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A PROBLEM OF NORMAL OSCILLATIONS OF A SYSTEM OF

BODIES PARTIALLY FILLED WITH IDEAL FLUIDS UNDER

THE ACTION OF AN ELASTIC DAMPING DEVICE

D.A. ZAKORA, K.V. FORDUK

Abstract. We investigate a problem of normal oscillations of a system
of bodies partially �lled with ideal �uids under the action of an elastic
damping device. We prove that the problem has a discrete spectrum
localized in a vertical strip. The asymptotic behavior of the spectrum
is investigated. The theorem on the Abel-Lidsky basis property of root
elements of the problem is proved.
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1. Introduction

The �rst work dedicated to the problem of small oscillations of a solid body with
a cavity, completely �lled with an ideal �uid, was the study by N.E. Zhukovskiy [30].
In his paper, by introducing auxiliary functions depending only on the shape of the
cavity, the author showed that the motion of the body is performed in a way as if the
liquid had been substituted by an equivalent solid body. In the 1950-60's due to the
development of space technologies, a great interest reemerged to the problem of the
motion of solid bodies with cavities �lled with liquids; moreover, along with studies
on the motion of bodies with cavities completely �lled with a liquid, a new problem
of the motion of a solid body with cavities, that are not completely �lled with a
liquid, was formulated. A large number of articles was devoted to di�erent linear
aspects of the theory, and among the �rst ones, the papers by N.N.Moiseev [20, 21],
G. S.Narimanov [22], D. E.Ohotsimskiy [23], and L.N. Sretenskiy [26] are worth
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mentioning. Starting with the works by N.N.Moiseev and a joint work of S.G.Krein
and N.N.Moiseev [16], in the studies of these problems the methods of functional
analysis and the theory of linear operators acting in Hilbert space, the methods of
spectral theory of operator pencils are applied. In studies by N.D.Kopachevsky et
al. [8, 9, 10], evolutionary and spectral problems on the motion of a body with a
cavity completely or partially �lled with an ideal or a viscous �uid are investigated.

Further, in papers by N.D.Kopachevsky and his students, problems of oscillation
of a system of bodies connected by spherical hinges �lled with an ideal �uid [13,
14], problems of small movements of an ideal strati�ed liquid with a free surface
completely covered with crushed or elastic ice [15, 27, 28], and also a problem of
oscillation of a body �lled by two ideal liquids with a free surface, partially covered
by crushed ice [29], and others were studied.

In work [5], a theorem on solvability of an initial boundary value problem,
describing small movements of a system of bodies, partially �lled with ideal �uids,
under the action of an elastic damping device, was proved. This initial boundary
value problem is reduced to the following Cauchy problem for a di�erential operator
equation of �rst order in some Hilbert space H:

C dz
dt

+ (P + iB)z = f, z(0) = z0.

We will seek a solution of a homogeneous equation in the form z(t) = ze−λt,
λ ∈ C. As a result, we obtain a spectral problem

−λCz + (P + iB)z = 0, z ∈ D(B) ⊂ H
of normal oscillations for a system of bodies partially �lled with homogeneous ideal
�uids under the action of an elastic damping device. In this paper, we study the
properties of the obtained spectral problem. The main results, proved in Theorems 4,
5, and 6, can be formulated in the following way.

1. The spectrum of the studied problem is symmetrical with respect to the real
axis, is located in the vertical strip {0 ≤ Reλ ≤ α̃c−1}, and consists of isolated
eigenvalues of �nite multiplicity with the following asymptotic behavior:

λ
(±i)
k = ±i

( n∑
l=1

gπ

|Γl|

)1/2

k1/2(1 + o(1)) (k →∞).

2. The system of eigen- and associated elements of the studied spectral problem
forms the basis of Abel-Lidsky with brackets in the Hilbert space H of order β > 1.

2. The statement of the initial boundary value problem

Consider a hydromechanical system consisting of n bodies which are �xed between
two supports such that the l-th body is connected to the adjacent (l − 1)-th and
(l + 1)-th bodies by springs with sti�nesses k2

l−1, k
2
l respectively, and the �rst and

last bodies are attached to springs with sti�nesses k2
0, k

2
n, whose ends are �xed

motionlessly on the supports.
Every l-th body represents an open vessel, partially �lled with a homogeneous

ideal �uid of density ρl > 0, which at rest occupies the area Ωl ⊂ R2 with a free
boundary Γl and a solid wall Sl, l = 1, n. Suppose that ml := mb,l +mf,l, where
mb,l is the mass of the body, mf,l is the mass of the �uid. While at rest, we assume
that the boundaries Γl are horizontal lines. By an elastic damping device we mean
the presence of springs attached to solid walls of the vessels, as shown on Figure 1,
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and the friction of the bottoms of the vessels against the motionless horizontal
support. By αl > 0 we denote the friction coe�cient of the bottom of the l-the
body against the support.

Figure 1. The scheme of the hydromechanical system

We introduce a motionless coordinate system Ox1x2 with unit vectors ej , j =
1, 2, such that the bodies perform movements along the axis Ox1. Moreover, we

introduce moving coordinate systems X0
l x

(l)
1 x

(l)
2 , rigidly �xed with the l-th bodies.

We denote the unit vectors of the moving systems by e
(l)
j , j = 1, 2, l = 1, n. Moreover,

ej = e
(l)
j .

During the process of small motions of the body, we consider the displacement
of the l-the body Xl(t) along the axis Ox1, we denote by X0

l the position of the
l-th body in equilibrium state. Then Xl(t) = X0

l + xl(t), where xl(t) is a small
displacement of the l-th body with respect to the equilibrium state.

