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ON THE UNIQUENESS OF Z-LIMITS OF SEQUENCES
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ABsTrACT. We define the Z-sequential topology on a topological space
where Z denotes an ideal of the set of positive integers. We also study
the relationship between Z-separatedness and uniqueness of Z-limits of
sequences. Furthermore, we give a characterization of uniqueness of Z-
limits of sequences by Z-closedness of sequentially Z-compact subset.

Keywords: Z-convergence, Z-sequential topology, Z-separated, sequen-
tially Z-compact, Z-bounded, sequentially Z-continuity.

1. INTRODUCTION

The concept of statistical convergence was introduced by Fast [17] and Steinhaus
[44], and it was developed in [17, 39, 40, 9, 10, 22, 12, 7, 24]. In 2000, P. Kostyrko
and T. Salat [30], gave a generalization of statistical convergence by using the notion
of ideals of subsets of positive integers, which were named as Z-convergence, and
studied some of its fundamental properties. Several results and properties [41, 43,
29, 18, 34, 14, 45, 13, 33, 15, 26, 37, 25, 38, 23] connected with Z-convergence were
given in different spaces, like real numbers space, matrix space, n-normed space,
metric space, locally convex space, Fréchet-Uryshon space, probabilistic normed
space and sequence space. Recently from 2012 until 2019 the authors of [31, 13,
36, 2, 46], extended the idea of Z-convergence of sequences to any topological space
and derived several basic properties of these concepts in topological space. It is
well known that any continuous mapping is sequentially continuous, i.e., sequential
continuity is a weaker condition than ordinary continuity. But, contrariwise, in
Theorem 8 a sequentially Z-continuous mapping can be Z-continuous.
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The following property is called Z-Fréchet-Urysohn; Let A C X and =z € X,
z e AT if and only if (z,,), Z-converges to z in X for some sequence (z,), in A,
where at is the Z-closure of A. A space X is called an Z-Fréchet-Urysohn space
if it verifies the above property. Any topological space X has the property of Z-
Fréchet-Urysohn, by construction of its Z-sequential topology.

We recall that a space X is a sequential space if each sequentially open subset
of X is open. X is called Z-sequential space if each Z-open subset of X is open. In
the case where 7 is an admissible ideal the following holds [37]:

Fréchet-Urysohn space == Z-Fréchet-Urysohn space

l |

Sequential space =——————= Z-sequential space

It is easy to verify that X is separated (Hausdorff) if and only if X has unique
limits for a first-countable space. In general, a separated topological space X has
unique sequential limits, but the converse is not true. In [19], an example of a non
first-countable Fréchet space having unique limits of sequences but is not separated
is presented. It is well known that every compact subset of a separated space is
closed. In [28] A. J. Insel showed that a first-countable space X is separated if and
only if every compact subset of X is closed.

In the first section, we define the Z-sequential topology and compare it with the
sequential topology. In the second section, we give some properties and examples
of sequentially Z-compact subsets. In the last section, we study the relationship
between Z-separatedness and uniqueness of Z-limits of sequences, and also we prove
that a Z-topological space X has unique Z-limits of sequences if and only if every
sequentially Z-compact subset of X is Z-closed.

2. 7-SEQUENTIAL TOPOLOGY

Recall the notion of statistical convergence in a topological space X (See [4, 5,
20]). For each subset A of N the asymptotic density of A, denoted §(A), is given by

§(A) = lim l|{l<: € A: k< n},
n

n—oo

if it exists, is in [0, 1]. We recall also that 6(N\ A) =1 — §(A) for each A C N.

A sequence (z,), in X converges statistically to a point z € X if for each
neighborhood U of z in X, 6({n e N: z, ¢ U}) =0[16]i.e. §({n € N:x, € U}) =
1 which is denoted by s — nh_}ngo Ty = T OF Ty, —> .

For a sequence (z,), and a subset U in X, let Ay(z,) = {n € N: z, ¢ U},
which is denoted by Ay if non confusion arises. It is easy to see that a sequence

(zn)n in a topological space X converges statistically to a point z € X if and only
if for any neighborhood U of z in X, we have §(Ay) = 0 [46].

