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A PROBLEM OF NORMAL OSCILLATIONS OF A SYSTEM OF
BODIES PARTIALLY FILLED WITH IDEAL FLUIDS UNDER
THE ACTION OF AN ELASTIC DAMPING DEVICE

D.A. ZAKORA, K.V. FORDUK

ABsTRACT. We investigate a problem of normal oscillations of a system
of bodies partially filled with ideal fluids under the action of an elastic
damping device. We prove that the problem has a discrete spectrum
localized in a vertical strip. The asymptotic behavior of the spectrum
is investigated. The theorem on the Abel-Lidsky basis property of root
elements of the problem is proved.
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1. INTRODUCTION

The first work dedicated to the problem of small oscillations of a solid body with
a cavity, completely filled with an ideal fluid, was the study by N. E. Zhukovskiy [30].
In his paper, by introducing auxiliary functions depending only on the shape of the
cavity, the author showed that the motion of the body is performed in a way as if the
liquid had been substituted by an equivalent solid body. In the 1950-60’s due to the
development of space technologies, a great interest reemerged to the problem of the
motion of solid bodies with cavities filled with liquids; moreover, along with studies
on the motion of bodies with cavities completely filled with a liquid, a new problem
of the motion of a solid body with cavities, that are not completely filled with a
liquid, was formulated. A large number of articles was devoted to different linear
aspects of the theory, and among the first ones, the papers by N. N. Moiseev [20, 21],
G.S.Narimanov [22], D.E. Ohotsimskiy [23], and L. N. Sretenskiy [26] are worth
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mentioning. Starting with the works by N. N. Moiseev and a joint work of S. G. Krein
and N.N. Moiseev [16], in the studies of these problems the methods of functional
analysis and the theory of linear operators acting in Hilbert space, the methods of
spectral theory of operator pencils are applied. In studies by N. D. Kopachevsky et
al. [8, 9, 10], evolutionary and spectral problems on the motion of a body with a
cavity completely or partially filled with an ideal or a viscous fluid are investigated.

Further, in papers by N.D. Kopachevsky and his students, problems of oscillation
of a system of bodies connected by spherical hinges filled with an ideal fluid [13,
14], problems of small movements of an ideal stratified liquid with a free surface
completely covered with crushed or elastic ice [15, 27, 28], and also a problem of
oscillation of a body filled by two ideal liquids with a free surface, partially covered
by crushed ice [29], and others were studied.

In work [5], a theorem on solvability of an initial boundary value problem,
describing small movements of a system of bodies, partially filled with ideal fluids,
under the action of an elastic damping device, was proved. This initial boundary
value problem is reduced to the following Cauchy problem for a differential operator
equation of first order in some Hilbert space H:

C% +(P+iB)z=f, =2(0)=2"

We will seek a solution of a homogeneous equation in the form z(t) = ze™*,

A € C. As a result, we obtain a spectral problem
“XCz+ (P+iB)z=0, ze€D(B)CH

of normal oscillations for a system of bodies partially filled with homogeneous ideal
fluids under the action of an elastic damping device. In this paper, we study the
properties of the obtained spectral problem. The main results, proved in Theorems 4,
5, and 6, can be formulated in the following way.

1. The spectrum of the studied problem is symmetrical with respect to the real
axis, is located in the vertical strip {0 < Re\ < ac™'}, and consists of isolated
eigenvalues of finite multiplicity with the following asymptotic behavior:

) n 1/2
)\(iz):j:z( g”) KV2(1+0(1)) (k= o).

2. The system of eigen- and associated elements of the studied spectral problem
forms the basis of Abel-Lidsky with brackets in the Hilbert space H of order 8 > 1.

2. THE STATEMENT OF THE INITIAL BOUNDARY VALUE PROBLEM

Consider a hydromechanical system consisting of n bodies which are fixed between
two supports such that the I-th body is connected to the adjacent (I — 1)-th and
(I + 1)-th bodies by springs with stiffnesses k7 |, k7 respectively, and the first and
last bodies are attached to springs with stiffnesses k2, k2, whose ends are fixed
motionlessly on the supports.

Every [-th body represents an open vessel, partially filled with a homogeneous
ideal fluid of density p; > 0, which at rest occupies the area ; C R? with a free
boundary I'; and a solid wall S, [ = 1,n. Suppose that m; := my; + ms,;, where
my,,; is the mass of the body, mg; is the mass of the fluid. While at rest, we assume
that the boundaries I'; are horizontal lines. By an elastic damping device we mean
the presence of springs attached to solid walls of the vessels, as shown on Figure 1,
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and the friction of the bottoms of the vessels against the motionless horizontal
support. By «a; > 0 we denote the friction coefficient of the bottom of the [-the
body against the support.

