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À.Å. ÌÀÌÎÍÒÎÂ, Ä.À. ÏÐÎÊÓÄÈÍ

Abstract. The problem of one-dimensional unsteady motion of a heat-
conducting viscous compressible multi�uid (mixture of perfect gases)
on a bounded interval is considered, and the viscosity matrix is not
assumed to be diagonal. The �rst step is made in proving the solvability
of this problem: the local solvability of the approximate problem (for the
Galerkin approximations) is shown.

Keywords: multicomponent viscous perfect gas, existence theorem, Ga-
lerkin method.

1. Ââåäåíèå

Ìàòåìàòè÷åñêàÿ òåîðèÿ äâèæåíèÿ ìíîãîêîìïîíåíòíûõ æèäêîñòåé/ãàçîâ
(ñìåñåé æèäêîñòåé/ãàçîâ) â ïîñëåäíèå äâà äåñÿòèëåòèÿ ïîëó÷èëà çíà÷èòåëü-
íîå ðàçâèòèå. Òåì íå ìåíåå, â ýòîé òåîðèè åùå íå ðåøåí ðÿä âàæíûõ âîïðîñîâ.
Îäèí èç íèõ � ýòî ðàçðåøèìîñòü êðàåâûõ çàäà÷ î äâèæåíèè ìíîãîêîìïîíåíò-
íûõ òåïëîïðîâîäíûõ ãàçîâ. Ýòî êàñàåòñÿ êàê ìíîãîìåðíûõ äâèæåíèé (äëÿ êî-
òîðûõ ìîæíî ðàññ÷èòûâàòü íà ðàçðåøèìîñòü â êëàññå ñëàáûõ ðåøåíèé), òàê è
îäíîìåðíûõ, äëÿ êîòîðûõ åñòåñòâåííî ñòðåìèòüñÿ ê äîêàçàòåëüñòâó ñóùåñòâî-
âàíèÿ ñèëüíûõ è ãëàäêèõ ðåøåíèé, èõ åäèíñòâåííîñòè, èçó÷åíèþ êà÷åñòâåííûõ

Mamontov, A.E., Prokudin, D.A., Local solvability of an approximate problem

for one-dimensional equations of dynamics of viscous compressible heat-conducting

multifluids.
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ñâîéñòâ è ò. ä. Îæèäàåìûå ðåçóëüòàòû ÿâëÿþòñÿ àíàëîãàìè òàêîâûõ, ïîëó-
÷åííûõ äëÿ îäíîêîìïîíåíòíûõ æèäêîñòåé/ãàçîâ â 1970-90-å ãã. (â îäíîìåðíîì
ñëó÷àå) � ñì. íàïðèìåð [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11]. Íåñìîòðÿ íà
óêàçàííóþ àíàëîãè÷íîñòü, ïðÿìîé ïåðåíîñ ðåçóëüòàòîâ òóò íåâîçìîæåí èç-çà
ïðèíöèïèàëüíî èíîé ñòðóêòóðû âÿçêèõ ÷ëåíîâ � íàëè÷èÿ (íåäèàãîíàëüíîé)
ìàòðèöû âÿçêîñòåé. Ðåçóëüòàòû, ïîëó÷åííûå ðàíåå äëÿ ñìåñåé (ñì. íàïðèìåð
[12], [13]), êàñàëèñü òîëüêî ñëó÷àÿ äèàãîíàëüíîé ìàòðèöû.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à îá îäíîìåðíîì íåñòàöèîíàðíîì
äâèæåíèè òåïëîïðîâîäíîé ñìåñè âÿçêèõ ñæèìàåìûõ æèäêîñòåé (ñîâåðøåííûõ
ãàçîâ) íà îãðàíè÷åííîì èíòåðâàëå, ïðè÷åì ìàòðèöà âÿçêîñòåé íå ïðåäïîëàãà-
åòñÿ äèàãîíàëüíîé. Äåëàåòñÿ ïåðâûé øàã â äîêàçàòåëüñòâå ðàçðåøèìîñòè ýòîé
çàäà÷è � ïîêàçàíà ëîêàëüíàÿ ðàçðåøèìîñòü ïðèáëèæåííîé çàäà÷è (äëÿ ãàëåð-
êèíñêèõ ïðèáëèæåíèé). Â ñëåäóþùåé ðàáîòå ïëàíèðóåòñÿ ïîëó÷èòü íåîáõîäè-
ìûå îöåíêè è äîêàçàòü ãëîáàëüíîå ñóùåñòâîâàíèå êàê ïðèáëèæåííûõ ðåøåíèé,
òàê è (ïîñëå ïðåäåëüíîãî ïåðåõîäà) ðåøåíèé èñõîäíîé çàäà÷è.

Îòìåòèì, ÷òî áëèçêèé ê ñîâðåìåííîìó îáçîð îäíîìåðíûõ ðåçóëüòàòîâ ïî
ñìåñÿì ìîæíî íàéòè â [14], à àíàëîãè÷íûå áàðîòðîïíûå (íåòåïëîïðîâîäíûå)
çàäà÷è ðàññìîòðåíû â [15], [16].

2. Ôîðìóëèðîâêà äèôôåðåíöèàëüíûõ çàêîíîâ ñîõðàíåíèÿ

Äâèæåíèå â îãðàíè÷åííîé ëèïøèöåâîé îáëàñòè Ω ⊂ R3 ñìåñè èç N > 2
âÿçêèõ ñæèìàåìûõ òåïëîïðîâîäíûõ æèäêîñòåé ñ òå÷åíèåì âðåìåíè t ∈ [0, T ],
T = const > 0, îïèñûâàåòñÿ ñëåäóþùåé ñèñòåìîé óðàâíåíèé â ÷àñòíûõ ïðîèç-
âîäíûõ:

∂ρi
∂t

+ div(ρiui) = 0, i = 1, . . . , N,(2.1)

∂(ρiui)

∂t
+ div(ρiui ⊗ ui) +∇pi = div Si + J i + ρif i, i = 1, . . . , N,(2.2)

∂E
∂t

+ div

(
N∑
i=1

Eiui

)
+ div

(
q −

N∑
i=1

Siui +

N∑
i=1

piui

)
=

N∑
i=1

ρif i · ui + ρg.(2.3)

Óðàâíåíèÿ (2.1)�(2.3) ïðåäñòàâëÿþò ñîáîé ñîîòâåòñòâåííî ìàòåìàòè÷åñêèå
ôîðìóëèðîâêè çàêîíîâ ñîõðàíåíèÿ ìàññû äëÿ êàæäîé êîìïîíåíòû, çàêîíîâ
ñîõðàíåíèÿ èìïóëüñà äëÿ êàæäîé êîìïîíåíòû è çàêîíà ñîõðàíåíèÿ ïîëíîé

ýíåðãèè äëÿ ñìåñè. Çäåñü ρi > 0 � ïëîòíîñòü i-é êîìïîíåíòû; ρ =

N∑
i=1

ρi � ñóì-

ìàðíàÿ ïëîòíîñòü; ui � ñêîðîñòü i-é êîìïîíåíòû; Ei =
ρi|ui|2

2
+ ρiei � ïîëíàÿ

ýíåðãèÿ i-é êîìïîíåíòû, ãäå ei � âíóòðåííÿÿ óäåëüíàÿ ýíåðãèÿ i-é êîìïîíåíòû;
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E =

N∑
i=1

Ei � ñóììàðíàÿ ïîëíàÿ ýíåðãèÿ; pi � äàâëåíèå â i-é êîìïîíåíòå;

