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PABHOMEPHBIE m-9KBUBAJIEHTHOCTN N1 HYMEPAIINN
KJIACCNYECKUX CUCTEM

H.X. KACKIMOB, P.H. JAJAYKAHOB, C.K. JIDKABJINEB

ABSTRACT. The work examines the issues of the representability of algebraic
structures (groups, lattices, semigroups, etc.) over equivalence relations
on natural numbers. The concept of (uniformle) m-equivalence is studied.

It is proved that the enumeration equivalence of the enumerated group is
uniformle m-equivalence. On the other hand, a uniformle m-equivalence

is built over which no group is represented. It is shown that no upper
and lower half-lattice is represented over the perfect equivalence with a
compressed characteristic transversale.
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BBEJOEHUE

[MonsiTue rpyuiibl, ABJAMIOMEECS OJHIUM U3 (DYHIAMEHTAJIbHBIX HOHATUI HE TOJIb-
KO MATE€MATHKU, HO W €CTECTBO3HAHWS, 3aKOHOMEPHO MPUBJIEKAET WHTEPEC CIIEINa-
JINCTOB B TEOPHUM BLIYUCJIUMOCTH C TOYKH 3PEHUsST BO3MOXKHOCTEH 3a/jaHus TPYMI C
TEMHU WJIH WHBIMEU AJITOPUTMUYECKUMHU CBOCTBaMU. B mepByro odepe/ib 3T0 Kacaer-
Csl BBIYMCJIMMBIX [PYIII, U3Yy4YeHre KOTOPbIX ObL10 3asoxkeno AU, Manbuesbim (cM.,
[1,2]). Cpeau muoKecTBa paboT, HOCBALIEHHBIX 9TOM TEMATUKE, OTMETUM PabOoTbl 110
TPYTITIaM BBIYHCINMBIX aBTOMOPGMU3MOB BEIYUCIUMBIX cucreM [3, 4, 5, 6, 7, 8]. Bo-
Jiee MUPOKKE KJIACCHI aJITOPUTMUUECKUX TPEICTABICHUI IPYII, B T.9. HETATUBHBIE
U MO3UTHBHBIE, n3ydasuch B [9, 10]. Cpeau paboT, HOCBAIIEHHBIX apH(MMETHIECKUM
uepapxusm rpynn ormerum [11]. Jocrarouno 6oraryio 6ubimorpaduio MOXKHO Haii-
Tu B [12].

Cremyer OTMETHTh, YTO MHOTHE APYTHe BasKHbIE MATEMATHUYECKUE KOHIICTIIINH,
TaKWe KaK KOJIbI@A (B T.4. MOJIs), BEKTOPHBIE TPOCTPAHCTBA, MOJLYJIH, aJreOphbl Hal

Kasymov N.KH., Dabazaanov R.N., Zuavriev S.K., UNIFORM m-EQUIVALENCIES AND
ENUMERATIONS OF CLASSICAL SYSTEMS.
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GbUKCHPOBAHHBIME TOJISIME U T.II. COAEPKAT B cebe MOATOHITHE IPYIIBI U TIOTOMY,
paccMarpuBas BCEBO3MOXKHBIE UX AJTOPUTMUYECKUE TIPEJICTABICHIST, MbI OTHOBpE-
MEHHO Cy?KaeM KJIACCHI 3TUX MPEJCTABICHUI 0 AJrOPUTMUIECKUX IPE/ICTABICHUT
TPYIITL.

Onnako, HauboJiee 00IIKE ATOPUTMUAIECKUE TIPEICTABICHNS (HyMepaIyn) IpyIII,
MO-BUIMMOMY €IIle He PACCMATPUBAJIUCH, T.K. B HanboJ1ee 00IIeil TOCTAHOBKE BOIIPOC
KaxKeTcs TPyanoobo3puMbiM. B HacTosImeit pabore BBOAUTCS MOHATHE PABHOMEPHOM
M-3KBUBAJIEHTHOCTHU W MOKA3BIBAETCS, YTO PO ATTOPUTMUIECKOTO TIPEICTABICHUS
JIIOOOI IPYIIIbL SIBJISIETCS PABHOMEPHONW M-3KBUBAJIEHTHOCTHIO.

Bwmecte ¢ Tem, yCTaHOBIIEHO, YTO JAJIEKO HE BCIKas PABHOMEDHAs M-3KBUBAJIEHTHOCTH
SBJISETCS SAPOM AJTOPUTMUYECKOTO TTPEACTABICHUS TOAXOIAIIEH IPYIIHI.

Waydarorcss Tak:ke BOOPOCHI CYNIECTBOBAHUS AJTOPUTMUYECKUX MPEJICTABICHUN
anrebpanIecKux CUCTEM, s/Ipa KOTOPBIX SBISIOTCSI PABHOMEPHBIMU M-3KBUBATICHTHOCTSIMHY,
B T.4. petierky (PaccMaTpUuBaeMble U KAK 4aCTUYHbIE MOPAIKU, U KaK ajaredpbl, 4To
0Ka3aJI0Ch MPUHIMIHAIBLHBIM ), IOy TPYTIIIbI, 8 TAKYKE TPAHCIAIUOHHO TPEINOTHbIE
anredphI.

OtaenbHBI MTYHKT TOCBAIIEH CTPYKTYPaM CTENEHEH MPEICTABUMOCTH KOJIEIl 1
noJsei.

C HeonpeessieMbIMU [IOHATUAMU MOXKHO O3HaKOMUTbCs B [12, 13, 14].

Hanee, Kak Jjisg KPATKOCTU, TAK U OTJABas JAaHb PYCCKOA3bIYHONW TPAJIUIMHA B
TEOPUU BBIYUCIUMOCTH, B 3HAUYUTEIHHOW CTEMEHN OMPEIE/UBINEi MOSABICHUE TaH-
HOTO HANPABJIEHUST TEOPUU AJTOPUTMOB, AJTOPUTMUIECKHUE TPEICTABICHUS OyIeM
HA3BIBATH HYMEPAIUSIMHA.

ITos c/1oBOM 5KBUBAJIEHTHOCTH TOHUMAETCS IKBUBAJIEHTHOCTD HA MHOYKECTBE Ha-
TYPAJIbHBIX YUCEJT W.

Hnsi wymeparun v depe3 ker(v) Gyaem obo3HAYATh HYMEPAIMOHHYIO SKBHBA-
JIEHTHOCTH, KOTOPYIO, TAK¥Ke JIJIsT KPATKOCTHU, HA30BEM SIIPOM L.

Hywmepanueit v yausepcasbhoit anrebpot 20 = (A; Fy, Fy, ..., ) Ha3bIBaeTCs TAKOE
OTODpaKEHNe W3 MHOXKECTBA HATYPATbHBIX YUCes w Ha A, s KOTOPOro Jrodas
m-mecTHas oneparusa F, 3aganHas Ha A, MOJJIEPKUBAETCS TAKON MOAXOSIIE
BBIYUCINMON byHKIHeH [, uro VI € w™[F, (v(Z) = v(fn(T))], T.e. A n3omopbHa
dakrop-anrebpe (w; fo, f1,...,)/ker(v) Berancanmoit anrebpsr (w; fo, f1,...,) MO
KOHTDY3HImH ker(v).

Onpegenenne 1. YHueepcaavhas arzedpa Ha3vi6aemes npedcmasumoti Had K6u-
BANEHMHOCTIBIO 1), ECAU CYULLCMBYEM, €€ HYMEPAUUS € AIPOM 1).

B pabore paccmarpuBaloTCsi, B OCHOBHOM, BOTIPOCHI CYIIIECTBOBAHUS IIPEICTABIIE-
HUN KJIACCHYIECKUX AJTeOPANYECKUX CHUCTEM HAJl SKBUBAJEHTHOCTAMY PA3TAIHBIX
THIIOB.

Onpenesienne 2. 9KEUBAALEHMHOCTIL 1] HA3BIBALTCHA M -IKBUBAAEHIMHOCTDIO (Da6-
HOMEPHOT M -IKEUBAAEHTHOCTNDBIO), eCAU cyutecmeyem makoe cemelicmeo F 6vi-
YUCAUMBE Gynryut (nepeuucaumoe cemeticmeo F eviuucaumvuir Gynxuyuti), undy-
YUPYIOUUT NEPECTNAHOBKU PAKTNOP-MHONHCECTNEA W /1), WMO AL 6CAKOT NAPL HAMY-
PANOHBT wucen T,y natdemea maras dynkyua f € F, komopas m-ceodum waacc

{z}/n  waacey {y}/n.

TpuBranbHBIME TPUMEPAME PABHOMEPHBIX M-IKBUBATIEHTHOCTEHN ABJISIOTCS Pa3-
pelnMble 3KBUBAJIEHTHOCTH.
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1. I'pyuIIbI

Teopema 1. Ecau (G,v) — nymeposannas epynna, mo sdpo ker(v) ee nymepayuu
— PABHOMEDHAA M-IKEUCANEHIHOCTD.

JHoxazameavemso. Ilycrs a,b € G,a = v(k),b = v(l). Obo3uauum uepe3 1 sii-
po ker(v). Ouesmmno, uto orobpaxenue 7, = Az.[ba”'z] — nepecranobka na
OCHOBHOM MHOKECTBE TPyTTHI (G, MEPEBOIAIAA SJIEMEHT a B b. PacCMOTpUM BbI-
ancmumyio dynxuuio f = Az.[l * (k)71 x x], rae * 0603HavaET BBIYUCIUMYIO OTle-
PAIHIO, MPEICTABMSIONIYI0 B HYMEDAIMH V' OTEPANUI0 yMHOKeHus B rpynme G, a
()7! — BbUMCIMMYIO OnEpAIUIO, TOIEPKUBAIONLYIO ONEPAIUIO B3ATH 0OPATHOTO
ssemenra B rpynne G. SIcuo, uro dyHKuus f MOALEPKUBAET EPECTAHOBKY Ty HA
v-nomepax (r.e. mq pv = v f) n m-ceogur xnacc {k}/n x xnaccy {l}/n. Yrobbr noka-
3aTh PABHOMEPHOCTDH JIOCTATOYHO COMOCTABUTHL Kaxk1oi nape (k,[) € w? dynxnmio
Jea=Az[l % (k)™ xz]. O

Bameuanue 1. M1 paGoraem B curnarype (-, ! ), Koropas obecnednBaer paBHO-
MepHOCTB. B curnarype ¢ oauoit GuHApHOH rpynmoBoii onepanueii (-) Teopema 1 Bep-
HA B TOM 9aCTH, KOTOPAS YTBEPIKIAET, ITO AP0 HyMEPAIIUU — 11-3KBUBAJIEHTHOCT.

OrMeruM, 9TO BBIYHUCTUMbBIE TEPECTAHOBKHU, OMpejeseMbe ceMeiictBoM F', He
0b6s13aTeIbHO 00PA3YIOT IPYIIY, T.K. OOpaTHAS MEePEeCTAHOBKA MOXKET M He MOIIep-
KUBAThCS BBIYUCIMMOI Ha HOMepax (pyuknueit. st HO3UTUBHBIX HyMepanuit 310
MHOXKeCTBO Oyner rpynmnoii. Ho y»ke B cllydae HEraTUBHBIX HYMEPAIIUi MOYKHO YKa-
3aTh BBIYUCJIVMbBIE TIEPECTAHOBKM, OOPATHBIE K KOTOPHIM BBIYUCIUMBIMU HE OYyIyT
U TIOTOMY 9Ta, OlleHKa, HeynydiaeMa B uepapxun Kanan-Mocrosckoro (em. [15]).