X2 A P A =P A X
L
-~ I T 2\ "y
‘-4 ‘u w
(@) ) C) s S
” Cdl ” ”
0 Xf xil) Xlo xlm X,? xin) Xy

Figure 1. The scheme of the hydromechanical system

We introduce a motionless coordinate system Oxz1z2 with unit vectors e, j =
1,2, such that the bodies perform movements along the axis Ox;. Moreover, we

introduce moving coordinate systems Xloa:gl)xél), rigidly fixed with the [-th bodies.

)

We denote the unit vectors of the moving systems by eg-l ,j =1,2,1 =1, n. Moreover,

O]
€; =¢€, .

Durjing the process of small motions of the body, we consider the displacement
of the I-the body X;(t) along the axis Oz, we denote by X} the position of the
I-th body in equilibrium state. Then X;(t) = X! + z;(t), where z;(t) is a small
displacement of the [-th body with respect to the equilibrium state.

We denote by w;(t, 2())) the field of relative velocities of the I-th fluid in the I-th
moving coordinate system. Then the full velocity of the [-th fluid in the motionless
system will be represented by the formula i;(t)e; + (¢, ().

The change of the length of the spring, connecting the bodies with the numbers
l and [ 4 1, compared to its length at rest equals

Xip1 () =X (1) = (X2t = X7) = (X1 (1) = X2hy) = (Xa(1) = X7) = waqa (8) = (8).

Applying Newton’s second law, we write the equations of the movement of the
bodies with fluids in the motionless coordinate system Oz;zs. The equation for the
movement of the first body with a fluid will have the form

. 3111 .
mider +p1 [ 5= dh = —kgwier + ki(va — z1)er — ardirer+
(o5

(1) + kjzoer — gmies + fi, 1 + Nieo,

where zg = zo(t) is a given law of motion of the left wall, fi, 1 = fi, 1(¢) is a small
external force acting on the first body, N7 = Ni(t) is the reaction of the support, g
is the gravitational acceleration.
We write the motion equation of the I-th body with the fluid (I = 2,n — 1):
Ny oy, T 2 -
myxie; + p; / E dQ; = 7kl_1(1’l — xl_l)el + kl (iL’H.l — xl)el —qprie;—
197

(2) — gmyes + fi,; + Niey,

where fi, ; = fi, ;(¢) is a small external force acting on the I-th body, N; = N;(t) is
the reaction of the support.
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We write the motion equation of the n-th body with a fluid:

ou, 9

MpEne1 + P e dQ, = —k2_(xn — Tp_1)er — k2zpe; + K2z, 61—

Qp
(3) — apTper — gmpes + fb,n + Nyeq,

where z,41 = z,11(t) is a given law of motion of the right wall, f;, , = f, ,(¢) is
a small external force acting on the n-th body, N,, = N, (t) is the reaction of the
support.

The small motions of the ideal homogeneous fluid in the area 2; are expressed
by a linearized Euler equation:

0 . . .
(4) ol <8utl + aclel(l)) + Vo =pife;, diveyy=0 (iny), I=1,n,

where p; = p;(t, x(l)) is a pressure deviation in the fluid during the movement from
the equilibrium state, and fr; = ¢ (¢, (")) is a small force acting on the fluid in the
domain ;.

Let ¢ (¢, mgl)) (;vgl) € I'}) be afunction defining small deviations of the free boundary

I (t) along egl) with respect to the equilibrium line I';, which is defined by the

@
2

equation x5’ = b;, by the formula:

o =b + a2, o<1

The boundary conditions for the considered problem include the condition of
non-leaking of the ideal fluid on the solid wall S;, and also dynamic, cinematic
conditions on the boundary I'; and the condition of the preservation of the volume
of the fluid of every body respectively:

(5) w-n=0 (ons), l=1n,
(6) p=pgG (onIy), I=1n,
0
(7 a—il =u ~e§l) (onTy), l=1,n,
(8) /le‘lzo, I=Tn.
I

Here by n; we denote the unit vector pointed outside the domain €2; and perpendicular
to the boundary 9€2; = I'; U S;. On the boundary I';, obviously, the relation n; = e;l)
will be true.

The initial conditions have the form
. l l
9) w0 =2f, @0)=2af, w(0,2D)=u’"), ¢O2{")=E).

A complete statement of the studied initial boundary problem consists of solving
the equations (1)-(4) with boundary and initial conditions (5)-(9).

