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Abstract

In this work, we consider the inverse problem of finding a pair of the functions (u(z,t), f(t))
which satisfy the nonlinear pseudoparabolic equation with p—Laplacian and damping term

up — Auy — div (V'™ Vu) =y [u|” " u+ f(t)g(=, 1),

an initial and Dirichlet boundary conditions, and an integral overdetermintion condition. We
study the inverse problem in two cases: the coefficient of the damping term - |u\”72 u is a
positive (nonlinear source term) or negative (an absorption). In this both case, we establish
the global and local in time existence and uniqueness of the weak solution to this possed
inverse problem under suitable conditions on the exponents p, o, the dimension d, and the
data of the problem.

Keywords: Inverse problem, pseudoparabolic equation, p-Laplacian, damping term, global
and local existence, uniqueness.

1. Introduction

Let © be a bounded domain in R? with smooth boundary 992, and Q7 = {(z,t) : 7€ Q, 0<
t < T} is a cylinder with lateral I'p. In this paper, we study the following inverse problem of
determinig the pair of the functions (u(x,t), f(t)), which satisfy the pseudoparabolic equation
with p—Laplacian diffusion and damping

u — Auy — div (|VulP 2 Va) =y [ul" 2w+ f(t) - glz,t), in Qr, (1.1)
the initial condition
u(z,0) = ug(x) in Q, (1.2)
the Dirihlet boundary condition
u(z,t) =0 on I'p, (1.3)

*Corresponding author
Email addresses: konat_k@mail.ru (Kh. Khompysh), ajdossakir@gmail.com (A. Shakir)

Preprint submitted to Elsevier August 16, 2021



and the integral overdetermination condition

/(u-w—l—Vu-Vw)dx:e(t), t > 0. (1.4)

Here the coefficient v might be positive v > 0 either negative v < 0. The functions
g(x,t), uo(x), w(x), and e(t) are given. The exponents p is given positive number and
o is given function, such that

1<p, 0<oo. (1.5)

Applications of this problem deal with the recovery of unknown coefficient f(t), indicating
the intensity of an external source which unknown or impossible to measure during the
process. Inverse problems of determining the right-hand side of a differential equation arise
in the mathematical modeling of many physical phenomena, when an external source or
some of its parameters acting to the motion of the process are unknown or unacceptable for
measurement, for example, the source is in a high-temperature environment or underground,
etc. Equations like (1.1) with a one time derivative appearing in the highest order term are
called pseudo-parabolic or Sobolev equations, and arise in many areas of mathematics and
physics. For instance, they have been used, to model thermodynamics processes [24], fluid
flow in fissured rock [12], filtration in porous media [13], and nonsteady flow of second order
fluids [15], the motion of non-Newtonian fluids [3], [27], in particular, Kelvin-Voigt fluids
[6, 7] and many other physical phenomena.

In the case p = 2 and o = 2, the equation (1.1) becomes the classical pseudoparabolic
equation. To our knowledge, the inverse problems for pseudoparabolic equations have not
been studied a lot, see for classical pseudoparabolic equations [1], [10], [14], [19], [16], |21],
[22, 23], and for pseudoparabolic equations with p-Laplacian and other related equations [4],
2], [8], [17, 18], [26], and references therein.

Recently, Antontsev and et. in [4] have been considered the inverse problem (1.1)-(1.4) with
the special right-hand side in the form F(x,t) = f(t) - (w(x) — Aw(x)), where w(x) is the
same function appearing also in the overdetermination condition (1.4). It may restrict the
statement of the problem from mathematical and also physical view. Therefore, we consider
the inverse problem (1.1)-(1.4) with the right-hand side F'(x,t) = f(t)g(x,t), where g(z,t)
is an arbitrary function in L>(0,T; L*(Q2)). They have proved in [4] the local existence of
weak solution (without the uniqueness) under the following conditions on the exponents p, o
and the dimension d (see Theorem 3.2, [4]):

2d
o >p, 2<p<4,2<0<d

5 and d > 3.

The global existence is also established without proof. In this paper, we extend these results,
by considering all possible cases of exponents p, o, and the dimension d. We have also proved
the uniqueness of the weak solution in both cases of v > 0 either v < 0.

Here we applied the method that have been proposed by Vasin for Navier-Stokes equation
in [25] and used for pseudo-parabolic equation in [4].

2



The present paper is organized as follows. In Section 2, we introduce the some axillary
lemmas that we are used in this work. In Section 3, we prove that the initial inverse problem
(1.1)-(1.4) is equivalent to the direct problem (3.6)-(3.9) containing the nonlinear nonlocal
operator of u. The global and local in time existence of a weak solution to the direct problem
(3.6)-(3.9) with o = const is established in Section 4, when v > 0, and is established in
Section 5, when v < 0. For that we construct Galerkin’s approximations u™ and derive their
first and second estimates. Next using compactness arguments together with the monotony
method we realize a passage to the limit as n — oo. The Section 6 is devoted to the study
the uniqueness of the weak solution to the problem (3.6)-(3.9).

2. Preliminaries

In this section, we introduce some auxiliary lemmas and functional spaces that will be used
throughout the paper. For the definitions, notations of the function spaces and for their
properties, we address the reader also to the monographs [5, 20].

We use the classical and the following nonlinear Gronwall’s inequality ([5]) to establish the
first and second local estimates.