B o630pe [16] craBusics Bonpoc: “cyiecTByeT Jin KOHEYHO-OIIpeIesIeHHas ajrebpa
(B wacTHOCTH IPyIINA), HyMEPALMOHHAS S9KBUBAJIEHTHOCTb CTAHAAPTHON Hy Mepaluu
KOTOPOIi TipeamoHas?”.

Caencrue 1. Hu nad xaxol npednosnotls sK6UBAAEHMHOCBIO He NPedcmasuma
HUKAKAHA 2PYNna.

Hoxazamesvcmso. IlepecranoBka 7, Ha GG U3 TeopeMbl 1 MMeeT HEIOIBUKHYIO
TOYKY TOIZA U TOJIbKO TOLAA, Korjga a = b (B 9ToM ciyuae oHa Oyuer eauHuYHOil),
T.e. COOTBETCTBYIOIIAsT TPEICTABJISIONIAS BhIaucIuMast GYHKIINS B CIydae a 7 b He
WMEeeT HEMOJBUKHBIX TOYEK MO MOIYJIIO siApa MPEICTABJIEHUS U TMOTOMY sIPO HE
MOKeT OBITH ITPETIONHON SKBUBAJIEHTHOCTHIO. (I

Takum 00pa3oM, HE TOJBKO HE CyNIECTBYET KOHEYHO-OIPEJEJIEHHONW I'PYIIIbI C
OPETONHBIM TTO3UTUBHBIM SPOM (T.K. HEOOXOJAUMBIM YCIOBUEM KOHEYHON OIpe-
JIEIEHHOCTH aJIreOphl SABJIAETCA MO3UTHBHOCTH €€ CTaHIAPTHON HyMepaluu), HO U
MIPE/IITIOTHO HYMEPOBAHHON TPYIIbL JTI000# aJIrOPUTMUIECKON CJI0KHOCTH.

Teopema 1 mopoXKgaer aBa €CTECTBEHHBIX BOIPOCA:

— HACKOJILKO BEJIMK KJIACC PABHOMEPHBIX M-3KBUBAJEHTHOCTEI!

— ABJIAETCS JIM YCJIOBUE PABHOMEPHOCTH JIJISL TM-39KBUBAJIEHTHOCTH JOCTATOUHBIM
JUJIS TIPEICTABUMOCTH HaJl HEl TPYIIIbI?

CemeiictBo F' BbIYUCIMMBIX (DYHKIUIT HA30BEM 1M-CBOILALIMM JIJI SKBUBAJIEHT-
HOCTH 7], €CJTA OHO YIOBJETBOPSET yCJIOBUSAM ONPEIETCHAs 2.

IIycrs f — Borumenumas mepecraHoBka Ha w. Obozunaaum Fy = {f"|n € Z}, roe
Z wmmoxkectBo embix wncen u fO(z) =z (v € w), fF = (%)~ (k € w). Tokaskewm,
YTO KJTACC PABHOMEPHBIX 1M-9KBUBAJIEHTHOCTEH JOBOJBLHO BEJIUK.
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IIpenmoxxenne 1. Jlas 410000 6bl4UCAUMOT NEPECTNAHOBKY [ 0€3 KOHEUHBLT UUK-
208, pa3busarouleti w Ha DECKOHEWHOE YUCA0 OPOUM, CYULLCMBYEM KOHMURYYM Ma-
KUT PAGHOMEPHHLT M-IKEUBAAEHMHOCTNEN, 04 KOMOPHIT GbLUUCAUMOE CEMETCMNEO0
Fy asaaemea m-ce00AuuMm.

Jloxazameavcmeo. Ilo ycnoBuio mepectarnoBka f pas3buBaer w HA MHOXKECTBO Op-
our Of(z) = {f*(z)|k € Z}. Onpenennm a9 = 0,a,4+1 = min{yly ¢ Oy(ag) U
-+ UOf(ay)} (1e. ai — HanMeHbITiee INCIO W3 CBOEIT OPOUTHI) M < f-yTOPSAIOTAM
f-opOuUTHI Tak, YTO BCE JIEMEHTHI OPOUTHI @; TPEAIIECTBYIOT BCEM DJIEMEHTAM Op-
ouTer aj, ecnm a; < a;. BEyTpm Kaxzo# opbmTel mojaraeM r <y y & Jk >
0(f*(z) = y). Oyets A = {ag < a1 < ...}. IlocTpONM SKBUBATEHTHOCTH 7)o, 3a-
JIaB ee KJIaCCaMU 1jo-9KBHUBAJEHTHOCTH CJeayrormmmM obpasom: My = A, M1 =
S Mo, M_p—1 = 7" ' My,n € w. OueBngno, 9TO BBHIMMCIEMOE ceMeiicTBO F
SIBJISIETCS. M-CBOAAIIUM JIJTs 7). ByeM cTpOuTb ceMelcTBO IKBUBAJIEHTHOCTEMH, UC-
10JIH3Y s OMHAPHOE JIePEeBO, ucxo/id u3 1. HedopmanbHuo, SKBUBAIEHTHOCTH 101, 1710, 111
CTPOSITCS M3 1)g = 7gp TyTeM “caBura’ BceX f-OpOUT OTHOCHTENHHO f-OpOUTHI ag Ha
O/IHY TIO3HWIMIO BIIPABO, €CM B MHJEKCE 1) cTouT 1, T.e. ag = a1 A a; = f~Y(az)
(mod np1) u coorBercTByONIEil “cKyeiikoil” Bcex 00pa3oB u NPOOOPA3OB OTHOCHU-
tenbHO f. Amamormano, ag = f~1(ai)ai Aa; = az (mod nyg) mag = f~1(a1)ANay =
7 (a2) (mod m11). Takum obpasom, eciu opbuta Of(ay) CABUrAETCS OTHOCHTEN b
HO G_1 HA OJHY IIO3UUMUIO BIPABO, TO Bce opdburbl O f(al),l > k Tak:Ke CIABUIAIOTCs
POBHO Ha OIHY TO3UIMIO BIpaBo. OMuIeM 3Ty KOHCTPYKIMIO CTPOTro.

Ilycts E = {€ = gpe1...]e; € {0,1}} — MHOXKeCTBO BCEX CYETHO-GECKOHETHBIX
nocaenoBarenbHocTelt u3 myneit u equnauin u € € F. ITocrpoum orobpakenue u3
@ : E — O, nie © — MHOXKECTBO BCEX 9KBHBAJIEHTHOCTEH HA W TaK, YTO JJId 1 € w

{ gi=0=a; =a;11 (mod ¢(g)),
gi=1=a; = fYHair1) (mod ¢(2)).

ITpu srom, eciu x = y (mod ¢()), T0 Bce coorBercrBytomme f-o6pa3bl u f-
upoobpasbl T,y TakzKe OyIyT PaBHbI N0 MOAYJIIO ©(Z) u ¢(Z) — HAaMMEeHbIIAas SKBU-
BaJICHTHOCTH C 3THM CBOHCTBOM.

Ha ssbike e-mocaenosarenbrocreit g = ©(00...),m = ¢(10...) n ng. s
skBuBasieHTHOCTH (11...) (B mocsiemoBaTeNbHOCTH BCe equHuIb) Vi € w(a; =
N (ais1) (mod (11...))).

ITokazkem, 4TO ( HHBLEKTUBHO. Ecim &1 # 22, To cymecTByer HauMeHbIee k, /s
KOTOPOro s}c #+ 5%. Ilycrb, miis onpeneneHHOCTH 5}3 = O,Ei = 1. Torna (ag,ax+1) €
z! \ 2% Anasornuno paccmarpuBaercs ciydaii € = 1,62 = 0.

ITo mocTpoenmio cemeiictBo Fy ABAAETCA M-CBOAANIM JJIf JTI000# 9KBHBAIEHT-
Hoctu u3 {p(€)| € E}. U3 mHBEKTHBHOCTH ¢ CeLyeT KOHTHHYATbHOCTH HOCTIE]I-
HEro MHOXKECTBA. (]

Hpe,qnomeHHe 2. Ecau ece Kaaccvl 9K68UBAAEHMHOCTNU n paspewumsvt, Mo OHG
ABAAECMCA TN -IK6UBANEHTMHOCTN IO,

JHoxasameavemeo. Ecin knaceet « = {p}/nu f = {q}/n coBnanaror, o m-ceeaeHune
OCYIIIECTBJISIET TOXKAECTBeHHAS (DYHKITNSA. KciIu 2Ke OHM PA3INIHbI, TO BEIYUCIMAsT
byHKIMs, 0TOOpazkaolnas KJIacC (¢ B TOUKY ¢, KJIacC 3 B TOYKY P U TOXKIECTBEHHA
Ha w N\ (@ U B) — ucromasi. O

IIpeagyoxkenne 3. Ecau pasHoMepHai M-IKEUBAALHMHOCTS UMEEM, LOMA bl 00UH
paspewumvtli KAacc, Mo OHG PA3PEWUMA.
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Aoxasamenvcmeo. IlycTh 77 — paBHOMEpHAs M-IKBUBAJEHTHOCTD U 7-Kjacc [ pas-
pemmm. Io ycnosumio cymecrsyer nepedncammoe cemeiictso F m-consmunx dyHk-
nwit. OueBnano, ¢ =y (mod ) < 3f € F[f(z) € BA f(y) € B], T.e.  no3urusma.
Anamornuno, x # y (mod n) < 3f € F[f(x) € BA f(y) ¢ 5], aro obecneunsaer
HETaTUBHOCTS 7). O

Cuaencrue 2. FEcau HEPA3PEWUMGSA IKBUSAACHIMHOCTIL UMEEM TOmsA Ovl 00uH
PA3PEUWUMDBLT CMENHCHBLT KAGCC, O HAd Hel He NPedcmasuMa HUKAKAS 2DYNNG

ITycTh 1) — 3KBUBATICHTHOCTL. MHOKeCTBO (v C W HA3BIBACTCA 1)-3aMKHYTHIM, €CJINT
reaAz=y (modn)=yca.

Onpegnenenne 3. JK6USUAEHMHOCT 1] HA3BIEAEMNCA BHHUCAUMO OMIEAUMOT (0m-
deAumot), ecau 0Af 6CAKUT PABAUNHBE TO MOOYAIO 1) HAMYPAALHUL HUCEA T,Y
CYweCmsyem makoe 1-3aMKEHYMOE BHUUCAUMOE (NEPENUCAUMOE) MHONCECTE0 «,
ymorcauyda((zecanyda)vVizdaryeca))

Paccmorpum ciiepyronue npumepsl sksuBasenTaocreii (cm. [13], c.58, 174-175):

(1) n* = {(2z,2x + 1), 2z + 1, 22) |z € a} Uid w,a C w;

(2) No = {{z,¥)|z,y € a} Uid w,a C w;

(3) ni = {{z,y) |7 & vy C a},a Cw (7 — KAHOHHIECKAS HyMepAIus KOHETHBIX
MHOKECTB).

Ilpennoxenne 4. /[aa ecaxozo o C w umeem mecmo:

1. n® — m-axeusasrenmuocmo. Ilpu amom, ee pa6HOMEPHOCTND PABHOCUABHA PA3-
PEWUMOCTIU (.

2. Mo ABAAEMCHA M-IKBUBAAEHMHOCTNHIO 0200 U MOAbKO Mmozda, Kozda « pas-
PeWUMO.

Loxazameavcmeo. 1. Ilo upemyioxkenuio 2 iyt BCAKOro o C w 3KBUBAJIEHTHOCTH 1)
— M-3KBUBAJIEHTHOCTH, & TIO MPEJIOKEHNIO 3 ee PABHOMEPHOCTH BJI€YET Pa3peru-
MOCTb.

