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SINGULAR VALUE DECOMPOSITION OF A NORMAL RADON
TRANSFORM OPERATOR ACTING ON 3D SYMMETRIC
2-TENSOR FIELDS

A.P. POLYAKOVA

ABSTRACT. A problem of 3D 2-tensor field potential part reconstruction
by the known value of its normal Radon transform is considered. A
singular value decomposition of the operator is constructed for solving
the problem. Basic fields are constructed with the use of Jacobi polyno-
mials, Gegenbauer polynomials, and spherical harmonics.
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1. INTRODUCTION

A classic operator of integral geometry, acting on vector and 2-tensor fields, is
a ray transform [1]. In a two-dimensional case, for complete reconstruction of the
vector field it is necessary to know the values of two ray transforms, longitudinal
and transverse ones, since each of them has a nonzero kernel, while for complete
reconstruction of a symmetric, that is, invariant with respect to all index transposi-
tions, 2-tensor field in R?, the values of three ray transforms have to be known (for
details, see [2]). In a three-dimensional case, by longitudinal ray transform only the
solenoidal part of a vector or symmetric 2-tensor field can be reconstructed. To
reconstruct the potential part of the field, it is necessary to have other data. One
of the operators that allows to reconstruct the potential part of a 3D vector and
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symmetric 2-tensor field is the normal Radon transform. In work [3], the issue of
inverting the Radon transform of a symmetric 2-tensor field in R? and, in particular,
the normal Radon transform, is studied. Note also the paper [4], in which two
approaches to reconstruction of a three-dimensional potential vector and symmetric
2-tensor fields by known values of the normal Radon transform based on the method
of approximate inverse are proposed.

In this paper, a singular value decomposition of a normal Radon transform
operator acting on three-dimensional symmetric 2-tensor fields is constructed. Singu-
lar value decompositions of Radon transform operators [5]-[10] and longitudinal ray
transform [11], acting on scalar fields in R?, are well known. In the mentioned works,
basic fields are constructed based on different variations of orthogonal polynomials
and spherical harmonics. In particular, to construct the basic fields in work [9],
Jacobi polynomials and Gegenbauer polynomials were used. Based on this result
along with the relation of ray transforms and the normal Radon transform with
the Radon transform, singular value decompositions of operators of ray transforms
of vector [12] and symmetric 2-tensor [13] fields in R?, and decomposition of the
normal Radon transform operator of vector fields in R? [14],[15], and also the
result of this article were obtained. Note the papers dedicated to the development,
realisation, and studying of algorithms of numerical solution to problems of vector
and tensor tomography in R? and R?® with the use of the SV-decompositions [16]—
[19], mentioned above. We should mention work [20], in which a singular value
decomposition of the operator of the fan Radon transform, acting on 2-dimensional
tensor fields of arbitrary valency, is constructed.

In paper [19], an algorithm of numerical solution to a problem of 2-tensor tomog-
raphy on reconstruction of a three-dimensional potential symmetric 2-tensor field
by its known normal Radon transform, based on the method of truncated singular
value decomposition, is proposed. In particular, the operator of the normal Radon
transform is represented in the form of a series with respect to singular values
and basic elements in the image space, then the inverse operator represents a set
of a similar structure, where the preimages of these basic elements and the same
singular values are involved (for details, see [7],[21],[10]). It is necessary to note
that [19] is only dedicated to numerical solution of the three-dimensional 2-tensor
tomography, the orthogonality of basic fields of degree N < 50 in the main space
was verified using Wolfram Mathematica 9 programm package. In this work, this
statement is theoretically justified for fields of arbitrary degree, thus, a singular
value decomposition of the normal Radon transform operator acting on a three-
dimensional symmetric 2-tensor field is constructed.

2. MAIN DEFINITIONS

We introduce the notations B = {z € R?® | |z| = \/2? 4+ 23 4+ 2} < 1} for a unit
ball, B = {z € R? | |z| = 1} for a unit sphere, Z = {(5,€) | £ € R3,|¢{| =1,s €
(—1,1)} for a cylinder.

We will denote functions by f(z), g(x), ... For potentials, we will use the notation
¢(z),¥(x),... A set of symmetric m-tensor fields w(z) = (w;,. 4, (2)), ulzx) =
(wiy . 4, (), v(z) = (v5, 4, (X)), i1,...,im = 1,2,3, defined in B, is denoted by
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S™(B). An inner product in S™(B) is introduced by the formula

3

(@), v(@) = > i, (@), (@),

i1,eim=1

A functional space Ly(S™(B)) consists of square integrable symmetric m-tensor
fields, defined in B. An inner product of two tensor fields u and v from the space
Ly (S™(B)) is given by the formula:

(W, V) 1,(5m(B)) = /(u(m),v(:zz)>dx.

B

We denote the Sobolev spaces for symmetric m-tensor fields by H*(S™(B)). By
HE(S™(B)) we denote the space of symmetric 2-tensor fields from H*(S™(B)),
vanishing on the boundary of the region along with all their derivatives up to the
(k — 1)-the order. Moreover, we will use the weight space La(Z, p), where p(s) > 0
is given on Z. The innerr product of the functions f and g from Lo (Z, p) is defined

by the formula:
(F9) 1z = [ T@)g(a)pla)da
Z

Differential operators. We will use the following operators:
1) Inner differential operator

d: Hk(SWL(B)) N Hk—1(517rL+l(B))7
acting on a potential 1) and a vector field v in the following way:

3w - 1 a’l)i 8vj
Ox;’ (dv)is = 2 <6a:j + 8%) ’

curl : H*(SY(B)) — H*1(S'(B)),
acting on a vector field w by the formula

curlw = (2w Ow2 Jwi Jws Owp  Owy
N 8182 8$3’ 8$3 63317 8331 8182 ’

(dy)i =

2) Curl operator

3) Divergence operator
div: H*(S™*Y(B)) — H*1(S™(B)),

acting on a tensor field w according to the rule:

. ow;
(divw);, i, E Thimg
O0x;

Recall that a m-tensor field u € H* (Sm(B)) is called potential, if there exists a
(m — 1)-tensor field v € H*T1(S™~1(B)) (the potential), such that u = dv. A field
w € H*(S™(B)) is called solenoidal, if divw = 0 € H*=1(S™~1(B)). Obviously,
the vector field w = curlu is solenoidal. Similarly, a symmetric 2-tensor field w is
solenoidal, if (w;1, w2, w;3) = curl v?, i = 1,2, 3 for some vector fields v*.
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It is known [1] that there exists a unique decomposition of every symmetric
m-tensor field v € Ly(S™(B)):

v =w +du,
w € H'(S™(B)), divw = 0, uc HY(S™H(B)).

