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AN EXAMPLE OF A SIMPLE DOUBLE LIE ALGEBRA

V. GUBAREV

ABSTRACT. We extend the correspondence between double Lie algebras
and skew-symmetric Rota—Baxter operators of weight 0 on the matrix
algebra to the infinite-dimensional case. We give the first example of
a simple double Lie algebra.
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1. INTRODUCTION

In 2008 [1], M. Van den Bergh introduced the notion of a double Poisson algebra
developing noncommutative geometry. For this, he followed the Kontsevich—Rosen-
berg principle saying that a structure on an associative algebra has geometric
meaning if it induces standard geometric structures on its representation spaces.

Given a finitely generated associative algebra A and n € N, consider the represen-
tation space Rep,,(A) = Hom(A, M, (F)), where F denotes the ground field. To
equip A with a structure such that Rep,,(A) is a Poisson variety for every n, M. Van
den Bergh defined a double bracket {-,-}: A® A — A® A satisfying the analogues
of anti-commutativity, Jacobi identity, and Leibniz rule. An associative algebra
equipped with such a double bracket is called a double Poisson algebra. One of the
crucial examples of such structure is a double Poisson algebra defined on a quiver
algebra.

Double Poisson algebras are deeply connected with Hy-Poisson structures [2],
pre-Calabi—Yau algebras [3], vertex algebras [4].

The notion of a double Lie algebra naturally appeared from the very definition
of double Poisson algebra, it is a vector space endowed with a double bracket
satisfying above mentioned anti-commutativity and Jacobi identity. Every double
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Lie algebra structure defined on a vector space V' can be uniquely extended to
a double Poisson algebra structure on the free associative algebra As(V). Thereby,
A. Odesskii, V. Rubtsov, V. Sokolov extended [5] linear and quadratic double
Lie algebras defined on an n-dimensional vector space to double Poisson algebras
defined on the free n-generated associative algebra.

In [6], M. Goncharov and P. Kolesnikov proved that there are no simple finite-
dimensional double Lie algebras. This problem was stated by V. Kac during the
conference “Lie and Jordan algebras, their representations and applications” dedica-
ted to Efim Zelmanov’s 60th birthday (Bento Gongalves, Brasil, 2015). After this
work the natural question about constructing simple infinite-dimensional double
Lie algebras has arisen.

It is known that the structure of a double Lie algebra on a finite-dimensional
vector space V is equivalent to a skew-symmetric Rota—Baxter operator of weight 0
on the matrix algebra M, (F'), where n = dim(V) [5, 6, 7]. Recall that a linear
operator R defined on an algebra A is called a Rota—Baxter operator (RB-operator,
for short) of weight A, if

R(z)R(y) = R(R(z)y + R(y) + Ary)

for all z,y € A. This notion for the first time appeared in the article [8] of F. Tricomi
in 1951 and further was several times [9, 10] rediscovered, see the monograph [11].
Let us mention the bijection [12, 13, 7] between RB-operators of weight 0 on
the matrix algebra M,,(F') and solutions of the associative Yang—Baxter equation
(AYBE) on M, (F) [14, 15, 16].

We generalize this correspondence between double Lie algebras and skew-symmet-
ric Rota—Baxter operators for the infinite-dimensional case. We state such corres-
pondence for a countable-dimensional double Lie algebra V and a Rota—Baxter
operator acting from the space of matrices with finite numbers of nonzero elements
to End (V') and satisfying some additional finiteness conditions. This correspondence
allows us to construct new double Lie algebras. In particular, we show that the
vector space F[t] endowed with the double bracket

e e = tel—10t
is a simple double Lie algebra. As far as we know it is the first example of a simple
double Lie algebra.

In terms of RB-operators we interpret the amazing double Lie algebra of V. Kac
(see [6]) whose definition is very close to the definition of the Yangian Y (gin).

2. PRELIMINARIES
2.1. Rota—Baxter operators.

Definition 1. A linear operator R defined on a (not necessary associative) algebra A
is called a Rota—Baxter operator (RB-operator, for short) of weight A € F, if

(1) R(x)R(y) = R(R(z)y + zR(y) + Avy)
holds for all x,y € A.

Proposition 1 ([13]). Let A be an algebra, let R be an RB-operator of weight A
on A, and let i be either automorphism or antiautomorphism of A. Then the
operator R™W) = )~ Ry is an RB-operator of weight \ on A.



836 V. GUBAREV

As an application of Proposition 1, we will use the conjugation with transpose
of an RB-operator defined on the matrix algebra.

