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Abstract. We provide some new sharp assertions on the action of Toeplitz

Tϕ operator in new F p,qα type spaces of analytic functions of several complex

variables extending previously known assertions proved by various authors.

1. Introduction

Let Un be the unit polydisk in Cn, Un = {z ∈ Cn : |z| < 1, j = 1, . . . n}. Let

further H(Un) be the space of all analytic functions in Un. Let further also

F p,qα (Un) =

{
f ∈ H(Un) : ‖f‖p

Fp,qα
=

∫
Tn

(∫
In
|f(rξ)|q(1− r)αq−1dr

) p
q

dξ <∞

}
,

where 0 < p, q <∞, α > 0, Tn = {|zj | = 1, j = 1, . . . n}, In = (0, 1]× · · · × (0, 1],

dr = dr1 · · · drn, dξ = dξ1 · · · dξn, (1 − r)α =
∏n
k=1(1 − rk)α, rk ∈ (0, 1) be the

holomorphic Lizorkin-Triebel space, (see, for example, [2], [3], [6], [9], [10]). Note

for particular case p = q we have Bergman classical class, for q = 2 we have so-

called Hardy-Lizorkin spaceHp
β for some β that is, Hp

β = {f ∈ H(Un) : Dβf ∈ Hp},

0 < p ≤ ∞, β > 0, where Dβ is a fractional derivative of analytic f function in

Un. Note (see definitions bellow) for this particular cases the action of Tϕ classical

Toeplitz operator is well-studied in unit disk, unit ball and unit polydisk. We

study Tϕ operators in more general F p,qα type spaces in the polydisk. Our main
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sharp result provide some criteria for symbol of Tϕ to obtain boundednes of Tϕ in

mentioned type analytic spaces.

We define classical Hardy space Hp(Un), 0 < p ≤ ∞ as follows (see also, for

example, [1] and [2]). Let

Hp(Un) = {f ∈ H(Un) : ‖f‖Hp = sup
r∈In

Mp(f, r) <∞},

and

Mp(f, r) =

(∫
Tn
|f(rξ)|pdmn(ξ)

) 1
p

,

where rξ = (r1ξ1, . . . , rnξn) and dmn is a normalized Lebesgues measure on Tn,

rj ∈ (0, 1), j = 1, . . . , n. Note Mp(f, r) function is growing function by each rj

and we, for p =∞, obtain classical and well-studied class H∞(Un) of all bounded

analytic functions in Un (see for example [8] for this class of functions). Various

sharp results on action of Toeplitz operators can bee seen in papers of various

authors in various functional spaces in the unit ball and polydisk. We mention, for

example, the following papers [4], [5], where such type sharp results can be seen in

particular cases of F p,qα spaces namely in Bergman and in Hardy type spaces in the

unit ball and in the unit polydisk. We note similar type results in particular values

of parameters is well-known, (see, for example, [1], [2], [4], [5], [9]).

Such type sharp result on boundedness of Toeplitz operators also have various

applications (see, for example [1], [2], [5], [9]).

We remind the reader the standard definition of Toeplitz Th operators in the

unit polydisk.

Let h ∈ L1(Tn). Then we define Toeplitz Th operator as one integral operator

(Thf)(z) =
1

(2π)n

∫
Tn

f(ξ1, . . . , ξn)h(ξ1, . . . , ξn)∏n
k=1(1− ξ̄kzk)

dξ1 · · · dξn,

k = 1, . . . , n, zk ∈ U.
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Note that we can easily show F p,qα general mixed norm analytic function spaces

in the unit polydisk are Banach spaces for all values of p and q, if min(p, q) > 1

and they are complete metric spaces for all other values of p and q.

We stress that behavior of the operators in the unit polydisk is substantially

different from the action of Tϕ operators in the unit ball in Cn (see [1], [4], [5], [9]

for example). Our intention to set criteria for the action of Toeplitz Tϕ operators

from F p,qα,k(Un) into Bergman-Sobolev and Hardy-Lizorkin type spaces in the unit

polydisk, under the assumption that ϕ is holomorphic, ϕ ∈ H(Dn) (some restriction

on symbol of Toeplitz operator).

We define some new function spaces in the polydisk for formulation of our main

result in the polydisk. Let further dm2n be the normalized Lebesgues measure in

Un, Ds, 0 < s ≤ ∞ be the fractional derivative of holomorphic f function

(Dsf)(z) =
∑
|k|≥0

|Γ(s+ k + 1)Γ(s+ 1)

Γ(k + 1)
akz

k,

akz
k = ak1···kmz

k1

1 · · · zkmm , f(z) =
∑
|k|≥0 akz

k, z ∈ Un, Γ(α+1) =
∏m
j=1 Γ(αj +1),

αj > −1, j = 1, . . . ,m.