Lemma 2.1. If y : RT — [0, 00) is a continuous function such that
t

v <Ci [ Po)ds s Co tERE, >
0

for some positive constants C; and C5, then

1
(n—1)CrCy

’y(t) < (4 (1 — (,LL — 1)Clcgilt)_ﬁ for 0 <t <tpax =

The following another very important auxiliary lemma (see [11] or 9], Lemma 2.2., p. 1809.)
will be used to prove the uniqueness and passage to the limit in the Galerkin approximation.

Lemma 2.2. For all p € (1,00) and § > 0, there exist constants C; and C5, depending on
p and d, such that for all £, n € RY, d > 1, it

|l€[P72€ — [nl""n] < C1l€ —nl* (€] + [nl)"~*7° (2.1)

and

(I€P72¢ = n[P=n) - (€ —n) = Cal€ —nlT2 (€] + [n])P >+ (2.2)

3. Weak formulation

Assume that the data of the problem satisfy the following conditions
up(z) € WH(Q) N Wh?(Q) N L7 (Q); (3.1)
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lgo(t)] := ‘/g(m,t)w(x)dw >1p>0forall t>0; (3.2)

g(x,t) € L=(0,T; L*(Q)); (3.3)

e(t) € WH([0,T]), and /uo(x) -wdz = e(0). (3.4)
Q

w(x) € WHP(Q) N W, 2(Q) N L7(Q); (3.5)

Lemma 3.1. Under the conditions (3.2) and (3.5)-(3.4), the inverse problem (1.1)-(1.4)
is equivalent to the following problem for a nonlinear parabolic equation with nonlinear
nonlocal operator of the function u

— Auy — div (|Vu|p*2 Vu) =~ lul” > u+ f(t,u)g(x,t), in Qr, (3.6)
u(x,0) = ug(x), x € 0, (3.7)
u(z,t) =0, on I'r, (3.8)
where
ft,u) = 1(75) e'(t) + / Vul[""? Vu - Vw dz — fy/ lu|”?u - wdz | . (3.9)
9o

Proof. 1. Let the pair (u(z,t), f(t)) be a solution of the inverse problem (1.1)-(1.4). Multi-
plying both sides of (1.1) by w, and integrating by parts, we have

/(utw—i—Vuti dx—l—/\Vu\p Vu-Vw dx =

/|u!" *u-wdr + f(t )/ (x, t)wdz. 10

0
Using
/ (ww + VuVw) de = €'(t)
0

which follows from the overdetermination condition (1.4), and the assumption (3.2), we get
from (3.10) the equality (3.9).

2. Let now u(z,t) be a solution to the direct problem (3.6)-(3.8) with (3.9). It means that
the pair of functions (u, f) is satisfied the equations (1.1)-(1.3). Thus, the pair (u, f) to be
a solution of the inverse problem (1.1)-(1.4) it is sufficient to prove that the function u(x,t)



satisfies the overdetermination condition (1.4). Let us assume that for contradiction, i.e. the
overdetermination condition (1.4) doesn’t hold. Suppose that

/(uw + VuVw)dr = e (t), t > 0. (3.11)

where e;(t) # e(t) for all ¢ > 0. Thus, by the conditions (1.4) and (3.4), we have e;(t) €
W;([0,77]) and

e1(0) = [ (uow + VupyVw) dr = ¢(0)
[

Multiply (3.6) by w and integrating by parts and using (3.9), we get

e'l(t)+/|Vu]p2 Vu-Vw dx—’y/\u]"‘%-cudx = f(t,u)go(t), (3.12)

Q Q

where f(t,u) is defined in (3.9). Plugging (3.9) into (3.12) we obtain

el (t) + / IVul""* Vu - Vwdz — 7/ lu|”?u - wdr =
Q Q

(3.13)
e'(t) + / \Vul"* Vu - Vwdz — 7/ lu|”?u - wda.
Q Q
It follows that the following Cauchy problem for E(t) = ei(t) — e(t):
E'(t) =0, E(0)=e1(0)—¢e(0)=0, (3.14)
which yields that e;(t) = e(t) for all ¢ > 0. O

Definition 3.1. A function u(z,t) is a weak solution to the problem (3.6)-(3.9), if:

Lowe L®(0,T; W nW, N L7) N LP(Qr) N L7(Qr), u € L2(0,T; Wy *(Q));
2. u(0) = up a.e. in £
3. For every ¢ € W, N W, N L7(Q) and for a.a. t € (0,7 holds

d
o (up + Vu - Vo) dr + / |VulP~?Vu - Vodr = / (v]u|"?u+ f(t,u)g) edz.
0

Q Q

(3.15)



4. Global and local existence in the case: v > 0

In this section we consider the problem (3.6)-(3.9) when o is a constant such that
l1<o<oo

and
v > 0. (4.1)

The following theorems are hold.

Theorem 4.1. |Global existence| Let the conditions (3.1)-(3.4) and (4.1) be fulfilled and
assume, that

l1<o, p<2. (4.2)

Then there exists a global weak solution to the problem (3.6)-(3.9) in the sense of Defini-
tion 3.1. Moreover, the weak solutions satisfy the following estimates

t%ﬁqmu@w%Q+Hvu@H@Q)+HVU%QT+HMmQTS(L7 (4.3)
€0,
f;%“”vu@w59+“uQ”ﬂ@)+HUA@QT+”VUM%QTScbw (4.4)
€|0,

where C and () are positive constants depending on data of the problem.