In work [19], it was shown that for a symmetric 2-tensor field
v € Ly(S?(B)) there exists a unique decomposition

v = w + d(curlu) + d?¢,

where
w ¢ H'(S*(B)), divw = 0,
u € H?*(SY(B)), curlu € Hy(S*(B)),
¢ € Hi(B).

Integral operators. The plane P, in R3 is given by the normal equation
(& z) —s=0for x = (x1,22,23), £ = (£1,&2,&3), || = 1. Here |s| is the distance
from the plane to the origin, and £ is the normal vector of the plane.

The Radon transform Rf : Lay(B) — L2(Z, p) of the scalar function f(x) is given
by the formula

Rf](s,€) = / f() da

Pg‘SﬂB

The normal Radon transform Ry : Lo(S?(B)) — Lo(Z,p) of a symmetric 2-
tensor field u(z) is defined by the formula

[Riu)(s,€) = / (u(z), €2) dz.

Pg’sﬁB

We will formulate the properties of the normal Radon transform, obtained in
work [19], in the form of a statement.
Statement 1 1) For the function 1 € H3(B), the following equality holds:

[Ra (4*0)](s,€) = %[Rwus,o.

2) The kernel of the normal Radon transform operator, acting on symmetric
2-tensor fields, consists of any linear combinations of two following types of fields:

— solenoidal symmetric 2-tensor fields w, for which (w;1,w;2,w;3) = curlu’,
i =1,2,3 is fulfilled, where u* € H?(SY(B)) U H}(SY(B)), i = 1,2,3;

— potential symmetric 2-tensor fields of the form w = d(curlv), such that v €
H2(S1(B)) U HL(S'(B)).

Statement 1 implies that by the known normal Radon transform of a symmetric
2-tensor field only its potential part of the form d%v, 1 € H?(B), can be reconstruc-
ted.

Orthogonal polynomials. Recall the definitions and some properties of orthogo-
nal polynomials necessary for construction of a singular value decomposition of the
normal Radon transform operator.
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Jacobi polynomials pP9 (t) of degree n with indices (p, ¢), given on the segment
[0, 1], are defined by the explicit formula

P.a) (4) — ~ k@) ptn+ ) (ptntk-1)
Py (t)_1+l;( 1)kCk ICES T Sy 4k

)

where C* are binomial coefficients. On the segment [0, 1], these polynomials are
orthogonal with weight t9=1(1 — #)P~9, that is, for n # m, the following equality
holds:

1

/ t171(1 — t)P=9 PO (¢) PPD (1) dt = 0.
0
The norm of Jacobi polynomials can be calculated by the following formula:

nT(O)T (@I p—g+n+1)
L(g+n)T(p+n)(p+2n)

1
(1) IPPOIE = [ Pt P ) P 0 dt =
0

The first and second derivatives of a Jacobi polynomial are calculated by the
formulas

!/
(Prgp»q)> (t) — _n(n;_ p) P’r(l]i“lizqurl) (t),

( qupm)” (1) = "= 1)(2((—; f) 1(;1 PED pttara) gy

(2)

Gegenbauer polynomials o (t) of degree n with index p are defined by the
explicit formula

won & P(n—k+p) s
Ci(t) = ;ﬂ(—l)km(zﬂ "

where I'(«) is the Gamma function, and [ -] is the integer part of the number. On the
segment [—1,1], Gegenbauer polynomials are orthogonal with weight (1 —¢2)#~1/2,
The norm of Gegenbauer polynomials can be calculated by the formula

7217200 (n + 2u)
nl(n + )2 (p) -

1
HC#WP:1/C#chykwa-—ﬂW*“%ﬁ:
21

Legendre polynomials Ly (t) of degree k represent a special case of Gegenbauer

polynomials: Ly (t) = C}go,s) (t). The derivative of a Legendre polynomial is calculated
by the formula

GL0) = T (L (6~ tL(0)

TR A k(1))

Legendre polynomials are orthogonal on the segment [—1,1]. The norm of Legendre
polynomials can be calculated by the formula

2
2k +1°

1
nmw:/ﬁmﬁ:
21
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An associated Legendre polynomial Ly (t) of degree k with an integer index
1l =0,...,k satisfies the Legendre equation, that is, the following equality holds

d d 2
(3) 7 ((1 - t2)dthl(t)) + (k(k +1) - 1—7&2> Li(t) =0,
and is defined in terms of Legendre polynomial:
dl
(4) Lia(t) = (1 = )"2— Ly (¢).

dt!
On the segment [—1, 1], associated Legendre polynomials are orthogonal.
A spherical function Yy of order k with an integer index | = —k, ..., k is defined
by the formula
coslp (>0
Y1 (0, ) = Ly (cosb) - ’ ’
k(0. ) = Ly (cos 0) {Smm% <0
Spherical functions are orthogonal on the unit sphere. The norm of a spherical
function is calculated by the formula

4
- | =
V ok +1’ 0,

Y =
Yl 2 (kI
2k+1 (k=Y '
Harmonic polynomials Hy(x) of degree k with an integer index | = —k, ...,k in

the spherical coordinate system have the form
Hy(r,0,¢) = r"Yiu(6, ¢).

