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2-TENSOR FIELDS
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Abstract. A problem of 3D 2-tensor �eld potential part reconstruction
by the known value of its normal Radon transform is considered. A
singular value decomposition of the operator is constructed for solving
the problem. Basic �elds are constructed with the use of Jacobi polyno-
mials, Gegenbauer polynomials, and spherical harmonics.
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1. Introduction

A classic operator of integral geometry, acting on vector and 2-tensor �elds, is
a ray transform [1]. In a two-dimensional case, for complete reconstruction of the
vector �eld it is necessary to know the values of two ray transforms, longitudinal
and transverse ones, since each of them has a nonzero kernel, while for complete
reconstruction of a symmetric, that is, invariant with respect to all index transposi-
tions, 2-tensor �eld in R2, the values of three ray transforms have to be known (for
details, see [2]). In a three-dimensional case, by longitudinal ray transform only the
solenoidal part of a vector or symmetric 2-tensor �eld can be reconstructed. To
reconstruct the potential part of the �eld, it is necessary to have other data. One
of the operators that allows to reconstruct the potential part of a 3D vector and

Polyakova, A.P., Singular value decomposition of a normal Radon transform

operator acting on 3D symmetric 2-tensor fields.

© 2021 Polyakova A.P.

The research was carried out within the state assignment for Sobolev Institute of Mathematics
SB RAS (project �-0314-2019-0011) and with a partial support of RFBR and DFG according to
the project 19-51-12008.

Received May, 17, 2021, published December, 7, 2021.

1572



SINGULAR VALUE DECOMPOSITION OF A NORMAL RADON TRANSFORM 1573

symmetric 2-tensor �eld is the normal Radon transform. In work [3], the issue of
inverting the Radon transform of a symmetric 2-tensor �eld in R3 and, in particular,
the normal Radon transform, is studied. Note also the paper [4], in which two
approaches to reconstruction of a three-dimensional potential vector and symmetric
2-tensor �elds by known values of the normal Radon transform based on the method
of approximate inverse are proposed.

In this paper, a singular value decomposition of a normal Radon transform
operator acting on three-dimensional symmetric 2-tensor �elds is constructed. Singu-
lar value decompositions of Radon transform operators [5]�[10] and longitudinal ray
transform [11], acting on scalar �elds in R3, are well known. In the mentioned works,
basic �elds are constructed based on di�erent variations of orthogonal polynomials
and spherical harmonics. In particular, to construct the basic �elds in work [9],
Jacobi polynomials and Gegenbauer polynomials were used. Based on this result
along with the relation of ray transforms and the normal Radon transform with
the Radon transform, singular value decompositions of operators of ray transforms
of vector [12] and symmetric 2-tensor [13] �elds in R2, and decomposition of the
normal Radon transform operator of vector �elds in R3 [14],[15], and also the
result of this article were obtained. Note the papers dedicated to the development,
realisation, and studying of algorithms of numerical solution to problems of vector
and tensor tomography in R2 and R3 with the use of the SV-decompositions [16]�
[19], mentioned above. We should mention work [20], in which a singular value
decomposition of the operator of the fan Radon transform, acting on 2-dimensional
tensor �elds of arbitrary valency, is constructed.

In paper [19], an algorithm of numerical solution to a problem of 2-tensor tomog-
raphy on reconstruction of a three-dimensional potential symmetric 2-tensor �eld
by its known normal Radon transform, based on the method of truncated singular
value decomposition, is proposed. In particular, the operator of the normal Radon
transform is represented in the form of a series with respect to singular values
and basic elements in the image space, then the inverse operator represents a set
of a similar structure, where the preimages of these basic elements and the same
singular values are involved (for details, see [7],[21],[10]). It is necessary to note
that [19] is only dedicated to numerical solution of the three-dimensional 2-tensor
tomography, the orthogonality of basic �elds of degree N 6 50 in the main space
was veri�ed using Wolfram Mathematica 9 programm package. In this work, this
statement is theoretically justi�ed for �elds of arbitrary degree, thus, a singular
value decomposition of the normal Radon transform operator acting on a three-
dimensional symmetric 2-tensor �eld is constructed.

2. Main definitions

We introduce the notations B = {x ∈ R3
∣∣ |x| = √

x21 + x22 + x23 < 1} for a unit

ball, ∂B = {x ∈ R3
∣∣ |x| = 1} for a unit sphere, Z = {(s, ξ)

∣∣ ξ ∈ R3, |ξ| = 1, s ∈
(−1, 1)} for a cylinder.

We will denote functions by f(x), g(x), . . . For potentials, we will use the notation
φ(x), ψ(x), . . . A set of symmetric m-tensor �elds w(x) = (wi1...im(x)), u(x) =
(ui1...im(x)), v(x) = (vi1...im(x)), i1, . . . , im = 1, 2, 3, de�ned in B, is denoted by
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Sm(B). An inner product in Sm(B) is introduced by the formula

〈u(x),v(x)〉 =

3∑
i1,..,im=1

ui1..im(x)vi1..im(x).

A functional space L2(Sm(B)) consists of square integrable symmetric m-tensor
�elds, de�ned in B. An inner product of two tensor �elds u and v from the space
L2(Sm(B)) is given by the formula:

(u,v)L2(Sm(B)) =

∫
B

〈u(x),v(x)〉dx.

We denote the Sobolev spaces for symmetric m-tensor �elds by Hk(Sm(B)). By
Hk

0 (Sm(B)) we denote the space of symmetric 2-tensor �elds from Hk(Sm(B)),
vanishing on the boundary of the region along with all their derivatives up to the
(k − 1)-the order. Moreover, we will use the weight space L2(Z, ρ), where ρ(s) > 0
is given on Z. The innerr product of the functions f and g from L2(Z, ρ) is de�ned
by the formula:

(f, g)L2(Z,ρ) =

∫
Z

f(x)g(x)ρ(x)dx.

Di�erential operators. We will use the following operators:
1) Inner di�erential operator

d : Hk(Sm(B))→ Hk−1(Sm+1(B)),

acting on a potential ψ and a vector �eld v in the following way:

(dψ)i =
∂ψ

∂xi
, (dv)ij =

1

2

(
∂vi
∂xj

+
∂vj
∂xi

)
.

2) Curl operator

curl : Hk(S1(B))→ Hk−1(S1(B)),

acting on a vector �eld w by the formula

curlw =

(
∂w3

∂x2
− ∂w2

∂x3
,
∂w1

∂x3
− ∂w3

∂x1
,
∂w2

∂x1
− ∂w1

∂x2

)
.

3) Divergence operator

div : Hk(Sm+1(B))→ Hk−1(Sm(B)),

acting on a tensor �eld w according to the rule:

(divw)i1..im =

3∑
j=1

∂wi1..imj
∂xj

.

Recall that a m-tensor �eld u ∈ Hk(Sm(B)) is called potential, if there exists a
(m− 1)-tensor �eld v ∈ Hk+1(Sm−1(B)) (the potential), such that u = dv. A �eld
w ∈ Hk(Sm(B)) is called solenoidal, if divw = 0 ∈ Hk−1(Sm−1(B)). Obviously,
the vector �eld w = curlu is solenoidal. Similarly, a symmetric 2-tensor �eld w is
solenoidal, if (wi1, wi2, wi3) = curlvi, i = 1, 2, 3 for some vector �elds vi.
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It is known [1] that there exists a unique decomposition of every symmetric
m-tensor �eld v ∈ L2(Sm(B)):

v = w + du,

w ∈ H1(Sm(B)), divw = 0, u ∈ H1
0 (Sm−1(B)).

In work [19], it was shown that for a symmetric 2-tensor �eld
v ∈ L2(S2(B)) there exists a unique decomposition

v = w + d(curlu) + d2φ,

where

w ∈ H1(S2(B)), divw = 0,

u ∈ H2(S1(B)), curlu ∈ H1
0 (S1(B)),

φ ∈ H2
0 (B).