Si =

N∑
j=1

((λijdivuj)I + 2µijD(uj)) =

=

N∑
j=1

(
(ηijdivuj)I + 2µij

(
D(uj)−

1

3
(divuj)I

))(2.4)

� âÿçêàÿ ÷àñòü òåíçîðà íàïðÿæåíèé â i-é êîìïîíåíòå, ãäå I � åäèíè÷íûé òåí-

çîð, D(v) =
1

2
((∇⊗ v) + (∇⊗ v)∗) � òåíçîð ñêîðîñòåé äåôîðìàöèé âåêòîðíîãî

ïîëÿ v (âåðõíèé èíäåêñ ∗ îçíà÷àåò òðàíñïîíèðîâàíèå), à ÷èñëîâûå êîýôôèöè-
åíòû âÿçêîñòåé λij , µij è ηij îáðàçóþò ñëåäóþùèå ìàòðèöû:

M = {µij}Ni,j=1 > 0, Λ = {λij}Ni,j=1, H = {ηij}Ni,j=1 = Λ +
2

3
M > 0,(2.5)

îòêóäà â ÷àñòíîñòè ñëåäóåò, ÷òî

N = {νij}Ni,j=1 = Λ + 2M > 0;(2.6)

äàëåå,

J i =

N∑
j=1

aij(uj − ui), aij = aji, i, j = 1, . . . , N(2.7)

� ïðèòîê èìïóëüñà â i-þ êîìïîíåíòó èç îñòàëüíûõ êîìïîíåíò; f i � ïëîòíîñòü
âíåøíèõ ìàññîâûõ ñèë, äåéñòâóþùèõ èç âíåøíåé ñðåäû íà i-þ êîìïîíåíòó;

q = −k(θ)∇θ(2.8)

� ñóììàðíûé òåïëîâîé ïîòîê, ãäå θ > 0 � òåìïåðàòóðà ñìåñè, k � òåïëîïðî-
âîäíîñòü; íàêîíåö, g � ïëîòíîñòü òåïëîâûõ èñòî÷íèêîâ âíåøíåé ñðåäû.

Ñèñòåìà (2.1)�(2.3) îïèñûâàåò äîñòàòî÷íî ïðîèçâîëüíûå äâèæåíèÿ ñìåñåé,
âêëþ÷àÿ ñëó÷àè êîãäà êîìïîíåíòû ñìåñè ïëîõî ïåðåìåøàíû, è ïîòîìó èõ ñêî-
ðîñòè, êîíöåíòðàöèè è äàâëåíèÿ îòëè÷àþòñÿ ñóùåñòâåííî îò ðàâíîâåñíûõ çíà-
÷åíèé. Åäèíñòâåííîå ïðåäïîëîæåíèå î ðàâíîâåñíîñòè, óæå íàëîæåííîå â ïðè-
âåäåííîé ìîäåëè, ñîñòîèò â ãèïîòåçå î ðàâåíñòâå òåìïåðàòóð ôàç, áëàãîäàðÿ
÷åìó íåò íåîáõîäèìîñòè çàïèñûâàòü óðàâíåíèÿ ýíåðãèè äëÿ êàæäîé êîìïîíåí-
òû, è ìîæíî îáîéòèñü îäíèì óðàâíåíèåì (2.3).

3. Ïðèáëèæåííûå äèôôåðåíöèàëüíûå çàêîíû ñîõðàíåíèÿ

Ïðåäïîëîæèì, ÷òî1

(1) div(ρi(ui − v)) = 0 â óðàâíåíèÿõ (2.1), ãäå v =

N∑
j=1

βjuj � ñðåäíåâçâå-

øåííàÿ ñêîðîñòü, βi = const ∈ (0, 1),

N∑
j=1

βj = 1;

1Â ðàìêàõ ïðèâåäåííûõ ïðåäïîëîæåíèé äâèæåíèå ñìåñè â çíà÷èòåëüíîé ñòåïåíè õàðàê-
òåðèçóåòñÿ óñðåäíåííûìè è/èëè ñóììàðíûìè õàðàêòåðèñòèêàìè (ñêîðîñòüþ v, ïëîòíîñòüþ
ρ, äàâëåíèåì p, òåìïåðàòóðîé θ), îäíàêî íàñ èíòåðåñóþò òàêæå è îòäåëüíûå ïëîòíîñòè ρi è
ñêîðîñòè ui êîìïîíåíò.
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(2) div(ρi(ui − v) ⊗ ui) − J i + ∇(pi − βip) = 0 â óðàâíåíèÿõ (2.2), ãäå

p =

N∑
j=1

pj � ñóììàðíîå äàâëåíèå;

(3) div

(
N∑
i=1

Ei(ui − v) +

N∑
i=1

(pi − βip)ui

)
= 0 â óðàâíåíèÿõ (2.3).

Â ðåçóëüòàòå ïîëó÷àåì ñëåäóþùèå óðàâíåíèÿ:

∂ρi
∂t

+ div (ρiv) = 0, i = 1, . . . , N,(3.1)

∂(ρiui)

∂t
+ div (ρiv ⊗ ui) + βi∇p = div Si + ρif i, i = 1, . . . , N,(3.2)

∂E
∂t

+ div (Ev) + div

(
q −

N∑
i=1

Siui + pv

)
=

N∑
i=1

ρif i · ui + ρg(3.3)

äëÿ N + 1 ñêàëÿðíûõ (ρi, i = 1, . . . , N , è θ) è N âåêòîðíûõ (ui, i = 1, . . . , N) �
ò. å. âñåãî 4N + 1 ñêàëÿðíûõ � íåèçâåñòíûõ ôóíêöèé, ïðè óñëîâèè, ÷òî p è ei,
i = 1, . . . , N , êàêèì-òî îáðàçîì çàäàíû êàê ôóíêöèè îò ρ1, . . . , ρN , θ.

Çàìå÷àíèå 1. Óðàâíåíèÿ (3.1)�(3.3) äîïóñêàþò ýêâèâàëåíòíóþ çàïèñü

∂ρi
∂t

+ v · ∇ρi + ρidivv = 0, i = 1, . . . , N,(3.4)

ρi
∂ui

∂t
+ ρi(∇⊗ ui)

∗v + βi∇p = div Si + ρif i, i = 1, . . . , N,(3.5)

N∑
i=1

(
ρi
∂

∂t

(
|ui|2

2
+ ei

)
+ ρiv · ∇

(
|ui|2

2
+ ei

))
+

+div

(
q −

N∑
i=1

Siui + pv

)
=

N∑
i=1

ρif i · ui + ρg

(3.6)

((∇⊗ ui)
∗v = (v · ∇)ui), â êîòîðîé âèäåí îáùèé äëÿ âñåõ óðàâíåíèé ñèñòåìû

îïåðàòîð ìàòåðèàëüíîé ïðîèçâîäíîé
d

dt
=

∂

∂t
+ v · ∇.

Çàìå÷àíèå 2. Èç (3.1) è (3.2) âûòåêàåò óðàâíåíèå áàëàíñà êèíåòè÷åñêîé
ýíåðãèè äëÿ êàæäîé êîìïîíåíòû ñìåñè

∂

∂t

ρi|ui|2

2
+ div

(
ρi|ui|2

2
v

)
+ βiui · ∇p =

= ui · div Si + ρiui · f i, i = 1, . . . , N.