3. SINGULAR VALUE DECOMPOSITION OF THE NORMAL RADON TRANSFORM
OPERATOR ACTING ON SYMMETRIC 2-TENSOR FIELDS

We will construct basic potential symmetric 2-tensor fields in the original space
L2(S?(B)) by the potential method, that is, we choose a basic system of functions
in the potential space HZ(B), and then, applying the differential operator d?, we
form it into a 2-tensor potential basis in the original space Ly (S?(B)). For the basis
of the original system, we choose the polynomials of the following form:

Dppp (@) = (1 — [2]})? Hy(x) PEBSRFL (1212) 0 fkon=0,1,2,..., = —k,...k,
in the spherical coordinate system (x = rcospsinf, y = rsingsinf, z = rcosf)
they have the form
q)k:ln(Ta 97 (P) _ (1 _ 7“2)2 ’I“k Pr(lk+3.5,k+1.5) (T2) Ykl(97 (P)-
Applying to the above potentials the operator d2, we obtain a family of basic
potential symmetric 2-tensor fields
Tin(z) = PPpn(z), kn=0,1,2,..., =~k ... k

The basic system of potentials is defined by the equalities &)km(x) = MeinPrin (),
k,n=20,1,2,..., 1l = —k,...k, where

N I'(n+k+1.5) 2n+k+35
R =+ 2)I0(k + 1.5) [ Y| V 8 '

The main result of this paper is
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Theorem 1 The system of potential symmetric 2-tensor fields 'i‘km = dQ:I;kln 18
orthonormal in the space Ly(S?(B)).

Now we formulate the results obtained in work [19].

Statement 2 The images of potential symmetric 2-tensor fields 'i‘kln, k,n =
0,1,2,...,1 = —k, ..., k, under the action of the normal Radon transform operator
have the form

[Ra Thinl (5, 0, ©) = ban(1 — )OS, () Yaa (6, ),

— (—1)"4r [2n +k + 3.5
M = on+k+3)(2n+ k + 4)||[Yi| 2 '

Statement 3 The system of functions
-1)"v2n+k+3.5
len(sa 97 90) = ( )
Vn+k+3)2n +k+4)|| Vi
k,n=0,1,2,..., l=—k,... k,

where

(1= 25D, o (5)Yaa (6, 0),

is orthonormal in the space Lo(Z, (1 — s?)71).
Statement 2 and the definitions of the functions Gy, yield the equalities:
[Ré_’i‘kln](& 97 (p) = Uk:nlen(Sa 9, (p), k, n = 0, ]., 2, ey = —k‘7 ey /ﬂ,
where the numbers
22
Ve +k+3)2n+k+4)
taking into account Theorem 1 and Statement 3, are singular values of the normal
Radon transform operator. Therefore, the following theorem holds.

Theorem 2 The singular value decomposition of the normal Radon transform
operator

Okn =

Ry : Lo(S*(B)) — Lao(Z, (1 —s%)7h)
has the form

0o k
0 = o3 0 = n T n n ,97 5
(6.0:9) =500, 09) = 37 3 o (W) | o Crin(s:0:9)
and the inverse operator is calculated by the formula
0o k
w(z) = ((Ry)'g) (x) = Z Z (9, Grin) Ly(7,(1-52)-1) Thin (2).
k,n=01=—k

4. PROOF OF THEOREM 1

For brevity, we introduce the following notation:

B aPT(Lk+3.5,k+1‘5) 82P7(Lk+3.5,k+1.5)

P, := Pk+3.5k+1.5) (.2 P = 2 P .= 2
n (T )’ n 8(7"2) (T )7 n 6(7'2)2 (T )’
8Ykl aYkl
Yii = Yi(p,0), kaz,w = W(%@)v Yk/z,e = W(%@)’
" . aQYkl 7 82Ykl 17 82Ykl

kl,pp = 87@(@’0)’ Ykz,w = W(% )s k1,00 *— W(“”G)'
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Lemma 1 The values of components of basic symmetric 2-tensfor fields can be
calculated by the formulas (in the spherical coordinate system)

no

(Twin) ;;(r 0,0) = (24,752 —2B;;(1 — r*)r* + Ciy(1 — r?)*rF ) P,
+ (—4141']‘(1 — r2)rk+2 + Bij(l _ T2)2,rk) P’r/L + Aij(l _ T2)27‘k+2P”
i,j=1,2,3,
where

Al =Yy (4 cos? cpsin2 9) ,
Bi1 =Yy (4k: cos® psin’ 0 + 2) + Yk'm} (—2sin2¢) + Yk/l,e (2 cos? psin 29) ,
Ci1 = Y (k(k — 2) cos® @sin® 0 + k) + Yiie (sin2p(ctg? 6 — k + 1))
+ Y1 oy (sin® (1 + ctg® 0)) + Yy, 5 ((k — 1) cos® psin 26 + sin® p ctg §)
+ Y} o (—sin2¢ ctg ) + Yy 49 (cos® g cos® 0) ;
A = Aoy =Yy (2 sin 2¢ sin? 0) ,
Biy = Bay = Yy (2ksin2¢ sin” ) + Vi1 (2008 29) + Yy o (sin 2¢sin 26)
Cia = Co =Yy (k(k — 2) sin 2¢ sin® 9/2) + Yk'w7 (cos 20(k — 1 — ctg? 9))
+ Y1 o (—sin20(1 4 ctg? ) /2) + Yy, 4 (sin 20((k — 1) sin 20 — ctg 6)/2)
+ Y} 0 (cos 2¢ ctg 0) + Y] gp (sin 2 cos® 6/2) ;
Aoy =Yy, (4 sin® <psin2 9) ,
Bsy = Yy (4ksin® psin® 0 + 2) + Y, (2sin2¢) + Yy 5 (2sin® ¢sin 26)
Caz = Y (k(k — 2) sin® psin® 0 + k) + Y}, , (sin2p(k — 1 — ctg®0))
+ Y} o (cos® (14 ctg® 0)) + Yy ((k— 1) sin® ¢ sin 20 + cos® p ctg 0)
+ Y1 oo (sin2p ctg ) + Y} g (sin® ¢ cos® 0) ;
A1z = Ag1 = Yy (2 cos psin 20)
B3 = B3 = Yy (2k cos psin 20) + Yk’l# (—2sinpctg ) + Ykllﬁ (2 cos pcos 26) ,