The following definition has appeared by the name of relative Rota—Baxter
operator or O-operator [17] or as generalized RB-operator in the case of zero
weight [18]. For simplicity, we also call it Rota—Baxter operator.

Definition 2. Let A be an algebra and I be an ideal of A. A linear operator R: I —
A is called a Rota—Bagzter operator of weight X\, if

R(i)R(j) = R(R(i)j + iR(j) + Aij)
holds for all i,j € I.

When I = A, this definition coincides with Definition 1.
The next statement follows immediately.

Proposition 2. Let A be an algebra and let J be an ideal of A. Given an RB-
operator P: J — A of weight X\ and an algebra B, the operator Q = P ® idg is
again an RB-operator of the same weight A from I ® B to A ® B.

Henceforth, we consider only Rota—Baxter operators of weight 0. It is well-known
that, given an RB-operator R of weight 0 and « € F', the operator aR is again an
RB-operator R of weight 0.

2.2. Double Lie algebras. Let V be a linear space. Given u € V®" and o € S,,,
u? denotes the permutation of tensor factors. By a double bracket on V we call
a linear map from V ®@ V to V ® V. Given an associative algebra A, we consider
the outer bimodule action of A on A ® A: b(a ® a’)c = (ba) @ (a’c).

Definition 3 ([1]). A double Poisson algebra is an associative algebra A equipped
with a double bracket satisfying the following identities for all a,b,c € A

(2) fa.b} = —{b,a}"?,

(3) fa. 6. B Y — b, fa. 3R = {{a. 0} e},

(4) fla.beh = fa.bYc+bfla,c},

where {a,b@ c}r = {a,b} @¢, {a,b@cPr= 0@ {a,c})?, and {a@b,c}L =
({a,c} @),

Definition 4 ([4, 5, 7]). A double Lie algebra is a linear space V equipped with
a double bracket satisfying the identities (2) and (3).

Due to [6], an ideal of a double Lie algebra V' is a subspace I C V such that
vip+{L,VicloVv+Vael

Given an ideal I of a double Lie algebra V', we have a natural structure of a double
Lie algebra on the quotient space V/I,i.e., {z+ L y+I} = {z,y} +I0V+VRI.

Let us define homomorphisms of double Lie algebras as follows. Let L and L’
be double Lie algebras and let ¢: L — L’ be a linear map. Then ¢ is called
a homomorphism from L to L’ if

(»@@)({{a,b}) = fo(a), p(b)}

holds for all a,b € L. Note that the kernel of any homomorphism from L is an ideal
of L.

Definition 5 ([6]). A double Lie algebra V is said to be simple if {V,V} # (0)
and there are no nonzero proper ideals in V.
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3. FINITE-DIMENSIONAL DOUBLE LIE ALGEBRAS

Suppose that V' is a finite-dimensional space. In [6], it was shown that every
double Lie algebra structure {{-,-}} on V is determined by a linear operator
R: End(V) — End(V), precisely,

N
(5) fla,b} = eila) @ R(ef)(b), a,beV,

i=1
where e1,...,en is a linear basis of End(V), e7,..., e} is the corresponding dual
basis relative to the trace form.

A linear operator P on End(V) is called skew-symmetric if P = —P*, where P*
is the conjugate operator on End(V) relative to the trace form.

Theorem 1 ([6]). Let V be a finite-dimensional vector space with a double bracket
{:,-} determined by an operator R: End(V) — End(V') by (5). Then V is a double
Lie algebra if and only if R is a skew-symmetric RB-operator of weight 0 on End(V).

Remark 1. Theorem 1 was stated in [7] in terms of skew-symmetric solutions
of the associative Yang—Baxter equation (AYBE). Since there is a one-to-one
correspondence between solutions of AYBE and Rota—Baxter operators of weight 0
on the matrix algebra [13], Theorem 1 follows from [7]. Actually, Theorem 1 was
also mentioned in [5].

Let us consider several examples of double Lie algebras and corresponding RB-
operators. We will use the linear basis e;;, 1 < ¢,j < dim(V), of End(V). So, we
have e}, = ej; relative to the trace form.

In the case of a one-dimensional double Lie algebra L, we have by (2) only zero
double bracket.

Example 1 [1, 5, 6]. The space F? = Fe; @ Fes equipped with a double
product {e1,e1} = e1 ® ea — e2 ® e; (others are zero) is a double Lie algebra.
The corresponding RB-operator on My (F') is Ri(e11) = e and Ry(e12) = —eqr
(others are zero).