2. O4eBuaHO, 9TO IS 1), BEIYUCIUMAs OTOOPAXKAEMOCTD KJIACCA (v B JIIOOOH JIpy-
roii Kacc TpebyeT paspenmMoCTy (v, T.K. BCE 7)4-KJIACChl (KpOMe, BO3MOXKHO, KJIACCa
(t) OJIHO3JIEMEHTHBI. O

CaencrBue 3. Had n® (xax u nad 1,) npedcmasuma zpynna moz0a u MoAbKO
mozda, K020a (. Pa3PEUWUMO.

Ilpensioxkenue 5. Bceakas napa CMetcHuLT KAGCCO8 A0PA HEPA3PEUWUMOT NO3U-
MUSHOT, HYMEPAUUU A1000T 2DYNNDBL ABAAETNCH BHYUCAUMO USOMOPPHOT (M.e. das
A10000 NAPBL CMEAHCHBLT KAACCO8 A0PA CYULLCTNEYEM, BBIYUCAUMAAL NEPECNAHOBKA HA
W, UHOYUUPYIOULAA NEPECTAHOBKY Parmop-mrodcecmen w/n, nepesodausas 0dur
U3 IMUT KAACCO8 Ha Ipy20t). ITpu smom, cywecmeyem pasnomepro sPdermueHo
306UCAWAS OM T, Y NPOUEOYPA NOCMPOEHUSA TAPAKMEPUCTNUYECKO20 UHOEKCA GbIUC-
AUMO20 USOMOPPHUIMA HA W, ABAAIOULL20CH NEPECMAHROBKOT HA W /1) U NEPE60daULe20

{z}/n e {y}/n.

Hoxasamesvemeo. Ilycrs 1 — saapo HepaspermuMoil HO3UTUBHOM HyMEPALUU Py 1i-
mbl. CorytacHo Teopeme 1 77 — paBHOMEpHAs 17-3KBUBAJIEHTHOCTh, a IO CJIEICTBUIO * 7
BCE 7)-KJIACCHI HEBBIYMCINMBL. IJ1s1 JaHHBIX @,y HaiineM nepecraHoBky fo € F', ocy-
miecrBasionyo m-ceegenue {x}/n x {y}/n u mocrpouM UHBHEKTUBHYIO (DYHKIHUIO
go, COBIAJIAIONIYIO C fp O MOZIYJIIO 7), CIIELYIOIM 00PA30M:
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Hlar 0. go(0) = fo(0);

Iar s+ 1. Ecam fo(s+1) & {90(0),90(1),--.,90(s)}, 0 onpenemnm go(s +1) =
fo(s + 1). B uporusnom cityuae, nepeuunciss kiaace {fo(s + 1)}/n uem nepsoe
z oramanoe or Beex go(i) (0 < i < s) w n-s3xBuBasmentHoe fo(s + 1) (a Takoe z
obs13aTenbHO Hafimercst B cuily Oeckomeunoctn kiaacca {fo(s + 1)}/n) u nomaraem
go(s + 1) = z. Konery mrara s + 1.

CnenoBarenbho, knacc {x}/n 1-ceomurea k {y}/n dynkmueit go. AnamorndHo,
Haiinem f1 € F, m-copsauyio {y}/n x {x}/n u mocrpouM njs Hee COOTBETCTBYIO-
LLYI0 MHBEKTUBHYIO BBIYUCIUMYIO (DYHKIMIO ¢1, COBLHAJAIOULYIO C f1 110 MOAYJIO 7).
Torga g1 1-cBomur {y}/n k {x}/n u, rakum obpasom, kmaccsl {x}/n u {y}/n mexar
B OTHOI 1-cTemeHn.

Tenepb, OMUpasCch HA IEITHOYHBIA METOM JOKA3ATETbCTBA TeOpeMbl Maiixmina
O BBIYUCIUMON M30MOPQHOCTH 1-9KBUBAJIEHTHBIX MHOXKECTB, KOTODBIH B HAIIEM
CJLydae CyIeCTBEHHO yNPOIIAET NO3UTHBHA GECKOHEYHOCTD BCEX 7-KJIACCOB, Oy1em
CTPOUTH IO IIaraM KOHEUHBIE MHOXKECTBA COOTBETCTBHUI Buia { (uo, Vo), - - - , (Us, Us) }
TaK, 4To u; = u; (mod 1) & v; = v; (modn) u Vn € wik,l(n = ux An = vy),
HCIOJIb3Ys HA UeTHDIX ImIarax yHKIMIO gy U HA HEUETHBIX — ¢1. JleTajn OmycKaeM.

OueBnHO, UTO BCE MOCTPOEHWs, NPUBEIEHHBIE B JIAHHOM JIOKA3aTEIbCTBE DAB-
HOMEPHO 3aBHUCAT OT I, Y. O

B zaksirouennn paszesia OTMETHM, 9TO B CJIy4Yae CyIIECTBOBAHUS TPYIIIbI, TIPE/I-
CTAaBUMO# HAJ| IKBUBAJIEHTHOCTBIO 1), KMEETCS MHOTO PA3JIMIHBIX CIOCODOB 3aJaHUs
rpymmsl Hag 7). B gacraOCTH, J15000# KJ1ACC SKBUBAJIEHTHOCTH MOXKET OBITH MHTEP-
[PETUPOBAH KAK EIMHUYHBIA 3JIEMEHT [OJIXO/ISAIIEH IPYIIIbl, IPEICTABUMON HAJL 7).

Ilpennoxenne 6. FEcau wad n npedcmaguma 2pynna, mo 0as A06020 1-KAGCCa
cywecmeyem makoe mpedcmasaerue Had 1 nodrodawet 2pynnol, 0AA KOMOPO2O
darmnwiii Kaace 6ydem eduruuer.

Jloxasameavcmeo. Ilycrs 3amana rpymma & = (G;-,71) ¢ exuaumeit e. Onpenemmm
TPAHCIAIHIO g = Az.[z-d], Tae d — mpon3BoIbHbIH (DUKCHPOBaHHDIH 3eMeHT d # e.
OueBnaHO, YTO TPAHCISAIUS @y OnekTuBHa Ha G. Ha MuOXKecTBe G Ompemennm
HEKOTOPYIO CTPYKTYDY C OJHON OMHapHOil * u onHoii yHapHOfi omepammeii [|~1*
caemyiomum obpasom: a * b = ad~'b; [a]7!* = da~ld. Torma &* = (G;*,[]71*) -
rpymna ¢ eaguauieil d, msomopduas &, npudem @4 ocyiiecTBiser udoMopdusm u3 &
na &*. JleitctBuTenbHO, 10 onpesesenuio axb = ad b, Ho ;' (a) = ad~t, ¢! (b) =
bd~ n pq((ad=1)(bd™1)) = ad~'bd~'d = ad~ b = axb. Amanoruuno, T.x. ¢, ' (a) =
ad=t, 10 py((ad=)1) = pg(da=) = da=td = [a]**.

IMycrs rpynna (G;-) ¢ eqununeil e npeacraBuMa HaJ 1), T.€. UMEET TaKyl Hy-
MepAIIo v, 91p0 KOTOpOi# ecthb 7). 3adurcupyeM 060 OTIUIHBIN OT €JIUHUIBI
snemenT d € G ¥ HEKOTOPBIE V-HOMEPA ITOTO JEMEHTA U 00PATHOrO K d JIeMeHTa,
ckaxeMm v(ng) = d,v(n1) = d~'. Tenepb onpeeuM BEMUCTEMYIO DYHKIUIO fq =
Az.[x - no|, 38aUM HYMEPAINIO Vg OCHOBHOTO MHOXKecTBa rpymmbl (G;+) Takylo,
9TO Vg = V fq, U OUPEJETUM BbIYUCUMbIE onepanun * : Vg(x)*xvg(y) = va(x-ni-y) u
[va(z)] ™ = v(ng- 271 - ng). OueBumno, uro d — eqununa rpynnst (G *), 3a1aHHOI
HyMepanueii V4 C siipoM 7). O
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2. BBIYNCINMO TIPOIINBAEMBIE MHOYKECTBA

Paccymorpum 6osee moapoOHO paBHOMEPHBIE M-IKBUBATEHTHOCTH, BCAKHE TAPbI
CMEXKHBIX KJIACCOB KOTOPBIX BbIYUCIMMO U30MODPMDHBI (T.€. 1IePEBOISATCH JAPYL B APY-
ra BBIYUCTUMBIMU TIEPECTAHOBKAMH HA, W).

Omnpenesenne 4. Mnooicecmeo Ha308GEMEA BHLYUCAUMO TPOUUBLEMBIM, ECAU CY-
WECTNBYEM, BHLUUCAUMASA TLEPECMAHOEKA 63 KOHEWHBIT UUKA0E C DECKOHEUWHBIM YUC-
AOM 0pOU, 8 KaKHCAOT U3 KOTNOPHLT COOEPHCUMCA POSHO 00UH INEMEHTTL ITMO20 MHO-
aHCecmaea.

3aMeTHuM, UTO COrVIACHO ONPEIEJIEHUIO BHIYUCIMMO ITPONTUBAEMOE MHOKECTBO KaK
6eCKOHEeYHO, TaK ¥ KODECKOHETHO.

Ecmu MHOXKeCTBO v COIEPKHUT POBHO MO OJHOMY 3JEMEHTY B KaxKI0H opbure
BbIMKMCJIMMOI IIepecTaHoBKY 0e3 MUKJ/IOB f ¢ OECKOHEYHBIM YUCJIOM OpOHT, TO Oyaem
FOBOPUTD, 9TO f TpommuBaeT « (uim, 9ro « mpommuBaercs f). aa MHOXKeCTBA «,
TPOIITBAEMOTO BBIYMCINMOM MEePeCTaHOBKON f, depes3 7)o, f 0003HAYNM IKBIBAIEHT-
HOCTD

z=y (modnyf) < IneZ(f"(x)calf"(y) €a),
KOTOPAast O4EBU/IHO SIBJISIETCS PABHOMEPHOHN M-9KBUBAJIEHTHOCTHIO, JI00Ast Tapa CMEeXK-
HBIX KJIACCOB KOTOPOH BBIYMUCINMO W30MOpP(hHA.

Ilpennoxkenme 7. Bceakas 8vlvucisumasn nepecmanosra 6e3 yuxaos ¢ beckoney-
HBLM YUCAOM OPOUM ABAAECTNCA NPOWUBAIOULET OAA KOHMUHYYMAE MHOHCECTNS.

Zloxazameabcmeo. AHAJOIMYHO JIOKA3ATE/IbCTBY 1IPEJIOKeHusi 1. [l

IIpenmoxxenne 8. Bceakoe 6bi4UCAUMO NPOWUBLEMOE MHONACECTNEO ABAALNCHA CMEHC-
HBLM, KAGCCOM NOOLO0AUET PABHOMEDPHOT T -IKEUBAAEHMHOCTNU, BCAKAA NAPA CMEIHC-
HBLL KAACCO8 KOMOPOTL BBUUCAUMO U3OMOPPHHA.