Theorem 1. We assume that the stated problem (1)-(9) has a classical solution,
that is, such that all the functions in the equations, boundary and initial conditions
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are continuous with respect to their variables. Then the identity

1d [ : ()2
26#{2 (mb,l|33l|2 +Pl/|uz + el dey +ng/|<z|2drz>+
=1 Z

197]

n—1
# o+ 22+ Y Ko - o =
1=1
n
= ( — oy|dy]? 4 (B - €1)d + Pl/ff,l Sy sz) + kgzodn + K2Tni1dn,
1=1 &
represents the law of balance of the full energy of the studied hydromechanical
system, written in the differential form.

Proof. See the proof of the Theorem in [5, p.891, Theorem1 ]. |

3. CHOOSING THE FUNCTIONAL SPACES AND PROJECTING THE MOTION
EQUATIONS OF FLUIDS. DERIVING THE BASIC OPERATOR EQUATION

n
We introduce the Hilbert space La(€2) := € L2(€2;), where Lo(£2;) is a Hilbert
=1
space with a scalar product and a square of a norm of the form

(w1, Vi)L, () Z/uz(ﬂﬁ(l))'vl(ﬁf(l))dﬂl, Wiz, @ 1:/|ul($(l))|2dﬂz~
Ql Ql

It is well known that the space Lo (£2;) has an orthogonal decomposition (see, for
example, [8, Ch.2, §1, S. 10, decomposition (1.24)])

(10) Lo () = Jo(€) & G5, (1) & Go,r, (1),
where
Jo(Ql) = {ul S LQ(Q[) cdiva; =0 (il’l Ql), wy-n =0 (OII 89[)},

0P,

Gh,Sl (Ql) = {ul = V(I)IELQ(QI)Z ACI)I =0 (in 91)7 Tnl

=0 (on Sl), /<I>ld1“l = 0},

r
GO’FI(Ql) = {Lll = V\I/l S LQ(Q[) : \I/l =0 (on Fl)}
Therefore, taking into account decomposition (10), we can assume that

Lo () = Jo(2) & Gi,5(2) & Go,r(Q),

where
Jo(Q) =P Io(n), Gus(Q) = Gns (%), Gor(Q) =D Gor, ().
=1 =1 =1
We introduce the Hilbert space

Lor =@ Lar, Lar = {G € Loty [Gari=o},
=1 T,

where the Hilbert space Lo r, is a subspace in L (I';), orthogonal to the unit function
].pl = 1|Fl'
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In further studying the problem, we will assume that the required vector and
scalar fields are the functions of the variable ¢ with values in the corresponding
Hilbert spaces and subspaces introduced above.

Due to the statement of the problem, the velocity field u;(t) has to belong for
every ¢t > 0 to the subspace Jo() ® Gp,s,(€), and the field Vp;(t) of pressure
gradients to the subspace Gy, s, () ® Go,r, () respectively.

We will find the velocity field of the fluid u; in the form

uy=vi+Ve, v € Jo(Ql), Vo, € Gy g (Ql),
and the gradient of the pressure field in the following form:
(11) Vpr=Vp +VV¥,, Vp € Gh,S’l (Ql), Vv, € Go)rl (Ql)

The potential p; due to (11) and the dynamic relation (6) is the solution of the
Zaremba’s problem for the Laplace equation:

opi

Aﬁl =0 (ln Ql), 677’” =

0 (onSy), P =pgG (onIy).

We will assume that the boundary of the domain 2; is a Lipschitz one. It is
known (see [8, Ch.1, §3, S.6, problem (P.37)]) that such problem has a unique
solution p; € Hp (€), if the condition ¢; € H%l/z == HY?(T})) N Ly, is satisfied.
Here H'/?(T;) is a Sobolev-Slobodecki space with a fractional index (see [1,
Ch.1, §5, S.5.1]). Thus, we can assume that Vp; = pig@Qi(; € Gp s, (%), where
Qi € L(H, G5, ().

We denote a conjugate space by ﬁ;ll/z = (H%I/Q)* (see [1, Ch.1, S.5.1, Theo-
rem5.1.12]). Then HY” GG Loy, GG Ay, (see [1, Ch.1, S.5.1]).

According to decomposition (10), we introduce the orthoprojectors Py, Py s,
Py, of the space La(€2;) on its subspaces Jo (), Gn,s,(€), Go,r, (€) respectively.

We apply the orthoprojectors Py, Py s,, Po.r, to the left- and right-hand sides
of the motion equation of the fluid (4). We obtain for every [ = 1, n three relations

dv; .
(12) Pl (dtl + l‘zpo,zegl)> = p1Po,fr,

dV o .
(13) oL (dtl + leh,slegl)> + mgQiG = pi P, s, fry,
(14) Pzilpo,rlegl) + VU, = p Py fr.