Example 2 |5, 6, 19]. The space F? with a double product {{e1, e} = €1 ®@e; =
—{{ea, e1}} is again a double Lie algebra. The corresponding RB-operator on M (F)
is R2(€11) = €12 and Rg(@gl) = —e11-

The RB-operators Ry and Ry are conjugate with the transpose of matrices, i. e.,
Ry = RgT), where T denotes the transpose. However, the algebraic properties of
the double Lie algebras from Examples 1 and 2 are quite different, see [6].

Note that all RB-operators (including skew-symmetric) of weight 0 on Ms(F)
were classified by M. Aguiar [20] in 2000 and all skew-symmetric RB-operators of
weight 0 on M3(C) were described by V. V. Sokolov [21] in 2013.

Example 3. Consider the restriction of the double bracket defined in [1, §6.5] on
the infinite-dimensional path algebra over a field F' arisen from the quiver @@ with
the vertex set {1,2} and the edge set {e1, 2, a,a*}, where a = (1,2) and a* = (2,1).
We put L = Span{ey, es, a,a*}, and the double bracket on L equals

{a,a*} =ea®@er, {a*,al} =—e1 ®eo,
all other double brackets are zero. Let us identify e3 = a and ey, = a*. By (5) we
get the RB-operator R on M4(F') defined as follows, R(es2) = e14, R(e41) = —e23.
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4. INFINITE-DIMENSIONAL DOUBLE LIE ALGEBRAS

Consider a countable-dimensional double Lie algebra (V, {-,-}). We fix a linear
basis u;, i € N, of V. Define e;; € End(V) by the formula e;jur = d;,u;. Let
¢ € End(V), then we may write ¢ = > a;je;;. We identify ¢ with an infinite

ij
matrix [¢] = (ai;)i;>0. Since ¢ € End(V) is well-defined, there is only a finite
number of nonzero elements in every column of the matrix [¢], i.e., a;z = 0 for
almost all ¢ when £k is fixed.

Let us define the subalgebra End¢ (V) of End(V) as follows,

Endf(V) = {¢ € End(V) | for every i, [¢];; = 0 for almost all j}.

Introduce I as an ideal in Endy (V) linearly spanned by matrix unities e;;.
Let ¢ € End;(V) = a;;e;5. We define the symmetric non-degenerate bilinear

Z’j
trace form (-,-) on I x End;(V) UEnd;(V) x I as follows,

(ext; ) = (@, ext) = tr(erp) = apk.
Moreover, the form is associative, i.e., {a,bc) = {ab, ¢), where at least one of a, b, ¢
lies in I and others are from End (V).

Given a double bracket {{-,-}} on a space V, we may define a linear operator
R: I — End(V) by the formula

(6) fla,b} = > eij(a) @ R(eji)(b), a,beV.
4,j20
Conversely, given an operator R: I — End(V'), one can define a double bracket

on V by (6). Note that the correspondence does not work if R: End(V) — End(V).
Moreover, we define a conjugate operator R*: I — End(V) as follows,

(7) {b,a}"? = > ei(a) @ R*(eji)(b), a,beV.
4,5>0
Denote R(est) = Y. ajler. By (6), aii equals the coefficient of u; ® uy in the
kil
double product {us,w; }. Analogously, put R*(es:) = Y biteg. Then bj} equals the

k.l
coefficient of uy ® u; in the double product {u;, us}. Hence,

(R(est), ext) = {us, urBlu,ou = (R (ent), st)-
Generally we have

(8) (R(z),y) = (z,R"(y)), =y€el.

Remark 2. It is not clear how to introduce objects defined above in invariant
manner. For example, consider a linear basis us, s € N, of V' and a linear map
1 € End (V) defined as follows, v (up) = up and 9 (us) = 0, s > 0. Let us consider
the basis wg, s € N, of V, where wg = ug and ws = ug+us, s > 0. Then ¢ (ws) = wo
for all s. Thus, ¢ ¢ Endy(V'). Hence, the change of the basis does not preserve the
condition R: I — Endf(V).

Theorem 2. Let V' be a countable-dimensional vector space with a fized linear basis
u; and with a double bracket {-, -} determined by a linear map R € End; (V') by (6).
Then V is a double Lie algebra if and only if R is a skew-symmetric RB-operator
of weight 0 from I to Endy(V).