Jloxazameavcmeo. Ilycrb o npomuBaercs BbramciuMoil nepecranoskoit f. Torma
cemeiictBo MHOKecTB {f"aln € Z} — Kimacchl OAHO3HAYHO OMpENENeHHON DaBHO-
MEPHOH M-3KBUBAJIEHTHOCTH 7)o, f- |

Ucnonb3ysa waeadHeKTUBHYIO THATOHATH3ANNAIO JEIKO MOKA3aTh CyIECTBOBAHNE
BBIUHUCJIMMO HETTPOIUBAEMBIX MHOYKECTBR.

IIpenmoxxenne 9. Ecau nepewucaumoe MHOHCECMEO ¢ NPOULUBAEMCA BHLUUCAU-
Mot pynxyuet f, mo IKEUBAAEHMHOCTIL 1o, PASPEUUMA.

[oxasamesvemso. HeiictBurensro, @ = y (mod na,7) < In € Z(f"(z) € a A
f"(y) € a). -

Caencrue 4. [lepevuciumoe MHOMCECNEO GHUUCAUMO NPOULUBAEMO 0200 U
moavko mozda, Kozda 0Ho beckoneunoe, KOOECKOHewHOe U PA3PeUUMOE.

Jlokxazamenvcmeo. Borancimmas mpommBaeMoCcTh OECKOHEIHOr0, KOOECKOHETHOTO
U paspemmMoro Maoxkecrsa odesugaaa. Obparnoe cieayer u3 npemiokenus 8. [

HazoBeMm 3KBUBaJIEHTHOCTH 1) BBIYUCIUMO IIPOITUBAEMO, €CITU CYIIECTBYIOT Ta-
KOI €ee 7)-KJIacC (v ¥ BBIYUC/IUMALA II€PECTAHOBKA f, UTO 7)o, f = 1).

CaencrBue 5. Ecau (G, V) — nepaspewsumas nosumuehas epynna, mo sopo ker(v)
HE ACAACMCA GHUUCAUMO NPOUUCALMDLM.
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Loxazamenvcmeo. 1lo cnencTBuio 4 B ciiydae BBIYUCIUMOI MPOITUBAEMOCTH SAPA
HyMepaInuu OHO Pa3pPeInMo. ([

XapakTepucTH9IecKoi TPAHCBEPCAIIBIO IKBUBAJIEHTHOCTH 1) Oy1eM Ha3bIBATH MHO-
JKECTBO BCEX HATYDPAJIBHBIX YHCEN, sBJISIONMXCSA HANMEHBIINMA B COAEPIKAIINX X
n-kaaccax (B obosnadenusx tr(n) = {z|Vy(z =y (mod n) = = < y)}).

IIpennoxxenune 10. Bcakoe beckoneunoe, K00eCkOHEUHOE U KOTEPEYUCAUMOE MHO-
IHCECTNBO BHIYUCAUMO NPOULUBAEMO.

Jlokazameavcmeo. Ilyctb o — OeCKOHEUHOE KOIMEPEYHCIMMOe MHOXKECTBO C Oec-
KOHEYHBIM JIONOJHEHHEM. PacCMOTPUM TaKyI0 MO3UTHBHYIO SKBHBAJEHTHOCTDb 7) C
OECKOHEUHBIMU CMEKHBIMU KJIACCAMY, XapaKTEPUCTHIECKAs TPAHCBEPCAJb KOTOPOit
ecTb « (O CyIIECTBOBAHUY TaKUX SKBUBAJIEHTHOCTEH U OOIIUX METOAAX UX MOCTPOE-
HUSL CM., HampuMmep, [13], ¢. 296). Vcnosb3yst alilrOpUTM MEPednCIeHNsT IS 1) MOYKHO
[OCTPOUTH TIO IIAraM Yepe3 KOHEYHbIE ANMPOKCUMAIIUN TAKYIO BBIYUCIUMYIO TIepe-
CTAHOBKY f Ha w, KOTOpas TOXKECTBEHHA [0 MOJYJIO 1) U KAaXKJbIA 7)-KJIacc sB-
ngerca f-opburoit. Ilpmsenem anroputM Borunciaenns rpaduka Gy dynxmun f ¢
YMEPEHHON CTEMeHbIO JIeTAN3AIINH.

Yepes n® Gynem 0603HAYATH 9aCTh 9KBUBAJIEHTHOCTH 1), TIOCTPOEHHYIO 33, § TIIaroB
HEKOTOPOro (bUKCHPOBAHHOTO 3DPEKTUBHOTO ITEPECIETA 7).

lar 0. G4 =0, n° = 0.

[Iar s+1. Iycrs Cy, ..., C,, Bce HETPUBUAIbHBIE KIACCHI 9KBUBAJEHTHOCTH 1)°,
KasK BT U3 KOTOPBIX SIBJISIETCS MEMbI0 1)°-9KBUBATIEHTHBIX YMCeI BUIA ag, f(ag), ..., f™(ag)
(rme amcio ag He nMeer f-mpoobpasa, a f"(ag) He nmeer f-obpasa Ha mmare s). [Ipu
9TOM, YHCJIO Gy HA30BEM HAdaJoM Iend, a f"(ag) — ee KOHIOM. YIOpPAI09UM LEIn
1o ux HagagaM. Pacmmpum kmacest C, . . ., Cy, T0 MOTymio sKBEBaTeRTHOCTH 1° 1!,
Ecsiu nenu 6buin passimdHbl Ha 1Iare s, a Ha mare s + 1 nepeceksuch (T.e. KaKue-To
ux saeMenTbl cTasiu Nt loKBUBAICHTHBIME), TO Jif 9THX leHell pacumpsaeM rpa-
bux G5 1o G;H TaK, 4TO KOHIbI MEHbIIMX Leneil oroopazkatorca gpyHkuueii f Ha
Hadasia boOMbIKX (HA YETHBIX IMIaraxX) U KOHIIbI OOJIBINUX — B HAYAJIA MEHbINUX (Ha
HedyeTHbIX marax). Konen mara s+1.

ITostozxum
Gr=J Gy
sEw

OueBugHO, 9TO f — BBIYMCIUMAsT IEPECTAHOBKA, MPOMIUBAIONIAs MHOXKECTBO (. [

[Tokazkem, 94TO CBOWCTBO "OBITH PABHOMEPHO 1M-9KBUBAJEHTHOCTHIO HE SIBJISIET-
Cs TOCTATOYHBIM /IS IPEACTABUMOCTH HAJI SKBUBAJIEHTHOCTHIO IPYIIIIHI.

ITeepen opmyaupoBKOil CJieyIOIEr0 yTBEPXK/IEHNsI BBEIEM HEKOTODBIE MOHS-
THsi. B COOTBETCTBUY C OMpeaeIeHreM 3 IJist 33IaHHON SKBUBAJIEHTHOCTH 1) TOCTPO-
UM TONOJIOTHIECKOE IIPOCTPAHCTBO [1)]comp, 0A30H OTKPLITLIX MHOMKECTB KOTOPOTO
SIBJISIETCS CEMECTBO BCEX 7)-3aMKHYThIX MEPEUUCTUMBIX MHOKECTB. DTy TOIOJIOTHIO
Gyaem HasbiBaTh oraesnumoii (T1-oTaenumoii, xaycaopdoBoil, perysispHoil u T.1.),
€CJIH TAKOBBIM SIBJISIETCS IPOCTPAHCTBO [1]comp. SAMEIATETLHBIM CBOHCTBOM 3TOH
TOIOJIOTHH SABJISAETCSA TOT (PAKT, ITO €Cau yHUBepcaabHas ajaredpa 2l mpemcraBuma
HAJ, 7], TO BCE €€ OTEpaInH, MOIIePKIUBAEMbBIE TTOIAXOASIINMI BEIYUCIUMBIMU (DYHK-
[USIMH B €CTECTBEHHOIN TpoekTupyomeil Hymepamun v(x) = {x}/n, HenpepbIBHBI
B 9T0i Tomonoruu. s OZHOMECTHBIX Omeparuii 3TO OYEBHIHO, T.K. TPOOOPA3bI
[IEPEYUCTUMBIX MHOXKECTB [EPEYUCIUMbI, TAK K€ KaK U TO, 9TO MOPdu3M IByxX
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HYMEPOBAHHBIX CHCTEM SIBJISETCS HEMPEPHIBHBIM OTOOpaXkeHWeM. HempepsIBHOCTS
B 00IIEeM CiIydae moKasaHa B [5].

Eciu BpraucimMo npommBaeMasi 9KBUBAJIEHTHOCTD IIO3UTHBHA, TO 110 IIPEJIO-
JKEHMI0 9 OHa paspentiMa W HaJl Hell, OUeBHIHO, mpecTapnMa rpymma. [TokaxkeM,
YTO CYIIECTBYET BBIYMCINMO TPOITHBAEMAs IKBUBAJIEHTHOCTh HU3KOI AJIrOPUTMU-
9eCKOii CJI0KHOCTH, HaJl KOTOPOi He MPEeICTaBuMa HUKAKas IPYIIa.

Teopema 2. Cywecmeyem 8bUUCIUMAL TEPECTNAHOBKA, ABAAOUAACS M-CE00AULET
05 MAKOT PABHOMEPHOT M -IKBUBANEHIMHOCTIU, HA0 KOMOPOT He NPedcmasuMa Hu-
KAKAA 2PYNNa.

Joxazameavemeo. B [17] mocTpoeH mpuMep TaKOro MHOMKECTBA, (v, BEIYUCINMO TIPO-
IITUBAEMOT0 TIOAXOAAIIEH BBIYUCIUMOI MEPECTAHOBKON [ HA w, YTO TOMOJIOTHYE-
CKO€ IIPOCTPAHCTBO (7o, f|comp ABIsI€TCS T71-0TAEIUMBIM, HO He XaycaopdosbiM. Bo-
Jlee TOTO, He CYIIECTBYET /IBYX HENyCTBIX HelepPeCeKaIOUUXCs MePeIHCINMBIX 1)q, f-
3aMKHYTBIX MHOKECTB. XOPOIIO H3BECTHO, 9TO €CJU TOIOJOrudeckas rpymma 1;-
ormenuMa, To oHa Th-oTmenuma, T.e. xaycaopdosa. llosromy, ecaum ObI HAT 7)q,f
ObLIa IpeCcTaBuMa TPYNIA, TO IPOCTPAHCTBO [Ny, f]comp OBLIO OBI XaycaopdOBBIM
(3amMeTuM, 9TO KJIFOUEBHIM MOMEHTOM $IBJIS€TCS HENPEPLIBHOCTH IPYIIOBBIX OIE-
panuii OTHOCUTEJILHO BBEAEHHOM Tomnosoruu). TakuM o6pa3om, HaJl Hepa3peruMoi
PABHOMEPHON M-3KBUBAJICHTHOCTBIO 1), ¢ HE IPEJCTaBIMa HEKAKas IPYTIa. ([l

OrMeTnM, 4TO aJIrOPUTMUYECKAA CI0KHOCTD SKBUBAJIEHTHOCTH 7)o, f U3 TEOPEMBI
2 maxoauTca B Kiaacce 119; 6oee To9HO, ona aBsgerca 3dbdekTusro T} -0T1eTIMOiH,
T.e. CyIIECTBYeT Takoe 3(PpdeKTUBHOE CeMEHCTBO S MePETHCINMBIX 1)y, f-3aMKHYTHIX
MHOXKECTB, 9ITO JJIs JIIOOBIX = # y (mod 7, 7) HalinyTcs Takue og,o1 € S, 9TO

{2} /Mo,y € o0 Ay} e Noo=0n{y}/(Naf) € o1 A}/ (Ma,p) Vo1 = 0.
3. PEIMIETKN

Hanomunwm (cm. paszen 1), uro 0}, = {(z,y)|7. & vy C o}, C w (y — xaHOHU-
decKasi HyMeparusl KOHEYHbIX MHOXKECTB).