(3.7)

Ïîýòîìó, óðàâíåíèå ýíåðãèè (3.3) ìîæíî çàïèñàòü â ñëåäóþùåé ýêâèâàëåíò-
íîé ôîðìå:

∂

∂t

N∑
i=1

ρiei + div

(
N∑
i=1

ρieiv

)
+ pdivv + divq =

N∑
i=1

Si : D(ui) + ρg.(3.8)
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4. Îïðåäåëÿþùèå ñîîòíîøåíèÿ è óðàâíåíèÿ

äëÿ òåìïåðàòóðû è ýíòðîïèè

Ïðåäïîëîæèì, ÷òî pi = pi(ρi, θ), ei = ei(ρi, θ), si = si(ρi, θ), i = 1, . . . , N ,
ãäå si � óäåëüíàÿ ýíòðîïèÿ i-é êîìïîíåíòû. Îïðåäåëÿþùèå óðàâíåíèÿ, ñâÿçû-
âàþùèå òåðìîäèíàìè÷åñêèå ïàðàìåòðû ìåæäó ñîáîé, îáÿçàíû óäîâëåòâîðÿòü
îïðåäåëåííûì îãðàíè÷åíèÿì, â ÷àñòíîñòè, ñîîòíîøåíèÿì Ãèááñà

θdsi = dei + pid

(
1

ρi

)
, i = 1, . . . , N,(4.1)

÷òî ýêâèâàëåíòíî ñîîòíîøåíèÿì Ìàêñâåëëà

ρ2
i

∂ei
∂ρi

= pi − θ
∂pi
∂θ

, i = 1, . . . , N.(4.2)

Êðîìå òîãî, äîëæíû âûïîëíÿòüñÿ óñëîâèÿ òåðìîäèíàìè÷åñêîé óñòîé÷èâîñòè

∂pi
∂ρi

> 0,
∂ei
∂θ

> 0, i = 1, . . . , N.(4.3)

Òåïåðü óðàâíåíèå (3.3)=(3.8) ìîæíî çàïèñàòü â ñëåäóþùèõ ýêâèâàëåíòíûõ
ôîðìàõ:

N∑
i=1

∂ei
∂θ

(
∂(ρiθ)

∂t
+ div(ρiθv)

)
+ divq =

N∑
i=1

Si : D(ui)− θ
∂p

∂θ
divv + ρg,(4.4)

∂

∂t

N∑
i=1

ρisi + div

(
N∑
i=1

ρisiv

)
+ div

(q
θ

)
=

1

θ

N∑
i=1

Si : D(ui)−
q · ∇θ
θ2

+
ρg

θ
.(4.5)

5. ×àñòíûé âèä îïðåäåëÿþùèõ óðàâíåíèé

Áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíû óðàâíåíèÿ ñîñòîÿíèÿ èäåàëüíîãî ãàçà

pi(ρi, θ) = Riρiθ, ei(ρi, θ) = ciθ, i = 1, . . . , N,(5.1)

ãäå Ri > 0 � ãàçîâàÿ ïîñòîÿííàÿ i�îé êîìïîíåíòû, Ri =
R

Mi
, Mi � ìîëÿð-

íàÿ ìàññà i�îé êîìïîíåíòû, R � óíèâåðñàëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ, ci > 0 �

óäåëüíàÿ òåïëîåìêîñòü i�îé ñîñòàâëÿþùåé, ci =
νiRi

2
, ãäå νi � ÷èñëî ñòåïåíåé

ñâîáîäû ìîëåêóë. Ïðè ýòîì óñëîâèÿ (4.2)�(4.3) î÷åâèäíî âûïîëíåíû. Èç (4.1)
íàõîäèì

si(ρi, θ) = ln

(
θci

ρRi
i

)
+ s0i, i = 1, . . . , N,(5.2)

ãäå s0i � ïðîèçâîëüíûå ïîñòîÿííûå. Óðàâíåíèå (4.4) â ýòîì ñëó÷àå ïðèìåò
ñëåäóþùèé âèä:

∂(ρcθ)

∂t
+ div (ρcθv) + divq + θρRdivv =

N∑
i=1

Si : D(ui) + ρg,(5.3)

ãäå ρc =

N∑
j=1

cjρj , ρR =

N∑
j=1

Rjρj .
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Çàìå÷àíèå 3. È ñ ôèçè÷åñêîé òî÷êè çðåíèÿ, è ñ ìàòåìàòè÷åñêèõ ïîçèöèé
íåîáõîäèìî îáåñïå÷èòü íåîòðèöàòåëüíîñòü ïðîèçâîäñòâà ýíòðîïèè. Îáùàÿ
ýíòðîïèÿ ñèñòåìû

S =

N∑
i=1

∫
Ω

ρisidx(5.4)

äîëæíà íå óáûâàòü ñî âðåìåíåì â ñëó÷àå åå òåðìîäèíàìè÷åñêîé çàìêíóòî-
ñòè. Èç (2.8), (4.5) è óñëîâèé ui|∂Ω = 0, i = 1, . . . , N , q · n|∂Ω = 0, ãäå ∂Ω �
ãðàíèöà îáëàñòè Ω, n � âåêòîð åäèíè÷íîé âíåøíåé íîðìàëè ê Ω, ïîëó÷àåì

dS

dt
=

∫
Ω

1

θ

N∑
i=1

Si : D(ui)dx+

∫
Ω

k(θ)|∇θ|2

θ2
dx+

∫
Ω

ρg

θ
dx.(5.5)

Òàêèì îáðàçîì, äîñòàòî÷íî ïîòðåáîâàòü âûïîëíåíèÿ óñëîâèÿ

k > 0,(5.6)

à òàêæå ñëåäóþùåãî óñëîâèÿ äëÿ òåíçîðîâ âÿçêèõ íàïðÿæåíèé:

N∑
i=1

Si : D(ui) > 0.(5.7)

Îäíàêî â ðàìêàõ óñëîâèé íà ìàòðèöû âÿçêîñòåé, ïåðå÷èñëåííûõ â (2.5), âû-
ïîëíåíèå (5.7) î÷åâèäíî, ââèäó ðàâåíñòâà

N∑
i=1

Si : D(ui) =

N∑
i,j=1

(
ηij(divui)(divuj)+

+2µij

(
D(ui)−

1

3
(divui)I

)
:
(
D(uj)−

1

3
(divuj)I

))
.

(5.8)

Êðîìå òîãî èç óñëîâèé (2.5) (ñì. (2.6)), â ñèëó ui|∂Ω = 0, i = 1, . . . , N , ñëåäóåò
âàæíîå íåðàâåíñòâî

N∑
i=1

∫
Ω

Si : (∇⊗ ui) dx > B0

N∑
i=1

∫
Ω

|∇ ⊗ ui|2 dx(5.9)

ñ íåêîòîðîé ïîëîæèòåëüíîé ïîñòîÿííîé B0 = B0(Λ,M).

6. Ïîñòàíîâêà íà÷àëüíî-êðàåâîé çàäà÷è

Â îáëàñòè QT = (0, T )× (0, 1) ðàññìîòðèì ñèñòåìó óðàâíåíèé äëÿ îïðåäåëå-
íèÿ ôóíêöèé (ρ1, . . . , ρN , u1, . . . , uN , θ):

∂ρi
∂t

+
∂(ρiv)

∂x
= 0, i = 1, . . . , N, v =

N∑
j=1

βjuj ,(6.1)

∂(ρiui)

∂t
+
∂(ρivui)

∂x
+ βi

∂(ρRθ)

∂x
=

=

N∑
j=1

νij
∂2uj
∂x2

, i = 1, . . . , N, ρR =

N∑
j=1

Rjρj ,

(6.2)
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∂(ρcθ)

∂t
+
∂(ρcvθ)

∂x
+ ρRθ

∂v

∂x
= k

∂2θ

∂x2
+

+

N∑
i,j=1

νij

(
∂ui
∂x

)(
∂uj
∂x

)
, ρc =

N∑
j=1

cjρj .