AN EXAMPLE OF A SIMPLE DOUBLE LIE ALGEBRA 839

Proof. By (6) and (7), the identity (2) holds if and only if R = —R*.
Define Fy5 € End(V®3) by

Fis(a@b®c) = fa, fb,chhr =Y ej(a) @ R(ej)(e:(h) @ R(€})(¢), a,b,c€V.
2%
For z,y € I, we compute applying associativity of the form (-, -)

9) (z,) @ (y,) @id)Fia = Y _(x,e;)(y, R(¢])es) R(e})

=X <y >, ej>R<e;‘»)ei> R(e;) =Y (y, R()e;) R(e})
=Y (yR(x),e;)R(e;) = R(yR(x)).

Analogously, put
Fas(a @b ) = {b, o, chhia” = 3 ei(a) @ i) @ BeD) (R(e5) ),

Gua(a®b®c) = {f{a, 0}, chr =) eilej(a)) @ R(e})(0) ® R(e)(©).

Then for x,y € I we have
((z,) @ (y,-) ®1d)Fas = R(y)R(z), ((z,-) ® (y,-) ®1d)G12 = R(R*(y)z).

Thus, the identities (2), (3) hold if and only if R is a skew-symmetric RB-operator
of weight 0 from I to End (V). O

Remark 3. We restrict R in Theorem 2 as an operator from I to End;(V)
instead of End(V'), since otherwise the term R(yR(z)) in (1) is not well-defined.

Example 4 |6, 1|. The space V = F|[t] equipped with
" am (t"@1-1t")(t"®1l-11t™)
.} =

tel—-1xt
is a double Lie algebra L;.

Compute the operator R;: I — End (V') corresponding to the double Lie algebra L,

—(e;.; €117 ) 1>
(10) Ri(eij) = (6541 + Cor gz +-) . ]
€0, j—it1 T €1 j—iy2+ ...+ i1y, <7,

where the sum is infinite when ¢ > j. By the formula and by Theorem 2, R; is
a skew-symmetric RB-operator from I to Endy (V).

Let us identify the matrix algebra M, (F') of order n with e;; € I, 0 < 4,5 <
n — 1. Given an operator P from I to Endy(V), by the projection P, we mean
a linear operator of the space Span{e;; | 0 < i, < n — 1} acting as follows:
P(e;;) — Py(ei;) € Span{ey | n < kor n <}

One can check that the linear operator (R1), on M, (F) is an RB-operator of
weight 0 on M, (F) for each n. Moreover, (((R;),)®"))T) coincides with the RB-
operator from [13, Example 5.15] and it appears in [15, Example 2.3.3] in terms of
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the solution of associative Yang—Baxter equation. Here 1), is the automorphism of
M, (F) defined as follows,

Pleij) = en—1—in—1-j-
Example 5. Consider Ry: I — Endf(V') such that
(11) Ry(eij) = —(ei—1,j+ei—2j—1+ ... +ei—1-50), z > ].,
€ij+1+€it1 512+ ..., i <j.
We have defined Ry in such a way that (Ra), = (((R1)n)""))"). The definition

does not guarantee that we necessarily obtain a skew-symmetric RB-operator of
weight 0 from I to End;(V'). Thus, we have to state this property of Rs.

Proposition 3. The operator Ry is a skew-symmetric RB-operator of weight 0
from I to Ends(V).

Proof. Firstly, we check the identity Rg(eij)Rg(ekl) = RQ(RQ(eij)ekl + eing(ekl))
considering different cases of the values of indices.
CASE 1: 9> j, k> [. Then

a = Ry(e;;)Ra(ert) = (-1, + ...+ ei—1—jo)(€x—11+ ...+ ex—1-1,0),

B = Ra(Ra(eij)en + €ijRaert))
=—Ro((ej—1,;+ ... +eici—jo)er +eij(ex—1,0+ ...+ er—1-10))-
Let k > j,i.e.,, j =k —1 — p for some p > 0. Then

B = —Xj+i+1-k=0R2(€ijer—1-p1—p) = =Xj+1+1-k>0R2(€ij+1+1-k)
= Xjti+1-k>0(€i—1 j 11—k + - F+ €izjitk—2,0),
since ¢ > j+ 1+ 1—k. Here xp = 1, if P is true, and xyp = 0, else. Moreover,
O = Xjtit1—k>0(Cim1 j4iqi—k + -+ Cijitr—2,0) = B

Let £ < j, then applying the inequality ¢ > j + 1+ 1 — k, we compute
B=—Ra(ei1—jrrrer) = —Ra(ei1—jiri) = €i—o jiki+ ...+ €2 jir—1,0-
On the other hand,
=€ 2 jiklt €2 jrk-11-1+ .-t € 2 jrk—1,0=/0-
CASkE 2: 1< j, k <. Then
o = Ry(ei)Raler) = (eij1 + .- )(ewirr +-.0),
B = Ro(Ra(esj)ent + eijRa(ert)) = Ra((€ij41 + .. )ew + eijer v +...)).