Integral operators. The plane Pξ,s in R3 is given by the normal equation
〈ξ, x〉 − s = 0 for x = (x1, x2, x3), ξ = (ξ1, ξ2, ξ3), |ξ| = 1. Here |s| is the distance
from the plane to the origin, and ξ is the normal vector of the plane.

The Radon transform Rf : L2(B)→ L2(Z, ρ) of the scalar function f(x) is given
by the formula

[Rf ](s, ξ) =

∫
Pξ,s∩B

f(x) dx.

The normal Radon transform R⊥2 : L2(S2(B)) → L2(Z, ρ) of a symmetric 2-
tensor �eld u(x) is de�ned by the formula

[R⊥2 u](s, ξ) =

∫
Pξ,s∩B

〈u(x), ξ2〉 dx.

We will formulate the properties of the normal Radon transform, obtained in
work [19], in the form of a statement.
Statement 1 1) For the function ψ ∈ H2

0 (B), the following equality holds:

[R⊥2 (d2ψ)](s, ξ) =
∂2

∂s2
[Rψ](s, ξ).

2) The kernel of the normal Radon transform operator, acting on symmetric
2-tensor �elds, consists of any linear combinations of two following types of �elds:

� solenoidal symmetric 2-tensor �elds w, for which (wi1, wi2, wi3) = curlui,
i = 1, 2, 3 is ful�lled, where ui ∈ H2(S1(B)) ∪H1

0 (S1(B)), i = 1, 2, 3;
� potential symmetric 2-tensor �elds of the form w = d(curlv), such that v ∈

H2(S1(B)) ∪H1
0 (S1(B)).

Statement 1 implies that by the known normal Radon transform of a symmetric
2-tensor �eld only its potential part of the form d2ψ, ψ ∈ H2(B), can be reconstruc-
ted.
Orthogonal polynomials. Recall the de�nitions and some properties of orthogo-

nal polynomials necessary for construction of a singular value decomposition of the
normal Radon transform operator.
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Jacobi polynomials P
(p,q)
n (t) of degree n with indices (p, q), given on the segment

[0, 1], are de�ned by the explicit formula

P (p,q)
n (t) = 1 +

n∑
k=1

(−1)kCkn
(p+ n)(p+ n+ 1) . . . (p+ n+ k − 1)

q(q + 1) . . . (q + k − 1)
tk,

where Ckn are binomial coe�cients. On the segment [0, 1], these polynomials are
orthogonal with weight tq−1(1 − t)p−q, that is, for n 6= m, the following equality
holds:

1∫
0

tq−1(1− t)p−q P (p,q)
n (t)P (p,q)

m (t) dt = 0.

The norm of Jacobi polynomials can be calculated by the following formula:

‖P (p,q)
n ‖2 =

1∫
0

tq−1(1− t)p−q P (p,q)
n (t)P (p,q)

n (t) dt =
n!Γ(q)Γ(q)Γ(p− q + n+ 1)

Γ(q + n)Γ(p+ n)(p+ 2n)
.(1)

The �rst and second derivatives of a Jacobi polynomial are calculated by the
formulas (

P
(p,q)
n

)′
(t) = −n(n+ p)

q
P

(p+2,q+1)
n−1 (t),(

P
(p,q)
n

)′′
(t) =

n(n− 1)(n+ p)(n+ p+ 1)

q(q + 1)
P

(p+4,q+2)
n−2 (t).

(2)

Gegenbauer polynomials C
(µ)
n (t) of degree n with index µ are de�ned by the

explicit formula

C(µ)
n (t) =

[n/2]∑
k=0

(−1)k
Γ(n− k + µ)

Γ(µ) k! (n− 2k)!
(2t)n−2k,

where Γ(α) is the Gamma function, and [ · ] is the integer part of the number. On the
segment [−1, 1], Gegenbauer polynomials are orthogonal with weight (1− t2)µ−1/2.
The norm of Gegenbauer polynomials can be calculated by the formula

‖C(µ)
n ‖2 =

1∫
−1

C(µ)
n (t)C(µ)

n (t)(1− t2)µ−1/2dt =
π21−2µΓ(n+ 2µ)

n!(n+ µ)Γ2(µ)
.

Legendre polynomials Lk(t) of degree k represent a special case of Gegenbauer

polynomials: Lk(t) = C
(0.5)
k (t). The derivative of a Legendre polynomial is calculated

by the formula

d

dt
Lk(t) =

k

1− t2
(Lk−1(t)− tLk(t)).

Legendre polynomials are orthogonal on the segment [−1, 1]. The norm of Legendre
polynomials can be calculated by the formula

‖Lk‖2 =

1∫
−1

L2
k(t)dt =

2

2k + 1
.
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An associated Legendre polynomial Lkl(t) of degree k with an integer index
l = 0, . . . , k satis�es the Legendre equation, that is, the following equality holds

d

dt

(
(1− t2)

d

dt
Lkl(t)

)
+

(
k(k + 1)− l2

1− t2

)
Lkl(t) = 0,(3)

and is de�ned in terms of Legendre polynomial:

Lkl(t) = (1− t2)l/2
dl

dtl
Lk(t).(4)

On the segment [−1, 1], associated Legendre polynomials are orthogonal.
A spherical function Ykl of order k with an integer index l = −k, . . . , k is de�ned

by the formula

Ykl(θ, ϕ) = Lk|l|(cos θ) ·

{
cos lϕ, l > 0,

sin |l|ϕ, l < 0.

Spherical functions are orthogonal on the unit sphere. The norm of a spherical
function is calculated by the formula

‖Ykl‖ =


√

4π

2k + 1
, l = 0,√

2π

2k + 1

(k + |l|)!
(k − |l|)!

, l 6= 0.

Harmonic polynomials Hkl(x) of degree k with an integer index l = −k, . . . , k in
the spherical coordinate system have the form

Hkl(r, θ, ϕ) = rkYkl(θ, ϕ).

3. Singular value decomposition of the normal Radon transform

operator acting on symmetric 2-tensor fields

We will construct basic potential symmetric 2-tensor �elds in the original space
L2(S2(B)) by the potential method, that is, we choose a basic system of functions
in the potential space H2

0 (B), and then, applying the di�erential operator d2, we
form it into a 2-tensor potential basis in the original space L2(S2(B)). For the basis
of the original system, we choose the polynomials of the following form:

Φkln(x) = (1− |x|2)2Hkl(x)P (k+3.5,k+1.5)
n (|x|2), k, n = 0, 1, 2, . . . , l = −k, . . . k,

in the spherical coordinate system (x = r cosϕ sin θ, y = r sinϕ sin θ, z = r cos θ)
they have the form

Φkln(r, θ, ϕ) = (1− r2)2 rk P (k+3.5,k+1.5)
n (r2)Ykl(θ, ϕ).

Applying to the above potentials the operator d2, we obtain a family of basic
potential symmetric 2-tensor �elds

Tkln(x) = d2Φkln(x), k, n = 0, 1, 2, . . . , l = −k, . . . , k.

The basic system of potentials is de�ned by the equalities Φ̃kln(x) = λklnΦkln(x),
k, n = 0, 1, 2, . . . , l = −k, . . . k, where

λkln =
Γ(n+ k + 1.5)

(n+ 2)!Γ(k + 1.5)‖Ykl‖

√
2n+ k + 3.5

8
.

The main result of this paper is
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Theorem 1 The system of potential symmetric 2-tensor �elds T̃kln = d2Φ̃kln is
orthonormal in the space L2(S2(B)).

Now we formulate the results obtained in work [19].

Statement 2 The images of potential symmetric 2-tensor �elds T̃kln, k, n =
0, 1, 2, . . . , l = −k, . . . , k, under the action of the normal Radon transform operator
have the form

[R⊥2 T̃kln](s, θ, ϕ) = bkln(1− s2)C
(1.5)
2n+k+2(s)Ykl(θ, ϕ),

where

bkln =
(−1)n4π

(2n+ k + 3)(2n+ k + 4)‖Ykl‖

√
2n+ k + 3.5

2
.

