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OPERATOR-ORTHOREGRESSIVE METHODS FOR

IDENTIFYING COEFFICIENTS OF LINEAR DIFFERENCE

EQUATIONS

A.A. LOMOV

Abstract. We propose a new family of operator-orthoregressive meth-
ods for identifying the coe�cients of linear di�erence equations from
measurements of noisy solution at short time intervals. This family inclu-
des special cases of orthogonal regression (TLS) and variational identi�ca-
tion (STLS) methods. The conditions of identi�ability, as well as quantita-
tive indicators of local identi�ability, based on the numerical characteris-
tics of the ellipsoids of deviations of the identi�ed coe�cients at small
disturbances in measurements, are obtained. Computational algorithms
are mentioned.

Keywords: linear di�erence equations, parameter identi�cation,
algebraic Fliess method, operator-orthoregressive method, orthogonal
regression method, variational identi�cation method, quantitative local
identi�ability indicators, Prony problem.

1. Introduction

Many problems of diagnostics, classi�cation and forecasting are solved using
ordinary linear di�erential equations with constant coe�cients. Since stationarity
is assumed over a �nite time interval, methods with latent variables are used to solve
related identi�cation problems, in particular, the orthogonal regression (Total Least
Squares) [1, 2, 3] and variational identi�cation (Structured Total Least Squares)
methods [4, 5]. Latent variables are introduced into objective functions to eliminate
the in�uence of additive errors in variables (EIV).
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In the last two decades, an alternative approach to EIV identi�cation problems
in a �nite time has been actively developed. These are operator-algebraic methods
based on integral transformations of measurements in order to obtain simple algebra-
ic equations for the parameters to be identi�ed. The idea of the integral transforma-
tions was used by many authors, see, for example, [6, 7, 8]. Among them, M. Fliess [9,
10] was apparently the �rst to propose transformations that are exactly reversible
over a �nite observation interval.

In [11], the operator-orthoregressive identi�cation method was presented, which
combines the EIV approach and integral transformations of the M. Fliess type.
This combination made it possible to guarantee the consistency of the parameter
estimates under natural excitation conditions without restrictions on stability and
controllability of the model di�erence equation. Developing the results of [11], here
we describe the set of all possible variants of the operator-orthoregressive method
and show that it includes the TLS and STLS methods. Also, the conditions for
global identi�ability and quantitative indicators of local identi�ability are obtained.

2. The algebraic method for difference equations

The history of operator identi�cation methods can be counted from the algebraic
method of M. Fliess [9]. For example, consider a linear autonomous homogeneous
di�erential equation with real coe�cients (similarly, we can study the more general
case of systems of inhomogeneous equations):

x(n) + an−1x
(n−1) + . . .+ a0x = 0,(1)

x(k) = x(k)(t)
.
=

dk

dtk
x(t), t ∈ [0, T ).

Suppose a function x(t) is given that satis�es equation (1) with unknown coe�cients
a0, . . . , an−1 to be identi�ed. The problem becomes meaningful if the functions
x(t) are known inaccurately, i. e. when we have disturbed measurements x̌(t) =
x(t) + ∆x(t) instead of exact solutions x(t). M. Fliess [9, 10] used certain algebraic
transformations to eliminate the in�uence of the initial conditions of an unknown
exact solution x(t) to obtain equations for the coe�cients a0, . . . , an−1. Measurement
derivatives are not used in the resulting equations, which increases the resistance
of the method to random noise in measurements. In the method of M. Fliess, the
equation (1) is replaced by a system of equivalent integral equations including
the function x(t) and some auxiliary functions µij(t), which we call the Fliess
polynomials [11]:〈µ10, x〉 〈µ11, x〉 . . . 〈µ1n, x〉

...
...

...
〈µn0, x〉 〈µn1, x〉 . . . 〈µnn, x〉



a0

...
an−1

1

 = 0,(2)

〈µij , x〉
.
= Tn−j

∫ 1

0

µij(τ)x(Tτ) dτ, i ∈ 1, n, j ∈ 0, n.