Teopema 3. /[[asa scaxozo o C w 9IK6UBAAEHMHOCTD 1)), ABAAEMCA 6LLYUCAUMO
0mIesUMOT M-IKE6UBAAECHINHOCTIIDIO, A100GA NAPA CMEACHBLT KAGCCO8 KOMOPOU Gbl-
wucaumo uzomopdna. Ipu smom, ecau o KONEPELUCAUMO, MO IKEUBAAEHITIHOCTIIL
1}, ABAAECMCA HE2AMUBHOT U PABHOMEPHOT.

Zoxasameavcmeo. O6o3Haunm uepe3 I'y , MHOXKECTBO Y-HOMEPOB BCEX KOHETHBIX
PACIIUPEHUI MHOXKECTBA Yy BHE Yy N\ Yz, T.€. Iy y = {272 C 72 A (g N72) Ny = 0}
Hanpuwmep, Iy o, tae 7, # 0,7 = 0 - ecrb COBOKYIHOCTb KAHOHHYECKUX HHJIEKCOB
BCeX KOHEYHBIX DACIIUPEHHH MHOXKECTBA 7z, & I'g, — MHOXKECTBO HOMEPOB BCEX
KOHEUYHBIX MHOYKECTB, HE TIEPECEKAIOIINXCS C Yy

ITokaskem, 4TO 7} BBIYHCIUMO OTJENINMA JJId JI000ro «v. JleficTBUTEIbHO, IyCTh
z # y (mod n}). Boibepem Takme xo, Yo, ITO Yo \ & = Yoo \ @, Yy \ & = Yy \ @ 1
Vaor Vyo © W\, T.€. To, Yo — Y-HOMEPA MHOKECTB, [ETNKOM JIeXKAINUX B w \ &t. JIerko
LPOBEPUTDH, 4TO L'y 4o — 15-3aMKHYTO€ BBIYHCINMOE MHOYKECTBO, COjepKalliee T 1
HE CoJepIKalIee ¥.

Ilepeitnem k mocTpoeHmIo TpeOyeMo#l IepecTaHOBKH fy . jad JamHBIX T # Yy
(mod 7%) Tak®WX, 9TO Yz,7Yy € w \ @, IOCTPOUM MHOXKECTBA (MX XapAKTEPHCTHIE-
ckue uunekcer) I'y o, 'y ; U yCTAaHOBHM BBIMHCIHMOE B3aUMHO OTHO3HATHOE COOTBET-
CTBHE MeXKIy HEMH cleaytomum obpasom. ng xaxkmoro z € 'y, Hafimem Takoe u,
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UTO 7Yy = Yz \ Yy U OIPENENHM Y, = Y, U7y,. Torma v € Ty ;. [lomaraem f; ,(2) = v
u fz4(v) = 2. Ha Bcex uncnax u3 w\ (I'y, UT, ;) nomozkum f; , TOXKIECTBEHHOI.
IMokaxkeM, 410 fy, €cTb (yHKIMHA, COIJIACOBAHHAA C 1)), JEACTBYIOIAA KaK
OecKoHeYHOe MHOXKECTBO IUKJAOB Jmunbl 2 Ha 'y, U Ty .. Iycts 21 € T'yy u
foy(z1) = p1. Torga OAHO3HAYHO OLPENETIEHO TAKOE Ui, UTO Yy, = VYzy N Yz K
Yp1 = Yy Y Yuy, OPUIEM MHOXKECTBO 7, He IePeceKaercs ¢ y,. Huasa zo € Iy
CYIIECTBYIOT OJHO3HAYHO OIIPEIETCHHBIE COOTBETCTBYIOIIUE Usg,Pa. Lemepb, eciam
z1 = z2 (mod n%), TO V2, N @ = Y2y N\ @, T Yy, N Q= Yy, \ . [To3TOMY D1 = P2
(mod 7}). Mubekrusnocts fy , oueBuana. BuekTHBHOCTH CileLyer U3 TOro, 4To Besi-
koro p € I'y , cymiecTByeT Takoe eIMHCTBEHHOE U (& MMEHHO, Y, = Yy U 7Yy), 9TO
foy(2) = p, THE 7, = Y5 U y,,. AHAJOIHYIHO MOKA3BIBETCS KOPPEKTHOCTH [y, HA
aprymenrax u3 I'y ;. Takum o6pa3oM, fg, — BBIUHCIAMAS I€PECTAHOBKA HA W, UH-
JlyLUpyIollas [epecTaHoBKy Ha w/1), KoTopas nepeBoauT Kjacc {x}/n) B Kiacc
*
{y}/mz.

HerarusHOCTS 77}, IPM KOMEPEYNCANMOCTH (¢ O¥MeBUIHA. T.K. MHOYKECTBO BCEX MU-
HUMAJILHBIX (B COAEPIKAIIMX UX KJIACCAX) 3JIEMEHTOB SKBUBAJIEHTHOCTH MEPEUUCIIU-
MO, TO JJIsl KazKIO0H IMapbl 9uce (&, Y), TAKAX ITO Vg, Yy C W\« IPUMEHIeM OIUCAH-
HYIO BBIIIIE IIPOLELYPY U MOy UM BBITHCIIMOe ceMeficTBO { fz | Ve, 7y € w\a} BbI-
YUCJAMMBIX [IEPECTAHOBOK C TPEOYeMbIM CBOWCTBOM, T.€. 1)), $BJISETC:H PABHOMEPHOM
M-9KBUBAJICHTHOCTHIO, BCAKHE JIBA KJIACCA KOTOPOH BBIYMCIAMO U30MOPGHBL [

CaencrBue 6. /Jaa 4100020 o wad 1), npedcmasuma pewemsa, u3omopPras, nod-
pewemke PewemKy 6CET KOHEUYHBIL NOOMHONCECTNE HEKOMOPO20 MHOHCECTNEA.

Joxkasamenvcmeo. HerpuBuaibHbIM siBJIsieTCA CIy4ail KOGeCKOHEUHOro . Jljist Jiio-
6b1x 2,y € w onpeaemnm zLy = v~ (v, Uy ), My = 7~ (72N, ). Cornacosannocrs
BBEJIEHHBIX OMepanmii ¢ 1), CymecTBOBaHNEe TOYHBIX BEPXHUX W HUKHUX IpaHeil, a
TaK’Ke HAJIMINE HANMEHBIIETO 3JIEMEHTa OYCBUTHBI. O

JIrobast rpynma 6e3 KpydueHusi, MMeIoIasi BEIYUCINMYIO KOTHIO, 00IaaeT Hepas-
pernMoii HerarnsHOi HyMmepanueit ([18]). B cBs3u ¢ aTnM BO3HHKAET BOIIPOC: “IIpei-
CTaBUMa JIU TPYINA HAJ, IKBHBATIEHTHOCTBIO 1) /st HEKOTOPOTO KOIEPEIHCIUMOrO
Hepas3permmMoro «’’?

Hanomuuwm ([13], ¢.288), 410 HO3UTHBHAS SKBUBAIEHTHOCTD 1) HA3LIBAETCH CO-
BEpITIeHHOM, eCJIN He CYIIECTBYeT HETPUBUAIBHBIX 7)-3aMKHYTHIX BHIUUCIUMBIX MHO-
JKECTB.

Huke pererka nornMaercst Kak anrebpa (B curnarype (U, M1)).

Ilpeagyoxkenue 11. Cywecmeyem maxas No3umMueéHas K6UBAACHMHOCNb, HAOD
KOMOopot He NPedcmasuma HUKAKGA 6EPTHAA (HUNCHAL) NOAYDPEULETKG.

Joxasamenvecmeo. TlycThb 1) — COBEpIIEHHAS SKBUBAJIEHTHOCTD CO CKATOM XapakTe-
PHUCTUYECKOl TpaHCBepcaibio. [IpuMepbl TaKUX SKBUBAJIEHTHOCTEl MOXKHO HaiiTu
B [13]. B [19] moKa3aHO, ITO BCAKAS N-MECTHAS BBIMHCIHMAs (DYHKIUS, COITIACO-
BaHHas C 1) JeficrByer Ha (aKTOP-MHOKECTBE w/17 Jubo KaK KOHCTAHTA, JubO Kak
npoekTHpyomasd. IIpeamonoKum, 9T0 OUHAPHAS BBIYHCIAMAA OIepanusd f Ipel-
CTaBJisier OLIEPALMIO B3:ATUsL TOYHOM BepxHeil (HuxkHell) rpanu Ha w/7n. Torua un-
JyIMPOBAHHBIN f TIO3UTUBHBIA YACTHIHBIA TOPSIOK & <, ¥y < f(z,y) =y (mod n)
He MOKeT ObITh jmHeitHbM ([20]) u moTOMy MMeeTcs 1Ba <,)-HECPABHUMBIX 7)-KJIacca,
ckaxem {k}/n u {l}/n. Paccmorpum rpancusuuio ¢ = \x.[f(z, k)]. Torua, B cuny
unemnorentaocru t(k) = k (mod n), no t(I) # k (mod n) At(l) # ! (mod n) u
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OJHOMECTHAsI BhIYUCINMAasa (QyHKIUSA ¢ OKA3hIBAETCA KAaK HE KOHCTAHTON, TAK W HE
npoekTupyiorieii (Toxaecrsennoii). IIporusopeune. O

IIpensioxenue 11 mopoxkgaer NPUHIKAIAAJIBLHBIA BOLPOC: ‘HaJl BCAKON A Hera-
it it 11
TUBHOM SKBHBaJIEHTHOCTHIO IIPEJICTABUMA PELIeTKa KakK ajareopa’?

Onpenesienne 5. I'pag (T'; P) nasvisaemes nosumuero (Hezamuéro) npedcmasu-
MbLM HAO0 IKEUBAACHIHOCTIDLIO 1), €CAU CYULECTEYEN TAKAA €20 HYMEPAUUS U, 40
ker(v) = n u mmoocecmso {{(z,y)|(ve,vy) € P} nepevuciumo (xonepenuciumo).

3aMeruM, 4TO B ITOM OIPEJICJEHUN HA, CJIOXKHOCTb 1) HE HAJIArAIOTCH HUKAKUE
OrpaHNYEeHN.

Teneps mom, c0BOM perieTka Oya1eM MOHUMATh YACTUIHO YHIOPSI09YEHHOE MHO-
2KECTBO.

IIpenmoxenue 12. (a) Had 0601 ne2amuenol 9K6U8GALHIMHOCTIBI0 HE2ATNUESHO
npedcmasum AUHETHbLT NOPAIOK.

(b) Had 6caroti nosumuehol IK6USAAEHIMHOCTIBLIO NO3UMUSHO NPEOCTNABUMA De-
WeMmKa, 00HAKO CYUECMBYEM MAKAA NOZUTNUCHAA IKEUBAAEHITHOCTIL, HAd KOMO-
POt NO3UMUEHO He NPedcmasum HUKAKOU AuHetHbl NopAdok.