Theorem 4.2. |Local existence|]. Let the conditions (3.1)-(3.4) and (4.1) be fulfilled and
assume that the condition

o <2, 2 ifd>2, 2"€(l,00)ifd=2 (4.5)

T d—2

holds together with one of the following conditions

2<0 or 2<np. (4.6)

Then there exists a time T, € (0,7"), such that the problem (3.6)-(3.9) has at least one weak
solution u(z,t) in the sense of Definition 3.1, where T, := T, and T5 is defined at (4.44)
below. Moreover, these weak solutions satisfy the estimates (4.3)-(4.4) for all ¢t € (0,7%)
with another positive constants C'; and Cy depending on data of the problem.

Remark 4.1. The condition (4.5) assures the passage to the limit as n — oo below, see
(4.56). We have assumed that the condition (4.6) is fulfilled, because we return to the
statement of the Theorem 4.1 in case p,o < 2.

Proof. The proof of these theorems consists of the steps: construction of Galerkin’s approx-
imations; obtain first and second a priory estimates; passage to limit.



4.1. Galerkin’s approzimations

Let {ty},cy be an orthonormal family in L?*(Q2) and a linear combinations are dense in
Vo= WP n WY N L(Q). Given n € N, let us consider the n-dimensional space V"

spanned by 1, ..., ¥,. For each n € N, we search for approximate solutions
u(z,t) = Zc?(t)@bj(x), Y, e VT, (4.7)
j=1
where the coefficients ¢} (), ..., c}(t) are defined as the solutions of the following n ordinary

differential equations derived from

/ (upthy, + Vuy Vb)) de + / (VU™ [P2Vu™ - Vb, dao+
0

“ (4.8)
27/ ™72 -y da + f (L") /9¢kd$,
Q Q
fork=1, 2, ..., n.
The system (4.8) of ODEs is supplemented with the following Cauchy data
u"(0) =wuy in Q. (4.9)
and assume that
ul — up(x) as n — oo in Wy2 N W N L7(Q). (4.10)

According to the general theory of nonlinear ODE, the problem (4.8)-(4.9) has a solution

cj(t) in [0,2o], where to € (0,T]. The solution can be extended to [0, 7] by a priory estimate

which we shall obtain below.

4.2. First and second a priory estimates

Let us consider the case (4.1). In this case we obtain the global a priori estimates.

Lemma 4.1. Assume that
up(z) € Wy (Q)

and the conditions (3.2)-(3.4), (4.1), (4.9)-(4.10) are fulfilled and
l<op<? (4.11)

holds. Then the following a priori estimate is valid for all ¢ € (0, 7]

n||2 n|2 n n||o
sup (I + 1V l30) + 190" s ) + 1" gy < Ko < oc. (4.12)
S k]

If in addition to above conditions

uo(z) € Wy N WHP(Q) N L7(Q)
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holds, then the second estimate is valid for all ¢ € (0, T

n nl||o n 2
st (V010 + 101Gy ) + 11 0 a2y < K < 0. (4.13)
t€[0,T]

Proof. Multiplying both sides of (4.8) by ¢{(t) and summing on k, and adding 7 [[u"||7. g,
on both side of result, we have

1 d n n n n
s (Il B + 1V g ) + 190" B ) + 7 1oy = 27 [y + 11, (414)
where
I = + [ V""" V" - Vw dz—
9o(t)
(4.15)
3
- 7/ lu™ 720" - wdx /g(x,t)u"(ac)dx = ZZU'
Q Q =1

Using the Holder’s and Youn’s inequalities and the assumptions in (4.11), we estimate each
term on the right hand side of (4.14)

n||o n||o 1 n 2
2 5 ) < O 9.0) 750 < < B0 + O3 (1, 0,0), (416)
ul = | [ quevds| < g Il + 5z la®IBaldOF, (@17
9(t) J -8 e o 20 ’
1 n n|p—2 n
|I12| = 0 gudz - | VU7 Vu" - Vw dz| <
90 J s
1 n -
L 19Ol [l [ Vel 19015 < ws)
1 P 1 n P
3 19010+ C) (7 190 196l g ) <
1 n 1 n
S IV g+ < g + Chto)
2
1 2—p
shere CY(0) = (o) ma (0l 190
ol = |- [gwde- [t e do| <
= |——— u ax - u W axr
13 go(t)'?/ g
Q Q
(4.19)

1 1
%M HgHm [ l0 [wllpa w70 <

C(U,Q) [ lgllo0 <lloo llu"lo0 < I\U”Hm +Co(1).



2

1! 1
where CI(1) = (c<o—, ) b l9(0)] ||w||a,g)

Plugging the inequalities (4.16)-(4.19) into (4.14), we get

d n|2 n||2 n n||o

= (30 + 190" 5.0) + 19 00 + 7 6o ) <
n|2 n|2 ni2

"0+ Co(t) < "3+ [Vu" [ + Cof),

(4.20)

where Cy(t) = C’ﬁ(|7|, Q,0)+ % Hg(zf)||§Q e ()| + C4(t) + CY(t), and due to the conditions
(3.3)-(34), C1(t) € L([0,T]).