C13 = Cs1 = Yy (k(k — 2) cos sin20/2) + Yk/l#; (—ksinpctgh)
+ Yy ((k — 1) cospcos 20) + Yy g sin g + Yy gq (— cos psin20/2);
Asz = Azs = Yy (2sin ¢ sin 20) ,
Baz = Bzy = Yy (2ksin osin 20) + Yy, , (2cospctgf) + Yy, o (2sin ¢ cos 26)
Ca3 = C3z = Yy (k(k — 2) sin psin20/2) + Yy, , (kcos pctg 0)
+ Y0 ((k — 1) singcos 20) + Yy ,o(—cos @) + Yy o (—sinpsin20/2) ;
As3 =Yy, (4 cos® 9) ,
Bss = Yiu (4k cos® 0+ 2) + Y}, 5 (—2sin 26)
Cs3 = Yig (k(k — 2) cos® 0 + k) + Y, g (—(k — 1) sin260) + Y] 4, (sin® 6) .



1580 A.P. POLYAKOVA

Proof. Transforming the Cartesian coordinate system into the spherical one, we
have that

2Dy _ Kl (8<I>km) 9 (8 kin cos psin 0 + 0Dy, cos @ cos B OPrin sinp )
Ox? ox oz oz or 00 r Op rsinf

2 2 2 2 2 . 2

B o g T oot P iy

o 0?1, cos? psin b cos _ 0%y, sin @ cos @ _ 0%®py,, sin  cos @ cos f
oroo r Orde r 805‘90 r2sin @

n OPp1n cos? pcos? O + sin? $ OPp1,, cos O(sin® o — 2 cos? psin® )
ar r o7} r2sinf

(9<I>kln sin  cos ¢

+2 dp r2sin?

Substituting the expression for ®5;, and grouping the summands by functions of
r?, we obtain the statement of Lemma for (Ty,)11(r, 0, ®).
In a similar way, using the formulas

0P OPrin . 6+ 0Py sin @ cos b n 0Py, cosp
= sin ¢ sin
Ay or v 06 r Ao rsing’
ad)kln 8<I>kln 9 6q)kln sin 6
= cosf —
0z or 00 r’
we obtain the remaining statements of Lemma. O

Orthogonality in the case nj # na, k3 = ko, 13 =15. In what follows, we
assume that [ > 0, the case when [ < 0 is proved in a similar way. Applying Lemma
1, we calculate the scalar product

(Thinys Thina) 1, (s2(3)) /// Z (Thiny )ij(x, ¥, 2) Thiny )ij (2, y, 2)) de dy dz
,j=1

2

1
// Tklnl)ij(r,0,@)(Tkln2)ij(r,0,g0) r251n9d9d<pdr.
00 hj=1

We substitute one r into dr, multiply by the second r the whole integrand and
consider separately the integral over r2. Using the orthogonality properties of Jacobi
polynomials

1
ML = r2)? Py, Prydr® = / P (1= 2Py Pl odr? =
0

7“2k+5( ) P// P// dr 2

S O~ _
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we obtain

1 27w 3
1 2 (2k + 3)(2k + 1)
0 0

%,7=1

—Aijcij%;%m _ chj + By Cij(2k — 1)) (1= 252571 P, Py, sin 0d0 de dr?
1 27 =« 3

+ %/ / D7 (CF + AiyCij(k° —1/4) — Bi;Cij(k — 1/2))
o 0 o “i=l

(1 =rH2r? 3P, P, sin 0d0 dg dr®

T3
* %/// Z (B?j —2Ai;Ci5 — AijBij%T—i_?)) (1- r2)3r2k+1pélprfl2 sin 0d0 dep drr”.
0 0 BI=L

Consider separately the last integral. Substituting the expressions for A;;, B;j;, Ci;
and taking the sum, we obtain the following expression

2T 3

(1—T2)3r2k+1P7'11P7'12dr2-// Z

0o o =l

% (BZQJ — QAIJC” — AijBij 2]@%3> sin 0d0 d(p

(1- 7"2)37"2’“'113’7/11 P,,ILQdT’Q

N | =

o\a“’ Ot — e O —

™

/ ( 8]€ k+ 1)Ykl + 8Ykl BYkl o+ 8 GYkl <kal <P> sin 8d6 d(p
0

In work [15], it is proved that

2 7

// ( k + ]. Ykl + Yk‘l HYkl /] + eykl Lkal ‘P) Sm@d@ dSO = 0

hence, the last integral turns to zero, and it remains to prove that the sum of the
first two integrals equals zero.

Note that the integrands in the considered integrals are linearly dependent. In
particular, for every i,7 = 1,2, 3, we have

(2k +3)(2k + 1)
2
2k+3)

Bi2j (2k + 1) — (AijBij + A”CU) — 2022] + BijCij(2k — 1)

= (2k =+ 1) (Bzzj — 2A7, C A”B” — QCZ] (C'L] =+ Ai]'(kQ — 1/4) — Blj(k — 1/2)) s

therefore, to prove the orthogonality, it suffices to show that the second integral
equals zero. In particular, we prove that

27r71'3

= // > (CF + AiyCij (K = 1/4) — Bi;Cij(k — 1/2)) sin6d6 d = 0.