Statement 3 The system of functions

Gkln(s, θ, ϕ) =
(−1)n

√
2n+ k + 3.5√

(2n+ k + 3)(2n+ k + 4)‖Ykl‖
(1− s2)C

(1.5)
2n+k+2(s)Ykl(θ, ϕ),

k, n = 0, 1, 2, . . . , l = −k, . . . , k,

is orthonormal in the space L2(Z, (1− s2)−1).
Statement 2 and the de�nitions of the functions Gkln yield the equalities:

[R⊥2 T̃kln](s, θ, ϕ) = σknGkln(s, θ, ϕ), k, n = 0, 1, 2, . . . , l = −k, . . . , k,
where the numbers

σkn =
2
√

2π√
(2n+ k + 3)(2n+ k + 4)

,

taking into account Theorem 1 and Statement 3, are singular values of the normal
Radon transform operator. Therefore, the following theorem holds.
Theorem 2 The singular value decomposition of the normal Radon transform

operator

R⊥2 : L2(S2(B))→ L2(Z, (1− s2)−1)

has the form

g(s, θ, ϕ) := [R⊥2 w](s, θ, ϕ) =

∞∑
k,n=0

k∑
l=−k

σkn

(
w, T̃kln

)
L2(S2(B))

Gkln(s, θ, ϕ),

and the inverse operator is calculated by the formula

w(x) =
(
(R⊥2 )−1g

)
(x) =

∞∑
k,n=0

k∑
l=−k

σ−1kn (g,Gkln)L2(Z,(1−s2)−1)T̃kln(x).

4. Proof of Theorem 1

For brevity, we introduce the following notation:

Pn := P (k+3.5,k+1.5)
n (r2), P ′n :=

∂P
(k+3.5,k+1.5)
n

∂(r2)
(r2), P ′′n :=

∂2P
(k+3.5,k+1.5)
n

∂(r2)2
(r2),

Ykl := Ykl(ϕ, θ), Y ′kl,ϕ :=
∂Ykl
∂ϕ

(ϕ, θ), Y ′kl,θ :=
∂Ykl
∂θ

(ϕ, θ),

Y ′′kl,ϕϕ :=
∂2Ykl
∂ϕ2

(ϕ, θ), Y ′′kl,ϕθ :=
∂2Ykl
∂ϕ∂θ

(ϕ, θ), Y ′′kl,θθ :=
∂2Ykl
∂θ2

(ϕ, θ).
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Lemma 1 The values of components of basic symmetric 2-tensfor �elds can be
calculated by the formulas (in the spherical coordinate system)(
Tkln

)
ij

(r, θ, ϕ) =
(
2Aijr

k+2 − 2Bij(1− r2)rk + Cij(1− r2)2rk−2
)
Pn

+
(
−4Aij(1− r2)rk+2 +Bij(1− r2)2rk

)
P ′n +Aij(1− r2)2rk+2P ′′n ,

i, j = 1, 2, 3,

where

A11 = Ykl
(
4 cos2 ϕ sin2 θ

)
,

B11 = Ykl
(
4k cos2 ϕ sin2 θ + 2

)
+ Y ′kl,ϕ (−2 sin 2ϕ) + Y ′kl,θ

(
2 cos2 ϕ sin 2θ

)
,

C11 = Ykl
(
k(k − 2) cos2 ϕ sin2 θ + k

)
+ Y ′kl,ϕ

(
sin 2ϕ(ctg2 θ − k + 1)

)
+ Y ′′kl,ϕϕ

(
sin2 ϕ(1 + ctg2 θ)

)
+ Y ′kl,θ

(
(k − 1) cos2 ϕ sin 2θ + sin2 ϕ ctg θ

)
+ Y ′′kl,ϕθ (− sin 2ϕ ctg θ) + Y ′′kl,θθ

(
cos2 ϕ cos2 θ

)
;

A12 = A21 = Ykl
(
2 sin 2ϕ sin2 θ

)
,

B12 = B21 = Ykl
(
2k sin 2ϕ sin2 θ

)
+ Y ′kl,ϕ (2 cos 2ϕ) + Y ′kl,θ (sin 2ϕ sin 2θ) ,

C12 = C21 = Ykl
(
k(k − 2) sin 2ϕ sin2 θ/2

)
+ Y ′kl,ϕ

(
cos 2ϕ(k − 1− ctg2 θ)

)
+ Y ′′kl,ϕϕ

(
− sin 2ϕ(1 + ctg2 θ)/2

)
+ Y ′kl,θ (sin 2ϕ((k − 1) sin 2θ − ctg θ)/2)

+ Y ′′kl,ϕθ (cos 2ϕ ctg θ) + Y ′′kl,θθ
(
sin 2ϕ cos2 θ/2

)
;

A22 = Ykl
(
4 sin2 ϕ sin2 θ

)
,

B22 = Ykl
(
4k sin2 ϕ sin2 θ + 2

)
+ Y ′kl,ϕ (2 sin 2ϕ) + Y ′kl,θ

(
2 sin2 ϕ sin 2θ

)
,

C22 = Ykl
(
k(k − 2) sin2 ϕ sin2 θ + k

)
+ Y ′kl,ϕ

(
sin 2ϕ(k − 1− ctg2 θ)

)
+ Y ′′kl,ϕϕ

(
cos2 ϕ(1 + ctg2 θ)

)
+ Y ′kl,θ

(
(k − 1) sin2 ϕ sin 2θ + cos2 ϕ ctg θ

)
+ Y ′′kl,ϕθ (sin 2ϕ ctg θ) + Y ′′kl,θθ

(
sin2 ϕ cos2 θ

)
;

A13 = A31 = Ykl (2 cosϕ sin 2θ) ,

B13 = B31 = Ykl (2k cosϕ sin 2θ) + Y ′kl,ϕ (−2 sinϕ ctg θ) + Y ′kl,θ (2 cosϕ cos 2θ) ,

C13 = C31 = Ykl (k(k − 2) cosϕ sin 2θ/2) + Y ′kl,ϕ (−k sinϕ ctg θ)

+ Y ′kl,θ ((k − 1) cosϕ cos 2θ) + Y ′′kl,ϕθ sinϕ+ Y ′′kl,θθ (− cosϕ sin 2θ/2) ;

A23 = A32 = Ykl (2 sinϕ sin 2θ) ,

B23 = B32 = Ykl (2k sinϕ sin 2θ) + Y ′kl,ϕ (2 cosϕ ctg θ) + Y ′kl,θ (2 sinϕ cos 2θ) ,

C23 = C32 = Ykl (k(k − 2) sinϕ sin 2θ/2) + Y ′kl,ϕ (k cosϕ ctg θ)

+ Y ′kl,θ ((k − 1) sinϕ cos 2θ) + Y ′′kl,ϕθ(− cosϕ) + Y ′′kl,θθ (− sinϕ sin 2θ/2) ;

A33 = Ykl
(
4 cos2 θ

)
,

B33 = Ykl
(
4k cos2 θ + 2

)
+ Y ′kl,θ (−2 sin 2θ) ,

C33 = Ykl
(
k(k − 2) cos2 θ + k

)
+ Y ′kl,θ (−(k − 1) sin 2θ) + Y ′′kl,θθ

(
sin2 θ

)
.
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Proof. Transforming the Cartesian coordinate system into the spherical one, we
have that

∂2Φkln
∂x2

=
∂

∂x

(
∂Φkln
∂x

)
=

∂

∂x

(
∂Φkln
∂r

cosϕ sin θ +
∂Φkln
∂θ

cosϕ cos θ

r
− ∂Φkln

∂ϕ

sinϕ

r sin θ

)
=
∂2Φkln
∂r2

cos2 ϕ sin2 θ +
∂2Φkln
∂θ2

cos2 ϕ cos2 θ

r2
+
∂2Φkln
∂ϕ2

sin2 ϕ

r2 sin2 θ

+ 2
∂2Φkln
∂r∂θ

cos2 ϕ sin θ cos θ

r
− 2

∂2Φkln
∂r∂ϕ

sinϕ cosϕ

r
− 2

∂2Φkln
∂θ∂ϕ

sinϕ cosϕ cos θ

r2 sin θ

+
∂Φkln
∂r

cos2 ϕ cos2 θ + sin2 ϕ

r
+
∂Φkln
∂θ

cos θ(sin2 ϕ− 2 cos2 ϕ sin2 θ)

r2 sin θ

+ 2
∂Φkln
∂ϕ

sinϕ cosϕ

r2 sin2 θ
.