Omitting the second and third terms on left hand side and applying Gronwall’s lemma for
y(t) = [[u"|5.0 + | Vu"|l3 o we get from (4.20)

t

2 2 2 2 —
2+ [V < e [ ut2q + IVug 20 + / Co(r)e "dr
0

. (4.21)

& uall + Vol + [ Corlar | = K < oo,
0
Now integrate (4.20) by 7 from 0 to ¢ and take supremum by ¢. Then after using (4.21), we
obtain the estimate (4.12).

In fact, multiplying both sides of (4.8) by %, summing on k and integrating the results

with respect to 7 from 0 to ¢t € [0, 7], we obtain

t

1
[ (12 Oa+ 196 q) dr + 5 1967 o) =
, p (4.22)

,y n||o 1 n ’Y n g
o 112y + VU ONoe) = 21 O)l1zo o) + Lo

where

t

I :/ ! e'(1) + / IV [P~ Vu" - Vw dx
0

90(7)
0 (4.23)
— 7/|u”|"_2un-wdaj /g(:v,T)u?(a:,T)dxdT.
0 0
Add the term 2 [[u"]|7 , on both sides of (4.22), and using
HunHL"(Q) < 0(07 Q) HunHLQ(Q) < C(Ua Q)Kg> vt € [OaTL (424)
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which yeilds from (4.11) and (4.21), and applying the Holder inequality together with (4.10)
and (4.12), we obtain the relation

t

n 2 n 2 1 n v ni||o
[ (@0 + 190 Eg) dr + 5 196 ey + L 150 =
0

29\ e | T, Yo myen o (4.25
. Ju HLU(Q) + 5 IVu (O)Hizv(g) - ||U (O)HLU(Q) + 1> < )

2 « 1
2 oo )k + 9ol + bl gl gy + 121

Next, applying Holder and Young’s inequalities and (4.12), we estimate I, as follow

t
1 n nlp—
121 < 1 [ 1 )la loln (1€ + Vel 0 190175 +
0

t
n o—1 ]' n 2
Hwllgollu"lse ) dr < 35 [ lw ()0 dr+
2
0

t

¢ [ (P + 1935 + o367 dr < (1.26)

0

1
5/||»LL;1(T)||§’st+O /|e’(7)|2dT+TK§_1+TKg_1 <

1 n
3 [ )l dr+ .

where

p—1 o—1
Co=C-|TK,? +TK,? +/\e'(7)|2d5 < 00

and
1
C = g lgll o max {1.C2(0,0) Vel 0. (0. AP ol }-
Plugging (4.26) into (4.22) we have

t

(2l + 196 ) 1E0) dr -+ 190 ey + 2 50 0 <
) (4.27)

Y Y o
Clo 1+ DO + 2 1Vl + 2 ol + Co
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It follows that after maximizing by ¢ € [0, 7] the second estimate

n n||o n|2 ni2
tSE(l)I;] <HV“ ||12p(9) + [Ju ||LU(Q)) + [l ||L2(QT) + [V HL?(QT) < Ky < oo. (4.28)
€10,
m
Let now be 1 < p < 0o and o < 2*. In this case we obtain the local a priori estimates.
Lemma 4.2. Assume that
uo(x) € Wy™(Q)
and the conditions (3.2)-(3.4), (4.9)-(4.10) and (4.1) are fulfiled. Assume that also
a§2*,2*:d 2ifal>2; 2" e (1l,00)if d =2 (4.29)
and
2<o0 or 2<p. (4.30)

Then there exist a constant Ky and a time 7 € (0,7] such that the following a priori
estimate is valid for all ¢ € (0,77)

n|(2 n nio
ot ) + 190 By + 10750 gy < Ko < 00 (4.31)

where T is defined at (4.37) below.

Proof. Using (4.29), estimate the terms on the right hand side of (4.14) except I1; :

2
n||o ni2
2 a0 < c;<sm,a,d>(||w ||2,Q) <

- (4.32)
2
i@ 0 (14 I+ 1901 )
1 n||pP 1 n g
Lo < 5 V" [5.0 + C(p) %Ilg(t)llg,QIIlelp,gllu o) < (4.3
1 n||p 1" n||2 n||2 5 .
5 Ve o+ CH 1+ [0 + V" [50)
1 p
where € = Clp) (1 sup 909, ) -
Using Sobolev and Poincare inequalities, we get also
1
LIis| < C(o,d, D)|v|— |lg(t Vu||5 o <
[113] < C(o )Ivll0 9@ la,0 lwllg0 V"0 < (4.34)

ni2 ni2 s
Ciﬂ(l"’ | ||29 + [[Vu ||2,Q)2
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1
where CY" = C(o,d, Q)MZ_ sup ||9(t)||29 HWHO—Q
0 tel0,T7]

Plugging the inequalities (4.32),(4.17), (4.33) (4.34) into (4.14), and integrating by 7 € (0, ?)
we have

t t

YO + [ (190 + 110" 5@) dr < €2 [ Ymyar et (435)

0 0

where 1 := 1 max{2,0,p} (1 > 1 since (4.30)) and
Y(t) =14 w50 + V" l50

CY(t) = sup (C1+Cy+CY+1),

te(0,T)

1 2 2 2 2
Cll Z_QtS%p lg(t )”29 ||€/(t)||L2(O,T) + (1 + ||U0||2,Q + ||VU0||2,Q> :
0 te(

Omitting the integral terms on the left hand side of (4.35) and applying the Lemma 2.1, we
obtain

1

Y(t)<CH1— (- 1)011“1‘1094 at (4.36)

for
1

0<t<Ty = —
Y (- ey

(4.37)

Integrate (4.35) by 7 from 0 to ¢ and maximize by t. After using (4.36) we have for all
t € 1[0,71]

sup ( [ 5.0 + IVe"ll5.0) + IVU" [Zag,) + 7 10" [70 g, < Ko < oo (4.38)

]

Now we get second energy estimates for Galerkin’s approximations in the case (4.29).