We denote by ul(t, x
(l)) the �eld of relative velocities of the l-th �uid in the l-th

moving coordinate system. Then the full velocity of the l-th �uid in the motionless
system will be represented by the formula ẋl(t)e1 + ul(t, x

(l)).
The change of the length of the spring, connecting the bodies with the numbers

l and l + 1, compared to its length at rest equals

Xl+1(t)−Xl(t)−
(
X0
l+1 −X0

l

)
=
(
Xl+1(t)−X0

l+1

)
−
(
Xl(t)−X0

l

)
= xl+1(t)−xl(t).

Applying Newton's second law, we write the equations of the movement of the
bodies with �uids in the motionless coordinate system Ox1x2. The equation for the
movement of the �rst body with a �uid will have the form

m1ẍ1e1 + ρ1

∫
Ω1

∂u1

∂t
dΩ1 = −k2

0x1e1 + k2
1(x2 − x1)e1 − α1ẋ1e1+

+ k2
0x0e1 − gm1e2 + fb,1 +N1e2,(1)

where x0 = x0(t) is a given law of motion of the left wall, fb,1 = fb,1(t) is a small
external force acting on the �rst body, N1 = N1(t) is the reaction of the support, g
is the gravitational acceleration.

We write the motion equation of the l-th body with the �uid (l = 2, n− 1):

mlẍle1 + ρl

∫
Ωl

∂ul
∂t

dΩl = −k2
l−1(xl − xl−1)e1 + k2

l (xl+1 − xl)e1 − αlẋle1−

− gmle2 + fb,l +Nle2,(2)

where fb,l = fb,l(t) is a small external force acting on the l-th body, Nl = Nl(t) is
the reaction of the support.
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We write the motion equation of the n-th body with a �uid:

mnẍne1 + ρn

∫
Ωn

∂un
∂t

dΩn = −k2
n−1(xn − xn−1)e1 − k2

nxne1 + k2
nxn+1e1−

− αnẋne1 − gmne2 + fb,n +Nne2,(3)

where xn+1 = xn+1(t) is a given law of motion of the right wall, fb,n = fb,n(t) is
a small external force acting on the n-th body, Nn = Nn(t) is the reaction of the
support.

The small motions of the ideal homogeneous �uid in the area Ωl are expressed
by a linearized Euler equation:

(4) ρl

(
∂ul
∂t

+ ẍle
(l)
1

)
+∇pl = ρlff,l, divul = 0 (in Ωl), l = 1, n,

where pl = pl(t, x
(l)) is a pressure deviation in the �uid during the movement from

the equilibrium state, and ff,l = ff,l(t, x
(l)) is a small force acting on the �uid in the

domain Ωl.

Let ζl(t, x
(l)
1 ) (x

(l)
1 ∈ Γl) be a function de�ning small deviations of the free boundary

Γl(t) along e
(l)
2 with respect to the equilibrium line Γl, which is de�ned by the

equation x
(l)
2 = bl, by the formula:

x
(l)
2 = bl + ζl(t, x

(l)
1 ), |ζl| � 1.

The boundary conditions for the considered problem include the condition of
non-leaking of the ideal �uid on the solid wall Sl, and also dynamic, cinematic
conditions on the boundary Γl and the condition of the preservation of the volume
of the �uid of every body respectively:

ul · nl = 0 (on Sl), l = 1, n,(5)

pl = ρlgζl (on Γl), l = 1, n,(6)

∂ζl
∂t

= ul · e(l)
2 (on Γl), l = 1, n,(7) ∫

Γl

ζl dΓl = 0, l = 1, n.(8)

Here by nl we denote the unit vector pointed outside the domain Ωl and perpendicular

to the boundary ∂Ωl = Γl ∪ Sl. On the boundary Γl, obviously, the relation nl = e
(l)
2

will be true.
The initial conditions have the form

(9) xl(0) = x0
l , ẋl(0) = x1

l , ul(0, x
(l)) = u 0

l (x(l)), ζl(0, x
(l)
1 ) = ζ0

l (x
(l)
1 ).

A complete statement of the studied initial boundary problem consists of solving
the equations (1)-(4) with boundary and initial conditions (5)-(9).

Theorem 1. We assume that the stated problem (1)-(9) has a classical solution,
that is, such that all the functions in the equations, boundary and initial conditions
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are continuous with respect to their variables. Then the identity

1

2

d

dt

{ n∑
l=1

(
mb,l|ẋl| 2 + ρl

∫
Ωl

∣∣ul + ẋle
(l)
1

∣∣2 dΩl + ρlg

∫
Γl

|ζl|2dΓl

)
+

+ k2
0x

2
1 + k2

nx
2
n +

n−1∑
l=1

k2
l |xl+1 − xl|2

}
=

=

n∑
l=1

(
− αl|ẋl| 2 + (fb,l · e1)ẋl + ρl

∫
Ωl

ff,l · ul dΩl

)
+ k2

0x0ẋ1 + k2
nxn+1ẋn,

represents the law of balance of the full energy of the studied hydromechanical
system, written in the di�erential form.

Proof. See the proof of the Theorem in [5, p. 891, Theorem1 ]. �

3. Choosing the functional spaces and projecting the motion

equations of fluids. Deriving the basic operator equation

We introduce the Hilbert space L2(Ω) :=
n⊕
l=1

L2(Ωl), where L2(Ωl) is a Hilbert

space with a scalar product and a square of a norm of the form

(ul,vl)L2(Ωl) =

∫
Ωl

ul(x
(l)) · vl(x(l)) dΩl, ‖ul‖2L2(Ωl)

:=

∫
Ωl

|ul(x(l))|2 dΩl.