In practice, measurements x̌ are plugged directly into the equation (2) in the hope
that integral convolutions will reduce the e�ect of noise. The statistically correct
accounting for the measurement of the noise in the M. Fliess method was discussed
in [11].
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Now we pass from (1) to the di�erence equation, specifying the uniform time
grid

τ1 = 0, τ2 = h, . . . , τN = 1, h
.
= 1

N−1 ,

and denoting xk
.
= x(Tτk). The time sequence x

.
=
[
x1 . . . xN

]T
is a solution to

the di�erence equation with some constant coe�cients αi:

(3) αnxk+n + αn−1xk+n−1 + . . .+ α0xk = 0, k ∈ 1, N − n, αn 6= 0.

We can write (3) in a matrix form:

GT

αx = 0, αT .
=
[
α0 α1 . . . αn

]
,(4)

GT

α
.
=


α0 α1 . . . αn 0

α0 α1 . . . αn
. . .

. . .
. . .

0 α0 α1 . . . αn

 .
= \αT\(N−n)×N .

We de�ne the shift matrices

(5) ET

j
.
=
[
0j IN−n 0n−j

]
∈ R(N−n)×N , j ∈ 1, N − n,

where 0j ∈ R(N−n)×j are submatrices of zeros, and IN−n is the identity matrix.
Let

(6) V
.
=


x1 . . . xn xn+1

x2 . . . xn+1 xn+2

...
...

...
xN−n . . . xN−1 xN

 =
[
ET

0 x . . . ET
nx
] .

=
[
x[0] . . . x[n]

]
.

Then the following equalities are true:

GT

α = α0E
T

0 + . . .+ αnE
T

n ,(7)

GT

αx = (α0E
T

0 + . . .+ αnE
T

n)x = V α.(8)

Consider the problem of obtaining analogues of integral equations (2) in the case
of discrete time. We have to replace 〈µij , x〉 with products µT

ijx, where

µij
.
=
[
µij [1] . . . µij [N ]

]T ∈ RN , µij [k]
.
= µij(τk)

(the same notations x, µij are used both for the functions x(t), µij(τ) and for
the corresponding time sequences composed of the values of the functions at grid
points). For example, the trapezoid formula leads to the products

〈µij , x〉 ≈ Tn−jhµ̃T

ijx, µ̃T

ij
.
= µT

ij diag (0.5, 1, . . . , 1, 0.5) ,

and to approximate equations
[
µT
i0x µT

i1x . . . µT
inx
]
a ≈ 0 instead of (2) [11].

We are interested in exact equalities. The following theorem describes all possible
functions ϕij ∈ RN , substitution of which instead of µij leads to exact equalities.

Theorem 1. Let x ∈ RN be a solution to the equation (3) with a vector of

coe�cients α =
[
α0 . . . αn

]T
. Then for any set of linearly independent vectors
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{p1, . . . , pm} ⊂ RN−n the following system of equations holdsϕ
T
10x . . . ϕT

1nx
...

...
ϕT
m0x . . . ϕT

mnx

α = 0, m 6 N − n,(9)

where

(10) ϕij
.
= Ejpi

and Ej is the shift matrix (5). Conversely, if the system of equations (9) is valid
for some set of linear independent vectors {p1, . . . , pm} ⊂ RN−n and m = N − n,
then the function x is a solution to the di�erence equation (3).

The system of equations (9) can be considered as an integral (convolutional)
analogue of the di�erence equation (3), in which instead of a function x, convolutions
(scalar products) of a function x with functions ϕij are involved. In turn, for each
i ∈ 1,m the functions ϕij are obtained by j-shift of the zeros-complemented vector

pi
.
=
[
pi1 . . . pi,N−n

]T
so that the columns ϕi0, . . . , ϕin form the Toeplitz matrix

(11)

[
ϕi0 . . . ϕin

]
=



pi1 0
...

. . .

pi,N−n pi1
. . .