0o o “i=l
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Substituting the expressions for A;;, B;j, C;; and taking the sum, we obtain

2w

I— // <k(k —2)(k* — 1)V + ctg§ Yy Yo + (ctg? 0 + VYY) .+ YiaY/ g
0 0

+2(ctg?0 + 1)(ctg? 0 — k> + k)Y Yy, — 4 ctg f(ctg? 0 + DYy Y500

+ (ctg® 0 — 2k(k — 1))Yy, g Yy o + 2ctg 0(ctg? 0 + 1)Yy) oY) 0

o+ (ctg? 0+ 1)V Vi + 2(ete? 0+ VY3 gV o + Vi1 00Viha0) sin 00 di

Representing Yj; in terms of associated Legendre polynomials, substituting
t = cos  and integrating over (, we obtain

1
2

!
I= _W/(k;(k —2)(k* = 1) L}, — tLy Ly — ﬁLil + Liy(—tLiy + (1 — £7)L7)
-1
21° t? 4%t
T —t2)Lil(1 —gz k- 1)) M

22 4

It
— 2k(k — 1)) + ——LuLiy +

2 l
1—¢2 (1—12)2

L2
1 — ¢2 kl

+ LiaLia(1 = ) (

2
YL L + ( Ly (1 t2)LZl) ) dt

L 12 lZ 2

2%t
= _W/(k;(k —2)(k* — 1) L}, — 2tLp Ly — @Lil + (1 —*) L L, + mLil

-1
_21%k(k— 1)
1—¢t2

61°

t
Lk + Tz L Lk + 2% Lig Ly — 2k(k = 1)(1 = %) Ly Ly

l4 ! / " 1" !/ "
+ ml]il + 212Llekl + (1 - t2)2Llekl - Qt(l - t2)LkZLkl> dt
Squaring the Legendre equation (3) and subtracting from the integrand, we obtain
1 2
I= —7r/ (k(k +1)(—4k +2)L, — mLﬁl + (1 — 2k — 2k%)(1 — t*) Ly LY,
—1
20%t2 4kl 20%¢

+(1—t2)2L%l+1—t2L%l+mLle;Cl_2t2 ;cl ;gl_2k(k_]-)(l—t2) ;d ;CZ

2L}, Ly + 2t(1 — £2) Ly LY, + 202 Lig L, + 24(2Kk2 + 2k — 1)Lle§€l> dt.

Lemma 2 For the derivatives k1, ko, the following equality holds:
1
=0.

-1

(5) (1= t*) Ly, L,

Proof. For | =0, we have

1 1
= ()7

-1

(1—t*)Lp,i Ly, | = (1 —1) Ly, L,

-1
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since Legendre polynomials and their derivatives do not have singularities when
t==+1.If [ =1, then

1
= (1 - tQ)LkllL;czl

-1

1
(1 —t*) Ly, Ly,

@«L%%QL%W”mg(u—ﬂ”%gfl

-1
1

=) (- 220, ) (et + 0 - 20211,

1

=0.
-1

-1

= (1 - t2) (_tL;cl ?{)2 + (1 - t2> ;Cl gz)

For [ > 2, the equality is proved in a similar way. ([l

Further, note that

[ (S0 ke - )

1 1
12 3
:/(4/€ - 1) <1_tngl - k(k + 1)Lkl> Ly dt (:) /(4k — ]_) ((1 — t2) ;Cl)lLkl dt
21

-1

1
=(4k = 1)1 = #*) Ly L,

—1

1
—/uk—nu—#>a (Lt
—1

1
Do [ar- 0= )ity
Z1

hence,

1

2122
I= —7r/ (k(k +1)L2, + (1 =2k — 2k%)(1 — 3 Ly L, + mLil
-1
+L2tL L), — 2820, L) —(2k% + 2k — 1)(1 — 3L, L}, + 212, L,
1= 2 Pkib L — (257 + )( )Ly Ly + kil

4 24(1 — )L}, LY, + 202 Ly LY, +2t (2K + 2k — 1)LML;d) dt.
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Grouping the underlined summands, we obtain
1
/ ((1 — 2k — 2k*)(1 — t*) Ly LY, — (2k* + 2k — 1)(1 — t*) L}, L},
Z1
+ 24(2K2 + 2%k — 1)Lle§€l) dt

(1—2k —2k?) (1 — )Ly L}y + (1 — ¢*) L}, L}, — 2tLyy Ly, dt

(1 -2k — 2k?) (1 — t*) Ly, LYy, dt

Lo

=(1 -2k —2k*)(1 —t*)LiL},| = 0.
Therefore, we have

1
2 2l2t2 2l2 2 / 2 /

+2t(1 — t*) Ly, L}y + 212 Ly LY dt.

From Legendre equation (3) follows the equality

1 1
l2
/k(k+1)Lil dt = / (1_t2L§, - (1 —t2)L§€l)'Lkl) dt
-1

1
1
l2
+/(1 SLiy+ (1% ;IL;d) dt
-1

—1

1
®) I? 2 2 1L,
—1

= —(1—*)LuLy

hence,

1
2(1 4 ¢2 20t
I:—w/(l(l( + ))L . Lle — 262 L}, Ly, + 21 L), Ly,

+2t(1 — t*) Ly, L}y + 202 Lig LY, + (1 — *) L}, Ly,) dt

(142 212
© —W/<(1(_J;2))L T bl = 2L Ly + 2L L,

2

= Lkl + 202 Ly LY + (1 —17) ;ch%z) dt
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2(1+¢2 412t
:—77/((1( ))Lkl+1 sLiLy + (1 + %)Ly Liy + 21° Ly, L,

—2tk(k 4+ 1)Ly L}, + 20° Ly, LY, dt.

Since
/ 21215 / 12t Loy
-1 -1 -t
_ l2t L2 ! 1 l2(1+t2)L2 d
-t ) a—e)2H !
and

1 1
/ (2P°Li, Ly, + 212 Liy LY, dt = 20 / (LiLY,)" dt = 212Ly L},
-1

-1

1

)
-1

we have that
l2t 2 2 !/
I = — T mLkl + 2l Llekl

1

l2
- 7r/ <2tL§€l (thLkz — k(k + 1)Lkl) +(1+ t2)L21L2l> dt

1

-1

1

1
I°t
w(l % l+212Lle;d) —w/(%L;d (=)L) + Q1+ 1)Ly, 21) dt
-1 2
1%t !
- T (1 Lkl + 2l2Lle/l + 2t(1 )LgﬁlL;?l)
-1

1
7r/ (2tLy,) (1 = %)Ly + (1 + %)Ly, Ly,) dt

-1
1

1%t
- i (1 — L3, 4 22 Ly Ly, + 2t(1 — %) ;IL;I>

-1
1

w/ (=1+ 3t%) L}, L}, — 2t(1 — )L}, LY,) dt
—1

12t !
=—x (1 5L+ 20 Ly Ly + 2t(1 — tQ)L;dL;d)

1
—ﬂ/(—t(l—tQ) 1Ly dt
1

-1

1%t !
-7 (1t2Lil + 20 Ly Ly + (1 — ) ;clL;cl)

-1
1

If il =0, then Ly = Lyg = Ly and I = —7Tt(1 - tz)L%L;C =0.