Hoxasameavemeo. (a) B [20] nokazano, 4ro HaJ BCAKOH HEraTUBHON SKBUBAJICHT-
HOCTBIO C GECKOHEYHBIM MHOXKECTBOM CMEXKHBIX KJIACCOB HETATHBHO IMPEICTABUM
NJIOTHBIN JIMHEHRHDIH TOPAIOK U, TeM 6oJjiee, pemeTka (Kak YacTUIHbINA TOPSIOK ).
(b) Ilycrb 1 — no3uTUBHAS SKBUBAJIEHTHOCTH C HE MEHEE Y€M JBYMs 7}-KJIACCAMHU,
KOTOpbIe MbI 3aduKcupyem, ckaxkem «, 3. Torma mopsiiok a X wUw X fUn ecrb 0o-
3uTUBHAs pelerka ¢ nysiem (a), exunuieii () u MHOXKECTBOM OCTaJbHbBIX HOLAPHO
HECPABHUMBIX MEKIY COGOM TI0 MOIYJTIO 1) 37eMeHTOB. CyInecTBOBaHNe TTO3NTHBHON
9KBUBAJIEHTHOCTH, HAJ, KOTOPOU NMMO3UTUBHO HE NIPEICTABUM HUKAKON JIMHEHHBIN 1O-
PSIIOK TOKA3aHO B YIOMSHYTOM Bbime pabotre [20]. O

4. TPAHCJIAIIMOHHO TIPEAIIOHBIE AJITEBPHI, KOJIBIIA U MOJIYTPYIIIIbI

B naxHOM pasziene Mbl PACCMOTPUM CBOWCTBA IKBHBAJIEHTHOCTEH, SABIISIONMXCS
sAZpaMy HyMepanuil KoJiell, o€l 1 yHUBEPCATIbHBIX alreOp ¢ HEKOTOPHIMU yCJIOBU-
AMH THUIIA KOHEYHOCTH HA PELIETKH UX KOHIPYIHIMI (LIPOCTHIX U LHOJIPAMO HEPA3-
JIOXKVMBIX ), & TaKKe BO3MOXKHOCTH MTPEACTABIMOCTH Ha,Jl SKBUBAJIEHTHOCTSIMY GOJee
IIUPOKHX KJIACCOB CUCTEM, KAKOBBIMH SIBJISIOTCS, B YACTHOCTH, TTOJYTDYIIIIbL.

T.K. HOHSTHE KOJIbIIA BKJIIOYAECT B CeOsi MOIOHATHE CBOEH & TUTHBHON KOMMY-
TATHBHO TPYIIbI, TO SAPO HyMepanud J000ro KOJbIA sBJISETCS PABHOMEPHOM
M-9KBUBAJIEHTHOCTHIO. Tem Oosee 3T0 Kacaercsa ten u moseil. [losromy Bce obrmme
pe3yabTaThl, chOPMYIMPOBAHHBIE NJIsT TPYIT B MPEIBIAYIINX pa3Iesnax, CrpaBe]-
JIMBBI M JIJIs1 JIOOBIX KOJIEIl.

N3gecrro ([21]), 9ro Haz 11060ii HETATHBHON SKBHBAJIEHTHOCTHIO MPEICTABUMBI
KaK KOHEYHO IOPOXKJIEHHBIE, TAK ¥ KOHIDYSHI-IPOCTHIE YHUBEPCATbHBIE ATTeOPHI.
IIpencraBUMOCTD 2Ke KOHIPYIHII-IIPOCTOM aireOpbl HaJl HO3UTHBHON 9KBHBAJICHTHO-
CTHI0 PABHOCHJIBHA €€ Pa3peruMocTd. Bmecre ¢ TeM, eciiu 9KBHBAJIEHTHOCTH (HE
006513aTeIbHO TTO3NTHBHAS) WMEET, K TPHUMepy, TMIEPUMMYHHYI0 XapaKTephCTHYe-
CKYIO TPAHCBEpCaJlb, TO BCsIKasl MpEJCTaBuMasi HaJ, Heil ajrebpa KOHEYHON CHIHa-
TypBI J0KaIbHO KoHewHa ([16]). Eciam no3uruBHAS 9KBHBAIEHTHOCTH HE SIBJISIETCS
BBIYHUCJIMMO OTJEJUMOI, TO pelleTKa KOHI'PYIHIUN BCAKON IPEeJICTaBUMON HaJI Hell
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YHHUBEpCAIbHOH aiarebpsl KoHTHHYyasbHa ([16]). IlosroMy, ¢ ToYKM 3peHHs Mpei-
CTaBEMOCTH OOraThIX KJACCOB CHCTEM HaJl S5KBUBAJEHTHOCTAMH, HEIATHBHBIE 3K-
BUBAJICHTHOCTH MOYKHO TPAKTOBATH KaK 00JIee IPUOPHTETHBIC OTHOCHTEIBHO IIO-
suTuBHBIX. Cllemyiomme BasKHbIE KIACCHhl YHUBEPCATBHBIX aarebp MOATBEPsKIAI0T
CKA3aHHOE.

YuapHas TepMmasibHas omneparnys ¢ (PUKCHPOBAHHBIME 3JIEMEHTAME anrebpbl B
Ka4ecTBe MapaMeTPOB HA3LIBACTCA TPAHCIIAIUCH.

Onpenenenne 6. YnusepcarvbHnas aa2e6pa HA3BLEBAEMCA MPAHCAAUYUOHHO NOAHOT,
ECAU BCAKAA NAPA PASAUNHDLT €€ INEMEHMOE NePesodumcs 6 4100y dpyzyro napy
PABAUMHBLE INEMEHMOE NO0TOdAULET MPAHCAAYUET.

()quHﬂHO,qTO BCAKad TPAHCIAIIUOHHO TTOJTHaA aﬂre6pa ABJIAETCA KOHTPYIHIIL-
npocroii. Obparnoe HeBepHO. Kiaccuyeckuit mpuMep TPAHCISIMOHHO TOJTHON aJi-
rebpbI — Jar060e Teio ([22]).

Omnpenenenne 7. Ynueepcarvras ar2eb6pa Ha3b60eMEA MPAHCAAUUOHHO NPEINON-
HOU, ECAU CYULLCTNBYEM MAKGA NAPA PA3AUNHHLT €€ INEMEHMO8, 8 KOMOPYI0 nepe-
600umcs 110044 NAPA PASAUNHBLE INEMEHMOE NOOT0dAUET MPAHCAAYUET.

DakTHYIECKN W3 OTPEIETIeHNsT CIeLyeT, ITO BCAKAST TPAHCISIIIHOHHO TTPETOTHAS
asrebpa sIBJISeTCs MOANPSAMO HepasaoxknMoii. ObpaTHoe HEBEPHO.

Omnpenenenne 7 cymecTBeHHO mupe onpeaesnenns 6. [Ipocreiimmit mpumep HETpH-
BHAHHON TPAHCIAIMOHHO MPEINOIHON He MPOCTOi anreOpnul — aarebpa mpere-
crBoBanus P = (w;p),p(0) =0,p(n + 1) =n.

st maONKecTBA (v C W ¥ SKBUBAJIEHTHOCTH 1) Yepe3 (o, 0003HAMMM 1)-3aMBIKAHIE
MHOXKECTBa (v (T.€. HAMMEHbIIIEe 7)-3aMKHYTOE paciiupenue «). Byaem roBopurs, 4To
UHCIIO X SBJISIETCS 7)-OTBEPTraeMbIM MHOMKECTBOM «, eCian & ¢ [al,. Jlerko moHSTS,
9TO JJisi JIIOOON HEraTWBHOW SKBUBAJIEHTHOCTH 1) OTHOINEHUE ~YUCJIO X SABJISETCS
7)-OTBEPIraeMbIM KOHEYHBIM MHOXKECTBOM §’ — HEPEYUCTUMOE U PABHOMEPHO 3aBU-
csimee Or x, 0 (MOXKHO CIMTATD, YTO § 33JAHO CBOMM KAHOHUYECKUM MHIEKCOM UJIN
JaHo B gBHOM Buje). Eciiu sCHO 0 KaKoii 9KBUBAJIEHTHOCTH 1) UIET PEYb, TO OyaeM
TOBOPHUTH, 9TO T OTBEPTaeTcs 0.

Teopema 4. Had 110601 He2amueHoll 5K6UBAAEHMHOCTBIO NPEICTNABUMA MPAHC-
AAUUOHHO NOAHAA YHUBEPCAALHAA aA2eOPa.

Loxazameavcmeo. Ilyctb 1 — HeraTuBHas SKBUBAJIEHTHOCTH. EKcim xapakrepucru-
Jeckasi TpaHCBepcasb tr(n) KOHEYHA, TO 1) pa3pelnMa U JoKasbiBaTh Hedero. Ilo-
sToMy mpexnonaraeM, aro tr(n) = {to,t1,...} Geckoneuna. 3amernm, 4to tr(n)
nepeducauMa, T.K. & € tr(n) < Vz < z(z # x (mod 7)). [okaxkem, 910 115t 1000
napbl x # y (mod 7)) cymecrByer paspenmMoe 7-3aMKHY TOe MHOXKECTBO, OTIEJISAI0-
iee &,y u, 60jee TOro, ITO MHOXKECTBO PABHOMEPHO CTPOHUTCS IO JAHHBIM T, Y.

IMTar 0. A9 = {z}, AY = {y}.

ITar s + 1. IIycts z — HamMeHbITIee HATYpPAJTbLHOE YUCTIO, HE TPUHAJIEKAIIEe
AU Aj. llposepsiem z Ha TIpeIMET ero OTBEPXKeHNs XOTA Obl OJHUM U3 MHOXKECTB
A3, As. Ecnu z orsepraerca Af, to nonaraem A5t = A5, AST! = A5 U {z}; ecrm
s
MHOKeCTBaMu, TO orHocuM ero K AST!. Komer mara s + 1.

Onpenennm
A, =] 4 4,= 45

SEw sEw

x orsepraerca A3, o ASTH = A3 U {z}, AST! = AS. Ecau z orsepraerca oGoumu
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WNuayknueit o mraram mOCTPOEHHUsI JIETKO TIOKA3aTh, YTO KAXK/IbIH IMar 3aKaHIm-
BaeTCsl ¢ OTHECEHWEM TEKYIIEro TECTHPYEMOrO HATYPAJTBHOTO YUCJA K OJHOMY W3
JIBYX MHOXKeCTB, a TaKxe ot dakt, uro [A3], N [A], = 0 aia moboro mara s.
IosTromy mepeuncaumbie A,, A, He epeceKaloTes, ABIAIOTCA 1)-3aMKHYTLIMI U TX
o0beMHEeHNE TTOKPHIBAET BCE w. PaBHOMEpHAs 3aBUCUMOCTh WHIEKCOB XapaKTepH-
crudeckux (ynximit A;, A, o1 x,y oueBuHA.

Tenepn s KaxK A0 napel (T, y) PA3IMIHBIX [0 MOJLYJIIO 7) YUCEJ MOCTPOUM BbI-
qrcauMoe ceMeicTBo Tpancaanuil Ty y = { fz.y,m.n|M, n € w} caenyromum obpazom:

Z € Aw = fz,y,m,n(z) = tmy S Ay = fa:,y,m,n(Z) = tn;

rae to, ty € tr(n), m # n.
Hakomerr, onpenemmM BEIAUCIAMOE CEMEHCTBO TPAHCTATIAI

r= \J T

a#y (mod n)

OueBuuno, uro obas rpancisuus f € T coruacoBana ¢ 7, T.e. £ =y (mod 1) =
f(z) = f(y) (mod n) n moromy KoppekTHO omnpenenena dbakrtop-anredpa (w/n;T)
BBIYUCINMOI are6ps (w; T) mo KoHrpysHwu 7. T.K. 17t 11060ii napbl pa3InIHbIX
[0 MOZLYJIIO 7) YHUCEJI T, Yy ¥ JIIOOBIX PA3IUIHBIX by, b, € tr(n) HaligeTCs TPAHC/IAIUs
u3 T, nepeBoasdas & B t,, u Yy B t,, 10 anredpa (w/n; T') TpPaHCAAIMOHHO TOMHA. ]

Caencrsue 7. Had 210601 ne2amusholl 9K6UBAAEHMHOCTNBIO NPEICNABUMA TPAHC-
AAYUOHHO NPEINOAHAL YHUBEPCAALHAA AA2EOPA.