It is well known that the space L2(Ωl) has an orthogonal decomposition (see, for
example, [8, Ch. 2, � 1, S. 10, decomposition (1.24)])

(10) L2(Ωl) = J0(Ωl)⊕Gh,Sl
(Ωl)⊕G0,Γl

(Ωl),

where

J0(Ωl) :=
{
ul ∈ L2(Ωl) : divul = 0 (in Ωl), ul · nl = 0 (on ∂Ωl)

}
,

Gh,Sl
(Ωl) :=

{
ul = ∇Φl∈L2(Ωl) : ∆Φl = 0 (in Ωl),

∂Φl
∂nl

= 0 (on Sl),

∫
Γl

ΦldΓl = 0
}
,

G0,Γl
(Ωl) :=

{
ul = ∇Ψl ∈ L2(Ωl) : Ψl = 0 (on Γl)

}
.

Therefore, taking into account decomposition (10), we can assume that

L2(Ω) = J0(Ω)⊕Gh,S(Ω)⊕G0,Γ(Ω),

where

J0(Ω) :=

n⊕
l=1

J0(Ωl), Gh,S(Ω) :=

n⊕
l=1

Gh,Sl
(Ωl), G0,Γ(Ω) :=

n⊕
l=1

G0,Γl
(Ωl).

We introduce the Hilbert space

L2,Γ :=

n⊕
l=1

L2,Γl
, L2,Γl

:=
{
ζl ∈ L2(Γl) :

∫
Γl

ζl dΓl = 0
}
,

where the Hilbert space L2,Γl
is a subspace in L2(Γl), orthogonal to the unit function

1Γl
:= 1|Γl

.
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In further studying the problem, we will assume that the required vector and
scalar �elds are the functions of the variable t with values in the corresponding
Hilbert spaces and subspaces introduced above.

Due to the statement of the problem, the velocity �eld ul(t) has to belong for
every t ≥ 0 to the subspace J0(Ωl) ⊕ Gh,Sl

(Ωl), and the �eld ∇pl(t) of pressure
gradients to the subspace Gh,Sl

(Ωl)⊕G0,Γl
(Ωl) respectively.

We will �nd the velocity �eld of the �uid ul in the form

ul = vl +∇Φl, vl ∈ J0(Ωl), ∇Φl ∈ Gh,Sl
(Ωl),

and the gradient of the pressure �eld in the following form:

(11) ∇pl = ∇p̃l +∇Ψl, ∇p̃l ∈ Gh,Sl
(Ωl), ∇Ψl ∈ G0,Γl

(Ωl).

The potential p̃l due to (11) and the dynamic relation (6) is the solution of the
Zaremba's problem for the Laplace equation:

∆p̃l = 0 (in Ωl),
∂p̃l
∂nl

= 0 (on Sl), p̃l = ρlgζl (on Γl).

We will assume that the boundary of the domain Ωl is a Lipschitz one. It is
known (see [8, Ch. 1, � 3, S. 6, problem (P.37)]) that such problem has a unique

solution p̃l ∈ H1
Γl

(Ωl), if the condition ζl ∈ H1/2
Γl

:= H1/2(Γl) ∩ L2,Γl
is satis�ed.

Here H1/2(Γl) is a Sobolev�Slobodecki space with a fractional index (see [1,
Ch. 1, � 5, S. 5.1]). Thus, we can assume that ∇p̃l = ρlgQlζl ∈ Gh,Sl

(Ωl), where

Ql ∈ L(H
1/2
Γl

,Gh,Sl
(Ωl)).

We denote a conjugate space by H̃
−1/2
Γl

:= (H
1/2
Γl

)∗ (see [1, Ch. 1, S. 5.1, Theo-

rem5.1.12]). Then H
1/2
Γl
⊂→⊂→ L2,Γl

⊂→⊂→ H̃
−1/2
Γl

(see [1, Ch. 1, S. 5.1]).

According to decomposition (10), we introduce the orthoprojectors P0,l, Ph,Sl
,

P0,Γl
of the space L2(Ωl) on its subspaces J0(Ωl), Gh,Sl

(Ωl), G0,Γl
(Ωl) respectively.

We apply the orthoprojectors P0,l, Ph,Sl
, P0,Γl

to the left- and right-hand sides
of the motion equation of the �uid (4). We obtain for every l = 1, n three relations

ρl

(
dvl
dt

+ ẍlP0,le
(l)
1

)
= ρlP0,lff,l,(12)

ρl

(
d∇Φl
dt

+ ẍlPh,Sl
e

(l)
1

)
+ ρlgQlζl = ρlPh,Sl

ff,l,(13)

ρlẍlP0,Γl
e

(l)
1 +∇Ψl = ρlP0,Γl

ff,l.(14)

From relations (12) and (14), we will �nd the vortex component of the velocity �eld
vl and a part of the dynamical pressure Ψl, if the displacement xl is known. Hence,
further we will only consider the relation (13).
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We project the motion equations of the bodies with �uids (1)-(3) on the unit
vector e1. We obtain the following relations:

m1ẍ1 + ρ1

∫
Ω1

du1

dt
· e1 dΩ1 + k2

0x1 − k2
1(x2 − x1) + α1ẋ1 = k2

0x0 + fb,1 · e1,

(15)

mlẍl + ρl

∫
Ωl

dul
dt
· e1 dΩl + k2

l−1(xl − xl−1)− k2
l (xl+1 − xl) + αlẋl = fb,l · e1,

(16)

l = 2, n− 1,

mnẍn + ρn

∫
Ωn

dun
dt
· e1 dΩn + k2

n−1(xn − xn−1) + k2
nxn + αnẋn = k2

nxn+1 + fb,n · e1.

(17)

We project the equations of motion of bodies with �uids (1)-(3) on the unit
vector e2. We obtain

ρl

∫
Ωl

dul
dt
· e2 dΩl = −gml + fb,l · e2 +Nl(t), l = 1, n.