From relations (12) and (14), we will find the vortex component of the velocity field
v; and a part of the dynamical pressure ¥, if the displacement x; is known. Hence,
further we will only consider the relation (13).
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We project the motion equations of the bodies with fluids (1)-(3) on the unit
vector e;. We obtain the following relations:

(15)
. duy 2 2 .2
mi1Iq + pl/? e dQl + ko.’tl — kl(érz — 1’1) + axr1 = kO{EO + fb$1 e,
Q1
(16)

myE; + Pl/% cerd + ki (z — m-1) — K (m1401 — 3) + oqiy = iy - e,
(97}
l=2,n-1,
(17)

. du )
My Ly + pn/ dtn e; dS,, + kn 1(@n —xp_1) + kixn + anty, = k%xnﬂ +fh - €1,

Q’VL

We project the equations of motion of bodies with fluids (1)-(3) on the unit
vector e;. We obtain

d
Pl/% cexdSly = —gmy +fi ;e + Ni(t), [=1,n.
Q

This relation yields the formula for finding the reaction of the support N;(¢), if the
velocity field of the fluid u; is known.
Now we transform the integral summand from (15)-(17). We obtain that

dw, 0 / o)
i cepdi) = t/V 1 € L+ — 7 L=
of &,
/V<I>l e sz + 7/‘,1 Vx dQl —/V(I)l dQl—i—
of
(18) + i/ (diV(I(l)Vl) _ l‘(l)diVVl> dQl V(I)l (l) dQl
dt ! ' dt
o) o

We introduce the operators P, and v, in the following way:

(19) P, V&, = pl/qu-eg”dgl, P, G () = C,

(20) VYt VP = V. eél) = y Inyt D('Yn,l) C Gh,Sz(Ql) — Lo,.

It is known that v, ; € L(Gh,sl(ﬂl),gal/2) and the operator v, is conjugate

to the operator Q; introduced above. Note that the operator (Q;v,,;)™' = *y;}Ql_l

is compact due to the embeddings H- / GG Lo, GG HF 1/2.
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Using relations (18) and operators (19), (20), we rewrite the system of equations (13),
(15)-(17) in the following way:
(21)

dV o,
dt
mlzh—i——thl Vo, + kgl‘l —k%(l‘z - 1‘1)+O[1i1 :kg.%'o—f—fb’l -eq,

. l
+$lplPh,Szeg)+pngl<l = piPrs e, 1=1,n,

Pl

mlil+$Ppr<I>l+k12_1(xlf:cl_1)fkl2(xl+1f:cl)+al:tl:fbyl -eq, | = 2,71 — 1,

mnin—i—%P an)n—l—ki_l(a:n —xn_l)—l-kixn—&—anj:n :k;ixnﬂ +fh - €1.

We will write the system (21) in the form of a differential operator equation of
first order in the Hilbert space Gy, s(€2) & C™:

(£ 5507 (3 1) ()
(52 (6)-(04)+(1)

Here the following notations are used:

R:=diag(p1I,...,pnl), M :=diag(miI,...,m,I), A:=diag(ail,...,a,1I),
P, :=diag(P,,,...,P,,), Q:=diag(Q1,...,Qn), Vo :=diag(vn,1,---sYnn),
Phs = diag(Ph.s,,---, Prs,), Ens:=diag(piPrs,el”, ... pnPys,e™),
VO := (VPy;...;VP,), z:=(x1;...;52,)", ©:= (&1;...;80)7,
Ci=(Cr5vv5G0)7, k= (KRo;0;.. 505 k2,01)7,
fro=(fe1;. .6 ,)", fh-eri=(Fp1-e15... 50, €1)7,

where the symbol 7 marks the transpose operation. The operator K is defined by
the formula

K+k —k? 0 0
N L R R T 0
Ko 0 k3 k34K - 0
: : E . —k2_,
0 0 0  —K2_, k2_,+k

Taking into account the following notations

equation (22) takes the form

dz
(23) ClcTtlJrPaZl + Bi2zo = f1 + fo.
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Consider the system of two obvious connections

0
ngafctl = pgm Ve, 1=1,n,
(24)

We write the system (24) in the form of a differential operator equation of first
order in the Hilbert space Lo & C":

gR 0 \d (¢ L —gRv, O Ve [0
0 K Jdt\ = 0 -K s Lo )
which, taking into account the notations introduced above and the notations

Cg:—<go K>’ B211_< 907 —K)’ D(B21) = D(vn) © C™,

takes the form
(25) CQ% + Bglzl = 0.
dt
Therefore, the original initial boundary value problem (1)-(9) is reduced to
differential operator equations (23), (25) with corresponding initial conditions.
Thus, we have the following Cauchy problem:

d
Clﬁ + Poz1 + Biazo = f1 + fo,

dz
0275 + 32121 = 0,
(27) 21(0) = (Prsu’sz!)7, 22(0) = (¢%2°)".