...
0 pi,N−n

 =
[
E0pi . . . Enpi

] .
= \pi\N×(n+1) .

Each set of linearly independent vectors P = {p1, . . . , pm} in RN−n de�nes a set
of functions {ϕ10, . . . , ϕmn} (9), therefore, changing P , we enumerate all possible
variants of the algebraic method for the equation (3).

The proofs of the theorem and subsequent statements are given in the appendix.
We choose m > n and write (9) in a matrix form

(12) Y α = 0,

(13) Y
.
=

ϕ
T
10x . . . ϕT

1nx
...

...
ϕT
m0x . . . ϕT

mnx

 ∈ Rm×(n+1).

The system (12) may be overdetermined, so its solution α is found by pseudo-
inversion of the n-column submatrix of Y or in another way (see below), taking
into account the presence of disturbances in the measurements x and the proximity
of the equality (12) in this case.

3. Identifiability conditions

Here we describe the conditions for x that guarantee the uniqueness of the
solution α =

[
α0 . . . αn−1 1

]T
of the system of equations (12), (13).

De�nition 1. Some property B is said to hold for �almost all� elements of the
open set A ⊂ V in the normed vector space V , if the set B ⊂ V of elements with
this property is everywhere dense in A, that is, for any element a ∈ A and any
arbitrarily small ε there exists an element aε ∈ A, such that ‖aε − a‖ < ε and
aε ∈ B.
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Lemma 1. The property detATB 6= 0 holds for almost all matrices A,B ∈ Rm×n,
m > n of full rank n.

De�nition 2. A solution x of the equation (3) will be called complete if it does
not satisfy any equation of the form (3) of a lower order ν < n.

The equation (3) is equivalent to GT
αx = V α = 0 (cf. (4), (8)). We select the

submatrix V (x) formed by the �rst n columns of the matrix V = V (x) (6):

V =

 V (x)

xn+1

xn+2

...
xN

 .
The solution x is complete if and only if the equality rankV (x) = rankV (x) = n
holds.

Theorem 2. For almost all matrices P
.
=
[
p1 . . . pm

]
∈ R(N−n)×m, m 6 N −

n, of full rank m, the following statement is true: the vector of coe�cients α =[
α0 . . . αn−1 1

]T
is uniquely calculated from the system of equations (12) with

ϕi0, . . . , ϕin, i ∈ 1,m (9) if and only if rankV
T

V = n and m > n.

Corollary 1. Let x be a complete solution to equation (3). Then, to uniquely
calculate the vector of coe�cients α from the system of equations (12) with
ϕi0, . . . , ϕin, i ∈ 1,m (9) for almost all sets of linearly independent vectors
{p1, . . . , pm} ⊂ RN−n it su�ces to satisfy the inequality m > n.

The uniqueness condition �for almost all� matricies P of full rank in Theorem 2
leaves open the question of what happens in a small neighborhood of some P ′, x′

for which the uniqueness condition is not satis�ed. The existence of such P ′, x′ is
con�rmed by the following example. Let

(14) P ′ =
[
p1 . . . pN−2n

]
= \α\(N−n)×(N−2n) .

The matrix P ′ has the full rankN−2n and at the same time P ′TV = 0, rankP ′TV <
n. This means that for any x the vector α cannot be uniquely determined by the
equation P ′TV α = 0 or the equivalent equation Y α = 0.

By Theorem 2, there always exists Pε, which is slightly di�erent from P ′ (14)
and guarantees, given complete measurements x, that the condition rankPT

ε V =
rankPT

ε V = n is satis�ed, su�cient for identi�ability of α. Thus, from a practical
point of view, identi�ability with complete measurements x is �always�. The question
is quantitative; namely, for which sets pi (and also m,x in (12)) the vector α is
identi�ed �better� and in what sense; in particular, what happens when P is chosen
close to P ′ (14).

The answer can be given by means of quantitative indices of local identi�ability of
α. They can be constructed by presenting the identi�ed values (the estimates) of α
as the minimum points of some objective function and expanding the objective
function in terms of small perturbations in the exact solution x (see [12] and
section 5).