Note if f ∈ H(Un) then for any s ∈ N, Dsf ∈ H(Un). Let also F p,qα,k(Un) ={
f ∈ H(Un) : ‖Dkf‖Fp,qα

<∞
}
, 0 < p, q, α <∞, k ∈ N.

Asα,m(Un) = F s,sα/s,m =

=

{
f ∈ H(Un) : ‖f‖sAα,m =

∫
Un
|(Dmf)(z)|s (1− |z|)α−1dm2n(z) <∞

}
,

m ∈ N, 0 < s, α <∞ (Bergman-Sobolev space). Let further

Hs
m(Un) = {f ∈ H(Un) : ‖Dmf‖Hs <∞, m ∈ N, 0 < s <∞}

be analytic Hardy-Lizorkin space in the unit polydisk Un.
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Note it can easily shown that these both scales of analytic function spaces in the

unit polydisk are Banach spaces for all values of s, s ≥ 1 and they are complete

metric spaces for other values of s, s > 0.

Throughout the paper, we write C or c (with or without lower indexes) to denote

a positive constant which might be different at each occurrence (even in a chain of

inequalities), but is independent of the functions or variables being discussed.

2. Main results

We now formulate main results of this note.

Theorem 1. Let 0 < max(p, q) ≤ s, 1 < s < ∞, m, k ∈ N, k = α +
1

p
− 1

s
+

m

(
1− 1

s

)
. Then Tϕ̄ operator is bounded operator from F p,qα,k(Un) into Asm,m(Un)

if and only if ϕ ∈ H∞(Un) and ‖ϕ‖∞ ≤ ‖Tϕ̄‖.

Theorem 2. Let 0 < max(p, q) ≤ 1, 1 < s <∞, k =
1

p
−1

s
+α+m, k,m ∈ N. Then

Tϕ̄ operator is bounded from F p,qα,k(Un) into Hs
m(Un) if and only if ϕ ∈ H∞(Un)

and ‖ϕ‖∞ ≤ ‖Tϕ̄‖.

For the proof of our main results we need the following lemmas.

Lemma 1. Let f ∈ F p,qα,k(Un), s > 1, k ∈ N, 0 < p, q ≤ s and k =
(α+ 1

p )s− 1

s
+

+m(1− 1

s
). Then the following equality is valid

(∫
Un
|Dkf(w)|s(1− |w|)s(k−1)−(m−1)(1− 1

s )dm2n(w)

)1

s ≤

≤ c

∫
Tn

(∫
In
|Dkf(w)|q(1− |w|)αq−1d|w|

)p
q
dmn(ξ)


1

p

Remark 1. Note similar proof can be provided for a little bit general situation where

standard (1 − |w|)α type weights are replaced with w(r), r ∈ (0, 1) type weights

(see for these weights, for example, [4], [9]).
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Lemma 2. Let G ∈ H(Un), 1 < s <∞. Then the following estimates are valid

Ms(D
mG,R2) ≤ c(1−R)−mMs(G,R), R ∈ In, m ∈ N

Ms(G,R
2) ≤ c1(1−R)

1
s−1M1(G,R), R ∈ In.

Remark 2. Note it is well known that those estimates are valid for n = 1 case (see

[2], [5], [6], [9]).

Lemma 3. (see [11], [12]) Let f be analytic in 0 ≤ rj < |zj | < Rj, 1 ≤ j ≤ m and

f ∈ Cs continuous in closure of this domain. Then for 0 ≤ p ≤ q ≤ ∞, ρ ∈ (r,R)

‖fρ‖Hq ≤ c(m, p, q)
m∏
j=1

((ρj − rj), (Rj − ρj))
1
q−

1
p max

Vj = rj , Rj

j = 1, . . . ,m

‖fv‖Hp .

Lemma 4. (see [9], [10]) Let 0 < max(p, q) ≤ s <∞, α > 0. Then

(∫
Un
|f(w)|s(1− |w|)s(α+ 1

p )−2dm2n(w)

)1

s ≤ c‖f‖Fp,qα
.

Remark 3. It is easy to note that the same approach can be used to get criteria

on symbol ϕ, for which (Tϕ̄) operator is bounded from F p,qk,α into X, where X is a

different from Ams and Hs quazinormed subspace of H(Un).
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