Substituting the expression for Φkln and grouping the summands by functions of
r2, we obtain the statement of Lemma for (Tkln)11(r, θ, ϕ).

In a similar way, using the formulas

∂Φkln
∂y

=
∂Φkln
∂r

sinϕ sin θ +
∂Φkln
∂θ

sinϕ cos θ

r
+
∂Φkln
∂ϕ

cosϕ

r sin θ
,

∂Φkln
∂z

=
∂Φkln
∂r

cos θ − ∂Φkln
∂θ

sin θ

r
,

we obtain the remaining statements of Lemma. �

Orthogonality in the case n1 6= n2, k1 = k2, l1 = l2. In what follows, we
assume that l > 0, the case when l < 0 is proved in a similar way. Applying Lemma
1, we calculate the scalar product

(Tkln1
,Tkln2

)L2(S2(B)) =

∫∫∫
B

3∑
i,j=1

((Tkln1
)ij(x, y, z)(Tkln2

)ij(x, y, z)) dx dy dz

=

1∫
0

2π∫
0

π∫
0

 3∑
i,j=1

(Tkln1
)ij(r, θ, ϕ)(Tkln2

)ij(r, θ, ϕ)

 r2 sin θdθ dϕ dr.

We substitute one r into dr, multiply by the second r the whole integrand and
consider separately the integral over r2. Using the orthogonality properties of Jacobi
polynomials

1∫
0

r2k+1(1− r2)2Pn1Pn2dr
2 = 0,

1∫
0

r2k+3(1− r2)3P ′n1
P ′n2

dr2 = 0,

1∫
0

r2k+5(1− r2)4P ′′n1
P ′′n2

dr2 = 0,
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we obtain

(Tkln1 ,Tkln2)L2(S2(B)) =
1

2

1∫
0

2π∫
0

π∫
0

3∑
i,j=1

(
B2
ij(2k + 1)−AijBij

(2k + 3)(2k + 1)

2

−AijCij
(2k + 3)(2k + 1)

2
− 2C2

ij +BijCij(2k − 1)

)
(1− r2)2r2k−1Pn1Pn2 sin θdθ dϕ dr2

+
1

2

1∫
0

2π∫
0

π∫
0

3∑
i,j=1

(
C2
ij +AijCij(k

2 − 1/4)−BijCij(k − 1/2)
)

· (1− r2)2r2k−3Pn1Pn2 sin θdθ dϕ dr2

+
1

2

1∫
0

2π∫
0

π∫
0

3∑
i,j=1

(
B2
ij − 2AijCij −AijBij

2k + 3

2

)
(1− r2)3r2k+1P ′n1

P ′n2
sin θdθ dϕ dr2.

Consider separately the last integral. Substituting the expressions for Aij , Bij , Cij
and taking the sum, we obtain the following expression

1

2

1∫
0

(1− r2)3r2k+1P ′n1
P ′n2

dr2 ·
2π∫
0

π∫
0

3∑
i,j=1

(
B2
ij − 2AijCij −AijBij

2k + 3

2

)
sin θdθ dϕ

=
1

2

1∫
0

(1− r2)3r2k+1P ′n1
P ′n2

dr2

·
2π∫
0

π∫
0

(
−8k(k + 1)Y 2

kl + 8Y ′kl,θY
′
kl,θ + 8

1

sin2 θ
Y ′kl,ϕY

′
kl,ϕ

)
sin θdθ dϕ.

In work [15], it is proved that

2π∫
0

π∫
0

(
−k(k + 1)Y 2

kl + Y ′kl,θY
′
kl,θ +

1

sin2 θ
Y ′kl,ϕY

′
kl,ϕ

)
sin θdθ dϕ = 0,

hence, the last integral turns to zero, and it remains to prove that the sum of the
�rst two integrals equals zero.

Note that the integrands in the considered integrals are linearly dependent. In
particular, for every i, j = 1, 2, 3, we have

B2
ij(2k + 1)− (AijBij +AijCij)

(2k + 3)(2k + 1)

2
− 2C2

ij +BijCij(2k − 1)

= (2k + 1)

(
B2
ij − 2AijCij −AijBij

2k + 3

2

)
− 2Cij

(
Cij +Aij(k

2 − 1/4)−Bij(k − 1/2)
)
,

therefore, to prove the orthogonality, it su�ces to show that the second integral
equals zero. In particular, we prove that

I :=

2π∫
0

π∫
0

3∑
i,j=1

(
C2
ij +AijCij(k

2 − 1/4)−BijCij(k − 1/2)
)

sin θdθ dϕ = 0.
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Substituting the expressions for Aij , Bij , Cij and taking the sum, we obtain

I =

2π∫
0

π∫
0

(
k(k − 2)(k2 − 1)Y 2

kl + ctg θ YklY
′
kl,θ + (ctg2 θ + 1)YklY

′′
kl,ϕϕ + YklY

′′
kl,θθ

+ 2(ctg2 θ + 1)(ctg2 θ − k2 + k)Y ′kl,ϕY
′
kl,ϕ − 4 ctg θ(ctg2 θ + 1)Y ′kl,ϕY

′′
kl,ϕθ

+ (ctg2 θ − 2k(k − 1))Y ′kl,θY
′
kl,θ + 2 ctg θ(ctg2 θ + 1)Y ′kl,θY

′′
kl,ϕϕ

+ (ctg2 θ + 1)2Y ′′kl,ϕϕY
′′
kl,ϕϕ + 2(ctg2 θ + 1)Y ′′kl,ϕθY

′′
kl,ϕθ + Y ′′kl,θθY

′′
kl,θθ

)
sin θdθ dϕ .

Representing Ykl in terms of associated Legendre polynomials, substituting
t = cos θ and integrating over ϕ, we obtain

I = −π
1∫
−1

(
k(k − 2)(k2 − 1)L2

kl − tLklL′kl −
l2

1− t2L
2
kl + Lkl(−tL′kl + (1− t2)L′′kl)

+
2l2

(1− t2)
L2
kl

( t2

1− t2 − k(k − 1)
)

+
4l2t

1− t2LklL
′
kl

+ L′klL
′
kl(1− t2)

( t2

1− t2 − 2k(k − 1)
)

+
2l2t

1− t2LklL
′
kl +

l4

(1− t2)2
L2
kl

+ 2l2L′klL
′
kl +

(
− tL′kl + (1− t2)L′′kl

)2)
dt

= −π
1∫
−1

(
k(k − 2)(k2 − 1)L2

kl − 2tLklL
′
kl −

l2

1− t2L
2
kl + (1− t2)LklL

′′
kl +

2l2t2

(1− t2)2
L2
kl

− 2l2k(k − 1)

1− t2 L2
kl +

6l2t

1− t2LklL
′
kl + 2t2L′klL

′
kl − 2k(k − 1)(1− t2)L′klL

′
kl

+
l4

(1− t2)2
L2
kl + 2l2L′klL

′
kl + (1− t2)2L′′klL

′′
kl − 2t(1− t2)L′klL

′′
kl

)
dt.