The system of differential equations (26) and initial conditions (27) can be neatly
written in the form of a Cauchy problem for a differential operator equation of first
order in the Hilbert space H:

(28) CE L PyiB) =1 2(0) = (:4(0):22(0))

where
2= (21322)" € H = (Grs(Q)&C") & (Lar ®C"), = (fi + f2;0)7,

. 0 —iB .
C:=diag(Cy,C2), B:= ( _iBy, . 12 ) . P = diag(Pa, 0).

We present without a proof a lemma on the properties of operator coefficients
in (28).

Lemma 1. The following properties of the operator coefficients are true:

1. The operator B is self-adjoint on D(B) = D(B21) ® D(Bi2).

2. The operator P is bounded and non-negative in the Hilbert space H.

3. The operator matriz C is a bounded positive definite operator in the Hilbert space

H.
Proof. For the proof, see [5, pp.897-899]. O

We will formulate a definition of a strong solution of problem (1)-(9) and present
without proofs the theorems on solvability of an operator equation and original
initial boundary value problem.
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Definition 1. We will refer as a  strong solution of the initial boundary value
problem (1)-(9) to fields w; and functions p;, ¢;, such that the function

2= ((V®;)7; (G 2)™)"
is the solution of Cauchy problem (28).

We will say that z is a solution of Cauchy problem (28), if all summands in the
equation from (28) are continuous functions on R, := [0;+00) with values in #,
the equation from (28) is true for every ¢t € R, and the initial condition holds.
Theorem 2. Suppose that the following conditions are fulfilled:

2(0) e D(B), feC'(Ry;H).
Then problem (28) has a unique solution.

Using Theorem 2, we obtained a statement on unique solvability of the original
initial boundary value problem (1)-(9) on the semi-axis Ry.

Theorem 3. Suppose that the following conditions are fulfilled:
P,su’ € D(y,), ¢eD@Q)= HI{/2, 0,2 e C”,
fy-e1 € C'(Ry;C"), fre C'(Ry;La(Q), ke CH(Ry;CH).
Then problem (1)-(9) has a unique strong solution.
See the proofs of Theorems 2 and 3 in [5, p. 899, Theorem 2 |.

4. A PROBLEM OF NORMAL OSCILLATIONS, THE MAIN PROPERTIES OF THE
SPECTRUM
We will seek a solution of a homogeneous equation from (28) in the form z(t) = ze =,
A € C. As a result, we obtain a spectral problem
(29) “Xz+ (P+iB)z2=0, z=(z1;22)" € D(B)CH

on normal oscillations of a system of bodies partially filled with homogeneous ideal
fluids under the action of an elastic damping device.

We write the spectral problem (29), taking into account the notations introduced
above, in the form of a system of two equations in the Hilbert spaces H; and Ha,
where Hq := Gy, s(2) & C" and Hy := Lop & C™

{—)\0121 + Pyz1 + Biazo = 0,

(30)
—ACaz3 + Ba12z1 = 0.

Lemma 2. The number A =0 is not an eigenvalue of the spectral problem (30).

Proof. We substitute the value A = 0 into system (30). From the second equation
of the system, we obtain that Bs;z; = 0. Hence,

Ry, V® =0 Vo =0
(31) 97 n : — ] ’ — 2 = (Vd;d) =0.
Ki =0, i =0,

Taking into account (31), from the first equation of system (30) we obtain
31222 = O, which ylelds

gRQCZO, CZO, (T —
{szo’ e {56207 = z=(¢xz) =0.
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Therefore, when A = 0, the spectral problem (30) only has a trivial solution
z = (z1;22)7 = 0. Hence, the point A = 0 is not an eigenvalue of the spectral prob-
lem (30). O

Due to Lemma 2, from the second equation of system (30) we express the element
zo and substitute it into the first equation of the system. We have that

(32) )\20121 — )\Pazl — 31205132121 =0.
We define the operator C'p by the formula
Cp:= 7B1202_1321, D(CB) = {2’1 S D(Bgl) : 02_182121 S D(Blg)}

Lemma 3. The operator Cp is self-adjoint and positive definite in Hi, and the
operator Cgl 18 compact.