This relation yields the formula for �nding the reaction of the support Nl(t), if the
velocity �eld of the �uid ul is known.

Now we transform the integral summand from (15)-(17). We obtain that∫
Ωl

dul
dt
· e1 dΩl =

d

dt

∫
Ωl

∇Φl · e(l)
1 dΩl +

d

dt

∫
Ωl

vl · e(l)
1 dΩl =

=
d

dt

∫
Ωl

∇Φl · e(l)
1 dΩl +

d

dt

∫
Ωl

vl · ∇x(l)
1 dΩl =

d

dt

∫
Ωl

∇Φl · e(l)
1 dΩl+

+
d

dt

∫
Ωl

(
div
(
x

(l)
1 vl

)
− x(l)

1 divvl

)
dΩl =

d

dt

∫
Ωl

∇Φl · e(l)
1 dΩl.(18)

We introduce the operators Pρl and γn,l in the following way:

Pρl∇Φl := ρl

∫
Ωl

∇Φl · e(l)
1 dΩl, Pρl : Gh,Sl

(Ωl)→ C,(19)

γn,l∇Φl := ∇Φ · e(l)
2 =

∂Φl
∂nl

∣∣∣∣
Γl

, γn,l : D(γn,l) ⊂ Gh,Sl
(Ωl)→ L2,Γl

.(20)

It is known that γn,l ∈ L(Gh,Sl
(Ωl), H̃

−1/2
Γl

) and the operator γn,l is conjugate

to the operator Ql introduced above. Note that the operator (Qlγn,l)
−1 = γ−1

n,lQ
−1
l

is compact due to the embeddings H
1/2
Γl
⊂→⊂→ L2,Γl

⊂→⊂→ H̃
−1/2
Γl

.
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Using relations (18) and operators (19), (20), we rewrite the system of equations (13),
(15)-(17) in the following way:
(21)

ρl
d∇Φl
dt

+ẍlρlPh,Sl
e

(l)
1 +ρlgQlζl = ρlPh,Sl

ff,l, l = 1, n,

m1ẍ1+
d

dt
Pρ1∇Φ1 + k2

0x1−k2
1(x2 − x1)+α1ẋ1 =k2

0x0+fb,1 · e1,

mlẍl+
d

dt
Pρl∇Φl+k

2
l−1(xl−xl−1)−k2

l (xl+1−xl)+αlẋl= fb,l · e1, l = 2, n− 1,

mnẍn+
d

dt
Pρn∇Φn+k2

n−1(xn−xn−1)+k2
nxn+αnẋn=k2

nxn+1+fb,n · e1.

We will write the system (21) in the form of a di�erential operator equation of
�rst order in the Hilbert space Gh,S(Ω)⊕ Cn:(

R Eh,S
Pρ M

)
d

dt

(
∇Φ
ẋ

)
+

(
0 0
0 Λ

)(
∇Φ
ẋ

)
+

+

(
gRQ 0

0 K

)(
ζ
x

)
=

(
RPh,Sff
fb · e1

)
+

(
0
k

)
.(22)

Here the following notations are used:

R := diag(ρ1I, . . . , ρnI), M := diag(m1I, . . . ,mnI), Λ := diag(α1I, . . . , αnI),

Pρ := diag(Pρ1 , . . . , Pρn), Q := diag(Q1, . . . , Qn), γn := diag(γn,1, . . . , γn,n),

Ph,S := diag(Ph,S1
, . . . , Ph,Sn

), Eh,S := diag(ρ1Ph,S1
e

(1)
1 , . . . , ρnPh,Sn

e
(n)
1 ),

∇Φ := (∇Φ1; . . . ;∇Φn)τ , x := (x1; . . . ;xn)τ , ẋ := (ẋ1; . . . ; ẋn)τ ,

ζ := (ζ1; . . . ; ζn)τ , k := (k2
0x0; 0; . . . ; 0; k2

nxn+1)τ ,

ff := (ff,1; . . . ; ff,n)τ , fb · e1 := (fb,1 · e1; . . . ; fb,n · e1)τ ,

where the symbol τ marks the transpose operation. The operator K is de�ned by
the formula

K :=


k2

0 + k2
1 −k2

1 0 · · · 0
−k2

1 k2
1 + k2

2 −k2
2 · · · 0

0 −k2
2 k2

2 + k2
3 · · · 0

...
...

...
. . . −k2

n−1

0 0 0 −k2
n−1 k2

n−1 + k2
n

 .

Taking into account the following notations

B12 :=

(
gRQ 0

0 K

)
, D(B12) = D(Q)⊕ Cn,

C1 :=

(
R Eh,S
Pρ M

)
, Pα :=

(
0 0
0 Λ

)
,

f1 :=

(
RPh,Sff
fb · e1

)
, f2 :=

(
0
k

)
, z1 :=

(
∇Φ
ẋ

)
, z2 :=

(
ζ
x

)
,

equation (22) takes the form

(23) C1
dz1

dt
+ Pαz1 +B12z2 = f1 + f2.



A PROBLEM OF NORMAL OSCILLATIONS OF A SYSTEM OF BODIES 1005

Consider the system of two obvious connections

(24)


ρlg

∂ζl
∂t

= ρlgγn,l∇Φl, l = 1, n,

K
dx

dt
= Kẋ.

We write the system (24) in the form of a di�erential operator equation of �rst
order in the Hilbert space L2,Γ ⊕ Cn:(

gR 0
0 K

)
d

dt

(
ζ
x

)
+

(
−gRγn 0

0 −K

)(
∇Φ
ẋ

)
=

(
0
0

)
,

which, taking into account the notations introduced above and the notations

C2 :=

(
gR 0
0 K

)
, B21 :=

(
−gRγn 0

0 −K

)
, D(B21) = D(γn)⊕ Cn,

takes the form

(25) C2
dz2

dt
+B21z1 = 0.