Squaring the Legendre equation (3) and subtracting from the integrand, we obtain

I = −π
1∫
−1

(
k(k + 1)(−4k + 2)L2

kl −
l2

1− t2
L2
kl + (1− 2k − 2k2)(1− t2)LklL

′′
kl

+
2l2t2

(1− t2)2
L2
kl +

4kl2

1− t2
L2
kl +

2l2t

1− t2
LklL

′
kl − 2t2L′klL

′
kl − 2k(k − 1)(1− t2)L′klL

′
kl

+ 2l2L′klL
′
kl + 2t(1− t2)L′klL

′′
kl + 2l2LklL

′′
kl + 2t(2k2 + 2k − 1)LklL

′
kl

)
dt.

Lemma 2 For the derivatives k1, k2, the following equality holds:

(1− t2)Lk1lL
′
k2l

∣∣∣∣1
−1

= 0.(5)

Proof. For l = 0, we have

(1− t2)Lk1lL
′
k2l

∣∣∣∣1
−1

= (1− t2)Lk1L
′
k2

∣∣∣∣1
−1

= 0,
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since Legendre polynomials and their derivatives do not have singularities when
t = ±1. If l = 1, then

(1− t2)Lk1lL
′
k2l

∣∣∣∣1
−1

= (1− t2)Lk11L
′
k21

∣∣∣∣1
−1

(4)
= ((1− t2)

(
(1− t2)1/2L′k1

)(
(1− t2)1/2L′k2

)′ ∣∣∣∣1
−1

= (1− t2)
(

(1− t2)1/2L′k1

)( −t
(1− t2)1/2

L′k2 + (1− t2)1/2L′′k2

) ∣∣∣∣1
−1

= (1− t2)
(
−tL′k1L

′
k2 + (1− t2)L′k1L

′′
k2

) ∣∣∣∣1
−1

= 0.

For l > 2, the equality is proved in a similar way. �

Further, note that

1∫
−1

(
(4k − 1)l2

1− t2
L2
kl − k(k + 1)(4k − 1)L2

kl

)
dt

=

1∫
−1

(4k − 1)

(
l2

1− t2
Lkl − k(k + 1)Lkl

)
Lkl dt

(3)
=

1∫
−1

(4k − 1)
(
(1− t2)L′kl

)′
Lkl dt

=(4k − 1)(1− t2)LklL
′
kl

∣∣∣∣1
−1
−

1∫
−1

(4k − 1)(1− t2)L′klL
′
kl dt

(5)
= −

1∫
−1

(4k − 1)(1− t2)L′klL
′
kl dt,

hence,

I = −π
1∫
−1

(
k(k + 1)L2

kl + (1− 2k − 2k2)(1− t2)LklL
′′
kl +

2l2t2

(1− t2)2
L2
kl

+
2l2t

1− t2
LklL

′
kl − 2t2L′klL

′
kl−(2k2 + 2k − 1)(1− t2)L′klL

′
kl + 2l2L′klL

′
kl

+ 2t(1− t2)L′klL
′′
kl + 2l2LklL

′′
kl+2t(2k2 + 2k − 1)LklL

′
kl

)
dt.
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Grouping the underlined summands, we obtain

1∫
−1

(
(1− 2k − 2k2)(1− t2)LklL

′′
kl − (2k2 + 2k − 1)(1− t2)L′klL

′
kl

+ 2t(2k2 + 2k − 1)LklL
′
kl

)
dt

=

1∫
−1

(1− 2k − 2k2)
(
(1− t2)LklL

′′
kl + (1− t2)L′klL

′
kl − 2tLklL

′
kl

)
dt

=

1∫
−1

(1− 2k − 2k2)
(
(1− t2)LklL

′
kl

)′
dt

=(1− 2k − 2k2)(1− t2)LklL
′
kl

∣∣∣∣1
−1

(5)
= 0.

Therefore, we have

I = −π
1∫
−1

(
k(k + 1)L2

kl +
2l2t2

(1− t2)2
L2
kl +

2l2t

1− t2
LklL

′
kl − 2t2L′klL

′
kl + 2l2L′klL

′
kl

+2t(1− t2)L′klL
′′
kl + 2l2LklL

′′
kl

)
dt.

From Legendre equation (3) follows the equality

1∫
−1

k(k + 1)L2
kl dt =

1∫
−1

(
l2

1− t2
L2
kl −

(
(1− t2)L′kl

)′
Lkl

)
dt

= −(1− t2)LklL
′
kl

∣∣∣∣1
−1

+

1∫
−1

(
l2

1− t2
L2
kl + (1− t2)L′klL

′
kl

)
dt

(5)
=

1∫
−1

(
l2

1− t2
L2
kl + (1− t2)L′klL

′
kl

)
dt,

hence,

I = −π
1∫
−1

(
l2(1 + t2)

(1− t2)2
L2
kl +

2l2t

1− t2
LklL

′
kl − 2t2L′klL

′
kl + 2l2L′klL

′
kl

+2t(1− t2)L′klL
′′
kl + 2l2LklL

′′
kl + (1− t2)L′klL

′
kl

)
dt

(3)
= −π

1∫
−1

(
l2(1 + t2)

(1− t2)2
L2
kl +

2l2t

1− t2
LklL

′
kl − 2t2L′klL

′
kl + 2l2L′klL

′
kl

+2tL′kl

[
2tL′kl − k(k + 1)Lkl +

l2

1− t2
Lkl

]
+ 2l2LklL

′′
kl + (1− t2)L′klL

′
kl

)
dt
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= −π
1∫
−1

(
l2(1 + t2)

(1− t2)2
L2
kl +

4l2t

1− t2
LklL

′
kl + (1 + t2)L′klL

′
kl + 2l2L′klL

′
kl

−2tk(k + 1)LklL
′
kl + 2l2LklL

′′
kl

)
dt.

Since
1∫
−1

2l2t

1− t2
LklL

′
kl dt =

1∫
−1

l2t

1− t2
(LklLkl)

′ dt =
l2t

1− t2
L2
kl

∣∣∣∣1
−1
−

1∫
−1

(
l2t

1− t2

)′
L2
kl dt

=
l2t

1− t2
L2
kl

∣∣∣∣1
−1
−

1∫
−1

l2(1 + t2)

(1− t2)2
L2
kl dt

and
1∫
−1

(
2l2L′klL

′
kl + 2l2LklL

′′
kl

)
dt = 2l2

1∫
−1

(LklL
′
kl)
′
dt = 2l2LklL

′
kl

∣∣∣∣1
−1
,

we have that

I =− π
(

l2t

1− t2
L2
kl + 2l2LklL

′
kl

) ∣∣∣∣1
−1

− π
1∫
−1

(
2tL′kl

(
l2

1− t2
Lkl − k(k + 1)Lkl

)
+ (1 + t2)L′klL

′
kl

)
dt

(3)
= − π

(
l2t

1− t2
L2
kl + 2l2LklL

′
kl

) ∣∣∣∣1
−1
− π

1∫
−1

(
2tL′kl

(
(1− t2)L′kl

)′
+ (1 + t2)L′klL

′
kl

)
dt

=− π
(

l2t

1− t2
L2
kl + 2l2LklL

′
kl + 2t(1− t2)L′klL

′
kl

) ∣∣∣∣1
−1

− π
1∫
−1

(
−(2tL′kl)

′(1− t2)L′kl + (1 + t2)L′klL
′
kl

)
dt

=− π
(

l2t

1− t2
L2
kl + 2l2LklL

′
kl + 2t(1− t2)L′klL

′
kl

) ∣∣∣∣1
−1

− π
1∫
−1

(
(−1 + 3t2)L′klL

′
kl − 2t(1− t2)L′klL

′′
kl

)
dt

=− π
(

l2t

1− t2
L2
kl + 2l2LklL

′
kl + 2t(1− t2)L′klL

′
kl

) ∣∣∣∣1
−1
− π

1∫
−1

(
−t(1− t2)L′klL

′
kl

)′
dt

=− π
(

l2t

1− t2
L2
kl + 2l2LklL

′
kl + t(1− t2)L′klL

′
kl

) ∣∣∣∣1
−1
.