Let k£ > j,i.e.,, j = k —p for some p > 0. Then a = e€jqp_141 + ... =
€itk—j—1,04+1 T -« - Also,

B = Ra(€itp—1,keki) = Ro(€ith—j—11) = €ith—j1,i41 + ... = Q,
since i +k <j+1+1.
Let j > k,i.e.,j = p+kforsomep > 0. Then o = €; ;1 pt2+... = €i jyiro—k+- - ..
Further,
B = Ra(eijeripitpt1) = Ra(€iirpr1) = Ra(€ijirj—k+1) = €ilqj—hy2 +... =,

since i1 + k <1+ 7+ 2.
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CASE 3: 4> j, k <. Then
a = Ro(e;;)Ra(er) = —(ei—1, + - +eic1—5.0)(€kit1 +--.),

B = Rao(Ra(eij)ew + eijRa(ex))
= RQ(—(ei—l,j +...+ ei—l—j,o)ekl + eij(ekJ_H +.. ))
When k& > j, we get « = 8 = 0. Let j = k + p for some p > 0. We compute

o= —(ei,1’1+j,k+1 +.. -+€i717j+k,l+1)- On the other hand, 5 = RQ(—ei,1,j+k,l+
ei,l+j—k+1)~ Ifi+k<j+1+1, then

B=—(ei-i—jtritr+..) + (igrjrra +-..)
= —(€i—114j—kt1 + . F i jikiy1) = Q.
Else,

B = (€i—a—jih+ - -+ €i—2—jrr—-1,0) — (€im1,i4j—kt1 + ...+ €i2_jir—10) = .
CASE 4: i < j, k > [. Then
a = Ra(eij)Re(er) = —(eij41+ .. )(ex—10+ ... +ex—1-10),
B = Ra(Ra(eij)er+eijRa(en)) = Ra((esjpr+ ... )ew — eij(en—10+ ... +ex—1-1,0))-
When j+1 >k, we have a =0 = j.
Let j+2 <k, i.e., k=j+2+pfor somep > 0. Thus, o = —(e; j—gtj42+...+
ei+k7jf2,l)~ Also, g = RQ(@H,]C,J',L[) - RQ(@iwlfk;Jerrl). Ifi+k>j+1+1, we have

B=—(ith—j20+ -+ €ith—j—1-20) + (€1 1—ktjt1 + -+ €ith—j—1-2,0)
= _(€i+k—j—2,l +...+ ei,l—k+j+2) =a.

Ifi+k<j+1+1, we have
B = (eith—jr1g41+.--.) = (eij—ktjp2t+...) = —(€ixh—j2i+ ... F€i1_kijt2) = Q.

Now, we check that R, is also a skew-symmetric operator from I to End; (V).
Therefore, we have to show that Ra(e;;) + Ri(e;;) = 0 for all 4,5 > 0. By the
definition,

Ry(ei;) = Y Rlew)lesiem,
k,1>0

where R(eix)|e;, = (R(ew), eij) denotes the ej;-coordinate of R(ey).

Cask 1: 7 < j. Then R(eg)|e,, is nonzero only when (1,k) € {(j +1+p,i+p) |
p > 0}. Thus, R5(e;;) = —(eij+1 +...) = —Ra(ei;), as required.

CAsg 2: 4 > j. Then R(e)|e,; is nonzero only for (I,k) € {(j —p,i —1—p) |
p=20,... ,j} Hence, R;(eij) =€i—15;+...te_1-j0= —Rg(eij>. O

Corollary 1. We have a double Lie algebra structure Ly on V defined due to (6)
by RQ,
" @t —t™m @ t")
tTL tm — _
LU tel-—1at
Now, we prove that the obtained double Lie algebra Lo is simple. It is the first
example of a simple double Lie algebra.
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Theorem 3. The double Lie algebra Lo is simple.

Proof. Suppose that J is a nonzero proper ideal in Ly. Define n as the minimal
degree in t of elements from J. Let us show that n = 0. If n > 0, then consider

n—1

f=t"+ > a;t/ € J. We have that the product

§=0
n—1

(L=t 1+t"?@t+.. +1" " + ) a1+ 1P
j=1

liessin V@J+J®V.