Therefore, the original initial boundary value problem (1)-(9) is reduced to
di�erential operator equations (23), (25) with corresponding initial conditions.
Thus, we have the following Cauchy problem:

C1
dz1

dt
+ Pαz1 +B12z2 = f1 + f2,

C2
dz2

dt
+B21z1 = 0,

(26)

z1(0) = (Ph,Su
0;x1)τ , z2(0) = (ζ0;x0)τ .(27)

The system of di�erential equations (26) and initial conditions (27) can be neatly
written in the form of a Cauchy problem for a di�erential operator equation of �rst
order in the Hilbert space H:

(28) C dz
dt

+ (P + iB)z = f, z(0) = (z1(0); z2(0))τ ,

where

z := (z1; z2)τ ∈ H :=
(
Gh,S(Ω)⊕ Cn

)
⊕
(
L2,Γ ⊕ Cn

)
, f := (f1 + f2; 0)τ ,

C := diag
(
C1, C2

)
, B :=

(
0 −iB12

−iB21 0

)
, P := diag

(
Pα, 0

)
.

We present without a proof a lemma on the properties of operator coe�cients
in (28).

Lemma 1. The following properties of the operator coe�cients are true:
1. The operator B is self-adjoint on D(B) = D(B21)⊕D(B12).
2. The operator P is bounded and non-negative in the Hilbert space H.
3. The operator matrix C is a bounded positive de�nite operator in the Hilbert space
H.

Proof. For the proof, see [5, pp. 897-899]. �

We will formulate a de�nition of a strong solution of problem (1)-(9) and present
without proofs the theorems on solvability of an operator equation and original
initial boundary value problem.
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De�nition 1. We will refer as a strong solution of the initial boundary value
problem (1)-(9) to �elds ul and functions pl, ζl, such that the function

z = ((∇Φ; ẋ)τ ; (ζ;x)τ )τ

is the solution of Cauchy problem (28).
We will say that z is a solution of Cauchy problem (28), if all summands in the

equation from (28) are continuous functions on R+ := [0; +∞) with values in H,
the equation from (28) is true for every t ∈ R+, and the initial condition holds.

Theorem 2. Suppose that the following conditions are ful�lled:

z(0) ∈ D(B), f ∈ C1
(
R+;H

)
.

Then problem (28) has a unique solution.

Using Theorem 2, we obtained a statement on unique solvability of the original
initial boundary value problem (1)-(9) on the semi-axis R+.

Theorem 3. Suppose that the following conditions are ful�lled:

Ph,Su
0 ∈ D(γn), ζ0 ∈ D(Q) = H

1/2
Γ , x0, x1 ∈ Cn,

fb · e1 ∈ C1
(
R+;Cn), ff ∈ C1

(
R+;L2(Ω)

)
, k ∈ C1

(
R+;Cn

)
.

Then problem (1)-(9) has a unique strong solution.

See the proofs of Theorems 2 and 3 in [5, p. 899, Theorem2 ].

4. A problem of normal oscillations, the main properties of the

spectrum

We will seek a solution of a homogeneous equation from (28) in the form z(t) = ze−λt,
λ ∈ C. As a result, we obtain a spectral problem

(29) −λCz + (P + iB)z = 0, z = (z1; z2)τ ∈ D(B) ⊂ H
on normal oscillations of a system of bodies partially �lled with homogeneous ideal
�uids under the action of an elastic damping device.

We write the spectral problem (29), taking into account the notations introduced
above, in the form of a system of two equations in the Hilbert spaces H1 and H2,
where H1 := Gh,S(Ω)⊕ Cn and H2 := L2,Γ ⊕ Cn:

(30)

{
−λC1z1 + Pαz1 +B12z2 = 0,

−λC2z2 +B21z1 = 0.

Lemma 2. The number λ = 0 is not an eigenvalue of the spectral problem (30).

Proof. We substitute the value λ = 0 into system (30). From the second equation
of the system, we obtain that B21z1 = 0. Hence,{

gRγn∇Φ = 0,

Kẋ = 0,
=⇒

{
∇Φ = 0,

ẋ = 0,
=⇒ z1 = (∇Φ; ẋ)τ = 0.(31)

Taking into account (31), from the �rst equation of system (30) we obtain
B12z2 = 0, which yields{

gRQζ = 0,

Kx = 0,
=⇒

{
ζ = 0,

x = 0,
=⇒ z2 = (ζ;x)τ = 0.
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Therefore, when λ = 0, the spectral problem (30) only has a trivial solution
z = (z1; z2)τ = 0. Hence, the point λ = 0 is not an eigenvalue of the spectral prob-
lem (30). �

Due to Lemma 2, from the second equation of system (30) we express the element
z2 and substitute it into the �rst equation of the system. We have that

(32) λ2C1z1 − λPαz1 −B12C
−1
2 B21z1 = 0.

We de�ne the operator CB by the formula

CB := −B12C
−1
2 B21, D(CB) =

{
z1 ∈ D(B21) : C−1

2 B21z1 ∈ D(B12)
}
.

Lemma 3. The operator CB is self-adjoint and positive de�nite in H1, and the
operator C−1

B is compact.

Proof. By direct calculations, we can verify that

C−1
B = diag(g−1R−1(Qγn)−1,K−1).