Let P(N) be the family of all subsets of N. An ideal Z of N is a family of subsets
of N which is hereditary (For all (4, B) € Z?, B C A = B € T) and additive (For
all (A,B) €I? AUB €7I) [30]. An ideal Z is said to be non-trivial, if Z # () and
N ¢ Z. A non-trivial ideal Z is called admissible if Z contains every finite subset
of N ({{n} : n € N} C 7). Clearly, every non-trivial ideal Z defines a dual filter
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Fr={ACN:N\AeTZ}onN [46].

Let ¢ be the family of all finite subsets of N. Then 7y is an admissible ideal of N.
Let Zs be the family of subsets A C N with 6(A) = 01i.e. Zs = {A CN: §(4) = 0}.
Then Z; is an admissible ideal, and its dual filter is Fz, = {A C N:4§(A4) = 1} [41].

Throughout this paper, we take Z an admissible non-trivial ideal of N.
Definition 1 (Definition 2.1, [46]). A sequence (xy,), in a topological space X is
said to be Z-convergent to a point x € X, provided for any neighborhood U of x we
have Ay € I, which is denoted by Z- lim z,, = x or x, EA x, and the point x is

n—oo
called the Z-limit of the sequence ().
Lemma 1 (Lemma 2.5, [46]). Let T C J be two ideals of N. If (x,,)n, is a sequence
in a topological space X such that x, LA x, then x, I g

Proposition 1. Let (z,), be a sequence in a topological space X. If (x,)n is
convergent to x in X, then it is also Z-convergent to x.

Proof. Since T is admissible, then 7y C 7 and by Lemma 1 the result is true. [

The converse of the previous proposition is false as shown by the following
example.

Example 1. Let X be a Hausdorff topological space containing at least two distinct
points x and y. Let (x,), be a sequence in X defined by

x, if n is a square

Tpn = .
y, if not

By Definition 1 (xy,)y is Is-convegent to y; indeed, for all neighborhoods U of y, we

have Ay C A, where A ={n € N:n is a square}, and A € Ts (because §(A) =0).
But (x,), is not convergent to y.

Definition 2. Let Z be an ideal of N and X a topological space.
(i) For each subset A of X, we define ZI, the T-closure of A by:

A = {r € X/ zn)n C A 1p S 2},

it is clear that @I —Qand Ac A forall AC X.

(ii) A subset F' C X is said to be Z-closed if F=F.
(ii5) A subset U C X is said to be Z-open if X \ U is Z-closed.

Proposition 2. Let U be a subset of a topological space X. If U is an open subset
then it is also an Z-open.

Proof. Let U be an open subset of X. Suppose, to derive a contradiction, that U is

not Z-open i.e. U¢ is not Z-closed. Let (x,), be a sequence in U® such that z,, L
and x € U. Then for any neighborhood V of X, {n € N: z, ¢ V} € T (Definition
1).For V=U,{neN:z, ¢ U} =N € Z. which is a contradiction, because 7 is
not trivial. Thus U is Z-open. (]
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ol
Definition 3. Let A be a subset of X. The Z-interior of A is the set A = A\

(X\A4) .

oZ
Proposition 3. Let A be a subset of X. A is Z-open if and only if A = A.
ol S

Proof. If A is Z-open, then X \ A is Z-closed. Therefore A = A\ (X \ A)I. Hence
oZ oZ oZ

A = A\ (X\ A). Thus A = A. Conversely, if A = A, then A = A\ (X \ A) .
Therefore A N (X\A)Z = (. Hence X\AI C X \ A. Thus X\AI =X\Aie
X \ A is Z-closed. Thus A is Z-open. O

Theorem 1. Let A be a subset of a topological space X. The following assertions
are equivalent:

(i) A is Z-closed.

(ii)) A=N{F/F is I-closed and A C F}.
Proof. (i) = (ii) It is obvious.
(#9) = (i) Assume that A = N{F/F is Z-closed and A C F'}. Let show that At c
A. Let xg ¢ A. Then there exists a Z-closed subset F' containing A such that zo ¢ F'.
Suppose for the sake of contradiction that xzy € A", Then there exists (p)n in A
such that z,, = Zo. Since A C F, then (x,,), is in F. Thus z¢ € R F, which is
a contradiction. So zy ¢ a’, O

Theorem 2. Let A be a subset of a topological space X. The following assertions
are equivalent:

(i) A is T-open.