Consider the map ¢: V@V — V/J ® V/J acting as follows: ¢ (v ® w)=(v +
J)® (w+ J). On the one hand, 1 + J,t + J,...,t"~! + J are linearly independent
elements of V/.J. On the other hand, J® V +V ® J = ker(¢)). Thus, {1, f} is at
the same time zero and nonzero element of V/J ® V/J. We obtain a contradiction.
So,n=0and 1€ J.

Let us prove by induction on s > 0 that ¢* € J. For s = 0, it is true. Suppose
that s > 0 and we have proved that t/ € .J for all ¢ < s. Since 1 € J, we have

{1,257 =214+ T ot+. .+t ottt et . 1ot e VRJ+JV.
So,t*®@t* e V®J+J®V. Hence, ¥(t* @ t*) = 0, it means that t° € J. ]

In the next two examples we consider conjugation of R; and Ry with transpose
and corresponding double Lie algebras.

Example 6. For Ry = R%T), we get a double Lie algebra L3 with the double
bracket
(tn"rl ® tm+1 _ tm+l ® tn"rl)

e e = t@l—19t

Example 7 [1]. For Ry = RéT), we get a double Lie algebra L, with the double
bracket
" el-1et"Emt @1 -1t

e e = - tol—-19t

In [1], it was stated that each homogeneous double Poisson algebra on F[t] up to
an equivalence is either L or Ly. It is easy to show that the double Lie algebras Lo
and L3 do not satisfy (4), for example, since {¢,1}} # 0, and therefore do not define
the structure of a double Poisson algebra on F[t]. Note the following connections
between double brackets in L1, Lo, L3, Ly:

et P, = —@O{" " Bry, " P = - B,

Example 8 (V. Kac, see [6]). Consider the double Poisson algebra dY (N) =
F[t] @ My(F). Its double bracket relative to the basis T}/ = t" ® e;;, n > 0,

i,7=1,..., N, has the following form:

min{m,n}—1

{{TWJH ijl}} = (TT]’C] ® Tnj,—i—n—r—l - TmJJrnfrfl ® Trl)7
r=0

the inner bimodule dY (N)-action is the associative product.
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It is worth mentioning that these relations are similar to the defining relations
of the Yangian Y (gly):

min{m,n}—1
[T;rz ) Trlfl] = Z (Tf]T:rlL+n—r—1 - T:1J+n—r—1Tvzl)'
r=0
We get an RB-operator R: I @ My (F) — End¢(V) ® My (F) such that the double
bracket on dY (N) is defined by (6) with the help of R. We have

(€ij+1 + €it1542 +-..) ® €st, i>j
—(e0j—it1+erj—it+...+e_1;) Des, <7,

R(ei]‘ X est) = {

where e;; € I, e € My (F). Actually, R = (—R;) ®id.

Remark 4. We may extend the double Lie algebra structures L, Lo, L3, Ly on
F[t,t7!] and dY(N) on F[t,t~!] ® Mx(F) respectively. It is enough to let both
sums in the definition of the corresponding RB-operator Ry, R2, R3, R4, and R be
infinite. Introduce e;; € End(V), where V = F[t,t7!], i,j € Z, in such a way that
e;jt" = §;,t. For example, let us extend Ry. We define

S . .
_ - Z €i—1—pj—ps L>J,
RQ(eij) = oop:O

2 Citpjtitp <
p=0

Analogously to the proof of Proposition 3, one can check that Ry is a skew-
symmetric RB-operator from Span{e;; | 4,7 € Z} to Endy(V). By Theorem 2,
we get a double Lie algebra structure Ly on F[t,t~!]. Analogously we get double
Lie algebras Li, L3, L4, and cf}v’(N)

Remark 5. The operator Ry is injective. Moreover, I C Im(R3). So, we may
define the inverse map d = R,' from I to I. Then d(e;;) = e;;_1 — €iy1 i
a derivation of I. By [22], every such derivation is an inner derivation, i.e., of the
form 2 — za — az, where a € End(V) such that a=1[U] is finite-dimensional for
each finite-dimensional subspace U C V.

It is easy to show that d(z) = Az — 2 A for A = ejg+ €21 + . ... Given a positive
integer k, we may define dy: I — I such that dj,(z) = A¥z — xA*. By dj, we may
define P, € End'(V) as an analogue of the operator Rs. And all of P, provide
by (6) some double Lie algebra structures on F[t].
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