The compactness of the operator C−1
B follows from the compactness of the operator

(Qγn)−1 = diag((Q1γn,1)−1, . . . , (Qnγn,n)−1) and �nite-dimensionality of the opera-

tor K−1. This fact and the positivity of the operator C−1
B yield the �rst statement

of the Lemma. �

We perform in the spectral problem (32) a substitution C
1/2
B z1 =: u and apply

to left-hand side of the relation (32) the operator C
−1/2
B , as a result, we arrive at

the following basic spectral problem in the Hilbert space H1:

(33) L(λ)u := (I − λV1 + λ2V2)u = 0,

where V1 := C
−1/2
B PαC

−1/2
B , V2 := C

−1/2
B C1C

−1/2
B .

The following theorem on localization and discreetness of the spectrum of prob-
lem (33) is true.

Theorem 4. The following statements hold:
1. The spectrum of problem (33) is symmetrical with respect to the real axis.
2. Problem (33) has a discreet spectrum with a possible limit point in the in�nity.
3. The spectrum of problem (33) lies in the strip

0 ≤ Reλ ≤ α̃

c
,

where c > 0 is the lower bound of the operator C1, α̃ := max
l=1,n

{αl}.

Proof. We give the proof in several steps.
1. To prove the �rst statement, it su�ces to show (see [18, Ch. 4, � 30, S. 1]), that

the pencil L(λ) is self-adjoint, that is,(
L(λ̄)

)∗
= L(λ).

Due to the fact that the operators C1, C
−1/2
B , Pα are self-adjoint, we have that(

L(λ̄)
)∗

= I − λV ∗1 + λ2V ∗2 = I − λV1 + λ2V2 = L(λ).

2. To prove the discreetness of the spectrum, it su�ces to verify that the Fredholm
pencil (33) is continuously reversible at least at one point (see [8, Ch. 1, � 7, S. 3 ]).
Indeed, given λ = −1, the operator

L(−1) = I + V1 + V2
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is positive de�nite, and therefore, it has a bounded inverse. Since the Fredholm
operator function L(λ) has a singularity only at an in�nitely remote point, its
spectrum consists of isolated eigenvalues of �nite multiplicity (that is, it is discrete)
with a possible limit point in the in�nity.

3. We will prove that the spectrum of problem (33) belongs to the mentioned
strip. Since the spectrum is discrete, the property that we are proving needs to be
veri�ed for the eigenvalues of problem (33). Suppose that λ, u is the eigenvalue and
the associated eigenelement. We scalar multiply the pencil (33) by u in the space
H1, we will have that

(L(λ)u, u)H1 = (u, u)H1 − λ(V1u, u)H1 + λ2(V2u, u)H1 = 0.

We divide the obtained expression by λ, now we have

(34)
λ̄

λ̄
·
‖u‖2H1

λ
− ‖V 1/2

1 u‖2H1
+ λ‖V 1/2

2 u‖2H1
= 0.

Separating in (34) the real part, we �nd that

Reλ ·
(‖u‖2H1

|λ|2
+ ‖V 1/2

2 u‖2H1

)
= ‖V 1/2

1 u‖2H1
.

From here follows the estimate

0 ≤ Reλ =
‖V 1/2

1 u‖2H1

‖u‖2H1

|λ|2
+ ‖V 1/2

2 u‖2H1

≤
‖V 1/2

1 u‖2H1

‖V 1/2
2 u‖2H1

=

=
(PαC

−1/2
B u,C

−1/2
B u)H1

(C1C
−1/2
B u,C

−1/2
B u)H1

≤
α̃‖C−1/2

B u‖2H1

c‖C−1/2
B u‖2H1

=
α̃

c
,

where c > 0 is the exact lower bound of the operator C1, α̃ := max
l=1,n

{αl}. �

5. On asymptotics of the spectrum and basicity of the system of

root elements by Abel-Lidsky

Theorem 5. The spectral problem (33) has in the area {0 ≤ Reλ ≤ α̃c−1} two
branches of eigenvalues with the asymptotics

λ
(±i)
k = ±i

( n∑
l=1

gπ

|Γl|

)1/2

k1/2(1 + o(1)) (k →∞).

Proof. We rewrite problem (33) in the form

L(λ)u :=

[(
I 0
0 I

)
− λ

(
0 0
0 K−1/2ΛK−1/2

)
+(35)

+ λ2

(
g−1A A1/2C12K

−1/2

K−1/2C21A
1/2 K−1/2MK−1/2

)](
u1

u2

)
=

(
0
0

)
,

where

A := (Qγn)−1, C12 := (gR)−1/2Eh,S , C21 := Pρ(gR)−1/2.
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We write the spectral problem (35) in the form of a system

{
u1 + λ2g−1Au1 + λ2A1/2C12K

−1/2u2 = 0,

u2 − λK−1/2ΛK−1/2u2 + λ2K−1/2C21A
1/2u1 + λ2K−1/2MK−1/2u2 = 0

(36)

and from the second equation given that λ is great enough by absolute value, we
�nd u2:

u2 = −K1/2
( 1

λ2
K − 1

λ
Λ +M

)−1

C21A
1/2u1.

Substituting this expression for u2 into the �rst equation of system (36), we obtain
the following spectral problem[
I + λ2g−1A− λ2A1/2C12M

−1/2
(
I − 1

λ
M−1/2ΛM−1/2+

+
1

λ2
M−1/2KM−1/2

)−1

M−1/2C21A
1/2

]
u1 = 0.(37)

From Neumann's theorem on inversion of an operator close to the unit one (see [7,
Ch. 4, � 5, S. 4, Theorem5]), it follows that problems (36) and (37) are equivalent if∥∥∥∥ 1

λ
M−1/2ΛM−1/2 − 1

λ2
M−1/2KM−1/2

∥∥∥∥ ≤ ∥∥M−1/2
∥∥2 ·

(
‖Λ‖
|λ|

+
‖K‖
|λ|2

)
< 1,

or

|λ|2 − |λ| ·
∥∥M−1/2

∥∥2 · ‖Λ‖ −
∥∥M−1/2

∥∥2 · ‖K‖ > 0,

or

|λ| >

∥∥M−1/2
∥∥2 · ‖Λ‖+

√∥∥M−1/2
∥∥4 · ‖Λ‖2 + 4

∥∥M−1/2
∥∥2 · ‖K‖

2
=: R.(38)

