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We obtain some new uniform estimates and maximal theorems in classical Hardy spaces in the
unit disk related with Bergman projection extending some previously well-known inequalities
for Hardy spaces.
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1 Introduction

Let further U = {z € C,|z| < 1},be the unit disk on a complex plane C,T be the unit circle
on C, let dms be the normalized Lebegues measure on Clet futher U™ be the unit polydisk on
C..x.C.

And finnaly let H? be the classical analytic Hardy class in the unit disk for all positive
values of p,let dm(£) be the normalized Lebegues measure on T. The goal of this short paper
is to extend certain classical estimates of complex function theory.

In the unit disk.to several variables.extending certain known one dimensional results to
several variables using the so- called expanded Bergman projection.which was recently studied
in papers of the author.

The expanded Bergman projection
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where w = (wyq,...,w,) € U",C(n,a) is a Bergman constant from Bergman representation
formula, is playing a crucial role during the study of diagonal map (see [2], [3], [5], [7] and
references there).

We will now provide new estimates for this operator using, in particular, Steintype maximal
functions from [6]. We at the same time extend previously known estimates.

2 Main result

The following theorem is the main result of this note.



Theorem 1. (a) Let I () ={z € U: |1 =& <~y(1—|z){,7 > L, €T.
Let € (0,3), > B,n=2. Then
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Remark 1. Putting n = 1,a = 0, = 0 in first estimate of Theorem 1 we get the following
well-known estimate for H? classes (see [5], Chapter 1)
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Putting n = 1, = 0,f = —2 in the second statement of Theorem 1 we get the well-known
estimate (see [1], Theorem 2.5, [4], [5])
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Proof of Theorem 1. Let Tyo(f) = ®(21, 22). Then using Hélder’s inequality we obtain
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and we have
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Hence
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Hence it is enough to use estimates for Stein-type maximal functions [6]
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feHP p>1,0¢€(0, %),a € (1,2 — Bp) to get what we need. So the proof of first estimate is
complete.

Let us prove the second estimate. First, we have the following chain of known estimates (see
for example [4]).
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where My _y, is a classical maximal Hardy-Littlewood operator.
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where p is a positive Borel measure, 0 < p < oo, f is measurable in U and as usual C'(u)(§) =
sgléllar}‘de,u(f),A] ={z=r{el,1—|z|<r<1},I C T. Using (1) we have
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where 21,29 € U and C(«) is a Bergman projection constant. Further using (1) and applying
twice Holder’s inequality we get
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Using Fubini’s theorem, duality argument
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Hence using (3) and the estimate
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we have (f = f(1—|w|)?)
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where My _j is a maximal Hardy-Littlewood function. We used the fact that
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From last estimate, Holder’s inequality and (2) we fimally get
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t € (=2,—1),p > 2. The proof of Theorem 1 is complete. O
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