3ameuanne 2. Herarnpable HyMepanum npeICTaBIIOTCA B ONPEIETEHHOM CMbIC-
Jie He MeHee eCTECTBEHHBIMHE, I€M MO3UTHBHBIE. TaK, HATpUMEp, NpoCcTeimas rpymn-
A MEJIBbIX 9UCeJT IO CIOKEHU0 (Z; +) nMeeT Hepa3pemmuMble HETATUBHBIE HyMepa-
WU, XOTS OHA, yCTONUNBA OTHOCUTEIHLHO MO3UTUBHBIX MPEJICTABIICHU; J1000€ Gec-
KOHEYHOE TI0JIe, MMEIOIee BLIYUCIUMYIO KOMUIO (KAK OTMEYAJIOCh BBIIIE), TaK¥Ke
MMeeT Hepas3permMyio HeraTHBHYIO HyMmeparnuio (cM. [18]), B TO BpeMsi KaK BCAKOE
MO3UTHBHOE MPEICTABJIEHUE JTFOO0TO TOJS ABISETCS PA3PEITUMbIM.

Ilpengioxkenme 13. Bceakaa xaycdopdosa HYymepayus MpaHciayuoHHO 1npeonon-
HOU YHUBEPCAALHOUT AN2e0PBL HE2AMUBHG.

[Hoxasamesvcmso. B [16]. O

Caencrue 8. Hukakas MPaHCAAUUOHHO NPEINONHAA YHUBEPCAALHAA GA2EOPA He
npedcmasuma Hu Had KaKoU HE He2aMUBHOT IKBUBAAEHITIHOCTILIO, KAAHCOLT CMENHC-
HoLl KAGCC KOMOPOT NepetuuUCAUM.

Zloxazameavcmeo. B mpoTwBHOM cirydae, 1O MPEJIOKEHUIO 13, BBUIY OYEBUTHON
Tr-oraenumocTh (Jazke JUCKPETHOCTH) COOTBETCTBYIOIIErO MPOCTPAHCTBA CJIE/LYET
HETATUBHOCTD sIIPa IPEeICTABICHHS. ([

B uwacrHOoCTH, HUKAKas TPAHCIAIMOHHO IPEIIOJIHAS YHUBEPCAIbHAS ajiredpa He
npeicraBuMa HUA Ha/Jl KAKOH Hepa3peluMONi NO3UTUBHON 3KBUBAJEHTHOCTBIO.

Paccmorpum Gostee mupokne ceMeificTBa, KIACCHIECKUX CHCTEM.

Bynem nasbiBarh dyHKIHIO f : w" — W COIIACOBAHHOH C 9KBUBAJEHTHOCTHIO
7, €CU 1) — KOHrpysHuus anre6pst (w; f). Kak obbrano, dyukmus C), 1 w" — w,
¢ obmacrbio 3Hadenuit {m}(m € w), Ha3bIBaeTCA KOHCTAHTOMH, a I : w" — w,
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e 1l <m < nwuVa,...,x,) € WM (21,...,2,) = Ty) — NPOEKTHPYIONIEH
dyukipeit. O603HAIUM

— n n
U= U {Cm} U U {I’m}'
m,new 1<m<n,ncw
OueBnHO, 9o JM06ast GYHKIMS COMTACOBAHA C JBYMS SKBUBAJIEHTHOCTSIMA — HyJIe-
Boit (id w) u equamanoit ({(x,y)|x,y € w}). dcno Takxke, uyro Besikasg U-GyHKIus
COIVIACOBAHA C OO0 9KBUBAJIECHTHOCTHIO HAJ W.

Ilpennoxenne 14. Had 210601 9K6UBAAEHTMHOCTLIO NPEICTNABUMG KOMMYMG-
MUBHAA TOAYZPYNNG.

Joxasameavcmeo. Oupenenum ymuoxenue Ha w kak C2,, rae m — jo6oe dbuxcu-
poBaHHOe HaTypaibHoe umcio. Torma oneparusa C2, BHIMHCIAMA W OYEBHIHO CO-
[JIACOBAHA C JIIO0O 9KBUBAJIEHTHOCTHIO 7] HA W, & [IOTOMY KOPPEKTHO OIpejieJie-
na dakrop-anrebpa (w/n; C2) BHHMUCIIMONi KOMMYTATHBHO{ MOTyrpymmbt (w; C2,),
T.e. noayrpynna {(w; C2,) mpeacTaBuMa HaJ, ). d

Bamernm, 9TO B KadecTBe MOIYTPYIIIOBOTO YMHOMKEHUS B3ATb U [+, HO TOTIa
[OJIyrPyna He OyJeT KOMMYTATUBHOM.

IIpennoxxenue 15. Jlaa 4106020 o C w Had 9K6BUBANEHMHOCTBIO 1)), NPEICTNABUME
KOMMYMAMUSHAA TOAY2PYNNa ¢ eduruyed.

Joxazameavemeo. Onpenennm omepanuio yMHOKEHHsT : Ty = 7~ (7, U7y, ). Jler-
KO IIPOBEPUTD, YTO * COIJIacOoBaHa ¢ 14 jist joboro o C w. Exununeit janHol KoMm-
MYTATUBHO MOIyTPYIIBL OYIET 1))-KIIACC, IOPOKICHHBINR BCEMH (-DACHIHPEHIAMI
IIyCTOrO MHOXKECTBa, T.€. € = {x|v,; C a}. O

Ilpengioxkenne 16. Cywecmeyem no3umueras K6USAAEHIMHOCTL, Had KOMOPOT
HE NPEICMaABUMA HUKAKAA NOAY2PYNNG ¢ eOUHUYET.

Zoxazamesvcmeo. Ilycrb 1) — ynmoMuHABIIASICA BbIIIE COBEPIICHHAS SKBUBAJIEHT-
HOCTH CO C¥KATOI XapaKTEPUCTUYECKOH TpaHcBepcasbio. Torma BesKkas BBHIUUCITA-
Masa byHKIMs, COrJIACOBAHHAS C 1), JeicTByeT Ha (HaKTOp-MHOXKECTBE w/1 nubo
KaK KOHCTaHTa, Jnbo Kak mpoekrupyiomas ([19]). Ilostomy, ecaun Hax 7 npencra-
BHAMAa MOJYTPYINA C IUHUNEH € U yMHOXKEHHEM *, TO 3TO yMHOXKEHHE JIeACTByeT
Ha w/n b0 KAK KOHCTAHTHAs, JJUO0 KAK IPOEKTUPYIOIas onepanus. Eciau * neii-
CTBYeT KaK KOHCTAHTa, TO ODO3HAYMM 4€pEe3 ¢ TAKOH JIEMEHT IOJyIPYIIIbI, 4TO
Va,b(a*xb = c). Torga Va(exa = a*xe = a = ¢), 9T0 HEBO3MO’KHO B HETPUBHAJIBLHOM
HOJIyTPYIIIIE.

[TycTsb * jgeiicTByeT Kak TPOeKTHpyIomasd, T.e. 60 monobno I2, mubo kak I3. B
nepsoM ciiydae Va(e = exa) (T.K. * gefictsyer Kax I7), HO, B TO e Bpema Va(exa =
a) (1. e — eqununa nosyrpyiist). [losromy Va(e = a), 410 BO3MOXKHO JMIIb 15
oHO3MeMenTHOTO MoHoua. Ciywait I3 paccMaTpuBaeTCst aHaTOTHIHO. O

3amMeTnM, YTO €C/I PACCMATPUBATDH MOJIYTPYINbI HE C ABYCTOPOHHUMM, @ C JI€-
BbIMU ([IPABBIMU) €IUHUIHBIMU JEMEHTAME, TO UMEET MECTO

IIpeanoxenne 17. Had 410601 9%6u6aAeHMHOCTIHIO NPEICMAGUMAE NOAYZPYNNA C
€60l (npasoti) edunuyed.

Zlokazameavcmeo. B camom nene, ecii MIPpUHATH B KAUECTBE TPYIIIOBOTO YMHOXKeE-
HusA omepanuio I3, To 060 3MEMEHT MOMYTPYIIIbl OyIeT ABIATHCA TeBOH eTHHI-
neil. AHAJIOrMYHO, /IJIs Olepaliy I12 BCAKUIT 3/1eMeHT OyaeT mpaBoit emumaumeir. [
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5. CTEIIEHM IIPEJCTABUMOCTH

B zakiioyenne ckazkeMm HECKOJIBKO CJIOB O BO3MOXKHOCTHU IPUMEHEHUST U3JI0KEH-
HBIX BbIIIE PE3yJIbTATOB B TEOPUU CTENEHEH aJIrOPUTMUYECKUX IPEICTABICHUN Cu-
CTeM, TTPEJICTABIISIONIENl NHTEPEC B paMKaX TMOAX0A TEOPETHIeCKOil nH(PpOPMATHKI
K Mpo0JieMe MaTeMaTHIeCKOTO yTOUHEHHS TTOHSATHS aJrOPUTMUYECKON Pean3aIiun
mozenn gaHubix ([16]).

ITycrs G, — K7macc HOBUTUBHO HMPEJCTABUMBIX OECKOHEYHBIX TPYMI, Y — MHO-
JKECTBO BCeX OECKOHEYHbIX HO3UTUBHBIX dKBUBajeHTHOCTE U K (1) — Kiace Bcex
TPYTIT, TPEJICTaBUMBIX HAJ SKBHBAJEHTHOCTHIO 7). Ha X ompemennm cremyromntmit
MIPEATIOPSIIOK:

no <g, m = VG € G,[G € Kg(no) = G € Kg(m)].

CummerpryHOe 3aMbIKaHue TPENops/IKa <, Pa30MBaeT MHOKECTBO 3 Ha K/IaCChl
=(,-9KBUBATCHTHOCTH U Ha (DAKTOP-MHOXKECTBE X/ =, MOPOKJIALTCA YaCTUIHBIH
nopsanok Dg, = (¥/ =¢,;<qg,), B KOTOpoM 4epe3 <, 0DO3HAYEH M YACTHYHLIT
LOPsA/IOK HA PaKTOP-MHOKECTBE, MH/lyIMPOBaHHblil jieficrsuem <, Ha Y. Koppekr-
HOCTh TaKOTO Tiepexofa npu dbakropusamun odesunna. Hedopmanbno, no <g, m
03HAYAET, YTO BCAKAS IPYIINA, TPEJICTABUMAS HA 7)) ABJISETCS MTPEICTABUMON U HAT
71, & CTPYKTYPa YacTHIHOTO nopgajaka Dg, oTpazkaer ajJropuTMHUYecKyio IPHPOJLY
SKBUBAJIEHTHOCTEN C TOYKY 3PEHUsT COOTHOIIEHU MEK/Iy Pean3yeMbIMU HAJ HUMU
knaccamu rpymi. OrmeruM, 4ro jodad rpyuna uz G, onpenesserci HEKOTOPbIM
=g, -KaaccoM. Dyementrl D¢, OyaeM Ha3bIBaTh CTENeHsIME TO3UTHBHOI Mpe/ICTaBu-
MocTu rpymi. OTMeTHM, 9TO CTENEHH MPEICTABUMOCTH KOHETHBIX CHCTEM 00PA3YIOT
M30/IMPOBAHHBIE TOYKHU B CTPYKTYPE GACTUIHO YIOPSIOIEHHOTO MHOXKECTBA, CTeIe-
Hell U, C TOYKHY 3PEHUs [IeCKPUITHBHON T€OPUHU BBIYUCIUMOCTH, IIPEJICTABIISAIOT ~Bbi-
poxkaeHubit ciay4ait’. [IosToMy MBI paccMarpuBaeM BCE CTEIEHH IPEICTAaBUMOCTH B
KOHTEKCTE OTCYTCTBUS CTEIEHEe, IOPOXK IEHHBIX KOHEYHBIMYU SKBUBAJIEHTHOCTAMMU.