(6.3)

â êîòîðîé êîýôôèöèåíòû βi, νij , Ri, ci, k � ïîñòîÿííûå âåëè÷èíû, ïðè÷åì ïðè
âñåõ i = 1, . . . , N

βi ∈ (0, 1),

N∑
j=1

βj = 1, Ri > 0, ci > 0, k > 0,

N = {νij}Ni,j=1 > 0, N = N∗.

(6.4)

Â íà÷àëüíûé ìîìåíò âðåìåíè ïóñòü çàäàíî ðàñïðåäåëåíèå äëÿ ïëîòíîñòåé, ñêî-
ðîñòåé è òåìïåðàòóðû

ρi|t=0 = ρ0i(x), ui|t=0 = u0i(x), i = 1, . . . , N,

θ|t=0 = θ0(x), x ∈ [0, 1].
(6.5)

Íà ãðàíèöå (0, 1) ó÷èòûâàþòñÿ óñëîâèÿ

ui|x=0 = ui|x=1 = 0, i = 1, . . . , N,
∂θ

∂x

∣∣∣∣
x=0

=
∂θ

∂x

∣∣∣∣
x=1

= 0.(6.6)

Íà÷àëüíûå äàííûå óäîâëåòâîðÿþò óñëîâèÿì

(ρ01, . . . , ρ0N , u01, . . . , u0N , θ0) ∈W 1
2 (0, 1), ρ0i > 0, i = 1, . . . , N,

θ0 > 0, u0i(0) = u0i(1) = 0, i = 1, . . . , N.
(6.7)

Ðåøåíèå çàäà÷è (6.1)�(6.6) áóäåì èñêàòü â êëàññå ôóíêöèé (i = 1, . . . , N)

(6.8)

ρi ∈ L∞(0, T ;W 1
2 (0, 1)),

∂ρi
∂t
∈ L∞(0, T ;L2(0, 1)),

ui, θ ∈ L∞(0, T ;W 1
2 (0, 1))

⋂
L2(0, T ;W 2

2 (0, 1)),

∂ui
∂t

,
∂θ

∂t
∈ L2(QT ),

ïðè÷åì ρi è θ ñòðîãî ïîëîæèòåëüíû.

7. Ïîñòàíîâêà ïðèáëèæåííîé çàäà÷è

Ìû áóäåì äîêàçûâàòü ëîêàëüíóþ ïî âðåìåíè ðàçðåøèìîñòü íà÷àëüíî-êðà-
åâîé çàäà÷è, ïîëó÷åííîé èç çàäà÷è (6.1)�(6.6) ñ ïîìîùüþ ìåòîäà Ãàëåðêèíà
(i = 1, . . . , N , k = 1, . . . ,m, s = 1, . . . ,m, m ∈ N):

(7.1)
∂ρi
∂t

+
∂(ρiv)

∂x
= 0, v =

N∑
j=1

βjuj ,
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(7.2)

1∫
0

(
ρi

(∂ui
∂t

+ v
∂ui
∂x

)
+ βi

∂(ρRθ)

∂x
−

−
N∑
j=1

νij
∂2uj
∂x2

)
ωk(x) dx = 0, ρR =

N∑
j=1

Rjρj ,

(7.3)

1∫
0

(
ρc

(∂θ
∂t

+ v
∂θ

∂x

)
− k ∂

2θ

∂x2
−

N∑
i,j=1

νij

(∂ui
∂x

)(∂uj
∂x

)
+

+ρRθ
∂v

∂x

)
ξs(x) dx = 0, ρc =

N∑
j=1

cjρj ,

(7.4) ρi|t=0 = ρ0i(x),

(7.5)

ui =
m∑
j=1

ψij(t)ωj(x), θ =

m∑
j=1

ηj(t)ξj(x),

ui|t=0 =

m∑
j=1

ψ0ijωj(x), θ|t=0 =

m∑
j=1

η0jξj(x),

ãäå ωk(x) = sin(πkx), ξs(x) = cos(π(s− 1)x), ψik(0) = ψ0ik = 2

1∫
0

u0i(x)ωk(x) dx,

ηs(0) = η0s = 2

1∫
0

θ0(x)ξs(x) dx.

Èñêîìîå ðåøåíèå áóäåò ïîñòðîåíî êàê íåïîäâèæíàÿ òî÷êà îïåðàòîðà Λ, êî-
òîðûé ñòðîèòñÿ äàëåå.

8. Îïåðàòîð Λ ïðèáëèæåííîé çàäà÷è

Â ïðîñòðàíñòâå (C[0, tm])(N+1)m, ãäå tm ∈ (0, T ] ïîêà ïðîèçâîëüíî, ðàññìîò-
ðèì ìíîæåñòâî

B =
{

(ψ,η) ∈ (C[0, tm])(N+1)m| (ψ,η)(0) = (ψ0,η0),

‖(ψ,η)‖(C[0,tm])(N+1)m 6 b
}
,

ãäå
ψ = (ψ1, . . . ,ψN ), η = (η1, . . . , ηN ), ψ0 = (ψ01, . . . ,ψ0N ),

η0 = (η01, . . . , η0m), ψi = (ψi1, . . . , ψim), ψ0i = (ψ0i1, . . . , ψ0im), i = 1, . . . , N,

b2 = 8

N∑
i=1

(
sup
(0,1)

|u0i|+ 1

)2

+ 18

(
sup
(0,1)

θ0

)2

.

è ïîñòðîèì îïåðàòîð Λ : B → (C[0, tm])(N+1)m, Im Λ ⊂ (C1[0, tm])(N+1)m,
Λ(ψ,η) = (Ψ,Φ), ãäå Ψ = (Ψ1, . . . ,ΨN ), Ψi = (Ψi1, . . . ,Ψim), i = 1, . . . , N ,
Φ = (Φ1, . . . ,Φm), ïî ñëåäóþùåìó àëãîðèòìó.
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Íà ïåðâîì øàãå íàéäåì ôóíêöèè

ρi ∈ L∞
(
0, tm;W 1

2 (0, 1)
)⋂

W 1
∞
(
0, tm;L2(0, 1)

)
, ρi > 0, i = 1, . . . , N,

êàê ðåøåíèÿ çàäà÷ Êîøè (7.1), (7.4), ãäå ui, i = 1, . . . , N , çàäàþòñÿ ïî ôîðìóëàì
(7.5). Ïðè ýòîì ñïðàâåäëèâû íåðàâåíñòâà

(8.1)

(
inf
(0,1)

ρ0i

)
exp

−
N∑
j=1

t∫
0

sup
(0,1)

∣∣∣∣∂uj∂x

∣∣∣∣ dτ
 6 ρi(x, t) 6

6

(
sup
(0,1)

ρ0i

)
exp


N∑
j=1

t∫
0

sup
(0,1)

∣∣∣∣∂uj∂x

∣∣∣∣ dτ
 , i = 1, . . . , N,

êîòîðûå, â ñèëó òîãî, ÷òî ‖ψ‖(C[0,tm])Nm 6 b, äàþò îöåíêè (i = 1, . . . , N)

(8.2)

(
inf
(0,1)

ρ0i

)
exp

{
−πm2bNtm

}
6 ρi(x, t) 6

(
sup
(0,1)

ρ0i

)
exp

{
πm2bNtm

}
.