(ii)) A=U{U/U is ZT-open and U C A}.

Proof. (i) = (ii) It is obvious.
(#4) = (7) Assume that A = U{U/U is Z-open and U C A} and show that A is

ol oZ
T-open. It suffices to prove that A C A. Let 29 ¢ A. Suppose for the sake of
contradiction that xy € A. Then there exists an Z-open subset U of A such that

oZ oZ
xo € U. Since U C A, then zg € A; which is a contradiction. Thus, A C A ie. A
is Z-open. ([

Using Zorn’s lemma, one can show that in the family of all admissible ideals Z of
N, there exists a maximal ideal (with respect to inclusion). If 7 is a maximal ideal
of N, then for each A C N we have either A € Z, or A € N\ Z [30].

Definition 4 (Definition 3.15, [46]). Let Z be an ideal of N, and U a subset of X.
A sequence (xy,)y, in X is T-eventually in U, if there is E € T such that for all
neN\E, ¢, €U.

Proposition 4 (Proposition 3.16, [46]). Let Z be a mazimal ideal of N and X a
topological space. Then, U C X is Z-open if and only if each I-convergent sequence
in X, to a point of U, is T-eventually in U.

Theorem 3. [46, Theorem 3.17] Let T be a mazimal ideal of N and X be a
topological space. If U, V are two Z-open subsets of X, then U NV is T-open.
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We have the following characterization of Z-convergence of a sequence.

Theorem 4. Let T be a mazimal ideal of N and X a topological space. A sequence
(n)n in X is T—convergent to an element x € X if and only if for any T-open
subset U of X with x € U, there is E € T such that for alln e N\ E, z, € U.

Proof. The result is necessary by Proposition 4.

Conversely, let U be an open subset of X with z € U. By Proposition 2, U is
Z-open. Therefore, by hypothesis, there is E € Z with for all n € N\ E, z,, € U.
Then N\ E C {n € N: z, € U}. Therefore {n e N:z, ¢ U} C E and E € T.

Thus z,, 5 zT. O

Theorem 5. Let Z be a mazimal ideal of N and X be a topological space. The family
7, = {U € P(X)/U is Z-open} is a topology on X. We call it the T-sequential
topology.

Proof. It is obvious that () € 7,. X € 7, because ) is an Z-closed subset of X so the

complement of () is Z-open that is X. Let U, V € 7., by Theorem 3, UNV € ..

Let (Uy) be a family of elements of 7,. We must show that |J U, € 7,. Since
aEA

(U Ux)® = N U, it suffices to prove that () US is Z-closed ie. () UéI =

acA acA acA acA

T — 7
() UE. It is obvious that (| US D () US. Conversely let x € () US . Then
a€A a€A acA acA

acA

there is a sequence (z,), in () US with z, % a. Therefore, for all a € A, (),
acA
is in US with z, % 2. Since U¢ is Z-closed, then for all a € A, x € US. Therefore

x € [ US. Thus () US is Z-closed. O
acA a€A

In the following, we distinguish between sequential topology and Z-sequential
topology on a topological space X.

Remark 1. (i) We define the sequential topology as the set of sequentially
open subset of X. We denote it by

7 ={U e P(X)/(V(xn)n CU®) &y > =z € U}.
In the same way we can define the toplology T, by

7, ={U € P(X))(¥(an)n CUS) 2 5 7 = x € U},

which is equivalent to the notation in Theorem 5.

(i) A sequence (x,,), in X is convergent to an element x if and only if it is 7°-
convergent to x (See [1]). However, this property is not true for the topology
7, by Erample 1.

The following examples show that an Z-open subset can’t be open.

Example 2. Let X # () be a non countable set, T the co-countable topology on X
and T an ideal of N. All T-convergent sequences in X are constant. Suppose that,
on the contrary, there is a nonconstant sequence (), in X which is T-convergent
to an element x € X. We put N = {z,,n € N} \ {z} which is countable. Then
X \ N is an open subset of X which contains x. By Definition 1 of I-convergence,
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{neN:x, ¢ X\N} =N, but N ¢ T (not trivial), which is not the case. Therefore
(zn)n s constant. All subsets of X are Z-open; Let A be a subset of X and (x,), be
a sequence in A which is Z-convergent to an element x € X. Then (), is constant,
so x is in A. Thus, by Definition 2 A is Z-closed. Therefore A is also T-open. We
deduce that all subsets of X are both Z-closed and Z-open. But the singleton {x} is
not open.