Lemma 4.3. Assume that all conditions of Lemma 4.2 are hold and
uo(z) € Wy () N WHP(Q) N L7 (Q).

Then there is a constant K3 and a time Ty € (0, 73] such that the following a priori estimate
is valid for all ¢ € (0, 73)

n n||o n|2
Sup (HVU ||I£p(Q) + ||U ||LU(Q)> —I'_ ||ut ||L2(0,T2;W01’2(Q)) S K3 < Q. (439)
te(0,73]
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Proof. Analogical way as (4.26), using Holder inequality together with (4.10), (4.38), and
[u™ o) < C0, Q) [|[VU"|| 2y < Clo, QK :=C; < oo, t € [0,T1] (4.40)

we obtain

t t
1 ni2 1 2 2 nn2(p—1
LI < = [ llladr+ o5 - | 19D g Vel g Ve 257 dr+
2 213
0 0

t
1 ) 20—
5 / lola (IO + C@RE lwllg - IVar3s ™) dr < (4.41)
0
0

. t t . o
n||2 n
5 [ Wtladr s [ (SIvwlgs ) ar ot
0 0

2(p—1 pH 2 2
where 15 1= 222 and € = o8 S 1950 1Vl 0
0 te|

T

" 1 ! o—
¢ = o 5w lo®lia [ (1€ 0)Pdr+ C@PE [l - K3T)

2lo t€[0,7] ,

Plugging (4.41) and (4.40) into (4.22), we get the following ODI

t

/(nut ||m+||w?||m>d7+—||v Ny <
0

t
2
Cg/( HVUTLHLP(Q) dr + Cy
0

where Cf = 2C57 + 1 [ Vo750 + 2 [luo| 7o o) + C5.

(4.42)

Omitting the first two terms on the left hand side of (4.41) and applying the Lemma 2.1 for
1 5 IV |75y, We obtain

1

1 n 1 T a1
IV Gy < OF (1= (o = DO C01) 7 (4.43)
for
1
(uo — 1)C3"1CY

Substituting (4.43) and (4.40) into (4.42) and taking supremum by t € [0,T3], we get the
estimate (4.39).

0<t<Ty:=

(4.44)

O
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4.3. Passage to the limit as n — 0o

By means of reflexivity and up to some subsequences, the estimates (4.12) and (4.31) imply
that

u® — u  weakly-x in L=(0,T; W ? N L7(Q)), asn — oo, (4.45)
u" —u weakly in L*(Qr) N L°(Qr), asn — oo, (4.46)
Vu" — Vu weakly-* in L>(0,T; L* N LF(Q)), as n — oo, (4.47)
Vu" = Vu weakly in  L*(Qr) N LP(Qr), as n — oo, (4.48)
ul — u; weakly in L2(0,T; W, *(Q)), asn — oco. (4.49)

On the other hand, (4.31) and (4.13) imply the existence of functions S and R such that,
respectively,

IVu|P2Vu™ — S weakly in LP (Qr), asn — oo, (4.50)
"7 2u™ — R weakly in L"/(QT), as n — oo. (4.51)

From (4.47) and (4.49), due to the compact and continuous imbedding,
Wy (Q) = L7(Q) — L*(Q), Vr:2<r<s", s=max{2,p}
and by Aubin-Lions compactness lemma, we obtain
u" — w strongly in L*(0,7;L"(2)), 2<r<s*, asn — o0, (4.52)
and in particular,
u" — u  strongly in L*(0,T; L*(Q)), asn — oo. (4.53)
As a consequence of (4.53) and Riesz-Fischer’s theorem, we have up to some subsequence,
u" — u a.e. in Qp, asn — oo, (4.54)
which together with (4.51) yields (see Lemma 1.3 in |20, p. 12])
[u™|7 2™ — |u|”"*u  weakly in L7 (Qr), asmn — oo. (4.55)
Under the assumption (4.5) and (4.49), (4.52), we have also that
u" — u strongly in  L7(Qr), as n — oo, for o <2

and consequently
[ oo — llullo. as n— o0 (4.56)

Let now 7(t) be a continuously differentiable function on [0, 7] such that n(T") = 0, where T
is the maximal time such that above first and second estimates are hold. Multiplying (4.8)
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by n and integrating by ¢ € [0, T], we obtain

/(U? ~2p + Vu - Vzg)drdt + / |Vu" P2 Vu™ - V2, dodt =

Qr Qr
’ 1
fy/ lu™ |7 2u™ - 2 dadt —i—/ {go(t) (¢'(t)+ (4.57)
Qr 0

/ IV [P~ Vu" - Vw dr — 7/ [u™|7 2" - wdx /g -z dx | dt,
0 0

Q

and using above convergence results (4.49), (4.50), (4.55), and (4.46), we obtain

/(ut -2k + Vuy - Vzg)dxdt + / S - Vz, dedt =

Qr Qr
r 1
T 2y dadt / (t
3 [ s+ [ |+ (4.59
Qr 0
+/S~Vw d:v—’y/\u]"wadx /g-zkdm dt.
Q Q Q

for all z, = ¢¥r(z)n(t), ke {l,...,n}.