In the area {λ : |λ| > R} taking into account [7, Ch. 4, � 5, S. 4, Theorem5], the
spectral problem (37) can be transformed in the following way:

(39)

[
I + λ2(g−1A−A1/2C12M

−1C21A
1/2)− λA1/2C12M

−1ΛM−1C21A
1/2+

+A1/2C12M
−1KM−1C21A

1/2 −
∞∑
n=2

1

λn−2
A1/2C12M

−1/2
(
M−1/2ΛM−1/2−

− 1

λ
M−1/2KM−1/2

)n
M−1/2C21A

1/2

]
u1 = 0.

We rewrite problem (39) in the form

l(λ)u1 = 0, l(λ) := I + λ2C +A1/2F (λ)A1/2,(40)

C := g−1A−A1/2C12M
−1C21A

1/2 = g−1A1/2
(
I − gC12M

−1C21

)
A1/2,

F (λ) := −λC12M
−1ΛM−1C21 + C12M

−1KM−1C21−

−
∞∑
n=2

1

λn−2
C12M

−1/2
(
M−1/2ΛM−1/2 − 1

λ
M−1/2KM−1/2

)n
M−1/2C21.
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We will prove that the operator I−gC12M
−1C21 is positive de�nite. Taking into

account the de�nition of the operators C12, C21 (see (35)), the studied operator can
be written in the following way:

I − gC12M
−1C21 = I −R−1M−1Eh,SPρ =

= diag
(
I −m−1

1 Ph,S1
e

(1)
1 Pρ1 , . . . , I −m−1

n Ph,Sn
e

(n)
1 Pρn

)
.

To prove that the operator I − gC12M
−1C21 is positive de�nite, it su�ces to prove

that the operators I −m−1
l Ph,Sl

e
(l)
1 Pρl , l = 1, n are positive de�nite. We write these

operators in the following way:

(41) I −m−1
l Ph,Sl

e
(l)
1 Pρl = I −

ρl
(
·, e(l)

1

)
Gh,Sl

(Ωl)
Ph,Sl

e
(l)
1

ml
=

= I−
ρl‖Ph,Sl

e
(l)
1 ‖2Gh,Sl

(Ωl)

ml

(
·, Ph,Sl

e
(l)
1

‖Ph,Sl
e

(l)
1 ‖Gh,Sl

(Ωl)

)
Gh,Sl

(Ωl)

Ph,Sl
e

(l)
1

‖Ph,Sl
e

(l)
1 ‖Gh,Sl

(Ωl)

=:

=: I −
ρl‖Ph,Sl

e
(l)
1 ‖2Gh,Sl

(Ωl)

ml
Pl.

Note that the following estimate is true:

‖Ph,Sl
e

(l)
1 ‖2Gh,Sl

(Ωl)
< ‖e(l)

1 ‖2L2(Ωl)
=

∫
Ωl

|e(l)
1 |2 dΩl = |Ωl|, l = 1, n.

Due to this estimate and (41), we �nd that for every ∇Φl ∈ Gh,Sl
(Ωl),(

(I −m−1
l Ph,Sl

e
(l)
1 Pρl)∇Φl,∇Φl

)
Gh,Sl

(Ωl)
= ((I − Pl)∇Φl,∇Φl)Gh,Sl

(Ωl)+

+

(
1− ρl

ml
‖Ph,Sl

e
(l)
1 ‖2Gh,Sl

(Ωl)

)
(Pl∇Φl,∇Φl)Gh,Sl

(Ωl) >

>

(
1− ρl

ml
|Ωl|
)

(Pl∇Φl,∇Φl)Gh,Sl
(Ωl) + ((I − Pl)∇Φl,∇Φl)Gh,Sl

(Ωl) >

>

(
1− mf,l

ml

){
(Pl∇Φl,∇Φl)Gh,Sl

(Ωl) + ((I − Pl)∇Φl,∇Φl)Gh,Sl
(Ωl)

}
=

=

(
1− mf,l

ml

)
(∇Φl,∇Φl)Gh,Sl

(Ωl).

This and the inequality ml > mf,l imply the required statement.
We write the operator C in the following way:

C = g−1A1/2
(
I − gC12M

−1C21

)
A1/2 =

=
(
g−1/2(I − gC12M

−1C21)1/2A1/2
)∗(

g−1/2(I − gC12M
−1C21)1/2A1/2

)
.

By the theorem on polar decomposition (see, for example, [6, Ch. 6, � 2, S. 7]), there
exists a partially isometric operator U such that

g−1/2(I − gC12M
−1C21)1/2A1/2 = UC1/2,

g−1/2A1/2(I − gC12M
−1C21)1/2 = C1/2U∗.
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From here we obtain the following representations for the operator A1/2:

A1/2 = g1/2C1/2U∗(I − gC12M
−1C21)−1/2 =(42)

= g1/2(I − gC12M
−1C21)−1/2UC1/2.

For every arbitrarily small ε > 0 and number R de�ned in (38), we de�ne the
sectors Λ±R,ε := {λ : |λ| > R, | arg λ± π/2| < ε, −π < arg λ < π}.