Example 3. We recall that Q) denotes the first uncountable ordinal with the usual
ordering. Let [0,Q] be the topological space such as its open subsets are [0, \[=
{a/a < A} where A\ < Q (the order topology). All sequences of countable ordinals
have a countable limit w (first infinite ordinal). But, there isn’t a sequence of
countable ordinals that converges to Q. Let T be an ideal of N. Let (x,), be a
sequence in [0, Q] which is T-convergent to x. Then x € [0,Q] because Q is the
first uncountable ordinal. Thus [0, is Z-closed, but [0,Q] is not a closed subset in
[0,9], .i.e, {Q} is an T-open subset which is not open.

Theorem 6. Let 7 be a maximal ideal of N and X a topological space. Then
TT, T

Proof. By Proposition 2 an open subset of X is Z-open.

Now let U be an Z-open subset of X. We show that U is an 7°-open. Suppose that,
on the contrary, U is not an 7°-open. Then X \ U is not 7°-closed. Therefore there is
a sequence (Z,), in X \ U with z, Lzel. By previous remark we have z,, - .

Since 7 is admissible, then z,, = x and z € U (Proposition 1). Thus X \ U is not
T-closed i.e. U is not Z-open, which is a contradiction. So U is an 7°-open. O

The refinement 7 < 7, is strict by Example 2 and Example 3. The refinement
7, < 7° is also strict by the following example.

Example 4. Let T be a mazimal ideal of N and [0,1] the unit interval of R with
the topology

7={UC[0,1]:0¢ U or card([0,1)\ U) is countable}.

10,1] is 7°-closed because there is no sequence in |0,1] convergent to 0. Assume
for the sake of contradiction that there is a sequence (), in ]0,1] convergent
to 0. Then, for any neighborhood U of 0, there is some N € N such that for all
n > N, z, € U. Consider U = [0,1] \ {z, : n € N} which is below to T because
card([0,1]\ ([0,1] \ {zn, : n € N})) is countable. But, by construction of U, for all

n €N, x, ¢ U, which is not the case. Thus |0, 1] is 7°-closed, i.e., |0, 1]8 =10, 1].

Suppose, to derive a contradiction, that 7, = 7°, i.e., for any subset A of [0,1],

AT = A°. We choose A =10, 1] which is T°-closed by the above. Since T, < 7°, then
10,1] is also Z-closed. Consider the sequence

S %, if n is a square
n — .
0, if not

with z, 2 0 (see Example 1). Then }0,1]1 = [0,1]. Therfore ]0, I]I # 10, l]s. So

S
T2 =T




750 A. BLALI, A. EL AMRANI, R.A. HASSANI, A. RAZOUKI

Theorem 7. Let Z be a maximal ideal of N and X a first countable topological
space. Then 7, = T.

Proof. An open subset is always Z-open by Proposition 2.

Let U be an Z-open subset of X, i.e., U¢ is an Z-closed subset of X. We now show
that U€ is closed. Suppose that, on the contrary, U¢ is not closed, i.e., there are
some x € Uc\ U¢. Let (V,,) be a decreasing sequence of basis of neighborhoods of
z. For allm e N, Ucn (V,, \ {z}) # 0 (because z ¢ U®). Let (z,,), be a sequence
in U¢ NV, with z,, # z. Let W be a neighborhood of x. Then there is ng € N
with V;,, C W. Thus, for n > ng, V,, C W. Therefore, for all n > ng, z,, € W. So,

T, — x in X. By Proposition 1, z,, L 2. Therefore = € U° because U° is Z-closed,
which is not the case. Thus U* is closed. [l

Definition 5. Let Z be an ideal of N. Let (X, 7) and (Y, p) be topological spaces
and f: X =Y a mapping:
(i) f is called Z-continuous provided for if U is T-open in Y, then f~1(U) is
Z-open in X.
(ii) f is called sequentially Z-continuous provided for each sequence (x,), in X
with z, x, we have f(x,) EA f(x).

Theorem 8. Let Z be an ideal of N. Let (X, 1), (X', p) be two topological spaces and
f: X = X' a function. If [ is sequentially T-continuous, then f is I-continuous.