If l = 0, then Lkl = Lk0 = Lk and I = −πt(1− t2)L′kL
′
k

∣∣∣∣1
−1

= 0.
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If l = 1, then Lk1
(4)
= (1− t2)1/2

d

dt
Lk = (1− t2)1/2L′k, therefore,

I =− π
(

t

1− t2
(1− t2)L′kL

′
k + 2(1− t2)1/2L′k

(
(1− t2)1/2L′k

)′
+t(1− t2)

(
(1− t2)1/2L′k

)′ (
(1− t2)1/2L′k

)′) ∣∣∣∣1
−1

=− π
(
tL′kL

′
k + 2(1− t2)1/2L′k

(
−t

(1− t2)1/2
L′k + (1− t2)1/2L′′k

)
+t(1− t2)

(
t2

1− t2
L′kL

′
k − 2tL′kL

′′
k + (1− t2)L′′kL

′′
k

)) ∣∣∣∣1
−1

=− π
(
tL′kL

′
k − 2tL′kL

′
k + 2(1− t2)L′kL

′′
k + t3L′kL

′
k − 2t2(1− t2)L′kL

′′
k

+ t(1− t2)2L′′kL
′′
k

)∣∣∣∣1
−1

=− π
(
−tL′kL′k + t3L′kL

′
k

) ∣∣∣∣1
−1

= 0,

since the derivatives of Legendre polynomials do not have singularities when t = ±1.
Using the similar reasoning, it is easy to show that I = 0 for l > 2.

Therefore, the orthogonality in the case k1 = k2, l1 = l2 and n1 6= n2 is proved.

Orthogonality in the case when k1 6= k2 or l1 6= l2, n1 and n2 are arbitrary.

Lemma 3 The values of components of basic symmetric 2-tensor �elds can be
calculated by formulas (in the spherical coordinate system)

(
Tkln

)
ij

(r, θ, ϕ) = Aijr
k+2F ′′ +Bijr

kF ′ + Cijr
k−2F, i, j = 1, 2, 3,

where Aij , Bij , Cij are from Lemma 1 and F = (1− r2)2P
(k+3.5, k+1.5)
n (r2).

This fact is proved by regrouping the summands in the representation from
Lemma 1.

Using Lemma 3, we will calculate the scalar product

J : = (Tk1l1n1
,Tk2l2n2

)L2(S2(B))

=

1∫
0

2π∫
0

π∫
0

 3∑
i,j=1

(Tk1l1n1
)ij(r, θ, ϕ)(Tk2l2n2

)ij(r, θ, ϕ)

 r2 sin θdθ dϕ dr.

For brevity, we denote

Aα := Aij(kα, lα), Bα := Bij(kα, lα),

Cα := Cij(kα, lα), Fα := (1− r2)2P (kα+3.5,kα+1.5)
nα (r2), α = 1, 2.
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Further we omit the summation indices (ij), but the summation is implied. Also
we introduce the notation k = k1 + k2. Then

J =

1∫
0

2π∫
0

π∫
0

(
A1r

k1+2F ′′1 +B1r
k1F ′1 + C1r

k1−2F1

)
·
(
A2r

k2+2F ′′2 +B2r
k2F ′2 + C2r

k2−2F2

)
r2 sin θdθ dϕ dr

=
1

2

1∫
0

2π∫
0

π∫
0

(
A1A2r

k+5F ′′1 F
′′
2 +B1A2r

k+3F ′1F
′′
2 + C1A2r

k+1F1F
′′
2

+A1B2r
k+3F ′′1 F

′
2 +B1B2r

k+1F ′1F
′
2 + C1B2r

k−1F1F
′
2

+A1C2r
k+1F ′′1 F2 +B1C2r

k−1F ′1F2 + C1C2r
k−3F1F2

)
sin θdθ dϕ dr2.

Consider separately the integrals over r2

1∫
0

B1A2r
k+3F ′1F

′′
2 dr

2 =

1∫
0

B1A2r
k+3F ′1(F ′2)′ dr2

=B1A2r
k+3F ′1F

′
2

∣∣∣∣1
0

−
1∫

0

(
B1A2

k + 3

2
rk+1F1F

′
2 +B1A2r

k+3F ′′1 F
′
2

)
dr2

=

1∫
0

(
−B1A2

k + 3

2
rk+1F ′1F

′
2 −B1A2r

k+3F ′′1 F
′
2

)
dr2.

Similarly, we have

1∫
0

C1A2r
k+1F1F

′′
2 dr

2 =

1∫
0

(
−C1A2

k + 1

2
rk−1F1F

′
2 − C1A2r

k+1F ′1F
′
2

)
dr2,

1∫
0

A1C2r
k+1F ′′1 F2 dr

2 =

1∫
0

(
−A1C2

k + 1

2
rk−1F ′1F2 −A1C2r

k+1F ′1F
′
2

)
dr2.

Therefore,

J =

1∫
0

2π∫
0

π∫
0

(
A1A2r

k+5F ′′1 F
′′
2 + (A1B2 −B1A2)rk+3F ′′1 F

′
2

+

(
C1B2 − C1A2

k + 1

2

)
rk−1F1F

′
2 +

(
B1C2 −A1C2

k + 1

2

)
rk−1F ′1F2

+

(
B1B2 − C1A2 −A1C2 −B1A2

k + 3

2

)
rk+1F ′1F

′
2

+ C1C2r
k−3F1F2

)
sin θdθ dϕ dr2.



1588 A.P. POLYAKOVA

Since

1∫
0

rk−1F1F
′
2 dr

2 = rk−1F1F2

∣∣∣∣1
0

−
1∫

0

(
k − 1

2
rk−3F1F2 + rk−1F ′1F2

)
dr2

=

1∫
0

(
−k − 1

2
rk−3F1F2 − rk−1F ′1F2

)
dr2,

we obtain

J =

1∫
0

2π∫
0

π∫
0

(
A1A2r

k+5F ′′1 F
′′
2 + (A1B2 −B1A2)rk+3F ′′1 F

′
2

+

(
B1B2 − C1A2 −A1C2 −B1A2

k + 3

2

)
rk+1F ′1F

′
2

+

(
B1C2 −A1C2

k + 1

2
− C1B2 + C1A2

k + 1

2

)
rk−1F ′1F2

+

(
C1C2 − C1B2

k − 1

2
+ C1A2

k2 − 1

4

)
rk−3F1F2

)
sin θdθ dϕ dr2.

Directly calculating the value of A1A2, we obtain A1A2 = 16Yk1l1Yk2l2 . Then

1∫
0

2π∫
0

π∫
0

A1A2r
k+5F ′′1 F

′′
2 sin θdθ dϕdr2 = 16

1∫
0

rk+5F ′′1 F
′′
2 dr

2

2π∫
0

π∫
0

Yk1l1Yk2l2 sin θdθdϕ = 0

due to orthogonality of the spherical functions Ykl when k1 6= k2 or l1 6= l2. Similarly,
calculating the value A1B2, A2B1, A2C1 and A1C2, we obtain

A1B2 = 16k2Yk1l1Yk2l2 , A1C2 = 4k2(k2 − 1)Yk1l1Yk2l2 ,

A2B1 = 16k1Yk1l1Yk2l2 , A2C1 = 4k1(k1 − 1)Yk1l1Yk2l2 .

Hence,

2π∫
0

π∫
0

A1B2 sin θdθ dϕ =

2π∫
0

π∫
0

A2B1 sin θdθ dϕ =

2π∫
0

π∫
0

A1C2 sin θdθ dϕ

=

2π∫
0

π∫
0

A2C1 sin θdθ dϕ = 0

and

J =

1∫
0

2π∫
0

π∫
0

(
B1B2r

k+1F ′1F
′
2 + (B1C2 − C1B2) rk−1F ′1F2

+

(
C1C2 − C1B2

k − 1

2

)
rk−3F1F2

)
sin θdθ dϕ dr2.