Íà âòîðîì øàãå îïðåäåëèì ôóíêöèþ (Ψ,Φ) èç ñëåäóþùåé çàäà÷è Êîøè äëÿ
ñèñòåìû (N + 1)m îáûêíîâåííûõ íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ïåðâîãî ïîðÿäêà (k = 1, . . . ,m, i = 1, . . . , N, s = 1, . . . ,m):

(8.3)

1∫
0

ρi ∂Ui

∂t
+ ρi

 N∑
j=1

βjuj

 ∂Ui

∂x
+ βi

∂(ρRΘ)

∂x
−

N∑
j=1

νij
∂2Uj

∂x2

ωk dx = 0,

1∫
0

(
ρc
∂Θ

∂t
+ ρc

 N∑
j=1

βjuj

 ∂Θ

∂x
− k∂

2Θ

∂x2
−

N∑
i,j=1

νij

(
∂Ui

∂x

)(
∂Uj

∂x

)
+

+ρRΘ

N∑
j=1

βj
∂Uj

∂x

)
ξs(x) dx = 0,

(8.4) (Ψ,Φ)(0) = (ψ0,η0),

ãäå Ui =

m∑
j=1

Ψij(t)ωj(x), i = 1, . . . , N , Θ =

m∑
j=1

Φj(t)ξj(x), ρR =

N∑
j=1

Rjρj ,

ρc =

N∑
j=1

cjρj . Íåðàâåíñòâà

detAi 6= 0, i = 1, . . . , N + 1,

ãäå

Ai(t) =


1∫

0

ρiωjωk dx


m

j,k=1

, i = 1, . . . , N, AN+1(t) =


1∫

0

ρcξjξs dx


m

j,s=1

,

âûïîëíåííûå â ñèëó ïîëîæèòåëüíîñòè ρi, i = 1, . . . , N , ïîçâîëÿåò ðàçðåøèòü ñè-
ñòåìó (8.3) îòíîñèòåëüíî ïðîèçâîäíûõ, ÷òî îáîñíîâûâàåò ñóùåñòâîâàíèå ôóíê-
öèè (Ψ,Φ) ∈ (C1[0, tm])(N+1)m.
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Òàêèì îáðàçîì, äëÿ íåêîòîðîãî tm ∈ (0, T ] îïðåäåëåí îïåðàòîð
Λ : B → (C1[0, tm])(N+1)m ⊂ (C[0, tm])(N+1)m, Λ(ψ,η) = (Ψ,Φ), íåïîäâèæíàÿ
òî÷êà êîòîðîãî (åñëè îíà ñóùåñòâóåò), âìåñòå ñ ñîîòâåòñòâóþùèìè ôóíêöèÿìè
ρi, i = 1, . . . , N , äàåò ðåøåíèå çàäà÷è (7.1)�(7.5).

Äàëåå ìû ïîêàæåì, ÷òî ïðè äîñòàòî÷íî ìàëîì tm îïåðàòîð Λ óäîâëåòâîðÿåò
óñëîâèÿì òåîðåìû Øàóäåðà (ñì. [17], ñòð. 31).

9. Êîìïàêòíîñòü îïåðàòîðà Λ

Äîêàæåì ñíà÷àëà êîìïàêòíîñòü îïåðàòîðà Λ. Óìíîæàÿ (8.3)1 íà
dΨik(t)

dt
,

(8.3)2 íà
dΦs(t)

dt
è ñóììèðóÿ, äëÿ ôóíêöèé

y1(t) =
k

2

1∫
0

(
∂Θ

∂x

)2

dx+
1

2

N∑
i,j=1

νij

1∫
0

(
∂Ui

∂x

)(
∂Uj

∂x

)
dx,

y2(t) =

t∫
0

1∫
0

(
N∑
i=1

ρi

(
∂Ui

∂τ

)2

+ ρc

(
∂Θ

∂τ

)2
)
dxdτ,

âûâîäèì ñîîòíîøåíèå2

(9.1)

y′1 + y′2 =

1∫
0

− N∑
i=1

ρi

(
∂Ui

∂x

)(
∂Ui

∂t

) N∑
j=1

βjuj

+ ρRΘ

N∑
i=1

βi
∂2Ui

∂t∂x
−

−ρRΘ

 N∑
j=1

βj
∂Uj

∂x

(∂Θ

∂t

)
+

 N∑
i,j=1

νij

(
∂Ui

∂x

)(
∂Uj

∂x

)(∂Θ

∂t

)
−

−ρc

 N∑
j=1

βjuj

(∂Θ

∂x

)(
∂Θ

∂t

) dx.

Èç ïðåäñòàâëåíèÿ

Θ = Θ|t=0 +

t∫
0

∂Θ

∂τ
dτ

ïîëó÷èì îöåíêó

(9.2)

1∫
0

Θ2dx 6 B1(1 + ty2),

2Çäåñü èñïîëüçîâàëàñü ñèììåòðè÷íîñòü ìàòðèöû N.
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ãäå3 B1 = B1

({
inf
(0,1)

ρ0j

}
, sup
(0,1)

θ0, {cj}, N, T, b,m

)
. Ïðîèçâåäåì îöåíêè ñëàãàå-

ìûõ â ïðàâîé ÷àñòè (9.1) ñ ïîìîùüþ (8.2), (9.2) è íåðàâåíñòâà Êîøè:∣∣∣∣∣∣−
N∑
i=1

1∫
0

ρi

(
∂Ui

∂x

)(
∂Ui

∂t

) N∑
j=1

βjuj

 dx

∣∣∣∣∣∣ 6 1

10
y′2 +B2y1,

∣∣∣∣∣∣
N∑
i=1

βi

1∫
0

ρRΘ

(
∂2Ui

∂t∂x

)
dx

∣∣∣∣∣∣ 6 1

10
y′2 +B3(1 + ty2),

∣∣∣∣∣∣−
1∫

0

ρRΘ

 N∑
j=1

βj
∂Uj

∂x

(∂Θ

∂t

)
dx

∣∣∣∣∣∣ 6 1

10
y′2 +B4y1(1 + y2),

∣∣∣∣∣∣
1∫

0

 N∑
i,j=1

νij

(
∂Ui

∂x

)(
∂Uj

∂x

)(∂Θ

∂t

)
dx

∣∣∣∣∣∣ 6 1

10
y′2 +B5y

2
1 ,

∣∣∣∣∣∣−
1∫

0

ρc

 N∑
j=1

βjuj

(∂Θ

∂x

)(
∂Θ

∂t

)
dx

∣∣∣∣∣∣ 6 1

10
y′2 +B6y1,

ãäå B2 = B2

({
sup
(0,1)

ρ0j

}
,N, N, T, b,m

)
,

B3 = B3

(
B1,

{
sup
(0,1)

ρ0j

}
,

{
inf
(0,1)

ρ0j

}
, {Rj}, N, T, b,m

)
,

B4 = B4

(
B1,

{
sup
(0,1)

ρ0j

}
,

{
inf
(0,1)

ρ0j

}
, {Rj}, {cj},N, N, T, b,m

)
,

B5 = B5

({
inf
(0,1)

ρ0j

}
, {cj},N, N, T, b,m

)
,

B6 = B6

({
sup
(0,1)

ρ0j

}
, {cj}, N, T, b, k,m

)
. Òàêèì îáðàçîì, èç (9.1) ïîëó÷àåì

íåðàâåíñòâî

(9.3) z′ 6 B7(B2, B3, B4, B5, B6)
(
1 + z2

)
,

ãäå z(t) = y1(t) +
1

2
y2(t), z(0) 6 B8

(
‖θ0‖W 1

2 (0,1),N, N, b, k
)
, èíòåãðèðóÿ êîòîðîå

ïî âðåìåíè îò 0 äî äîñòàòî÷íî ìàëîãî tm:

(9.4) tm 6 min

{
1

2B7
arctg

(
1

B8

)
, T

}
,

âûâîäèì îöåíêó

(9.5) z(t) 6 B9(B8).