-1



1586 A.P. POLYAKOVA

If =1, then Ly & (1— t2)1/2%Lk = (1—t2)V/2L/ therefore,
t /
I=—7 (1_152(1 —)LLLL +2(1 — )L, ((1 - t2)1/2L;)

(- ) (- 272n) (- t?)l/ZL;)/> 1

-1

—t
(1—¢2)1/2

=—7 <tL§§ ;+2(1—t2)1/2L;( ;+(1—t2)1/2L;;>

12 !

+t(1 — %) (1 — Li.Lj, — 2tL, L} + (1 — tQ)Lng»

—1

= — m(LLL L) — 2LL LG + 201 — ) LLLY + © L LY, — 262(1 = ) L LY
1

+t(1 - t2)2Lng)

—1
1
=—nm(—tL L, +t°Li,Ly) | =0,

-1

since the derivatives of Legendre polynomials do not have singularities when ¢ = +1.
Using the similar reasoning, it is easy to show that I =0 for [ > 2.
Therefore, the orthogonality in the case k1 = ko, [; = I3 and ny # ng is proved.

Orthogonality in the case when k; # ks or 1; # 13, n; and ny are arbitrary.
Lemma 3 The values of components of basic symmetric 2-tensor fields can be
calculated by formulas (in the spherical coordinate system)

(Thin);;(r,0,0) = Air" PP F" + ByrFF 4+ Cyr* °F, i, =1,2,3,

where A;j, B;j, Cij are from Lemma 1 and F = (1 — 7’2)2P7(lk+3'5’k+1'5)(r2).
This fact is proved by regrouping the summands in the representation from
Lemma 1.

Using Lemma 3, we will calculate the scalar product

J:= (Tk1l1n1>Tk2l27l2)L2(Sz(B))

3

= / / / Z (Tk1l1n1 )ij (T7 9; 90) (Tk212n2 )ij (Tv 9’ 90) 7“2 sin 0d6 d(p dr.

00 0 \wi=l

For brevity, we denote

Aij(ka’la)v Ba = Bij(koula)y
Cij(kaala)a F, = (1 — T2)2P7(Lia+3'5’ka+1'5) (7”2)7 a=1,2.

A,
C,:
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Further we omit the summation indices (i), but the summation is implied. Also
we introduce the notation £ = k1 + k2. Then

T

/ AP PR+ Birb F 4 Gy TR
0

k‘
O\H
o\:‘w

. (AzrkﬁQFz” + Byrk2F) + Cgrk2*2F2) 72 sin 0df dyp dr

l\.’)\»—l

/ (AlAQTk+5F1NF2H —|— BlAQT‘k+3F1/F2H —|— ClAQTk+1F1F2”

S

1
0/
+A B k+3F//F/ k+1 1 k—1 /

1ba7 1V Fy + By Bor® T FFy + C1Bor”  F1 F,

+A,Cor™ M P Fy 4+ B1Cor* ' F{Fy + C1Cor* * Fy ) sin 0df dip dr”.
Consider separately the integrals over r2

/ By AgrF B3] FY dr? / By Ayr* 3 F] (Fy) dr®

:BlAgrk"‘?’Fl’F’

1
/ (BIAQI"C 13 AR ) JAE BlAgrk+3F”F’) dr?
0

1
k+3
= / (—B1A2;erHFl’FQ'—BlAQrkH’F{'FQ’) dr?.

Similarly, we have

1 1
k+1
/ClAQTkJrlFlFQHde :/<—01A2 ;_ TlelFQI_ClAQTk+1F{F2/) dT2
0
h / k+1
/ A Cor* L E By dir® = / (—A102 ;r LR F, AngrkHFle) dr?
0
Therefore,

2

1
J = /// <A1A2rk+5F1//F2// + (A1By — BlAQ)Tk+3F1”F2’
0O 0 0

k+1 k+1
+ (ClBQ — (C14, ;_ ) ’I"k_lFlFQ/ + (Bng — A:1Cy + ) T‘k_lF{FQ
k+3
+ (BlBQ — ClAQ — Alcg BlAQ ;_ > TkJrlFl/FQI

+ Cngrk_?’Fng) sin 8d6 dep dr?.
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Since

1
/rk_lFle’ dr? = rk'_lFle
0

1
-1
/( rF3EFy 4 R 1FF)d
0
i k-1
/( PP 3R Fy — ke 1F1F2> dr?,
0

we obtain

2w

1
J = _/// <A1A2rk+5F1I/F2/’ + (A1By — BlAz)Tk+3F1”F2’
0 0

+

+

0
k
(B1B2 — C Ay — A Cy — B1 Ay ;3> r* LR Ry

k+1 k+1
B1Cy — A1Cy + — C1By + C1 A, ; )’I“k_lFl/Fg

k—1 E2—1
+ C1 A,

+ (0102 — (1B > rk3F1F2> sin 0dO de dr?.