SINGULAR VALUE DECOMPOSITION OF A NORMAL RADON TRANSFORM 1589

Calculating C1B2, we obtain

C1B2 = (4k1k2(k2 − 1) + 2k2(k2 + 1))Yk1l1Yk2l2 + 2(1 + ctg2 θ)Y ′′k1l1,ϕϕYk2l2

+ 2 ctg θY ′k1l1,θYk2l2 + 2Y ′′k1l1,θθYk2l2 + 4(k1 − 1)(1 + ctg2 θ)Y ′k1l1,ϕY
′
k2l2,ϕ

+ 4(k1 − 1)Y ′k1l1,θY
′
k2l2,θ.

Integrating the �rst summand (4k1k2(k2−1)+2k2(k2+1))Yk1l1Yk2l2 over θ and ϕ, we
obtain 0 due to orthogonality of spherical functions. We have Ykl = Lkl(cos θ) cos lϕ,
and for l1 6= l2 the following equality holds

2π∫
0

cos l1ϕ cos l2ϕdϕ =

2π∫
0

sin l1ϕ sin l2ϕdϕ =

2π∫
0

sin l1ϕ cos l2ϕdϕ = 0,(6)

hence, for the case l1 6= l2, we have that C1B2 = 0. Further, considering C1B2, we
assume that l1 = l2 = l.
Lemma 4 The following equality holds:

2π∫
0

π∫
0

(Y ′k1l,θY
′
k2l,θ + (1 + ctg2 θ)Y ′k1l,ϕY

′
k2l,ϕ) sin θdθ dϕ = 0.

Proof. Representing the spherical functions in terms of associated Legendre polynomials,
integrating over ϕ, and substituting t = cos θ, we obtain

2π∫
0

π∫
0

(Y ′k1l,θY
′
k2l,θ + (1 + ctg2 θ)Y ′k1l,ϕY

′
k2l,ϕ) sin θdθ dϕ

=− π
1∫
−1

(
L′k1l(t)L

′
k2l(t)(1− t

2) + Lk1l(t)Lk2l(t)
l2

1− t2

)
dt

=− πLk1l(t)L′k2l(t)(1− t
2)

∣∣∣∣1
−1

− π
1∫
−1

(
−Lk1l(t)

(
L′k2l(t)(1− t

2)
)′

+ Lk1l(t)Lk2l(t)
l2

1− t2

)
dt

(5)
= − π

1∫
−1

Lk1l(t)

(
−
(
L′k2l(t)(1− t

2)
)′

+ Lk2l(t)
l2

1− t2

)
dt

(3)
= − π

1∫
−1

Lk1l(t) (k2(k2 + 1)Lk2l(t)) dt = 0

due to orthogonality of associated Legendre polynomials. �

Using the result of Lemma 4, we obtain

C1B2 = 2(1 + ctg2 θ)Y ′′k1l1,ϕϕYk2l2 + 2 ctg θY ′k1l1,θYk2l2 + 2Y ′′k1l1,θθYk2l2 .
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We represent the spherical functions in terms of associated Legendre polynomials,
integrate over ϕ, and substitute t = cos θ :

2π∫
0

π∫
0

C1B2 sin θdθ dϕ

=

2π∫
0

π∫
0

(
2(1 + ctg2 θ)Y ′′k1l1,ϕϕYk2l2 + 2 ctg θY ′k1l1,θYk2l2 + 2Y ′′k1l1,θθYk2l2

)
sin θdθ dϕ

=− π
1∫
−1

(
− 2l2

1− t2
Lk1lLk2l − 2tL′k1lLk2l + 2L′′k1lLk2l(1− t

2)− 2tL′k1lLk2l

)
dt

=− π
1∫
−1

2Lk2l

(
− l2

1− t2
Lk1l − 2tL′k1l + L′′k1l(1− t

2)

)
dt

=− π
1∫
−1

2Lk2l

(
− l2

1− t2
Lk1l + (L′k1l(1− t

2))′
)
dt

(3)
= − π

1∫
−1

2Lk2l (−k1(k1 + 1)Lk1l) dt = 0

due to orthogonality of associated Legendre polynomials. Similarly, for l1 6= l2 or
k1 6= k2

2π∫
0

π∫
0

B1C2 sin θdθ dϕ = 0,

and therefore, we have

J =

1∫
0

2π∫
0

π∫
0

(
B1B2r

k+1F ′1F
′
2 + C1C2r

k−3F1F2

)
sin θdθ dϕ dr2.

It is easy to prove that

B1B2 =(16k1k2 + 8(k1 + k2) + 12)Yk1l1Yk2l2 + 8(1 + ctg2 θ)Y ′k1l1,ϕY
′
k2l2,ϕ

+ 8Y ′k1l1,θY
′
k2l2,θ.

Due to orthogonality of spherical functions and Lemma 4,

2π∫
0

π∫
0

B1B2 sin θdθ dϕ = 0.

It remains to prove that

2π∫
0

π∫
0

C1C2 sin θdθ dϕ = 0.
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Calculating the value of C1C2, we obtain

C1C2 = k1k2(k1k2 − k1 − k2 + 3)Yk1l1Yk2l2

+ 2(ctg2 θ + 1)(ctg2 θ + k1k2 − k1 − k2 + 1)Y ′k1l1,ϕY
′
k2l2,ϕ

+ (2(k1k2 − k1 − k2 + 1) + ctg2 θ)Y ′k1l1,θY
′
k2l2,θ + (ctg2 θ + 1)2Y ′′k1l1,ϕϕY

′′
k2l2,ϕϕ

+ 2(ctg2 θ + 1)Y ′′k1l1,ϕθY
′′
k2l2,ϕθ + Y ′′k1l1,θθY

′′
k2l2,θθ + k1 ctg θ Yk1l1Y

′
k2l2,θ

+ k2 ctg θ Y ′k1l1,θYk2l2 + k1(ctg2 θ + 1)Yk1l1Y
′′
k2l2,ϕϕ

+ k2(ctg2 θ + 1)Y ′′k1l1,ϕϕYk2l2 + k1Yk1l1Y
′′
k2l2,θθ + k2Y

′′
k1l1,θθYk2l2

+ (−2 ctg θ(ctg2 θ + 1))Y ′k1l1,ϕY
′′
k2l2,ϕθ + (−2 ctg θ(ctg2 θ + 1))Y ′′k1l1,ϕθY

′
k2l2,ϕ

+ ctg θ(ctg2 θ + 1)Y ′′k1l1,ϕϕY
′
k2l2,θ + ctg θ(ctg2 θ + 1)Y ′k1l1,θY

′′
k2l2,ϕϕ.

Obviously, when l1 6= l2, due to (6),

2π∫
0

π∫
0

C1C2 sin θdθ dϕ = 0.

Next, we put l1 = l2 = l and k1 6= k2. Due to orthogonality of spherical functions
and using Lemma 4, we obtain

2π∫
0

π∫
0

(
k1k2(k1k2 − k1 − k2 + 3)Yk1lYk2l

+ 2(ctg2 θ + 1)(ctg2 θ + k1k2 − k1 − k2 + 1)Y ′k1l,ϕY
′
k2l,ϕ

+ (2(k1k2 − k1 − k2 + 1) + ctg2 θ)Y ′k1l,θY
′
k2l,θ

)
sin θdθ dϕ

=

2π∫
0

π∫
0

(
2 ctg2 θ(ctg2 θ + 1)Y ′k1l,ϕY

′
k2l,ϕ + ctg2 θ Y ′k1l,θY

′
k2l,θ

)
sin θdθ dϕ.