Proof. Let V € p,. Suppose that f~1(V) ¢ 7,. Then, there exists a sequence (),
in [f~1(V)]¢ such that z, L zin X and z € f~1(V). Since f is sequentially Z-

continuous, f(x,) EA f(z) in X’'. Therefore (f(z,))n is in V¢. Hence f(z) € V°,
which is not the case. Thus, f~1(V) € 7,. O

3. SEQUENTIALLY Z-COMPACT SUBSETS

Definition 6. Let Z be an ideal of N and (X, T) be a topological space:

(1) X is called T-separated if for any two distinct points x,y € X there exist two
T-open subsets U and V containing respectively x and y such that UNV = (.

(ii) A subset F' in X is called T-compact if for every T-open cover of F there exists
a finite subcover of F.

(iii) A subset ' C X is said to be sequentially compact (respectively, sequentially
T-compact) if any sequence in F has a subsequence converging (respectively,
T-converging) to a point in F.

(iv) X is said to be countably T-compact if for every countable Z-open cover of X
has a finite subcover.

Theorem 9. Any sequentially compact subset of a topological space is sequentially
T-compact.

Proof. 1t is obvious by Proposition 1. O

In the following, a subset of a topological space can be neither sequentially
compact nor sequentially Z-compact.

Example 5. R is not a sequentially Z-compact set, since the sequence (n)nen has
no I-convergent subsequence. Also, |0, 1] is not a sequentially T-compact set, since
the sequence (1/n)nen+ has no subsequence which is Z-convergent in |0, 1][.
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A sequentially Z-compact topological space can be not Z-compact by the following
example.

Example 6. We take the same hypothesis as in Ezample 3. Let £ = {[0, o[/ < §2}
be the open covering of Q. Any finite union F of subset of £ is a countable ordinal
which has a successor in [0,«. Therefore £ is not covered by F, i.e., Q is not
Z-compact. On the other side, all sequences of countable ordinals have a countable
limit w (first infinite ordinal). Thus, ) is sequentially T-compact but not Z-compact.

Theorem 10. Let Y be a subspace of X. If Y is T-compact (resp. countably I-
compact), then Y is compact (resp. countably compact).

Proof. Any cover (resp. countable cover) of Y with open sets is also a cover (resp.
countable cover) of Y with Z-open sets by Proposition 2. The finite subcover given
by Z-compactness is then a finite subcover of open sets. ([

Definition 7. [42, Definition 4.1]. Let X be a normed space. A sequence (x,,)y in
X is Z-bounded if there is a real number M > 0 such that {n € N : ||z,|| > M} € T.

Theorem 11. Every bounded sequence in a normed space is Z-bounded.

Proof. Let (z,), be a bounded sequence in a normed space X. Then, there is a
real number M > 0, such that for all n € N, ||z,|| < M. Therefore {n € N : ||z, || >
M} =0, then {n € N: ||x,|| > M} € Z. Thus, (z,), is Z-bounded. O

Theorem 12. Let (X,7) be a topological sapce, R the real line under its usual
topology and f : X — R a sequentially T-continuous mapping. If A is sequentially
Z-compact subset of X, then f(A) is Z-bounded.

Proof. Suppose, to derive a contradiction, that f(A) is not Z-bounded. Then there is
a sequence (yn)n in f(A) such that for all real number M > 0,{n € N: |y,| > M} ¢
T. Therefore there is a sequence (), in A such that for alln € N, f(z,) = y,. Since
A is sequentially Z-compact, the sequence (x,), has a Z-convergent subsequence

(Zn, )k to an element xg of A. So, f(xy,) EA f(xo). Then, for any neighborhood U
of f(xg), {n € N: f(z,) ¢ U} € Z, i.e. there is a real number M > 0 such that
{neN:|f(z,)| > M} € Z, which is not the case. Thus f(A) is Z-bounded. O

Theorem 13. Let X be a topological space. If X is sequentially Z-compact and Y
is an L-closed subset of X, then Y is sequentially Z-compact.

Proof. Let (yn)n be a sequence in Y. By sequential Z-compactness of X, (y,), has
a subsequence which is Z-convergent to some y in X. Since Y is Z-closed, then
yeyY.