Proof. By direct calculations, we can verify that

Cp' = diag(g ' R™ Q) K1),
The compactness of the operator Cgl follows from the compactness of the operator
(Qyn) ™t = diag((Q1vn1) "1 - -, (Qnyn.n)~t) and finite-dimensionality of the opera-

tor K 1. This fact and the positivity of the operator C’El yield the first statement
of the Lemma. O

We perform in the spectral problem (32) a substitution C’]13/2z1 =: u and apply
to left-hand side of the relation (32) the operator C;/ 2, as a result, we arrive at
the following basic spectral problem in the Hilbert space Hji:

(33) LN := (I = AVi + M\ Va)u =0,

where Vi := C5 2 P,C5" % Vo = 52y,
The following theorem on localization and discreetness of the spectrum of prob-
lem (33) is true.

Theorem 4. The following statements hold:

1. The spectrum of problem (33) is symmetrical with respect to the real axis.

2. Problem (33) has a discreet spectrum with a possible limit point in the infinity.
3. The spectrum of problem (33) lies in the strip

0<Rex< 2,
C

where ¢ > 0 is the lower bound of the operator Cy, & := max{a;}.

=1,n

Proof. We give the proof in several steps.
1. To prove the first statement, it suffices to show (see [18, Ch. 4, § 30, S. 1]), that
the pencil L()) is self-adjoint, that is,

(L))" =L,
Due to the fact that the operators C, 051/2’ P, are self-adjoint, we have that
(LN) =1 =MV + 22V =1—AVi+MVa = L(\).

2. To prove the discreetness of the spectrum, it suffices to verify that the Fredholm
pencil (33) is continuously reversible at least at one point (see [8, Ch.1,8§7, S.3]).
Indeed, given A = —1, the operator

L-1)=T+Vi+V,
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is positive definite, and therefore, it has a bounded inverse. Since the Fredholm
operator function L(A) has a singularity only at an infinitely remote point, its
spectrum consists of isolated eigenvalues of finite multiplicity (that is, it is discrete)
with a possible limit point in the infinity.

3. We will prove that the spectrum of problem (33) belongs to the mentioned
strip. Since the spectrum is discrete, the property that we are proving needs to be
verified for the eigenvalues of problem (33). Suppose that A, u is the eigenvalue and
the associated eigenelement. We scalar multiply the pencil (33) by w in the space
H,1, we will have that

(L()‘)uv u)'Hl = (ua U)Hl - A(Vlua u)’Hl + )‘2(‘/2“7 U)Hl =0.
We divide the obtained expression by A, now we have

) A llullz, 1/2 12 V212, =
(34) T I Pl + AIVS Pul, =0,

Separating in (34) the real part, we find that

||UH3{ 1/2 1/2
ek ( o Ve Pl ) = IVl

From here follows the estimate

1/2 1/2
0 < Ror— _IViul, IV Pulf, _
- [ull3,, 2 o Ve )2,
|)\|2 + H‘/Z U‘H’Hl !
(PG O P uyy, Al Pullf, G
(C1C5"Pu, C5 Puy, — e|Cp a3, ¢
where ¢ > 0 is the exact lower bound of the operator Cy, & := max{a;}. O

I=1,n

5. ON ASYMPTOTICS OF THE SPECTRUM AND BASICITY OF THE SYSTEM OF
ROOT ELEMENTS BY ABEL-LIDSKY

Theorem 5. The spectral problem (33) has in the area {0 < Re\ < ac™1} two
branches of eigenvalues with the asymptotics

n

) - 1/2
Aéiz)ii(Zé”> EY2(140(1)  (k — o).

Proof. We rewrite problem (33) in the form
I 0 0 0
(35) LNu = {( 0 I ) _)‘< 0 K-12NK-1/2 >+

\2 g A AY2C K12 up \ [0
+ K_1/2021A1/2 K—l/ZMK—l/Q Us - 0 ’

A= (Qyn)™", Cip:= (gR)fl/QEh,S» Coy = Pp(gR)fl/?

where
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We write the spectral problem (35) in the form of a system
(36)
uy + A2g 1 Auy + A2AY20 1, K120, = 0,
{u2 — AKTYVRAK TV 2y 4 N K200 AV Py + MK TYVEMEK T 20y =0

and from the second equation given that A is great enough by absolute value, we
find wusg:
Uy = —K1/2(iK ag M)flc A2
2 = 2 h 21 uj.
Substituting this expression for us into the first equation of system (36), we obtain
the following spectral problem

[I—&— A2g~lA - A2AY20 M2 (I— %M_I/QAM_I/Q—%
1

(37) + 2

M1/2KM1/2)—1M1/2C21A1/2} uy = 0.