Directly calculating the value of A; Az, we obtain A; Ay = 16Y%, 1, Yi,i1,- Then

1 27 =« 1 27

/ / / Ay Aor* P ' FYf sin 0d6 dpdr® = 16 / R B R dr / / Yier1, Yiat, sin 0d0dp = 0

0 0 O 0 0

due to orthogonality of the spherical functions Yi; when ki # ks or I # l5. Similarly,
calculating the value A1 By, A3 By, A2Ch and A1C5, we obtain

A1 By = 16k2Yg, 1, Yiots s A1Cy = 4ko(ka — 1)1, Yiois,
Ao By = 16k1 Yk, 1, Yeots, AsCp = 4k1(l€1 — 1)Yk111Yk212.
Hence,
2w s 21 T

//A132 sinfdfdp =
0 0

/AgBl sinfdf dp = //A1C2 sin 6d6 dp
0

T

/A201 sinfdfdp =0
0

o\:‘w o\§

and

2m

1 T
J= /// (B1Bor* T F{F) + (B1Cy — C1Bo) r* ' F{
0

k—1

0
+ (Cl — 1B, ) I F2) sin 0d6 dy dr?.
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Calculating C7 B, we obtain
C1 By = (4k1ko(ky — 1) + 2ko (ko + 1)) Y1, Yaor, + 2(1 + ctg? O)Yii1, o Yials
+2¢tg Y] 1, 0Vkots + 2Y5 1, 00 Veoto + 4(k1 — 1)(1 + ctg® )Y, ) Vi o
+4(k1 — )Y} 1, oYkt

Integrating the first summand (4k; ko (k2 —1)42ka(k2+1)) Yk, 1, Y1, over 0 and ¢, we
obtain 0 due to orthogonality of spherical functions. We have Yy, = Ly;(cos 6) coslyp,
and for [y # [y the following equality holds

2m 2 2m
(6) /cosllgocoslgapdgo = /sinh(psinlggodcp: /sinllapcoslggodcpz 0,
0 0 0

hence, for the case I3 # Iy, we have that Cy By = 0. Further, considering C7 Bs, we
assume that [; = Iy = 1.
Lemma 4 The following equality holds:

2w

//(Yéll’(,Y,él’g + (1 4 ctg? H)Yéll’(pY,;l,w) sin 6df dp = 0.
00

Proof. Representing the spherical functions in terms of associated Legendre polynomials,
integrating over ¢, and substituting ¢ = cos 6, we obtain

2

//(Yk'lek’zlﬁ + (1 + ctg? G)Y,c’llWYk’2lW) sin 6df dyp
00

- —7r/ (L;ﬁl(t) T (1 — %) +Lk1z(t)Lkzz(t)1l_2t2> dt
= — Ly, (t) L, () (1 — %)

—1

— 77/ (—Lkll(t) (Lhpt (6)(1 — t2)>/ + Lkll(t)Lk2l(t)1l2t2> at

1

2
D [ Laalt) (= (B = )+ L5 )

—~
=

—1
1

D [ Liga(0) (a4 1) i (1) de = 0

-1

—~
=

due to orthogonality of associated Legendre polynomials. 0
Using the result of Lemma 4, we obtain

C1By = 2(1 + ctg? 0)Y{! ), oo Yiato +2¢t80Y) 1 oYioto + 2Y{! 1 00 Vioto-
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We represent the spherical functions in terms of associated Legendre polynomials,
integrate over ¢, and substitute t = cos 8 :

2

/ / C1 By sin0d6 dy
0

0

2

= // (2(1 + Ctg2 G)Yklilhtptpy@b + 2ctg GYIcllll,OYkzlz + 2Yk/il1,09yk2l2) sin 0d6 ng
0 0

212
—mLkllLkzl — QtL;ﬁlLkal + 2L%1lLk2l(1 - tz) - 2tL;€11Lk2[) dt

Il
|
3

/N

I
|
3

l2
2Lk, (—ltszll —2tLy,, + Ly, (1 — tz)) dt

Il
I
3

Lol L

12
2Lk2l <_1—t2Lk1l + (L;cll(l — t2))/> dt

—
w
=

2Ly (k1 (k1 + 1) Ly,1) dt = 0

— T

due to orthogonality of associated Legendre polynomials. Similarly, for I; # ls or
ki # ko

2w

//BngsiHGdﬁdgo:O,
00

and therefore, we have

27w

1
J= / / / (B1Bor" ™ F{F) + C1Cor* ® Fy F,) sin 0d0 dep dr.
0 0 O

It is easy to prove that
B1By =(16k1ks + 8(k1 + ka) + 12)Yi,1, Yigr, + 8(1 + ctg® )Y 1 Vi o
+ 8Yk¢1l1,9ka212,9'

Due to orthogonality of spherical functions and Lemma 4,

2w
//BlBQ sin 0d6 d(p =0.
0 0

It remains to prove that

2T

//C’lC’gsinﬁdegp:O.
0 0
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Calculating the value of C1C5, we obtain
C1Cy = krka(kika — k1 — k2 + 3)Yiy1, Yia,
+2(ctg?0 + 1)(ctg? 0 + kiky — ky — ko + DY, SOYk’le -
+ (2(k1ka — ky — k2 + 1) + ctg? 0)Yi1, 0Yiotn0 + (ctg® 0 +1)%Y, Tt o0 Yinla o
+2(ctg? 0 + DY 11,00 Yenta00 + Yits 00 Yiis 00 + k1 ct20 Yi, 1, Yi i, 9
+ ko ctgHYk'll1 o Yiot, + K1(ctg® 0 + 1)Yk1l1Yé;12W¢
+ ko (ctg? 0 + DY oo Yeots + K1Y, Yoty 00 + k2Yi 1, 06 Yeots
+ (—2ctgb(ctg® 0 + 1)Yy , Yins, oo+ (—2ctgb(ctg® 0 + 1)V, Y, o
+ ctgf(ctg® 0 + 1)V}, oY o+ ctgf(ctg® 0+ 1)YY oY, o
Obviously, when [y # l2, due to (6),

2T 7

//0102 sin0df dp = 0.

0 0

Next, we put [; = Iy = [ and k1 # ko. Due to orthogonality of spherical functions
and using Lemma 4, we obtain

27w

/ / (kb — b — ks o+ 8) Vi Vi
+2(ctg? 0 + 1) (ctg?® 0 + kyky — ki — ko + 1)Y,;117¢Y,;2W

+ (2(k1ks — ky — ko + 1) + ctg? e)Y,gllﬂY,;w) sin 0 dy
2T ™

:// 2 ctg? O(ctg? 9+1)Yklek2l¢+ctg 0y 1.0Yiy10) sin0do dp.
0

Representing the spherical functions in terms of associated Legendre polynomials,
we substitute ¢ = cos 6 and integrate over :

2

/ /Cl Cs sin 0df dp
0

0

l4

-2y

+ (1= t)2LY Ly, — t(1 = )Ly L,y — t(1 — %)Ly L, + 2Ly Ly,
k12 kol?