O

Theorem 14. Let X and Y be topological spaces. If X is sequentially Z-compact
and f : X =Y is a sequentially T-continuous mapping, then f(X) is sequentially
Z-compact.

Proof. Let (yn)n be any sequence in f(X). Then there is a sequence (z,), in X
such that y, = f(x,). By sequential Z-compactuess of X, there is an Z-converging
subsequence (2, )i to . Then (f(xy,,))r is a subsequence of (y,), which is Z-
convergent to f(x). O
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4. T-SEPARATED SPACES AND THE UNIQUENESS OF Z-LIMITS OF SEQUENCES
Proposition 5. Let (X, 1) be a separated topological space. Then X is I-separated.
Proof. 1t is obvious by Proposition 2. (|

Theorem 15. Let (X,7) be a sequential space. If T is maximal, then X is I-
separated if and only if X is separated.

Proof. Since (X, 7) is sequential, then 7 = 7°. Therefore, by Theorem 7, 7, = 7.
Thus, X is Z-separated if and only if X is separated. O

Through the following example, there is a topological space X which is Z-
separated but not separated.

Example 7. We take the same hypothesis as in Example 2. X is 7,-separated but
not separated. Let x,y € X, with x # y. Let U and V' be two open neighborhoods
of x and y respectively. Then U = X \ U’ and V = X \ V' with U’ and V' are
countable subsets of X. Therefore, UNV = (X \U)N(X\V') =X\ (U uV').
Since X is uncountable and U' UV’ is countable, then X \ (U' UV') # 0. Thus, X
is not separated. On the other hand, G = {x} and G° are Z-open subsets of X such
that v € G and y € G¢. Since GN G =), then X is T-separated.

Theorem 16. Let (X, ) be an Z-separated topological space. If T is mazimal, then
every L-convergent sequence in X has one L-limit.

Proof. Suppose, towards a contradiction, that (z,), is a sequence in X, Z-convergent
to x and y such that x # y. By Theorem 4, for any Z-open subset U of X with
x € U, there is E; € T such that for all n € N\ Ey, z,, € U. Likewise, for any
T-open subset V of X such that y € V there is F5 € T such that for all n € N\ Fs,
Zn, € V. Then, {n € N: 2, ¢ U} C E; and {n € N: z, ¢ V} C E,. Since
{neN:x,¢U}={neN:z,eUtand{neN:z,¢V}={neN:z, eV},
then {n € N: z, € U°}U{n € N: x, € V°} C E; U FE3. We can choose U
and V such that UNV = § (X is Z-separated). Therefore U¢ U V¢ = X, then
{neN:z, eUtU{neN:x, €V} =N. Hence N C F; U FEj5. Since E; € 7 and
FEs € T then E1 U Ey € T. Therefore N € Z, which is a contradiction because 7 is
not trivial. Thus, z = y. |

Theorem 17. Let 7 be a mazimal ideal and (X, 7) be an Z-separated topological
space. If A is a sequentially T-compact subset of X, then A is T-closed.

Proof. Let (x,), be a sequence in A such that z, L 1. Since A is sequentially

Z-compact, there exists (z,,), a subsequence of (z,), such that z,, L y with
y € A. By previous theorem we have y = x, so x € A. Thus A is Z-closed. O

Theorem 18. Let (X, 7) be a first countable topological space and T a mazimal
ideal. If each T-convergent sequence in X has unique Z-limit, then X is separated.

Proof. Let z and y be a distinct points of a first countable topological space (X, 7).
Let (U;)ien and (V;) en be a local basis of neighborhoods of = and y respectively
(r, = 7, since X is first countable, Theorem 7). Striving for a contradiction,
suppose that X is not separated. Then every neighborhood of x intersects every
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neighborhood of y on a non-empty subset. Define Wy = Uy, Wy = Uy NVy, W3 =
UynvinUs, ..., Wo, =U10nViN...U,NV,y, Wopp1 =U1N0NVIN... U, NV, NUpt1.
Therefore, Wy D Wy D ... W,, D .... Consider the sequence (x,),>1 such that z,
is in W, for all n € N*. Let G; be an open set containing x, and G2 be an open set
containing y. There exists a natural number N, such that for all n > N, W,, C G;
and W,, C G2. Then both {n € N: z, ¢ G1} and {n € N : z,, ¢ G2} are finite.