Hampuwmep, u3 Tteopemsbr 1 ciemyer, 9TO BCe MO3UTHUBHBIE SKBUBAJEHTHOCTH, HE
ABJIAIONIMECS 1M-DABHOMEPHBIMHU JIe?KAT B OJHON = -CTeNeHH, sAB/IAIOeiics Hau-
MEHbIIeH OTHOCUTETBHO K, W OMPEIESIONniel mycToi KIace rPyI. Omnako, u3
TEOpPeMbI 2 BBITEKAET, YTO B ITOH 2Ke CTEIeHN HAXO/IATCH U HEKOTOPbIE PABHOMEDHbIE
M-3KBUBAJIEHTHOCTH.

Amnasmornyno, paccMaTpuBas KIacC HETATUBHO MPEICTABUMBIX OECKOHETHBIX MPYIIIT
G,, m MHOXKXECTBO BCeX DECKOHEUHBIX HETATUBHBIX dKBHBaJieHTHOCTEH I momywaem
CTPYKTYPY creneneil HeratuBHOIl npexacrasumoctu rpynn Dg, = (II/ =q, ;<q,)-
Mozxuo paccmarpusaTh Gosee mmpokue knaccsl SGy, (SGy,) mosurusro (Herarus-
HO) [IPEJCTABUMbBIX GECKOHEUHBIX HOJLYIPYII U COOTBETCTBYIOLIME MHOXKECTBA CTe-
neHell MO3UTUBHON (HEraTWBHON) MPEICTABUMOCTH JJIs KJIACCOB Mmojyrpymm. Ilpu
9TOM, =¢,-CTeNeH! TpeJICTaBIeHuil Tpynm GyayT, BOOOIIE TOBOPH, ~"pacnajarhes’
Il TIPEJICTAB/ICHUN MOMyTpynH, T.e. =sG, C=g,, T-K. OJJMUHAKOBbIE =g, -CTENEHH
ISl TPYIIT MOTYT ObITh PA3JIMUHBIMU JIJid O0JIee MUPOKOro KIIACCA HOIyTPyI (mpu
PACCMOTPEHMU I'PYIIIL B CUIHATYPE € OJHON OMHAPHON I'PYIIIOBOI onepanueii).

Ha nmacrosamuii MOMEHT OTHOCHTEIHLHO M3y4eHA CUTYAIUs /i CTEHEHeH [103u-
TUBHOW W HETaTWBHOI MPEICTABUMOCTHU JIMHEHHBIX MOPSAKOB. Tak, s CTPYKTY-
pbI DLp CTerneHel MO3UTUBHON MPeICTaBUMOCTH JIMHEMHBIX NOPAIKOB JOKA3aHA €€
GECKOHEYHOCTD, CYIIECTBOBAHNE HECPDABHUMBIX CTEIIEHEH, OTCYTCTBHE HANDOIBIIErO
3JIEMEHTa, HAJIU4Yhe CTEleHU, ONPEIeI[IoNIeil yCTol KJ1acC JIMHEeHHBIX MTOPA/IKOB 1
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T.7. (cM. [23]). Crpoenue e crpyKTypbl Dy, creneHeil HEraTHBHOMN MPEICTaBAMO-
CTH JIMHEHHBIX HOPSIKOB OKA3a/I0Ch COBEPIIEHHO MHBIM — OHA TaKkKe OECKOHEYHA,
HO UMeeT HauOOIbIIHI 3JIEMEHT, IIPU ITOM BCAKAA CTELeHb Opeessier JOCTATOIHO
GoraThiit Kace JINHEHHBIX MOPSIIKOB MPEJCTABUMBIX HAJT JIIO00H SKBUBATIEHTHOCTHIO
u3 910ii crenenu u T.1. (cMm. [20]).

st rpymi, TOJIyTPYIIT U KOJIel, cuTyanus He udydeHa. Camas mpocreiinas cu-
Tyalys — JiJi CTeleHeil TO3UTUBHON TPeICTaBUMOCTH Tojeit D F,-

IIpennoxkenune 18. Yacmuuno ynopadouennoe MHONCECTNBO cmeneHets no3umue-
HOT MPEICNABUMOCTNY OECKOHEUHBLT NOAET 08YTLINEMEHMHO U U30MOPHHO Muny
opdunana 2.

Jlokazameavcmeo. B camom mene, mobas HepaspemmMast IO3UTHBHAS SKBUBAJICHT-
HOCTB JIEJKUT B CTEIEHH O3UTUBHON MPEICTABUMOCTH, KOTOPAS OMPE/IEIAET IIyCTON
KJIACC TOJIel, T.K. HAJl TAKON SKBUBAJIEHTHOCTHIO HEe TpeacTaBumo mose. C apyroit
CTOPOHBI, HAJL JIFOOOI pa3pemnMoii 6ECKOHEYHONW SKBUBAJIEHTHOCTHIO TTPEICTABUMO
BCSAKOE OECKOHETHOE T0JIe, 00J1aJaI0Iee BEITUCINMON KOMHeH. [l

O crpykrype D¢, cTemeneil HO3HTHBHOH HPEICTaBEMOCTH I'DYII HMEET MECTO
[IOYTU TPUBUAJTIBHOE

IIpeagyoxkenune 19. Yacmuyuro ynopadowennoe MHONMCECMBO cmenerels No3umue-
HOT NPeIcmasuUMOCMU GECKOHEYHDLT 2PYNT UMEET HE MEHEE MPET INEMEHMOB, 0684
U3 KOMOPHLT HECPABHUMDL.

Joxazamesvcmeo. Bee 3KBHBAJIEHTHOCTH HE SBJIAIONIMECS M-DABHOMEDHBIMU (M
JIa¥Ke HEKOTOPbIE PABHOMEPHDIE 1M-3KBUBAJIEHTHOCTH ) 00Pa3yIOT HANMEHBIIYIO CTe-
nenb dg B Dg,. C apyroit croponsl, crenens dp, comepxamas 71 = id w, ONpe-
JIEISET YCTONIMBYI0 OTHOCUTEJHHO MO3UTUBHBIX HYMEDPAIUi IPOCTEAIITYI0 IPYIIILY
G1 = (Z;+). Teneps, eciu ds — cTenenb, cofepKkailas Hepa3penmMyo SKBUBAIEHT-
HOCTb 72, ABJIAIONLYIOCS sIPOM [PEJICTABJICHUS HEKOTOPOH KOHEYHO MOPOXKICHHON
rpymmsl Go, 10 G1 € Kg(m) ~ Ka(n2) A Ga € Kg(nz) ~ Ka(n), me. m ;(GP Ny U
n2 £a, M- U

Jpyrue ecrecTBeHHBIE BOIPOCHI, KACAIOMIMECS] CTPOEHUsI CTPYKTYPbI CTerneHeit
[peJICTaBICHAN YKA3AHHBIX BBIIIE CHCTEM, OTKPBIThL. Hanpumep, sBisercs jiu CTpyK-
typa D¢, Geckoneunoii?

Hamomunwm ([12]), uro ecau (A, u), (B,v) — HyMepoBaHHbIE aireOpbl, TO TO-
Momopduszm ¢ : A — B HasbBaercs MoOpdu3MoM, eciau OH 3(hdeKTuBeH Ha
HOMEDAX, T.e. CyIIECTBYeT Bhramcammasi ¢pyukius f takas, uro pu = vf. Ecan
B = {(B;, ;)i € I} — cemeiicTBO HyMEPOBaHHBIX AnTe0D, TO TOBOPAT, YTO HyMEPO-
BaHHast anrebpa (A, ) anmpokcnMupyercst B-aarebpamMu, ecan JJist BCSIKON maphl
PA3IUYIHLIX HJIEMEHTOB Gg, a1 € A cymecTByer MOPHHUIM @q, o, U3 (A, 1) B mOIXO-
JAmLyio B-aarebpy, pasnudalouii STH JIEMEHTDI (T.€. Qaq 0, (A0) 7 Pag,ar (@1))-

MoKHO BBECTH €IIIe OJIHY €CTECTBEHHYIO CTPYKTYPY CTEMEHel, COIEPIKAIILYI0 Kak
[MO3UTUBHBIE, TAK U HEraTuBHbIE cTernenn. HamoMunM, 910 SKBUBAJIEHTHOCTD 1) HA, W
Ha3bIBAETC 0T1es1uMOil (3hdexTuBHO OTHeMMOil), eciu cyliecrByer Tp-oTeisonee
ceMefiCTBO 7)-3aMKHYTHIX TEPEUNCIMMBIX MHOYKECTB MPOCTPAHCTBA W /17 (BBIYNCIIH-
Moe T(-OTHeIsIoIee CeMeHCTBO 1)-3aMKHY ThIX TEPEYUCIUMbBIX MHOXKECTB TPOCTPAH-
cra w/n). FO.JI. Epmossiv B [13] 66110 BBEJeHO HanboIee obIiee MOHATHE OT/Ie/TH-
MOIl HyMepanuy MHOXKeCTBa (T.e. Takoil HyMepanuu, sijipo KOToporo To-0Tmaesumo B
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[epPEeYrCIUMON TOIOJIOMMHU) U JIAHA CIELYIOIast XapaKTepu3alys a1ep OTIeJUMbIX
HyMepaluii CeMeiCTB MepeYnCIMMbIX MHOXKECTB:

Hymepayus cemeticmen nepesuciumoily MHOHCECTNE 0MOIEAUME MO20a U MOALKO
mozda, xozda ee aAdpo spPermusHo omdesumo.

IIpumenenne 310t TeopeMbl K ajredpaM MOYTH HEMOCPEJICTBEHHO AT CJIEIYI0-
WA Pe3yabTaT:

IIpennoxkenue 20. Hymeposannas anrzebpa omoesuma mozda u mosvko moz0a,
%0200 OHG ANNPOKCUMUPYEMCA IPPHEKTNUSHO 0OMOIEAUMBLMY AA2E0PAMU.

Hokazarennbcrso B [24].

Knace 3bdexTuBHO OT/IeuMbIX anrebp jexar B Kiaacce 119, HO He comep:KuT
AY. ToT KIaCC MpeCTaBIAETCS eCTeCTBEHHBIM, T.K. OH JIe¥KHUT HU3KO B apudMe-
THYECKOll MepapXuu W COJEpKHUT B cebe BaskHeiime HuKHUe Kjaccel — 30 | JI19.
ITosTOMy BOIPOC O CTPOEHUHU CTPYKTYPHI cTeneneil 3bMOEKTUBHO OTAEIMMBIX TPYIIIT
D¢, MOXKeT TIPEICTABIATD WHTEPEC C TOUKH 3PEHUST TEOPETHIECKON NHPOPMATHKH.
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