4. Objective function

To select the objective function, we need to ful�ll the necessary conditions: the
uniqueness and continuity of the minimum point with small changes in x and its
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consistency in the sense of the convergence of the minimum point to the true value
with an increase in the number of random measurements x. Let the measurements
be speci�ed as

x̌(l) = x(l) + ∆x(l), l = 1, L,

where x(l) are functions obeying the equation (3) with an unknown true α = α∗ and
∆x(l) are disturbances. Then instead of (12) we will have the system of equations
for calculating the estimate α̂ of α∗:(

Y̌ − ∆̂Y
)
α̂
.
= Ŷ α̂ = 0,(15)

where the following constructs are used:

Y̌
.
= Y

(
x̌(1), . . . , x̌(L)

)
, ∆̂Y

.
= Y

(
∆̂x(1), . . . , ∆̂x(L)

)
,

Y
(
x̌(1), . . . , x̌(L)

) .
=

1√
L

Y (x̌(1))
...

Y (x̌(L))

 .(16)

The processes ∆̂x(l) are estimates of the disturbances ∆x(l) and must be identi�ed
together with the vector α̂. They are treated as latent variables.

The system of equations (15) admits an in�nite set of
(

∆̂Y , α̂
)
pairs. To verify

this, we choose some set of solutions
{
x̂(1), . . . , x̂(L)

}
of the equation (3) with an

arbitrary α̂; then all pairs
(

∆̂Y , α̂
)
with elements

∆̂Y
.
= Y

(
x̌(1) − x̂(1), . . . , x̌(L) − x̂(L)

)
by Theorem 1 are solutions to the system (15).

The only solution to (15) is sought with the use of the minimum condition

for some objective function, for example, ‖∆̂Y ‖2R (this is an orthogonal regression
problem [2, 3, 13]):

(17) α̂ = arg min
α
J(α), J(α)

.
= min

∆Y : (Y̌−∆Y )α=0
‖∆Y ‖2R.

In the particular case of the relation (13) between ∆Y and ∆x(l), the estimate α̂
(17) is called operator-orthoregressive [11]. In it, in contrast to the classical problem
of orthogonal regression, the measurements x̌(l) enter into the matrix Y̌ not directly,
but through the convolutions (13) with the functions ϕij .

We will use the ⊗ symbol for the Kronecker product and + for the Moore �
Penrose pseudoinverse (AA+A = A, A+AA+ = A+, A++ = A).

Proposition 1. Let the matrix norm ‖Y ‖2R be de�ned by the equality ‖Y ‖2R
.
=

‖y‖2R
.
= yTRy, where R > 0 is a nonnegative de�nite symmetric matrix, and

y
.
= vectY is a row alignment, Y ∈ RLm×(n+1), y ∈ RLm(n+1). Then, given the

additional non-limiting condition ∆y ∈ imR and existence of the inverse matrix
Cα, the following equivalent representation of the objective function (17) is true:

J(α) = y̌TΓαCαΓT

αy̌ = αTY̌ TCαY̌ α,(18)

Cα
.
=
(
ΓT

αR
+Γα

)−1
, Γα

.
= ILm ⊗ α.(19)
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Weighting matrix R. If it is assumed that the disturbances ∆Y , ∆x(l) are
random with known properties, then for the correct value of R we can ensure
statistical consistency in the sense of the convergence of the minimum point α̂
of the objective function J(α) to the true value: α̂ →

L→∞
α∗ [15]. Let the vector

∆x have zero mathematical expectation M∆x = 0 and the covariance matrix
cov ∆x = σ2IN . For the vector ∆y

.
= vect ∆Y , from (13) we have

∆y
.
=
[
ϕT

10∆x . . . ϕT
1n∆x . . . ϕT

m0∆x . . . ϕT
mn∆x

]T .
= ΣT∆x ∈ Rm(n+1),

Σ
.
=
[
ϕ10 . . . ϕ1n︸ ︷︷ ︸

Σ1

. . . ϕm0 . . . ϕmn︸ ︷︷ ︸
Σm

] .
=
[
Σ1 . . . Σm

]
∈ RN×m(n+1),(20)

Σi = \pi\N×(n+1) .