Since 7 is admissible and by Proposition 2, x, L 2 and T EA y, which is not the
case. Thus, X is separated. O

Recall that if ¢ : N — N is a strictly increasing function, then (2,(,))n is a
subsequence of the sequence ().

Lemma 2. Every subsequence of an Z-convergent sequence in a topological space
is also T-convergent.

Proof. Let (x,,), be an Z-convergent sequence to z, in a topological space X. Then,
for all neighborhoods U of z, {n € N: x, ¢ U} € Z. Let (x,(,,))n be a subsequence
of (2y)n. Since {p(n) € N: z,4,,) ¢ U} C {n € N:xz, ¢ U}, then {p(n) € N :

Tip(n) ¢ U} € 7. Thus, Lip(n) z) xT. ([

Theorem 19. Let X a topological space and (x,,), a sequence in X with x, A
in X. Then A ={x, :n € N} U{x} is a sequentially T-compact subset of X.

Proof. Let (yn)n be a sequence in A. If {y,, : n € N} is finite, then there is an
element y,, in {y, : n € N} such that {n € N: y,, = y,,} is infinite. Then (y,)n
has a convergent subsequence, which is Z-convergent by Proposition 1.

If {y, : n € N} is infinite, we can construct a subsequence (yg,, )n of (yn)n by the
following: For all p € N*

ap =min{n € N:z, € {y, : n € N}} and 1 = max{n e N: zo, =y}
az=min{n € N:z, € {y, :n> f1}} and fo = max{n e N: z, = yp,n > f1}

ap,=min{n e N2z, € {y, :n>Bp_1}} and B, = max{n € N: x4, = yn,n > Bp_1}

All subsets {n € N: z, € {y, : n > Bp_1}} are not empty, because {y, : n € N}
is not finite. Then, clearly, this sequence (yg, )» is a subsequence of (y,), and also

a subsequence of (x,),. By Lemma 2 ,yg, L 2 because 7, = z. Thus, A is a
sequentially Z-compact subset of X. ([l

In [28], A. J. Insel showed that a first-countable space X is separated if and only
if every compact subset of X is closed. This equivalence is not valid for uncountable
spaces, which is proved by the following example.

Example 8. We take the same hypothesis as in Example 7. We have seen that X
is not separated. We next observe that the only compact subsets of X are the finite
subsets. For that let K be any infinite subset of X. Then, there exists a sequence
(@n)n of distinct elements in K. For each positive integer n define U, = X \ {x; :
j > n}. Then the collection {U,, : n € N} is an open cover of K which has no finite
subcover. Since every finite subset of X is countable and hence closed. Thus, every
compact subset of X is closed.
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Theorem 20. Let (X, 1) be a topological space. Then, X has unique Z-limits of
sequences if and only if every sequentially T-compact subset of X is I-closed.

Proof. Assume that every sequentially Z-compact subset of X is Z-closed. To obtain
a contradiction, suppose that there is a sequence (z, ), in X such that z, L 2 and
Tn S y with  # y. Let {n e N: z, =z} or {n € N: x,, = y} is infinite. Then,
the constant subsequence (z) is a subsequence of (z,), which is convergent to x
and y. By Proposition 1, (x) is Z-convergent to = and y. Since {x} is sequentially

Z-compact, then {z} is Z-closed. Therefore {z} = mz) which contradicts = # y.
If {n e N:z, =2} and {n € N: z, = y} are finite. Then, there exists a
subsequence (Zy(n))n Of (2n)n such that z,,) #  and z,(,) # y for all n € N.
Since (), converges to x and y, then (z,(,)), is convergent to z and y which is
T-convergent to z and y by Proposition 1. Let A = {x,(,) : n € N}. By previous
lemma, AU {z} is sequentially Z-compact. By hypothesis, AU {x} is Z-closed, i.e.,
Au{z} =AU {x}I It follows that y ¢ AU {a:}I and hence there does not exist

a sequence (yn), in AU {z} such that y, z y, which contradicts the fact that the
sequence (Zy(n))n in A is Z-convergent to x and y with  # y. Thus, X has unique
Z-limits of sequences.