21°t?
= —7'['/ ((:l_)LkllLIQl +t LkrllLk:gl + LkllLk2l + 2Z2L;€1lL;€2l

— k1tLy, Ly, — kot Ly, Ly, — T LkllLkzl T LkllLkzl
+ ki (1 = t*) Ly, LY, — kitLy, Ly, + ko (1 — %) ,MLM — kotLj, Ly

202t 20t 1%t 1%t
trplmilig + T Lhaliat + T Ll + 753 1sz21) dt.
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Grouping the summands with a multiplier k; and using the Legendre equation, we
obtain

1
l2
/lekll ((1 — t2) Zzl — QtL;CQl — 1—t2Lk2l) dt
-1

1
= /lekll (—kg(k‘g + ].)Lle) dt =0
-1
due to orthogonality of associated Legendre polynomials. Similarly, the integral

over the summands with a factor ko equals zero.
The following equality holds:

1
2 2
/ ((1 — t2) le — 2tL;€11 — ]_—tszll) ((1 — f,2) ng — QtL;)zl — ]_—tsz2l) dt

1
3
@ / ky (ky + 1)ka (ko + 1)Lyt Ly dt = 0.

-1

Therefore, subtracting the integrand of the first integral from C;C5, we obtain

2T
//Cng sin 0d6 dp
0 0
2l2t2 271/ / 271/ / 2 / "
-1
1%t 1%t
+ t(l - tQ)L;C/ﬂL;CQl + 1— t2 LkllL;le + 1— t2 ;CllLk2l

+ lZLgllLkQZ + lszll ;clgl) dt

2l2t2 271/ / 2 "
= —7 (1_72[41611[%21 — 2t LkllLkzl +1 (Lk)llLkzl)

t?)
|
2 / / / lzt /
+t(1 = %) (L1 Liyt)" + ?ﬁ(LkllLkQI) dt
Qt 1
= —W(lz(LkllLkzl)’ + (1 =)Ly, Ly + @Lklﬂlkzl)
—1

42121&2 27/ / 2\\/ 1/ /
- 1- tz)szllLM =27 Ly, Ly — (01 = £7)) Ly Ly

2t
_ <1_t2> LkllLk21> dt
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2 1

I“t
=-7 (lQ(Lklszgz)' + (1 =)Ly Ly + 1_t2Lk1lLkzz>

1
Z2
_ 7T/ (_MLkllLkzl ~(1-t) ;cllL;Czl) dt.
1

-1

We calculate separately the final integral

1
l2
/(MLkuLkzl(l )L}, szQz) dt

1 1

12
+/ - LkllLkgl + ((1 — tZ)L;ﬁl)/Lkzl dt
—1 (1—1¢%)

-1

— (1 = t*) Ly, Ly

12 12
(_ (1 — tQ)LfﬁlLkzl + (_Ifl(k’l + 1)Lkll + 1= LIﬁl) Lk21> dt

—ky(ky 4 1)L, Ly dt = 0.

We have obtained that

27w

1
//0102 sinf0df dp = —= <l (LiyiLiy)' +t(1 —t*) L, Ly, +

2

1_ t2 LkllLkzl)

-1
If [ = 0, then due to that fact that derivatives of Legendre polynomials do not have
singularities given ¢ = %1, obviously, we have that

2w

//0102 sin 0df dp = 0.

0 0
If I =1, then taking into account that

—1
L = V1—-1L, = N L+ (L= t)2LY,

we have

2T 7

/ / C1C5 sin 0dO dy

0 0

w (=) o0 =) (S, + VI L)

—t 2\1/2 l 2
1
=0.

-1

1

-1

=-7 (72tL;€1 ;62 + t? ;€1 ;62 +tL;€1 ;62)
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If [ > 2, then every summand has a factor (1 — t2), therefore, the whole sum for
t = +1 equals zero.
Hence, the orthogonality in the case when Iy # Iy or ky # ko is proved.

Calculating the norm of the basic fields.
To construct an orthonormal basis in the original space, it remains to calculate
the norm of the basic fields
1 27 =«

Tkt || / / / Tkln )7:(r,0,¢) | r*sin6df dp dr.
1,j=1

Using Lemma 1, the formulas

1 1
IR = [0 =2 p R, P = [0
0 0
1 2T
HPr/L/HQ :/ 2k+5< ) P”P”dr ||Ykl||2 = //Ylekl Sln@dedﬁp,
0 0 0

and transforms similar to the ones used when proving orthogonality, we obtain
ITwinl|* = 16(k + 1.5)(k + 2.5) || Pall[[Ya|* + 32(k + 2.5)I| P2 ||| Yia|I* + 811 P17 [ Yaa | *.

Using the formulas for the norm (1) and the derivatives (2) of Jacobi polynomials,
it is easy to show that
n! (T'(k + 1.5))*T'(n + 3)

T(k+n—+15T(k+n+35)(k+2n+35)
B n(n+k+ 3.5)%n! (T'(k + 2.5))%T'(n + 3)
12l = (k+1.5)20(k +n+ 1.5 (k+n+4.5)(k + 2n + 3.5)°

n(n—1)(n+k+3.5)%*(n + k + 4.5)*n! (D'(k + 3.5))*T'(n + 3)
(k+1.5)2(k +25)2T(k+n+ 1.5)T(k+n+4.5)(k +2n+5.5)

2
1Ba]]” =

1Py =

Then
8((n +2))*(I'(k +1.5))%|| Vi |®
(C(n+k+1.5))%(k+2n+ 3.5)

Therefore, Theorem 1 is proved.

[ Tin|* =

5. CONCLUSION

In this paper, a singular value decomposition of the normal Radon transform
operator, acting on a three-dimensional symmetric 2-tensor field, is constructed.
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