3Çäåñü è äàëåå áóêâîé B ñ èíäåêñàìè áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå âåëè÷èíû, çàâè-
ñÿùèå îò âåëè÷èí, óêàçàííûõ â ñêîáêàõ èëè èíîãäà óêàçàííûõ èíûì îáðàçîì.
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Íåðàâåíñòâî (9.5), â ÷àñòíîñòè, âëå÷åò îöåíêè
∂Ui

∂t
, i = 1, . . . , N ,

∂Θ

∂t
â

L2(0, tm;L2(0, 1)). Òàêèì îáðàçîì, ïîëó÷åíà îöåíêà (Ψ,Φ) â (W 1
2 (0, tm))(N+1)m.

Ñëåäîâàòåëüíî, Λ ÿâëÿåòñÿ êîìïàêòíûì îïåðàòîðîì.

10. Îáëàñòü äåéñòâèÿ îïåðàòîðà Λ

Óñòàíîâèì, ÷òî Λ(B) ⊂ B. Áóäåì ñ÷èòàòü ÷èñëî m íàñòîëüêî áîëüøèì, ÷òî-
áû âûïîëíÿëèñü íåðàâåíñòâà

(10.1) |Ui|t=0| < sup
(0,1)

|u0i|+ 1, i = 1, . . . , N, 0 <
1

2
inf
(0,1)

θ0 < Θ|t=0 < 2 sup
(0,1)

θ0.

Ïîñêîëüêó èç (9.5) ñëåäóþò îöåíêè
∂Ui

∂t
, i = 1, . . . , N ,

∂θ

∂t
â L2(0, tm;C[0, 1]), òî

ýòî âìåñòå ñ (10.1) äàåò âûáîðîì ìàëîñòè tm íåðàâåíñòâà

(10.2) |Ui| < 2 sup
(0,1)

|u0i|+ 2, i = 1, . . . , N, 0 <
1

4
inf
(0,1)

θ0 < Θ < 3 sup
(0,1)

θ0.

Òîãäà èç (10.2) íàõîäèì, ÷òî

(10.3) ‖(Ψ,Φ)‖(C[0,tm])(N+1)m 6 b.

Òàêèì îáðàçîì îïåðàòîð Λ îòîáðàæàåò ìíîæåñòâî B â ñåáÿ.

11. Íåïðåðûâíîñòü îïåðàòîðà Λ

Óñòàíîâèì íåïðåðûâíîñòü îïåðàòîðà Λ èç B â (C[0, tm])(N+1)m. Ïóñòü

(ψ,η)(1,2) ∈ B, (Ψ,Φ)(1,2) = Λ((ψ,η)(1,2)), u
(1,2)
i =

m∑
s=1

ψ
(1,2)
is ωs,

θ(1,2) =

m∑
s=1

η(1,2)
s ξs, U

(1,2)
i =

m∑
s=1

Ψ
(1,2)
is ωs, i = 1, . . . , N , Θ(1,2) =

m∑
s=1

Φ(1,2)
s ξs.

Äàëåå ïóñòü ρ
(1,2)
i � ðåøåíèÿ çàäà÷ Êîøè (7.1), (7.4), ãäå âìåñòî ui ñòîèò u

(1,2)
i

ñîîòâåòñòâåííî. Îáîçíà÷èì ρi = ρ
(1)
i − ρ

(2)
i , ui = u

(1)
i − u

(2)
i , Ui = U

(1)
i − U (2)

i ,

i = 1, . . . , N , θ = θ(1) − θ(2), Θ = Θ(1) − Θ(2), v = v(1) − v(2), ρc = ρ
(1)
c − ρ(2)

c ,

ρR = ρ
(1)
R − ρ

(2)
R , ãäå v(1,2) =

N∑
j=1

βju
(1,2)
j , ρ(1,2)

c =

N∑
j=1

cjρ
(1,2)
j , ρ

(1,2)
R =

N∑
j=1

Rjρ
(1,2)
j .

Äèôôåðåíöèðóÿ4 ïî ïåðåìåííîé x óðàâíåíèÿ (7.1) äëÿ ρ
(1,2)
i , i = 1, . . . , N

(
ò. å.

óðàâíåíèÿ ∂tρ
(1,2)
i + ∂x

(
ρ

(1,2)
i v(1,2)

)
= 0, i = 1, . . . , N

)
, óìíîæàÿ íà ∂xρ

(1,2)
i ,

i = 1, . . . , N , èñïîëüçóÿ íà÷àëüíûå óñëîâèÿ ρ
(1,2)
i |t=0 = ρ0i, i = 1, . . . , N , è íåðà-

âåíñòâà (8.2) è Ãðîíóîëëà, ïîëó÷àåì îöåíêè

(11.1)
∥∥∥∂xρ(1,2)

i

∥∥∥
L2(0,1)

6 B10

(
‖ρ0i‖W 1

2 (0,1), N, b,m, tm

)
, i = 1, . . . , N.

4Äëÿ âûâîäà (11.1), òàêèì îáðàçîì, ôîðìàëüíî èñïîëüçóåòñÿ äîïîëíèòåëüíàÿ ãëàäêîñòü
ðåøåíèÿ, õîòÿ ñàìî ñîîòíîøåíèå (11.1) íèêàêèõ äîïîëíèòåëüíûõ òðåáîâàíèé íå ïðåäóñìàò-
ðèâàåò. Ýòî îçíà÷àåò, ÷òî (11.1) ìîæåò áûòü ïîëó÷åíî ïóòåì ðåãóëÿðèçàöèè ðåøåíèé, âû-
âîäà (11.1) äëÿ ðåøåíèé ïîëó÷èâøèõñÿ çàäà÷, à çàòåì ïðåäåëüíîãî ïåðåõîäà ïî ïàðàìåòðó
ðåãóëÿðèçàöèè.



ËÎÊÀËÜÍÀß ÐÀÇÐÅØÈÌÎÑÒÜ ÏÐÈÁËÈÆÅÍÍÎÉ ÇÀÄÀ×È 943

Çàìåòèì, ÷òî èç (7.1), (7.4) ñëåäóþò ðàâåíñòâà

(11.2) ∂tρi + ∂x

(
ρiv

(1)
)

+ ∂x

(
ρ

(2)
i v

)
= 0, ρi|t=0 = 0, i = 1, . . . , N.

Óìíîæàÿ (11.2) íà ρi, i = 1, . . . , N , èíòåãðèðóÿ ïî x ∈ (0, 1), íàõîäèì ïðè âñåõ
i = 1, . . . , N

(11.3)

1

2

d

dt

1∫
0

ρ2
i dx = −

1∫
0

(1

2
ρ2
i

(
∂xv

(1)
)

+ ρ
(2)
i ρi(∂xv)+

+
(
∂xρ

(2)
i

)
ρiv
)
dx 6

1

2

(
sup
(0,1)

∣∣∣∂xv(1)
∣∣∣ 1∫

0

ρ2
i dx+

+ sup
(0,1)

ρ
(2)
i

1∫
0

(
ρ2
i + (∂xv)2

)
dx+ sup

(0,1)

v2

1∫
0

(
∂xρ

(2)
i

)2

dx+

+

1∫
0

ρ2
i dx

)
6 B11

(
B10, sup

(0,1)

ρ0i, N, b,m, tm

)( 1∫
0

ρ2
i dx+

N∑
j=1

1∫
0

u2
j dx

)
.