For the problem (40), we verify that the conditions of the theorem by M.B.Ora-
zov (see [24, Ch. 7, � 7.3, Lemma7.7] or [25, p. 412, Lemma3]) are ful�lled. We prove
that if λ ∈ Λ±R,ε, then

T (λ) := (I − λC1/2)−1A1/2F (λ)A1/2(I + λC1/2)−1 −→ 0 as λ→∞.(43)

We preliminary estimate the norm of the bordering operators for λ ∈ Λ±R,ε:∥∥(I ± λC1/2)−1
∥∥ =

∥∥∥± λ−1
(
C1/2 ± 1

λ

)−1∥∥∥ =

∣∣λ−1
∣∣

dist
(
∓ λ−1, σ(C1/2)

) ≤
≤

∣∣λ−1
∣∣∣∣Im(∓λ−1)
∣∣ =

∣∣λ−1
∣∣∣∣λ−1

∣∣ cos(arg λ)
≤ 1

cos ε
.(44)

Using the representation (42), estimate (44), obvious relation ‖F (λ)‖ = O(|λ|)
(λ→∞) (see (40)), and Lemma 3.3 from the paper by A. S.Markus, V. I.Matsaev
(see [17, � 3, Lemma3.3, estimate (3.1)]), we �nd that

‖T (λ)‖ = ‖(I − λC1/2)−1A1/2F (λ)A1/2(I + λC1/2)−1‖ =

= ‖(I − λC1/2)−1C1/2 · g1/2U∗(I − gC12M
−1C21)−1/2 · F (λ)×

× g1/2(I − gC12M
−1C21)−1/2U · (I + λC1/2)−1C1/2‖ ≤

≤ 4g|λ|−2 · ‖F (λ)‖ ·max
{

1;
∥∥(I + λC1/2)−1

∥∥} ·max
{

1;
∥∥(I − λC1/2)−1

∥∥}×
× ‖(I − gC12M

−1C21)−1/2‖2 ≤

≤ 4g|λ|−2 · ‖F (λ)‖ ·
(

1

cos ε

)2

‖(I − gC12M
−1C21)−1/2‖2 = O(|λ|−1)

given λ ∈ Λ±R,ε, λ→∞. From here follows (43).
To apply the mentioned theorem by M.B.Orazov, we only need to show that

the operator C has a power asymptotics of eigenvalues. We write this operator in
the form of a di�erence of two operators:

C = g−1A−A1/2C12M
−1C21A

1/2 = (gQγn)−1 − M−1(Qγn)−1/2Ph,SPρ(Qγn)−1/2

g
.

From the review by M. Sh.Birman, M. Z. Solomjak (see [3, � 7]), it follows that
the asymptotics of eigenvalues of the operator (gQlγn,l)

−1 has the form

λk
(
(gQlγn,l)

−1
)

=
|Γl|
gπ

k−1(1 + o(1)) (k →∞).

Then from the representation Qγn = diag(Q1γn,1, . . . , Qnγn,n) we obtain that
the eigenvalues of the operator (gQγn)−1 have the following asymptotics

λk
(
(gQγn)−1

)
=

( n∑
l=1

gπ

|Γl|

)−1

k−1(1 + o(1)) (k →∞).
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We introduce the operators

T1 := (gQγn)−1, T2 := (gM)−1(Qγn)−1/2Ph,SPρ(Qγn)−1/2.

These operators are non-negative, since their s-numbers coincide with their eigenvalues.
The operator T2 is �nite dimensional, hence all its eigenvalues, except for a �nite
number, equal zero. Therefore, we have

sk(T1) = λk(T1) =

( n∑
l=1

gπ

|Γl|

)−1

k−1(1 + o(1)) (k →∞),

sk(T2) = λk(T2) = o(k−1) (k →∞).

Then from the theorem by Ky Fan (see [4, Ch. 2, � 2, S. 5, Theorem2.3 ]) it follows
that

λk(C) = λk(T1 − T2) =

( n∑
l=1

gπ

|Γl|

)−1

k−1(1 + o(1)) (k →∞).(45)

Thus, by the theorem by M.B.Orazov, we obtain that the studied spectral
problem (33) has in the strip {0 ≤ Reλ ≤ α̃c−1} two branches of eigenvalues
with the following asymptotic behavior:

λ
(±i)
k = ±iλ−1/2

k (C)(1 + o(1)) (k →∞).

From here and (45) follows the formula from the formulation of the theorem. �

Theorem 6. The system of root elements of problem (29) forms the Abel-Lidsky
basis with brackets in the Hilbert space H of order β > 1.

Proof. We transform the spectral problem (29) into the form(
C−1B − iC−1P − (−iλ)I

)
z = 0.

We perform a substitution of the spectral parameter −iλ =: µ and obtain the
problem (

C−1B − iC−1P − µI
)
z = 0.(46)

We introduce the operators

A := A0 +A1, A0 := C−1B, A1 := −iC−1P.

The operator A0 is self-adjoint in the energy space HC of the operator C. Using
the reasoning similar to the one performed in Theorem 5, we show that the spectrum
of the operator A0 is discreet and has the following asymptotic distribution:

µ±k (C−1B) = ±
( n∑
l=1

gπ

|Γl|

)1/2

k1/2(1 + o(1)) (k →∞).(47)

The operator A1 is bounded in the space HC . From here it follows that the
operator A1A−q0 is bounded in HC given q = 0:

‖A1A−q0 ‖L(HC) = ‖A1‖L(HC) <∞.

From (47) and Theorem 6.2.4 (see [2, p. 106 ]), that applies for the case when the
eigenvalues of the operator A0 have two accumulation points ±∞, we obtain that
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the system of root elements of the spectral problem (29) forms the Abel-Lidsky
basis with brackets of order β, where

β > β0 =
1

p
− (1− q) = 2− (1− 0) = 1.

The de�nition of the notion of the Abel-Lidsky basis is quite enormous and is
not provided here. One can learn about this method of summing by root elements
in detail, for example, in [2, p. 106 ]. �
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