgqkng — Insemrkqgm[k?|mgqkng
— Insemrkqg[m?|gqkng — Insemrk(q*|kng — Insemr[k*Ing
+ Insemrn[s®|ng + Insemr[n®)g + l[r*|nsemrg — Insemrkq[g*]gkng.
So[lrmgglnse] = lrm|gqlnse] — [lrmg]qinse + Ir[m?|regqlsnrm + I[r*|egqlsnrm
+ [le]gglsnrm + rnsemrnkmggksrmgq(lrmglglsnrm
+ rnsemrnkmgqksrmg|q]gmrsnrm + rnsemrnkmgqksrm[g?lmrsnrm
+ rnsemrnkmgqksr[m?rsnrm + rnsemrnkmgqks[r?)snrm
+ rnsemrnkmgqk(s*lnrm + rnsemrnkmgqksl[q*]lsnrm
+ rnsemrnkmgqks|l®|snrm — qgmri[¢®]inse — qgmr|[I*|nse — qglmrnse]
— qlgelsnrm — [gnse]grm — rnsemrnkmggkn|g®]rm
— rnsemrnkmgqk[s*lnrm — rnsemrnkmggkn[n?|rm.

Ssllrmgmre] = lrm[gmre] — [lrmg]mre — glgmrigmre] — [¢*)lrmglnsemrnsrmgqlrm.
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6. APPLICATION OF ANICK RESOLUTION ON '3

Let M =k be a one-dimensional bimodule over A = kI's. Let us assume the
bimodule is symmetric: x1 = lz = €(z), where € A, are the generators of
'3, 1 € k is the generator of M, and € : {e, g,k,l,m,n,q,r, s} — {1,—1} is an
arbitrary function. By Lemma 1 an arbitrary function € like that completely
determines a 1-dimensional bimodule over kI'; denoted by M.

Let us fix a function € and denote the bimodule M obtained as above by
M.. For i > 0, consider the A-bilinear map 7; : By — kV® defined by

T MU A = eA)e(M)v, v e VD A N\ €A
Then the map d,, induces a linear map Om from KV ™ to kV(m=D guch that
Tine10m = OmTom.-

The corresponding conjugate map 67 acts from the space (kV ™=D)* to (kV ™)*.
Since

Homp 5 (Bmy, M) =~ Hom(kV ™, M) ~ (kV™)*,
we have
Z™(A, M) ~Kerd:, B™(A, M) ~TImd" .
This is straightforward to check that rankd, = 9 = VO], Tt remains to find
dim Ker 6;. According to the Fredholm principle, dim Ker 85 = dim(Im o)+ =
codimy,1)Im d2. By definition,
H™ := H™(KI'}, M) ~ Ker 6%, /Tm 07, ;.

Hence we obtain

dim H? = codimyy-a)Im &, — 9. (2)

The similar formula for dim H' implies the following (quite expectable)

Corollary 1. The first Hochschild cohomology group H'(KT'i, M.) is trivial
for every e.

In order to find the dimension of the second Hochschild cohomology group
H?(kT'3, M) for M = M, one needs to calculate codimyy ) Im dy by means of
the formulae from Section 5.

Corollary 2. The second Hochschild cohomology group of K[i with trivial
coefficients is 5-dimensional.

Proof. Let z1 = 1z = e(z) = 1 for all z € A,. Let us calculate &, and use
elementary transformations to reduce it (partially) to the row echelon form.
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As a result, we obtain the following vectors from kV®) to span Im bo:

er = 2[g°] + 2[k°] + 2[m?] + 2[n°] + [1*] + [grnse] + [qnse]

ez = [IP] + 2[m?] + [n7] + 2] + 2[r°] + [5”] + [lrmg] + [gqinse] + [gmre]
es = 2[m?] + [n?] + [r?] + [kse] + [krnse]