Representing the spherical functions in terms of associated Legendre polynomials,
we substitute t = cos θ and integrate over ϕ:

2π∫
0

π∫
0

C1C2 sin θdθ dϕ

= −π
1∫
−1

(
2l2t2

(1− t2)2
Lk1lLk2l + t2L′k1lL

′
k2l +

l4

(1− t2)2
Lk1lLk2l + 2l2L′k1lL

′
k2l

+ (1− t2)2L′′k1lL
′′
k2l − t(1− t

2)L′k1lL
′′
k2l − t(1− t

2)L′′k1lL
′
k2l + t2L′k1lL

′
k2l

− k1tLk1lL′k2l − k2tL
′
k1lLk2l −

k1l
2

1− t2
Lk1lLk2l −

k2l
2

1− t2
Lk1lLk2l

+ k1(1− t2)Lk1lL
′′
k2l − k1tLk1lL

′
k2l + k2(1− t2)L′′k1lLk2l − k2tL

′
k1lLk2l

+
2l2t

1− t2
Lk1lL

′
k2l +

2l2t

1− t2
L′k1lLk2l +

l2t

1− t2
Lk1lL

′
k2l +

l2t

1− t2
L′k1lLk2l

)
dt.
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Grouping the summands with a multiplier k1 and using the Legendre equation, we
obtain

1∫
−1

k1Lk1l

(
(1− t2)L′′k2l − 2tL′k2l −

l2

1− t2
Lk2l

)
dt

=

1∫
−1

k1Lk1l (−k2(k2 + 1)Lk2l) dt = 0

due to orthogonality of associated Legendre polynomials. Similarly, the integral
over the summands with a factor k2 equals zero.

The following equality holds:

1∫
−1

(
(1− t2)L′′k1l − 2tL′k1l −

l2

1− t2
Lk1l

)(
(1− t2)L′′k2l − 2tL′k2l −

l2

1− t2
Lk2l

)
dt

(3)
=

1∫
−1

k1(k1 + 1)k2(k2 + 1)Lk1lLk2l dt = 0.

Therefore, subtracting the integrand of the �rst integral from C1C2, we obtain

2π∫
0

π∫
0

C1C2 sin θdθ dϕ

= −π
1∫
−1

( 2l2t2

(1− t2)2
Lk1lLk2l − 2t2L′k1lL

′
k2l + 2l2L′k1lL

′
k2l + t(1− t2)L′k1lL

′′
k2l

+ t(1− t2)L′′k1lL
′
k2l +

l2t

1− t2
Lk1lL

′
k2l +

l2t

1− t2
L′k1lLk2l

+ l2L′′k1lLk2l + l2Lk1lL
′′
k2l

)
dt

= −π
1∫
−1

(
2l2t2

(1− t2)2
Lk1lLk2l − 2t2L′k1lL

′
k2l + l2(Lk1lLk2l)

′′

+t(1− t2)(L′k1lL
′
k2l)
′ +

l2t

1− t2
(Lk1lLk2l)

′
)
dt

= −π
(
l2(Lk1lLk2l)

′ + t(1− t2)L′k1lL
′
k2l +

l2t

1− t2
Lk1lLk2l

)∣∣∣∣1
−1

−π
1∫
−1

(
2l2t2

(1− t2)2
Lk1lLk2l − 2t2L′k1lL

′
k2l − (t(1− t2))′L′k1lL

′
k2l

−
(

l2t

1− t2

)′
Lk1lLk2l

)
dt
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=− π
(
l2(Lk1lLk2l)

′ + t(1− t2)L′k1lL
′
k2l +

l2t

1− t2
Lk1lLk2l

) ∣∣∣∣1
−1

− π
1∫
−1

(
− l2

(1− t2)
Lk1lLk2l − (1− t2)L′k1lL

′
k2l

)
dt.

We calculate separately the �nal integral

1∫
−1

(
− l2

(1− t2)
Lk1lLk2l − (1− t2)L′k1lL

′
k2l

)
dt

=− (1− t2)L′k1lLk2l

∣∣∣∣1
−1

+

1∫
−1

(
− l2

(1− t2)
Lk1lLk2l +

(
(1− t2)L′k1l

)′
Lk2l

)
dt

(5),(3)
=

1∫
−1

(
− l2

(1− t2)
Lk1lLk2l +

(
−k1(k1 + 1)Lk1l +

l2

1− t2
Lk1l

)
Lk2l

)
dt

=

1∫
−1

−k1(k1 + 1)Lk1lLk2l dt = 0.

We have obtained that

2π∫
0

π∫
0

C1C2 sin θdθ dϕ = −π
(
l2(Lk1lLk2l)

′ + t(1− t2)L′k1lL
′
k2l +

l2t

1− t2
Lk1lLk2l

) ∣∣∣∣1
−1
.

If l = 0, then due to that fact that derivatives of Legendre polynomials do not have
singularities given t = ±1, obviously, we have that

2π∫
0

π∫
0

C1C2 sin θdθ dϕ = 0.

If l = 1, then taking into account that

Lk1 =
√

1− t2L′k, L′k1 =
−t√

1− t2
L′k + (1− t2)1/2L′′k ,

we have

2π∫
0

π∫
0

C1C2 sin θdθ dϕ

=− π
(

((1− t2)L′k1L
′
k2)′ + t(1− t2)

(
−t√

1− t2
L′k1 +

√
1− t2L′′k1

)
·
(
−t√

1− t2
L′k2 + (1− t2)1/2L′′k2

)
+

t

1− t2
(1− t2)L′k1L

′
k2

) ∣∣∣∣1
−1

=− π
(
−2tL′k1L

′
k2 + t3L′k1L

′
k2 + tL′k1L

′
k2

) ∣∣∣∣1
−1

= 0.
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If l > 2, then every summand has a factor (1− t2), therefore, the whole sum for
t = ±1 equals zero.

Hence, the orthogonality in the case when l1 6= l2 or k1 6= k2 is proved.

Calculating the norm of the basic �elds.

To construct an orthonormal basis in the original space, it remains to calculate
the norm of the basic �elds

‖Tkln‖2 =

1∫
0

2π∫
0

π∫
0

 3∑
i,j=1

(Tkln)2ij(r, θ, ϕ)

 r2 sin θdθ dϕ dr.

Using Lemma 1, the formulas

‖Pn‖2 =

1∫
0

r2k+1(1− r2)2PnPn dr
2, ‖P ′n‖2 =

1∫
0

r2k+3(1− r2)3P ′nP
′
n dr

2,

‖P ′′n ‖2 =

1∫
0

r2k+5(1− r2)4P ′′nP
′′
n dr

2, ‖Ykl‖2 =

2π∫
0

π∫
0

YklYkl sin θ dθ dϕ,

and transforms similar to the ones used when proving orthogonality, we obtain

‖Tkln‖2 = 16(k + 1.5)(k + 2.5)‖Pn‖2‖Ykl‖2 + 32(k + 2.5)‖P ′n‖2‖Ykl‖2 + 8‖P ′′n ‖2‖Ykl‖2.

Using the formulas for the norm (1) and the derivatives (2) of Jacobi polynomials,
it is easy to show that∥∥Pn∥∥2 =

n! (Γ(k + 1.5))2Γ(n+ 3)

Γ(k + n+ 1.5)Γ(k + n+ 3.5)(k + 2n+ 3.5)
,

∥∥P ′n∥∥2 =
n(n+ k + 3.5)2n! (Γ(k + 2.5))2Γ(n+ 3)

(k + 1.5)2Γ(k + n+ 1.5)Γ(k + n+ 4.5)(k + 2n+ 3.5)
,

‖P ′′n ‖2 =
n(n− 1)(n+ k + 3.5)2(n+ k + 4.5)2n! (Γ(k + 3.5))2Γ(n+ 3)

(k + 1.5)2(k + 2.5)2Γ(k + n+ 1.5)Γ(k + n+ 4.5)(k + 2n+ 5.5)
.

Then

‖Tkln‖2 =
8((n+ 2)!)2(Γ(k + 1.5))2‖Ykl‖2

(Γ(n+ k + 1.5))2(k + 2n+ 3.5)
.

Therefore, Theorem 1 is proved.

5. Conclusion

In this paper, a singular value decomposition of the normal Radon transform
operator, acting on a three-dimensional symmetric 2-tensor �eld, is constructed.
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