Then M∆y = 0 and cov ∆y = σ2ΣTΣ.

Theorem 3. Let equations (12), (16) and measurements y̌(l) = y(l) + ∆y(l) =

ΣT
(
x(l) + ∆x(l)

)
∈ Rm(n+1), l = 1, L, be given, where the variables ∆y(l) are

random, so that for di�erent l they are statistically independent and equally distribu-
ted, M∆y(l) = 0, cov ∆y(l) = σ2ΣTΣ. We also assume that the undisturbed values
y(l) = ΣTx(l) satisfy the condition of identi�ability (Theorem 2 and Corollary 1),
that is, the equation Y α = 0 implies α = α∗. Then for

(21) R = IL ⊗ (ΣTΣ)
+ ∈ RLm(n+1)×Lm(n+1)

the estimate α̂ (17), (18) is consistent in the sense of convergence α̂ →
L→∞

α∗.

This theorem follows directly from Theorems 1 and 2 in [15], taking into account
that the estimate α̂ (17), (18) is projective (or variational, orthoregressive) in terms
of [5, 15].

Proposition 2. For matrices Γα (19) and R (21), the equalities Σ (Im ⊗ α) = GαP
and ΓT

αR
+Γα = IL ⊗ (PTGT

αGαP ) are true.

Lemma 2. If the columns of the matrix P are linearly independent, then the
columns of the matrix \α\P .

= GαP are also linearly independent.

Corollary 2. For matrices Γα (19) and R (21), there is always an inverse(
ΓT

αR
+Γα

)−1
,

and the following equalities hold:

J(α) =

L∑
i=1

αTY (x̌(i))
TCαY (x̌(i))α,(22)

Cα
.
= (PTGT

αGαP )
−1
.

The objective functions (18), (22) are closely related [5] with the objective
function of the modi�ed Prony problem [17, formula (7)], [18]. Computational
algorithms for minimizing these objective functions were discussed in [11, 16].
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5. Quantitative indicators of local identifiability

To simplify the formulas, let us restrict ourselves to the case L = 1. We will use
the a�ne parameterization

(23) α = Dθ + d =
[
D d

]︸ ︷︷ ︸
D

[
θ
1

]
︸︷︷︸
ϑ

.
= Dϑ,

where θ ∈ Rv, v 6 n, is the vector parameter on which the coe�cients αi in (3)
depend, the matrixD ∈ R(n+1)×v and the column d ∈ Rn+1 are chosen such that the
columns of the composite matrix D

.
=
[
D d

]
are linearly independent. If v = n and

D =

[
In 0
0 αn

]
, then we get the simplest parameterization θ =

[
α0 . . . αn−1

]T
with a �xed value of αn. To make the order of the equation (3) independent of θ,
it is assumed that on the given compact set θ ∈ Θ ⊂ Rv, the leading coe�cient αn
is nonzero.

Taking into account (21), (22), and (23), the objective function J(α) (18) can
be expressed as

J(α) = αTY̌ TCαY̌ α = ϑTDTY̌ TCθY̌Dϑ,(24)

Cθ
.
=
(
PTGT

α(θ)Gα(θ)P
)−1

.

We de�ne the sensitivity matrix

ST .
= − (J ′′θθ)

−1
J ′′θy

using partial derivatives of the objective function (18)

J(θ, y)
.
= J(α(θ), y) = αTY TCαY α = yTΓαCαΓT

αy, α′θ = D

with respect to θ, y at the ¾true¿ point J(θ, y) = 0. The following statement clari�es
the meaning of the matrix S, see also [12, Remark 1].