By linearity and by a continuity argument, the equation (4.58) is still true for any

zeZ ={z=¢Y(: eV, (€C0,T)}.

Let us now prove that

S = |VulP?Vu (4.59)

by using monotonicity. Firstly, we observe that since the set Z is dense in L>(0,T; W}) N
LP(0,T3V,) N L7 (Qr), we can take z = u,, and z = u as test functions in (4.57) and (4.58),
respectively

/(u;1 ~u" 4+ Vuy - Vu")dzdt + / |Vu" P dedt =
Qr

Qr
W/WI" dwdt+/T {gol(t) (€'(t)+ (4.60)
Qr 0

/|Vu”]p_2 Vu"Vw dx—fy/|u”|"2u"wda: /gu”d:c dt.
0

Q Q

15



and

/(ut ~u+ Vuy - Vu)dxdt—l—/S-Vudxdt =

Qr Qr
r 1
u ”dxdt+/ [ e (t)+
v/l | go(t)( (t) (4.61)
Qr 0
/S-Vw d:n—v/|u|”‘2u-wdx /g-udx dt.
Q Q 0

Next, using assumption (4.1) together with the monotonicity property of the operator F'(§) =
|€]772€ for r = p (see e.g. [11]), we have

X, ::/ (V" P=2Vu™ — |V2[P7?Vz) - (VU — Vz)dzdt > 0 (4.62)
Qr
for all z € Z. Expanding (4.62) and using the identity (4.60),

T

1
0< X, :fy/ |t | da:dt+//gu" dx { (e'(t)+
go(t)
Qr Q

0

/ VP~ Vu™ - Vw do — 'y/ w7 2u" - wdz | | dt—
g g (4.63)
/ (upu" + VuyVu") dedt — / |Vu™|P2Vu"™ - Vz dodt—

Qr Qr

/|Vz]p_2VzVu" dxdt + / |VzP dxdt := / |V 2P dxdt

Qr Qr Qr

+ X X2 X2 - XE - XD - X8 - XT - X5
Regarding the convergence of the terms X> and X¢, we first note that (see, [8]),

u € Cy([0, TT; Wy *(2)), (4.64)

where C,([0,T]; Wy *(Q)) denotes the subspace of L*®([0,T]; Wy*(Q)) formed by weakly
continuous functions from [0,7] onto Wy(©2). Hence, (4.64) implies the quantities u(0),
uw(T), V(u(0)) and V(u(T"))) are meaningful.

Taking the lim sup of (4.63) and using the properties of lim sup and lim inf, and the conver-
gence results (4.56) for X! (4.46) for X? and X2, (4.50) for X2 and X, (4.55) for X}, and
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(4.49) for X2 and X?°, we obtain

0§7/|u|"dmdt+/Tl L e+

9o(t)
Qr
/S-Vw dx—7/|u|"_2u-wdx /g-udx dt—
Q Q Q (4.65)
/ (u - u~+ Vg - Vu) dedt — /S - Vzdrdt—
Qr Qr

/ IVz|P2Vz - Vudzdt + / |V z|P dxdt.
Qr Qr

Combining (4.61) with (4.65), we achieve to

/(s_ﬁmwﬁvawvu—v@duﬁzo VzeZ (4.66)
Qr

By density, (4.66) still holds for all z € LP(0,7;V,) N L?(Qr). Thus, taking z = u £ 6¢ for
an arbitrary £ € LP(0,T;V,) N L?(Qr) and § > 0, it follows from (4.66)

4 / (S — |VuF SVEP? (Vu F 6VE)) - VE dadt > 0. (4.67)
Qr

Letting § — 0 in (4.67), we obtain

j:/ (S = |Vul|P~*Vu) - V€ dadt > 0.
Qr

Due to the arbitrariness of £, we see that it must be S = |Vu[P~?Vu which proves (4.59). O

5. The case v < 0: global and local existence

In this section, we consider the problem (3.6)-(3.9) in the case 1 < 0 = const < oo and

v < 0. (5.1)
The following theorems are hold.
Theorem 5.1. [Global existence| Let the conditions (3.2)-(3.4) and (5.1) be fulfilled and

1<o, p<2. (5.2)
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Then the problem (3.6)-(3.9) has at least one weak solution u(x, t) for all ¢ € [0, T]. Moreover,
the weak solutions to the problem (3.6)-(3.9) satisfy the following estimates

S (lull3 o + IVul3a) + IVullp o, + lullg o, < C1, (5:3)
€[0
S (IVully o + lu@)17.0) + el o, + 1Vell3 o, < Co. (54)
€|0,

Theorem 5.2. [Local existence| Let the conditions (1.5), (3.2)-(3.4) and (5.1) be fulfilled
and one of the assumption is hold

2<o0 or 2<p. (5.5)

Then there exists a time T, € (0,7] such that the problem (3.6)-(3.9) has at least one weak
solution u(x,t) for all ¢ € [0,7.]. Moreover, for all ¢t € [0,7}] the estimates (5.3) and (5.4)
are hold. Here T, := T, and T} is defined at (5.25) below.