From Neumann’s theorem on inversion of an operator close to the unit one (see [7,
Ch.4, §5, S. 4, Theorem 5]), it follows that problems (36) and (37) are equivalent if

< HM71/2H2. (”A + ||K||> <1,

H;\MI/QAMI/Q o %Mfl/ZKMfl/Q

R
or
A2 = AL ([ 27 AL = (2P > o,
or
MY2|2 Al + Sl =12t A2 + 4l -2 | K
O L 0 A G G L

2

In the area {\: |A\| > R} taking into account [7, Ch.4, §5, S. 4, Theorem 5], the
spectral problem (37) can be transformed in the following way:

(39) [T+ A2(g YA — AYV2C0M 10y AY?) — NAY2C 1, M~ AM 1Oy A2+

1
+ A1/2012M71KM71021A1/2 o Z WA1/2012M71/2 (Mfl/QAM71/27
n=2

_ :)l\M—l/QKM—l/Q)nM_1/2021A1/2:| Uy = 0.

We rewrite problem (39) in the form
(40) INuy =0, I(\):=1+XC+ AY2F(\)AY2,

Ci=g'A— AYV2C1oM 10y AY? = g7 AY2 (I — gCraM 1 Cop) AY2,
F()\) :== =AC1aM ' AM 10y + C1oM ' KM~ Cyy —

oo
! 1 n
-3 e (vean e - e vy,
n=2
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We will prove that the operator I —gCioM ~1Cy; is positive definite. Taking into
account the definition of the operators C1a, Co; (see (35)), the studied operator can
be written in the following way:

I—gCoM ™ *Cyy =1—-R M 'E, 5P, =
— diag(I —m; ' Prs,e" Py, ...l —m; Py s e P, ).
To prove that the operator I — gC15M ~'Cy; is positive definite, it suffices to prove

that the operators I — mflPh,slegl)Pp” I =1, n are positive definite. We write these
operators in the following way:
O}

: (
41) I-m'Prsel’p, =1~ plse )Gh,sl(Ql)Ph‘rSlel B
l w11 P — _

)

my
0
. 7pl||Ph,Sze1 Héh,sl(ﬂl) < Ph,Slegl) > Ph75le§l) .
- ? l l
my 1Phs.e e s @)/ Gus @0 | Prsiel e, s, )
)12
o pul| Pr,s, €1 HG}L’Sl(Ql)Pl.
my

Note that the following estimate is true:

l l l
1Pnsie 1, o ) < lled R0, = / e [2doy = ||, 1=Tn.
Q

Due to this estimate and (41), we find that for every V&, € Gy g, (%),

— l
(I = m; ' Py5e P, VP, V‘I’l)ch,sl o = (I = POV, V®)g, o o)+
Pl l
+ <1 — Wllph’slePléh,s,(Qz)) (BV@l,VfI)l)Gh,SZ(Q,) >

> (1 - Tflll|Ql|> (Plvq)h V(I)l)Gh,,sl (1) + ((I - Pl)vq)l? V(I)l)Gh,sl () >

m
> (1 - Wf;) {(Plvq)la V(I)Z)G;L,SZ(QL) + ((I - Pl)vq)l’ vq)l)Gh,sl (Ql)} =

ms,
- <1 - ml>(V‘DlaV‘I’l)Gh75z (€0

This and the inequality m; > m¢; imply the required statement.
We write the operator C' in the following way:

C = gflAl/Q(I79012M71021)A1/2 _
— (9_1/2([ _gcle—lczl)l/ZAl/Q)*(g—1/2(l _gcle—IC21)1/2A1/2).

By the theorem on polar decomposition (see, for example, [6, Ch. 6, §2, S. 7]), there
exists a partially isometric operator U such that

G V2T — gCraM ' Coy) 2 AV? = UCH2,
971/2A1/2(I_9012M71021)1/2 _ Cl/zU*.
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From here we obtain the following representations for the operator A'/2:
(42) A1/2 :91/2C1/2U*(I—9012M71021)71/2 _
=g"/2(I = gCraM ™' Coy) M PUCY2.