Claim. In the limiting case σ → 0, the ball Bσ
.
= {‖∆x‖ 6 σ} ⊂ RN , to which

disturbances belong, corresponds to the ellipsoid of deviations of the variables y =
STx

{∆y = ΣT∆x : ‖∆x‖ 6 σ} =
{

∆y : ∆yT (ΣTΣ)
−1

∆y 6 σ2
}
↔ Bσ

and the deviation ellipsoid

Eσ =
{

∆θ : ∆θT (STΣTΣS)
−1

∆θ 6 σ2
}
↔ Bσ

of the parameter estimates

(25) θ̂ = arg min
θ
J(θ, y + ∆y) = θ + ∆θ.

To compare the ellipsoids of deviations of estimates obtained by di�erent methods,
one of the numerical characteristics of the deviation matrix R

.
= STΣTΣS can be

used. For example, the largest eigenvalue λmax(R) (square of the major semiaxis
length of the Eσ), determinant det R (volume Eσ), etc. [19].

Proposition 3. For deviations of estimates θ̂ (24), (25) at the �true� point J(θ, y) =
0, the deviation matrix is

(26) R = (DTY TCθY D)
−1
.
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Note that the expression for the deviation matrix R (26) contains the Y and Cθ
matrices, which depend on the choice of P =

[
p1 . . . pm

]
(see (10), (13), (24)). In

the complete nondegenerate case P =
[
p1 . . . pN−n

]
, detP 6= 0, this dependence

disappears. This fact follows from the invariance of the objective function (18) under
the equivalence transformations G↔ GP of the system (4).

Proposition 4. If the matrix P =
[
p1 . . . pm

]
in the condition of the Theorem 1

is nonsingular (m = N−n), then the deviation matrix R (26) does not depend on P .

6. Two special cases

Substituting P = IN−n in (22), we obtain the objective function of the variational
identi�cation method (VM) [4, 5] (Y = V ), closely related to the Structured Total

Least Squares problem [5, 14]. In turn, for P =
[
e1 en+2 . . . eM

]
, M =

[
N
n+1

]
,

where ei denotes the i-th column of the identity matrix INn, the expression (22)
is the objective function of the classical orthogonal regression (OR, or the Total
Least Squares problem) [1, 2, 3]. The choice of other values of P leads to a family of
methods that are �intermediate� between OR and VM, di�er in computational costs
and numerical characteristics of the deviation ellipsoids. By the type of objective
functions (18), (22), all these methods belong to the class of �orthoregressive� [5, 15].
Comparative analysis of particular cases and computational experiments are beyond
the scope of this article.

Conclusion

Proceeding from the idea of M. Fliess about replacing a linear di�erential equation
with an equivalent system of integral equations, it turns out to be possible to
construct a whole family of operator-orthoregressive (ORR) methods for identifying
the coe�cients of linear di�erence equations, consistent under additive perturbations
in measurements; the family of operator-orthoregressive methods includes the well-
known orthogonal regression (TLS) and variational identi�cation (STLS) methods
as special cases. The conditions of identi�ability are also obtained and quantitative
indicators of local stability are constructed in terms of numerical characteristics of
the ellipsoids of deviations of the OOR estimates.

This work was supported by the Russian Foundation for Basic Research (project
No. 19-01-00754).

Appendix

Proof of Theorem 1. We establish an auxiliary statement.

Proposition 5. Let p ∈ RN−n, matrices Gα and Ej be as de�ned in (4), (5) and
ϕj

.
= Ejp. Then

pTGT

αx = 0 ⇔
[
ϕT

0x . . . ϕT
nx
]
α = 0.

The proof follows from the de�nitions of (6), (8) and the equalities

pTGT

αx = pTV α = pT
[
ET

0 x . . . ET
nx
]
α =

[
ϕT

0x . . . ϕT
nx
]
α.