Remark 5.1. In the case v < 0 we do not need the condition o < 2*, which have used in
Theorem 4.2. Because, we use the monotonicity for

X, :—/ ([Vu"P2Vu"™ — |V2P7?Vz) - (Vu" — Vz)dzdi+
o (5.6)
| ([u?7%u"™ = |277%2) - (u" — 2)dzdt > 0

in order to pass the limit, since 7 is a positive in (5.6). Therefore the expression (4.63) has
the following form

T
0/
17| / Ju™ |7 2" - wdw /gu" dxdt — / (upu" 4+ Vuy Vu") dedt—

Q Qr

/|Vu P2V - Vzdxdt—/|Vz|p 2V2Vu" dmdt—l—/|Vz|pda:dt— (5.7)

/|Vu P2 Vu" - Vo do+

Q

— v / |7 2u™ - 2 dxdt — || /\ 17722 " dadt + / |2|7 dxdt :=
X+ X2+ X3 - XXX Xy / V2P dedt — X5 — X2 + / 2|7 dadt.
Qr Qr
Proof. For to prove these theorems, it is enough to establish analogical as above the first

and second estimates. Then we repeat the arguments we have used to pass to limit in
Section 4.3. 0
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5.1. Global and local a priori estimates
Lemma 5.1. Assume that
uy € Wy (Q) N WHP(Q) N L7(Q) (5.8)

and the conditions (3.2) -(3.4), and (5.1) are hold. If the condition (5.2) is fulfilled, then the
following estimates (global in time) are valid for all ¢ € (0, 7]

n||2 n n||o
Ju ||L°°(0,T;W01’2(Q)) + VU [T gy + 16" e(gp < Ka <00 (5.9)
n ni||o ni 2
sup (HVU Hﬁp(g) + [Ju HLU(Q)> + [lug HLz(O,T;WOm(Q)) < Ks < 0. (5.10)
te[0,7]

If (5.5) holds instead of (5.2), then there exist a time T3 € (0,7] and T, € (0, T3] such that
the estimate (5.9) is hold are for all ¢t € (0,73 and (5.10) for all ¢ € (0,7}). Here T3 and T}
are defined at (5.20) and (5.26) respectively.

Proof. In the case (5.1), the first and second energy equalities (4.14) and (4.22) have the
following form, respectively

1d

n||2 n2 n nio
5= (Il B + 1V g) + 190" 00y + I e Fe ) = 11 (5.11)

n Dy n
/ 4 (D + 1V 0) dr + 5 190 gy + L 4 ) =

(5.12)
]_) I U’OHLP(Q) +— HUOHLG @ T 12
where
I = ! + / IV [P~ Vu" - Vw dx
b go(t)
(5.13)
sl [ wde | [ gte o @)de - Zzh,
0 0
I = ! —I—/|Vu"|p_2Vu"-Vw dx
* golt)
(5.14)

+ |’y|/\u”\"2u”~wd$ /g(x,t)u?(a;)dx.
Q Q

Let us estimate I15, using Holder and Young’s inequalities. For the terms /{; and I, we use
the inequalities (4.17) and (4.18) which valid for any o, p > 1, respectively.
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155l < hlgllog [0l @l 07158 < 150+ G (llo) " (515)

kel

where Cy = BT SUP 1920 lwllg.q-
0 telo,T

Plugging inequalities (4.17), (4.33), (5.15) into (5.11), and adding 1 into derivative, we have

d n n n n||o

= (L Il + 19071 ) + IV oy + I 0715 <

1 n||2 2 nn2 3

DI + 2 a2 0P + 20k (JunEq) " + (5.16)
0

ni2 ni2 5 ni2 ni 2
207 () (1 + [[u" s + V" ll50)* < C3(1+ [[u”llo0 + [[Vu"ll50)"™ + Cs,
where yi3 = max{1,2,2}, CY = 1 4+ 2C; + 207, and C} = L |g(t)|5, |€'(t)]?. Integrating
O b
(5.16) by 7 € (0,t), we get

t
Y(#) + IV, @+meww_o/&w>m+@, (5.17)
0

where Y (¢) =1+ ||u”||§Q + ||Vu"||§Q and

1

Ch = 1t ol + ol + st gt HQQ/We (0t

Apply the classical Gronwall’s lemma to (5.17) in the case uz = 1, i.e. if (5.2) holds, and
the Lemma 2.1 in the case pug > 1, i.e. if (5.5) holds. As result, we obtain the following
estimates, respectively

Y(t) <O BT < 00, Vte[0,T] in the case pg=1 (5.18)
and
Y(t)<Cy |1 — (s — 1)C’§“3_10§t]“;1 < o0, (5.19)
for ]
0<t<T3:= in the case puz > 1. (5.20)

(15— DO Y

Substituting (5.18) and (5.19) into (5.17), and taking supremum by ¢, we obtain the following
first energy estimate

2 2 n||o
swp (Jlu” 3 + IV 13.0) + IV [, + Il
t€(0,TY] *

Q1) < Ky, (521>
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where T, = T if (5.2) holds and T, = T3 if (5.5) holds.