Èç (11.3), ïðèìåíÿÿ íåðàâåíñòâî Ãðîíóîëëà è ó÷èòûâàÿ íà÷àëüíûå óñëîâèÿ â
(11.2), âûâîäèì íåðàâåíñòâà äëÿ âñåõ t ∈ (0, tm]

(11.4)

1∫
0

ρ2
i dx 6 B12(B11, tm)

N∑
j=1

t∫
0

1∫
0

u2
j dxdτ, i = 1, . . . , N.

Äàëåå, èç óðàâíåíèé äëÿ U
(1,2)
i , i = 1, . . . , N (ñì. (8.3)1) ââèäó (7.1) ñëåäóåò äëÿ

âñåõ t ∈ (0, tm] ñîîòíîøåíèå

(11.5)

1

2

N∑
i=1

1∫
0

ρ
(1)
i U2

i dx+

N∑
i,j=1

νij

t∫
0

1∫
0

(
∂Ui

∂x

)(
∂Uj

∂x

)
dxdτ =

=

N∑
i=1

βi

t∫
0

1∫
0

ρ
(1)
R Θ

(
∂Ui

∂x

)
dxdτ +

N∑
i=1

βi

t∫
0

1∫
0

ρRΘ(2)

(
∂Ui

∂x

)
dxdτ−

−
N∑
i=1

t∫
0

1∫
0

ρiUi

(
∂U

(2)
i

∂τ

)
dxdτ −

N∑
i=1

t∫
0

1∫
0

ρ
(1)
i vUi

(
∂U

(2)
i

∂x

)
dxdτ−

−
N∑
i=1

t∫
0

1∫
0

ρiv
(2)Ui

(
∂U

(2)
i

∂x

)
dxdτ.
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Ïåðâîå ñëàãàåìîå â ëåâîé ÷àñòè (11.5), ââèäó (8.2), äîïóñêàåò îöåíêó

(11.6)
1

2

N∑
i=1

1∫
0

ρ
(1)
i U2

i dx >
1

2
min

16i6N

{
inf
(0,1)

ρ0i

}
exp

{
−πm2bNtm

} N∑
i=1

1∫
0

U2
i dx.

Èñïîëüçóÿ íåðàâåíñòâî Êîøè ñ ìàëûì ìíîæèòåëåì, (6.4) è (8.2), äëÿ ïåðâîãî
ñëàãàåìîãî â ïðàâîé ÷àñòè (11.5) ïîëó÷àåì ñîîòíîøåíèå

(11.7)

N∑
i=1

βi

t∫
0

1∫
0

ρ
(1)
R Θ

(
∂Ui

∂x

)
dxdτ 6

6
1

4

N∑
i,j=1

νij

t∫
0

1∫
0

(
∂Ui

∂x

)(
∂Uj

∂x

)
dxdτ+

+B13

(
{Ri},

{
sup
(0,1)

ρ0i

}
,N, N,m, b, tm

) t∫
0

1∫
0

Θ2 dxdτ.

Äëÿ âòîðîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (11.5), èñïîëüçóÿ (6.4), (11.4), íåðàâåí-

ñòâî ‖(Ψ(2),Φ(2))‖(C[0,tm])(N+1)m 6 b è íåðàâåíñòâî Êîøè ñ ìàëûì ìíîæèòåëåì,
ïîëó÷àåì íåðàâåíñòâî

(11.8)

N∑
i=1

βi

t∫
0

1∫
0

ρRΘ(2)

(
∂Ui

∂x

)
dxdτ 6

6
1

4

N∑
i,j=1

νij

t∫
0

1∫
0

(
∂Ui

∂x

)(
∂Uj

∂x

)
dxdτ+

+B14

(
B12, {Ri},N, N,m, b, tm

) N∑
i=1

t∫
0

1∫
0

u2
i dxdτ.

Òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè (11.5) îöåíèì ñ ïîìîùüþ (6.4), (8.2), (9.5),
(11.4) è íåðàâåíñòâà Êîøè ñ ìàëûì ìíîæèòåëåì:

(11.9)

−
N∑
i=1

t∫
0

1∫
0

ρiUi

(
∂U

(2)
i

∂τ

)
dxdτ 6

6 B15

(
B9, B12,

{
inf
(0,1)

ρ0i

}
, N,m, b, tm

) N∑
i=1

t∫
0

1∫
0

u2
i dxdτ+

+
1

4N
min

16i6N

{
inf
(0,1)

ρ0i

}
exp

{
−πm2bNtm

} N∑
i=1

sup
(0,t)

1∫
0

U2
i dx.
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Áëàãîäàðÿ (8.2), íåðàâåíñòâó Êîøè è îöåíêå ‖(Ψ(2),Φ(2))‖(C[0,tm])(N+1)m 6 b,

äëÿ ÷åòâåðòîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (11.5) ïîëó÷àåì ñîîòíîøåíèå

(11.10)

−
N∑
i=1

t∫
0

1∫
0

ρ
(1)
i vUi

(
∂U

(2)
i

∂x

)
dxdτ 6

6 B16

 N∑
i=1

t∫
0

1∫
0

u2
i dxdτ +

N∑
i=1

t∫
0

1∫
0

U2
i dxdτ

 ,

ãäå B16 = B16

({
sup
(0,1)

ρ0i

}
, N, b,m, tm

)
. Íàêîíåö, èñïîëüçóÿ (11.4), íåðàâåíñòâà

‖(ψ(2),η(2))‖(C[0,tm])(N+1)m 6 b, ‖(Ψ(2),Φ(2))‖(C[0,tm])(N+1)m 6 b è íåðàâåíñòâî

Êîøè, äëÿ ïîñëåäíåãî ñëàãàåìîãî â ïðàâîé ÷àñòè (11.5) âûâîäèì

(11.11)

−
N∑
i=1

t∫
0

1∫
0

ρiv
(2)Ui

(
∂U

(2)
i

∂x

)
dxdτ 6

6 B17

 N∑
i=1

t∫
0

1∫
0

u2
i dxdτ +

N∑
i=1

t∫
0

1∫
0

U2
i dxdτ

 ,

ãäå B17 = B17(B12, N, b,m, tm). Òàêèì îáðàçîì, èç (11.5), ñ ó÷åòîì
(11.6)�(11.11), ñëåäóåò íåðàâåíñòâî

(11.12)

N∑
i=1

1∫
0

U2
i dx 6 B18

( N∑
i=1

t∫
0

1∫
0

u2
i dxdτ+

+

N∑
i=1

t∫
0

1∫
0

U2
i dxdτ +

t∫
0

1∫
0

Θ2 dxdτ
)
,

ãäå B18 = B18

(
B13, B14, B15, B16, B17,

{
inf
[0,1]

ρ0i

}
, N, b,m, tm

)
.
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Òåïåðü, èç óðàâíåíèé äëÿ Θ(1,2) (ñì. (8.3)2) ââèäó (7.1) ñëåäóåò äëÿ âñåõ
t ∈ (0, tm] ñîîòíîøåíèå

(11.13)

1

2

1∫
0

ρ(1)
c Θ2 dx+ k

t∫
0

1∫
0

(∂Θ

∂x

)2

dxdτ =

= −
t∫

0

1∫
0

ρcΘ
(∂Θ(2)

∂τ

)
dxdτ −

t∫
0

1∫
0

ρcv
(1)Θ

(∂Θ(2)

∂x

)
dxdτ−

−
t∫

0

1∫
0

ρ(2)
c vΘ

(∂Θ(2)

∂x

)
dxdτ +

N∑
i,j=1

νij

t∫
0

1∫
0

((∂U (1)
i

∂x

)(∂U (1)
j

∂x

)
−

−
(∂U (2)

i

∂x

)(∂U (2)
j

∂x

))
Θ dxdτ −

t∫
0

1∫
0

(
ρ

(1)
R Θ(1) ∂V

(1)

∂x
−

−ρ(2)
R Θ(2) ∂V

(2)

∂x

)
Θ dxdτ.