Now we will prove the theorem. From the equations (3), (4) for an arbitrary
matrix PT ∈ Rm×(N−n) it follows that

(27) PTGT

αx = 0.
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Conversely, take m = N − n and suppose that the rows pT
i , i ∈ 1, N − n of the

matrix PT are linearly independent. Then the systems of equations (27) and (3),
(4) are equivalent. According to Proposition 5, the system (27) is equivalent to[

ϕT
i0x . . . ϕT

inx
]
α = 0, i ∈ 1, N − n,

which proves the theorem.
Proof of Lemma 1. The left-hand side of the equation detATB = 0 is a

polynomial in the elements of the matrix X
.
= ATB ∈ Rn×n, so the equation

de�nes a manifold in a matrix space Rn×n such that, arbitrarily close to the matrix
X, there is always a matrix Xε : detXε 6= 0. To complete the proof of the lemma,
it su�ces to prove the surjectivity of the mapping A 7→ X, which follows from the
completeness of the rank of the matrices A,B: ∀Xε ∃Aε : AT

εB = Xε. In the last
sentence, one can swap the symbols A and B. This proves the lemma.
Proof of Theorem 2. For Y α = 0 to be uniquely solved for a vector α ∈

Rn+1 with a �xed leading coe�cient αn = 1, it is necessary and su�cient that the
rankY = n, where Y is the matrix composed of the �rst n columns of Y .

From De�nitions (13), (6) and Proposition 5, we get Y = PTV ∈ Rm×n. Thus,
to prove the theorem, it su�ces to show that for almost all matrices P of full rank

m the condition rankPTV = n is equivalent to rankV
T

V = n and m > n.
Suppose that rankPTV = n. Hence m > n. Let P

T

denote a submatrix of n rows
in PT. By the hypothesis of the theorem, the rows in PT are linearly independent,

rankP
T

= n. Therefore, from rankP
T

V = n it follows that rankV = n and

rankV
T

V = n.
Vice versa, let rankV

T

V = n and m > n. For almost any matrix PT of full

rank m, there is a submatrix P
T

of n linear independent rows in PT. By Lemma

1, rankV = n implies that rankP
T

V = n. Since P
T

V is a submatrix of rows in
PT V ∈ Rm×n, we have that rankPT V = n. This proves the theorem.
Proof of Corollary 1. The completeness of the solution x implies that rankV =

n. Having m > n, to prove the corollary, it is enough to repeat the proof of the
su�ciency part in Theorem 2.
Proof of Proposition 1. We use the following identity:

Y α ≡ (ILm ⊗ αT) y
.
= ΓT

αy.

Applying it to the matrix Y ∈ RLm×(n+1) and vectors α ∈ Rn+1, y = vectY ∈
RLm(n+1), we can write (17) in the form

J(α) = min
∆y: ΓT

α(y̌−∆y)=0
‖∆y‖2R = min

y: ΓT
αy=0

(y̌ − y)
T
R (y̌ − y) .

On the right-hand side of the equality, we �nd a point ŷ(α) of minimum in y under
the condition y̌ − y ∈ imR:

ŷ(α)
.
= arg min

y: ΓT
αy=0

(y̌ − y)
T
R (y̌ − y) =

[
ILm −R+Γα

(
ΓT

αR
+Γα

)−1
ΓT

α

]
y̌.

Therefore,

J(α) = (y̌ − ŷ(α))
T
R (y̌ − ŷ(α)) = y̌TΓα

(
ΓT

αR
+Γα

)−1
ΓT

αy̌ =

= αTY̌ T
(
ΓT

αR
+Γα

)−1
Y̌ α,

which proves the proposition.
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Proof of Proposition 2. The �rst formula of the proposition follows from the
equalities (7), (11) and de�nition (20):

GαP = (α0E0 + . . .+ αnEn)
[
p1 . . . pm

]
=

=
[
(α0E0 + . . .+ αnEn) p1 . . . (α0E0 + . . .+ αnEn) pm

]
=

=
[
\p1\α . . . \pm\α

]
=
[
Σ1α . . . Σmα

]
= Σ (Im ⊗ α) .