Next, by using Holder’s and Cauchy’s inequalities estimate I5:

n ni2 1
<3 /||ut||mdf+2l2 /||g B IVl o 170|287 drt

1 , o
o / lo) 30 (1€ (M2 + CONE wlig - IVa 3G ) dr < (5:22)
0

t

t
1 n|2 0 1 n||p v n||o H
5 [ ludllzgdr +Co [ {1+ - [Vutllo+ —llu'llog | dr
/ p

0

where
2(p—1) 2(c—1)

pa = ma =2 2

1 2
Cy = 2—l2tsgp lg(®)|l5.q - max{[|Vw| . €' ()" + C(Q) I w20}
0 te

Plugging inequality (5.22) into (5.12) and adding 1 to both sides, we have for Z(t) :=
n oy
1+-||V e+ = u"llgq > 1

t t

2@+ [ (Il + 19 3a) dr < G+ €5 [ 24mar. (629

0 0

where C} = 1+ ]lp Vol 7o) + M [to| 7o (- Omitting the integrals on left hand side of
(5.23) and applying the classical Granwall s lemma to the obtained inequality in the case
g < 1, i.e. if (5.2) holds, and the Lemma 2.1, in the case py > 1, i.e. if (5.5) holds, we get
the following estimates, respectively

Z(t) < Cl- €T < 00, Vt€[0,T] (5.24)
and .
Z(t) < Cp (1= (pa = 1)CYCy)MIT) "ot (5.25)
1
for 0<t<Ty:= (5.26)

(s = DCR(Cp)t

Substituting (5.24) and (5.25) into (5.23) separately, and taking esssupremum by ¢ to the
result, we obtain the following second estimate

n n ni2
sup IV Wy + 10715y ) + 1510 ) < K5 < 00 (5.27)
te[0,Tmax)
where Ty, = T, in the case (5.2) and T4, = Ty < T3, in the case (5.5). O
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6. Unigeness

Theorem 6.1. Assume that the following conditions hold

l<p<4 (6.1)
Vw € L1 (Q) (6.2)
and
2d
o< g ,d > s, where s € {2, p}. (6.3)
s

If v < 0, assume addition to (6.1)-(6.3) that all conditions of Lemmas 4.1 and 4.2 are fulfilled.
If v > 0, assume addition to (6.1)-(6.3) that all conditions of Lemmas 3.2 and 3.3 are fulfilled.
Then the weak solution of (3.6)-(3.9) is unique. Here 2* and p* are Sobolev conjugates of 2
and p respectively.

Remark 6.1. The condition (6.3) means that take s = max{2,p}, if we want to get the
range of o to be large, and take s = min{2, p}, if the range of dimension d to be large.

Proof. Let u; and us be two weak solutions to the problem (3.6)-(3.8) in the sense of Def-
inition 3.1. Using u := u; — up as a test function in (3.15), it follows, by subtracting the
equation for us to the equation for u,, that

1d
oo (Il + IVal3o) + D = G+ F, (6.4)
where
D —/ (|VU1|p_2 Vg — |Vug|P ™ Vus) - Vu dz;
Q
G :7/ (|U1|g_2 Uy — |uQ|U_2 U/Q) - dx;
Q
1 (6.5)
= / (‘V’U1|p_2 Vu, — |Vu2|p_2 Vug) -Vw dz
go(t)
Q
= [ Gl = ) - e | [ gl tuds
& Q
Let be v < 0. Then by the monotonicity, i.e. the inequality (2.2), we have
D>0, G<o. (6.6)
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Using Holder, Minkovskii inequalities and (2.1) in Lemma 2.2 with § = 0, we estimate F.
1 —2
1P < 1 9l o | [ € 1Val (0] + Vsl 9] da
Q

o 1
+|7|/(|UI(IU1|+IUzI) *lwldz) | < k—0||g||2,Q|IUIl2,Q
Q

p
9l | (1901 + Tl ) 9

2p
L1=p(Q)

] < (6.7

2
[l

+ Dl (Jfeas + el o

1 p—2
o lallag il 1Vl [(nwlnp@ 1 Vuall0) V6l 2+

o—2
O bl (Il + Vsl ) [Vell] <

2d
d—s’

1 2 2
sout) (Il o+ IVulfe) p <4, o<

(a—2)d< ds e < 2d
2 —d—s 7=

where where

1 p—2
bi0) = - Vol | (191l + 19l ) 19012,

o—2
+C@] (V0o + [Vial0) 19l
2. Let consider now the case v > 0. In this case we get from (6.4)

Su(t) < |G+ |FI, (63)

where y(t) = ||u||§Q + HVquQ Using the second assertion of Lemma 2.2 with 6 = 0 we
estimate

|G| = 7/ (|U1|U_2 Uy — |uz|U_2 U/Q) culdr <

Q
2 o2 2 o—2 6.9
o [ 1l Gl + )™ < ol g, Wl el < (6:9)
Q
-2 2 2d
Clo.p, DD (IVurll o+ IVeall0)  IVulle < @Y (), o<
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where by(t) := 2C(0, p, Q)|Y| (HVU1||3@ + HVUQ“S’Q) and o0 < 2L (m < d2po if p>2or
m < 2L if p < 2). For F we use the inequality (6.7).

Plugging (6.6) and (6.7) into (6.4) in the case v < 0, and (6.7) and (6.9) into (6.8) in the
case v < 0, we arrive to the following Cauchy problem

(6.10)

where
a(t) :=by(t) in the case ~<0;
a(t) :=bo(t) in the case ~>0.
Due to the conditions to the Theorem 6.1. a(t) € L'(0,T},4,) in any case v < 0 and v > 0,

where T4, is a maximal time, such that the weak solution to the problem (3.6)-(3.9) is exist.
It follows from (6.10) that y(¢) = 0 for all ¢ € [0, T},4.), and consequently that uy = ug. O
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