For every arbitrarily small ¢ > 0 and number R defined in (38), we define the
sectors Aﬁ)s ={A:|A| >R, |arg\+7/2| <e, —m<arg) <7}

For the problem (40), we verify that the conditions of the theorem by M. B. Ora-
zov (see [24, Ch.7, §7.3, Lemma 7.7] or [25, p. 412, Lemma 3]) are fulfilled. We prove
that if A € Aﬁ’g, then

(43)  T(\) := (I = XCYH)TTAVZENAYV2(IT + ACY2) ™ — 0 as A — .
We preliminary estimate the norm of the bordering operators for A € Aﬁ’sz
1\~ A1
rac) 7 = a7t (e 1) | = <
It )~ (2 £3) dist(F A, 0(CV/7)
e e 1
< = < .
~ Im(FAY)]  [A|cos(argA) T cose

(44)

Using the representation (42), estimate (44), obvious relation ||[F(M\)|| = O(|A|)
(A — 00) (see (40)), and Lemma 3.3 from the paper by A.S.Markus, V.I. Matsaev
(see [17, §3, Lemma 3.3, estimate (3.1)]), we find that

IT)] = [I(T = ACY2) =P AVZ RN AVA(I +ACH?) 7| =
= [(I = ACY2) 71O g PU (T — gCroM ' Coy) ™2 - (M) x
« gl/Q(I—gClgM’1021)’1/2U~(I+)\C’1/2)’IC’1/2|| <
< AgAI72 - [FO] - max {15 [[(1 4+ ACT2) 7|} max {1; [ (1 = ACT?) [} x
X |[(I = gCraM " Coy)2|1% <

2
< 4glA 72 [EO - ( ) (I = gCr2M ™" Cor) 22 = O(1A )
given \ € Aie, A — oo. From here follows (43).
To apply the mentioned theorem by M. B. Orazov, we only need to show that
the operator C has a power asymptotics of eigenvalues. We write this operator in
the form of a difference of two operators:

cosée

Q77z)_1/2ph,SPp(Q7n)_l/2
7 .
From the review by M. Sh. Birman, M. Z. Solomjak (see [3, §7]), it follows that
the asymptotics of eigenvalues of the operator (gQWM)*l has the form

A (9Qrvmn) ™) = ';T' F (1L 0(1)) (k- o0).

~1 1/2 1 1/2 o MY
C=g A-A/2CoM " Cn A" = (9Qvm) " —

Then from the representation Qv, = diag(Q1Vn1,---,@nYn,n) We obtain that
the eigenvalues of the operator (gQ7,)~! have the following asymptotics

n

A ((gQm) 1) = (Z ) o) (ko)
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We introduce the operators

Ty = (9Qva) "y To:= (9M) "1 (Qya) " *PusPp(Qya) ™12,

These operators are non-negative, since their s-numbers coincide with their eigenvalues.
The operator T is finite dimensional, hence all its eigenvalues, except for a finite
number, equal zero. Therefore, we have

sp(Th) = Me(Th) = (Z ﬁ_?;')_ k7' (14 0(1) (k— o0),

=1
sp(To) = M\e(To) = o(k™Y) (k= o).

Then from the theorem by Ky Fan (see [4, Ch.2, §2, S.5, Theorem 2.3]) it follows
that

(45) Ak<c>Ak<T1T2>(Z@)k%uo(l)) (k — o0).

=1

Thus, by the theorem by M.B.Orazov, we obtain that the studied spectral
problem (33) has in the strip {0 < ReX < ac™'} two branches of eigenvalues
with the following asymptotic behavior:

A = #in 2O 1+ o(1) (k).
From here and (45) follows the formula from the formulation of the theorem. O

Theorem 6. The system of root elements of problem (29) forms the Abel-Lidsky
basis with brackets in the Hilbert space H of order 8 > 1.

Proof. We transform the spectral problem (29) into the form
(C'B—iC™'"P — (—iA) )z = 0.

We perform a substitution of the spectral parameter —iA =: p and obtain the
problem
(46) (C'B—iC™'P —pul)z=0.

We introduce the operators
A=A+ A1, Ay:=C'B, A =—-ic'pP.

The operator Ay is self-adjoint in the energy space He of the operator C. Using
the reasoning similar to the one performed in Theorem 5, we show that the spectrum
of the operator Ay is discreet and has the following asymptotic distribution:

N n g 1/2
(47) uMclsy=i<§:Hw) EV2(1 +0(1)  (k — o).
=1

The operator A; is bounded in the space H¢. From here it follows that the
operator A;. A, ? is bounded in H¢ given ¢ = 0:

AL A Ul 23y = M1l 23y < o0

From (47) and Theorem 6.2.4 (see [2, p. 106 ]), that applies for the case when the
eigenvalues of the operator Ay have two accumulation points +o0o, we obtain that
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the system of root elements of the spectral problem (29) forms the Abel-Lidsky
basis with brackets of order 3, where

6>60=%—(1—q):2—(1—0):1.

The definition of the notion of the Abel-Lidsky basis is quite enormous and is
not provided here. One can learn about this method of summing by root elements
in detail, for example, in [2, p. 106 ]. O
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