ey = —[n*] — [r?] = [s°] — [me] — [mrnse]
es = 8[¢7) + 20%) + 2[s°] + [1e] + [lrnse] — [kse] — S[krnse] + 2[me]
+gmqu lgrnse] — [gnse] + [irmg]
— 1] — [ge] — [gnse] + [me] + [mrnse]
er— — Q]—;wpgwmd—;M ;Wmd+%Md+%Mmd+%md
+ S lmrnse] — Sfarnse] + - lanse] + S[irmg] ~ [gginse]
e = 2lge] + lgnse] — 3fle] — Sltrnse] — 2{kse] — Flhrsne] — 2fme] — Sfmrnse]
+ Slgrnse] + glanse] + [lag) + Slirmg] + 2lgginse]
o = Slgmse] + £lie] — lirnse] — 2lkse] — £ lkrnse] — £lme] — £ [mrnsd
 2lgrnse] — Hlanse] — 2ligg] + lirmg] + >lgainse] — lggirmnse]
eu)—-%Ue]—-zﬂrnse]—-g[ksd —-g[krnse]—-%hne]—-%hnrnsd-+:iwrnsd
- %[qnse] - 1[lqg] + gllrmg] + gl[gqlnse] + g[gqlrmnse] — [gdlrmglnse]

e11 = [lrnse] + [kse] [krnse] 4+ [me] 4+ 2[mrnse] — [grnse] — [lqg] — [lrmyg]
— 3[gqlnse] — 2[gqlrmnse] + 2[gqlrmqglnse] — [gmrige]
ez = [gqlnse] + [gmre] + [gglrmglnse] + [gmrigmre]
ez = [gmre] — [gmrigmre] — [g(mrlg)’~"e] + [g(mrig)’e]
e1s = —[gqlrmnse] — [gmrlge] + [g(mrlg) e] + [g(glrm) nse]
e1s = —[gqlrmglnse] — [gmrigmre] + [g(mrlg)mre] + [g(qlrm) glnse]
e = [gmrige] — 2[g(mrlg)’ ~"e] + [g(mrig)’e]
eir = [gmrlgmre] — 2[g(mrlg)’~"e] + 2[g(mrig)'e] — [g(mrig) mre]
e1s = [g(mﬂQ)j‘le] — [g(mrlq)’ " mre] — [g(mrig)’e] + [g(mrlg) mre]
(mrlg)’'mre] — [g(qlrm)’ " glnse] + [g(mriq)’mre] + [g(glrm)’ qlnse]

j+16]

—lg
ex0 = [g(qlrm) " qlnse] — [g(mrlg)’'nse] — [g(qlrm) qlnse] + [g(mrig) nse]
= [g(mrlg)’'nse] + [g(mrlq)e] — [g(glrm) nse] — [g(mrlq)
—

g(mrlg)e] + [g(mrlq) mre] + [g(mrlg) ™ e] — [g(mrlq)’* ' mre]

= [g(mrlg)mre] + [g(qlrm)? qlnse] — [g(mrlq) T mre] — [g(qlrm)’t qinse]

Jj+1 ]+1nse]

eas = —[g(qlrm)’qinse] + [g(qlrm)nse] + [g(qglrm)’  qlnse] — [g(glrm)
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Here j > 2. Now we may choose a linear basis of kV") /Im d. Note that the
classes of €2, k?, kse, krnse, me, mrnse, qrnse, gnse, lqg, lIrmg must belong to
the desired basis. Moreover, if we compare e;3 and e for j and j + 1 then we
conclude that

g(mrlg)e = g(mrlgy~'e (mod Imdy).
Then proceed in the same way with ej4 to get

g(glrm)nse = g(glrm)'nse  (mod Im ).

Similarly, e;3 and ey provide us with the same relations for g(mriq)?mre and
g(glrm)’qlnse. One may easily see that there are no more relations for the

elements of V| so the total codimension of Im d, is 14. It follows from (2)
that dim H? = 5. U
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