The second formula is obtained by substituting the �rst formula in the de�nitions
of Γα

.
= ILm ⊗ α (19) and R = IL ⊗ (ΣTΣ)

+
(21).

Proof of Lemma 2. From Proposition 2, we have \α\P .
= GαP = Σ (Im ⊗ α).

Next,

Σ (Im ⊗ α) =
[
Σ1 . . . Σm

]
(Im ⊗ α) =

[
Σ1α . . . Σmα

]
∈ RN×m.

Let f
.
=
[
f1 . . . fm

]T ∈ Rm be an arbitrary nonzero vector. Then[
Σ1α . . . Σmα

]
f = (f1Σ1 + . . .+ fmΣm)α =

= (f1 \p1\+ . . .+ fm \pm\)α = \Pf\α.
The columns of the matrix P are linearly independent; therefore, for any nonzero
f , we have Pf 6= 0.

Claim. For any nonzero column vector g, the matrix \g\ has linearly independent
columns.

Proof. Let g∗ be the �rst nonzero element of the vector g, then \g\ =


0 ... 0
g∗ 0

. . .
∗ g∗
∗ ... ∗

,
which immediately implies the linear independence of the columns of \g\. �

By the claim, for any nonzero f and nonzero α, the product

\Pf\α = Σ (Im ⊗ α) f

is also nonzero, which yields linear independence of the columns Σ (Im ⊗ α) =
\α\P . So, the lemma is proved.
Proof of Corollary 2. Since the matrix P has full column rank, it follows

from Lemma 2 that the columns of the matrix GαP are linearly independent.
According to Proposition 2, this means that the columns Σ (Im ⊗ α) are also
linearly independent. Therefore, the matrix

ΓT

αR
+Γα = (Im ⊗ αT)ΣTΣ (Im ⊗ α)

is nonsingular.
The expression (22) for J(α) follows from (18), (19), and Proposition 2.
Proof of Proposition 3. We use the expressions for the derivatives obtained

in [20, Lemmas 2, 3]:

R = STΣTΣS = (J ′′θθ)
−1
J ′′θyΣ

TΣJ ′′Tθy (J ′′θθ)
−1

=

= (DTY TCθY D)
−1
DTY TCθΓ

T

θΣ
TΣΓθCθY D (DTY TCθY D)

−1
.

For L = 1, we have Cθ = (ΓT

θΣ
TΣΓθ)

−1
(see (19)). Then

R = (DTY TCθY D)
−1
DTY TCθY D (DTY TCθY D)

−1
=

= (DTY TCθY D)
−1
,
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which proves the proposition.
Proof of Proposition 4. Taking into account Proposition 2, we have that

R = (DTY TCθY D)
−1

=
(
DTY T [PTGT

θGθP ]
−1
Y D

)−1

=

=
(
DTY TP−1 [GT

θGθ]
−1
P−TY D

)−1

.

The following equalities are true:

P−TY = P−T

 ϕT
10x . . . ϕT

1nx
...

...
ϕT

N−n,0x . . . ϕT

N−n,nx

 = P−T

 xTϕ10 . . . xTϕ1n

...
...

xTϕN−n,0 . . . xTϕN−n,n

 =

= P−T

 xTE0p1 . . . xTEnp1

...
...

xTE0pN−n . . . xTEnpN−n

 .
= P−T

 xT

[0]p1 . . . xT

[n]p1

...
...

xT

[0]pN−n . . . xT

[n]pN−n

 =

= P−T

 pT
1x[0] . . . pT

1x[n]

...
...

pT

N−nx[0] . . . pT

N−nx[n]

 =

 pT
1
...

pT

N−n


−1  pT

1x[0] . . . pT
1x[n]

...
...

pT

N−nx[0] . . . pT

N−nx[n]

 =

= P−T
[
PTx[0] . . . PTx[n]

]
=
[
x[0] . . . x[n]

]
= V.

As a result, R =
(
DTV T [GT

θGθ]
−1
V D

)−1

. Thus, the deviation matrix R is

independent of P if P is nonsingular.
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