Äëÿ ïåðâîãî ñëàãàåìîãî â ëåâîé ÷àñòè (11.13), ââèäó (8.2), ïîëó÷àåì îöåíêó

(11.14)

1

2

1∫
0

ρ(1)
c Θ2 dx >

>
1

2
min

16i6N

{
inf
(0,1)

ρ0i

}( N∑
i=1

ci

)
exp

{
−πm2bNtm

} 1∫
0

Θ2 dx.

Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (11.13) îöåíèì ñ ïîìîùüþ (8.2), (9.5), (11.4)
è íåðàâåíñòâà Êîøè ñ ìàëûì ìíîæèòåëåì:

(11.15)

−
t∫

0

1∫
0

ρcΘ

(
∂Θ(2)

∂τ

)
dxdτ 6 B19

N∑
i=1

t∫
0

1∫
0

u2
i dxdτ+

+
1

4
min

16i6N

{
inf
(0,1)

ρ0i

}( N∑
i=1

ci

)
exp

{
−πm2bNtm

}
sup
(0,t)

1∫
0

Θ2 dx,

ãäå B19 = B19

(
B9, B12,

{
inf
(0,1)

ρ0i

}
, {ci}, N,m, b, tm

)
. Áëàãîäàðÿ (11.4), íåðàâåí-

ñòâó Êîøè è îöåíêå ‖(Ψ(1),Φ(2))‖(C[0,tm])(N+1)m 6 b, äëÿ âòîðîãî ñëàãàåìîãî â
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ïðàâîé ÷àñòè (11.13) ïîëó÷àåì ñîîòíîøåíèå

(11.16)

−
t∫

0

1∫
0

ρcv
(1)Θ

(
∂Θ(2)

∂x

)
dxdτ 6

6 B20

 N∑
i=1

t∫
0

1∫
0

u2
i dxdτ +

t∫
0

1∫
0

Θ2 dxdτ

 ,

ãäå B20 = B20(B12, {ci}, N,m, b, tm). Òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè (11.13)

îöåíèì ñ ïîìîùüþ (8.2), îöåíêè ‖(Ψ(2),Φ(2))‖(C[0,tm])(N+1)m 6 b è íåðàâåíñòâà
Êîøè:

(11.17)

−
t∫

0

1∫
0

ρ(2)
c vΘ

(
∂Θ(2)

∂x

)
dxdτ 6

6 B21

 N∑
i=1

t∫
0

1∫
0

u2
i dxdτ +

t∫
0

1∫
0

Θ2 dxdτ

 ,

ãäå B21 = B21

({
sup
(0,1)

ρ0i

}
, {ci}, N,m, b, tm

)
. Èñïîëüçóÿ íåðàâåíñòâî Êîøè è

îöåíêè ‖(Ψ(1,2),Φ(1,2))‖(C[0,tm])(N+1)m 6 b, äëÿ ÷åòâåðòîãî ñëàãàåìîãî â ïðàâîé

÷àñòè (11.13) ïîëó÷àåì ñîîòíîøåíèå

(11.18)

N∑
i,j=1

νij

t∫
0

1∫
0

((
∂U

(1)
i

∂x

)(
∂U

(1)
j

∂x

)
−

(
∂U

(2)
i

∂x

)(
∂U

(2)
j

∂x

))
Θ dxdτ =

=

N∑
i,j=1

νij

t∫
0

1∫
0

(
∂Ui

∂x

)(
∂U

(1)
j

∂x

)
Θ dxdτ+

+

N∑
i,j=1

νij

t∫
0

1∫
0

(
∂U

(2)
i

∂x

)(
∂Uj

∂x

)
Θ dxdτ 6

6 B22(N, N, b,m)

 N∑
i=1

t∫
0

1∫
0

U2
i dxdτ +

t∫
0

1∫
0

Θ2 dxdτ

 .

Íàêîíåö, èñïîëüçóÿ (8.2), (11.4), íåðàâåíñòâà ‖(Ψ(1),Φ(1,2))‖(C[0,tm])(N+1)m 6 b è

íåðàâåíñòâî Êîøè, äëÿ ïîñëåäíåãî ñëàãàåìîãî â ïðàâîé ÷àñòè (11.13) âûâîäèì
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(11.19)

−
t∫

0

1∫
0

(
ρ

(1)
R Θ(1) ∂V

(1)

∂x
− ρ(2)

R Θ(2) ∂V
(2)

∂x

)
Θ dxdτ =

= −
t∫

0

1∫
0

ρRΘ(1) ∂V
(1)

∂x
Θ dxdτ −

t∫
0

1∫
0

ρ
(2)
R

∂V (1)

∂x
Θ2 dxdτ−

−
t∫

0

1∫
0

ρ
(2)
R Θ(2) ∂V

∂x
Θ dxdτ 6 B23

( N∑
i=1

t∫
0

1∫
0

u2
i dxdτ+

+

t∫
0

1∫
0

Θ2 dxdτ
)
,

ãäå B23 = B23

(
B12,

{
sup
(0,1)

ρ0i

}
, {Ri}, N, b,m, tm

)
. Â ðåçóëüòàòå, èç (11.13), ñ ó÷å-

òîì (11.14)�(11.19), ñëåäóåò íåðàâåíñòâî

(11.20)

1∫
0

Θ2 dx 6 B24

( N∑
i=1

t∫
0

1∫
0

u2
i dxdτ+

+

N∑
i=1

t∫
0

1∫
0

U2
i dxdτ +

t∫
0

1∫
0

Θ2 dxdτ
)
,

ãäå B24 = B24

(
B19, B20, B21, B22, B23,

{
inf
[0,1]

ρ0i

}
, {ci}, N, b,m, tm

)
.

Ñêëàäûâàÿ íåðàâåíñòâà (11.12), (11.20) è èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà,
ïîëó÷àåì îöåíêó

N∑
i=1

1∫
0

U2
i dx+

1∫
0

Θ2 dx 6 B25(B18, B24, tm)

N∑
i=1

tm∫
0

1∫
0

u2
i dxdt,

à îòñþäà ñëåäóåò íåðàâåíñòâî

‖(Ψ,Φ)‖(C[0,tm])(N+1)m 6 B26(B25, tm)‖(ψ,η)‖(C[0,tm])(N+1)m ,

îáîñíîâûâàþùåå íåïðåðûâíîñòü îïåðàòîðà Λ íà B.

12. Çàâåðøåíèå äîêàçàòåëüñòâà

Ïîñêîëüêó îïåðàòîð Λ óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû Øàóäåðà, òî â B
ñóùåñòâóåò íåïîäâèæíàÿ òî÷êà (ψ,η) îïåðàòîðà Λ, îïðåäåëÿþùàÿ (âìåñòå ñ ñî-
îòâåòñòâóþùèìè ôóíêöèÿìè ρi, i = 1, . . . , N) ðåøåíèå çàäà÷è (7.1)�(7.5).
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