Conversely, assume that X has unique Z-limits of sequences and let A be a
sequentially Z-compact subset of X. It is enough to show that ar C A Letx € i’

By Z-Fréchet-Urysohn property, there exists a sequence (z,,), in A such that x,, EA
x. Since A is sequentially Z-compact, then every sequence in A has a Z-convergent
subsequence which is Z-convergent to a point in A. By uniquness of the Z-limit z
we have z € A. Thus A is Z-closed. O

Corollary 1. Let 7 be a mazimal ideal and X a first-countable space. X is Z-
separated, if and only if every sequentially Z-compact subset of X is T-closed.

Proof. Let X be a first-countable space. Since Z is an admissible maximal ideal,
then by Theorem 16, Theorem 18 and Proposition 5, X is Z-separated if and only if
X has only one Z-limit point. Therefore by previous theorem, X has only one limit
point in X if and only if every sequentially Z-compact subset of X is Z-closed. [

Lemma 3. Let X andY be topological spaces. X andY are sequentially Z-compact
if and only if X XY is.

Proof. Assume that X and Y are sequentially Z-compact. If (z,, y,)n is a sequence
in X xY, then there is a subsequence (2, )i, of (z,,), which is Z-convergent to x in
X. In the sequence (yy, )k, there is also a subsequence (y,,); which Z-converges to
yin Y. Since (2,,); is a subsequence of (x, )k, it is also Z-convergent to x. Thus,

T
(.’,Cn]. ) yn]) — (xa y)
Conversely, let px : X XY — X and py : X XY — Y be the two projections on

X x Y. By Theorem 14 ,px (X x Y) and py (X x Y) are sequentially Z-compact,
i.e., X and Y are sequentially Z-compact. (I

Theorem 21. Let (X, 7) be a topological space and T a mazximal ideal. If X is
T-separated, then the diagonal set of X x X is T-closed.



ON THE UNIQUENESS OF Z-LIMITS OF SEQUENCES 755

Proof. Let (X, 7) be a Z-separated topological space, Z a maximal ideal and A the
diagonal set of X x X. By Theorem 16, X has unique Z-limits of sequences. To
obtain a contradiction, we suppose that A is not Z-closed. Then there is a sequence

(Zny Tn)n in A which is Z-convergent to (z,y) with (x,y) ¢ A, ie. z, L 2 and

T EA y such that x # y, which contradicts the fact that X has unique Z-limits of
sequences. Thus, A is Z-closed. O

Theorem 22. Let (X,7) be a topological space. If the diagonal set of X x X is
T-closed, then X has unique Z-limits of sequences.

Proof. Let A be the diagonal set of X x X. Striving for a contradiction, suppose

that there exists a sequence (), in X such that x, Lz and 2, 5 y with x # y.
Then (x,, x, ), Z-converges to (z,y) with (x,y) ¢ A which contradicts the fact that
A is Z-closed. Thus, X has unique Z-limits of sequences. Il

Theorem 23. Let (X,7), (Y,7) be topological spaces, f : X =Y andg: X =Y
be sequentially T-continuous mappings. If Y is I-separated, then A = {z € X :
f(z) = g(x)} is I-closed.

Proof. Assume for contradiction that A is not Z-closed. Then by the Z-Fréchet-
Urysohn proprety there is a sequence (z,,),, in A which is Z-convergent to « with x ¢
A. Since f: X - Y and g : X — Y are sequentially Z-continuous, then f(z,) —
f(z) and g(x,) — g(x). By Theorem 16, X has unique Z-limits of sequences,
therefore f(x) = g(z) and x € A, which is not the case. Thus, A is Z-closed. O

Lemma 4 (Theorem 4.2, [46]). Let X , Y be topological spaces and f : X —'Y be
a mapping. If [ is continuous, then f is sequentially Z-continuous.

Theorem 24. Let (X,7), (Y,7) be topological spaces, f : X =Y andg: X =Y
be sequentially T-continuous mappings. If A = {zx € X : f(z) = g(x)} is Z-closed,
then Y has unique Z-limits of sequences.

Proof. We replace X by Y x Y, we also replace f and g by the two continuous
projections on Y x Y, that they are also sequentially Z-continuous by previous
lemma. Then, {(z,y) € Y xY : f(zx) = g(z)} is the diagonal subset of ¥ x Y,
which is Z-closed by hypothesis. Therefore, Y has unique Z-limits of sequences, by
Theorem 22. O
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