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EXISTENCE RESULTS FOR A CLASS OF NONLINEAR
DEGENERATE NAVIER PROBLEMS

A.C. CAVALHEIRO

ABSTRACT. In this paper we are interested in the existence of solutions
for Navier problem associated with the degenerate nonlinear elliptic equa-
tions

Afwi(z) |AulP2Au + WQ(IE)‘AUVI_ZAU} - Z Dj [ws(z)A;(x, u, Vu)]

= fo(z) =Y _ Djfi(x), in Q
j=1

in the setting of the weighted Sobolev spaces.

Keywords: degenerate nonlinear elliptic equations, weighted Sobolev
spaces.

1. INTRODUCTION

In this paper we prove the existence of (weak) solutions in the weighted Sobolev
space X = W2P(Q,w1) N W, P(Q,ws) (see Definition 2.3 and Definition 2.4) for the
Navier problem

Lu(z) = fo(x) — ZDjfj(a:) in Q
w(z) = Au(z) = 0 on O,

where L is the partial differential operator
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Lu(z) = Alwi(z)|AulP?Au+ ws(z) |[Au|? > Au]

Dj[ws(x)Aj(z, u(x), Vu(z))],

|
.
i M:
I

where D; = 0/0z;, Q is a bounded open set in R”, wy, wy and ws are three weight
functions, A is the usual Laplacian operator, 2<q < p < oo and the functions
A; QxR xR =R (j =1,...,n) satistying the following conditions:
(H1) 2— A;(z,n,£) is measurable on § for all (n,£) e R x R",

(n,§)— A;(x,n,€) is continuous on R x R™ for almost all z€ 2.
(H2) there exist a constant 61 > 0 such that

[A($, n, 5) - A(SC, 77/75/)](5 - 5/) Z 01 |§ - £/|p’
whenever £, &'eR"™, (£, where A(x,n,&) = (A1(z,n,8), ..., An(z,m,§)) (where a

dot denote here the Euclidean scalar product in R™).

(H3) A(z,n,£).6 > M\1|€|F, where \; is a positive constant.

(H4) [A(z,1,6)| <K (2) + hi(2)[n["""" + ho(2)[€["/?", where Ky, hy and hy are
positive functions, with h; and hoe L% (), and KyeLP (Q,ws) (with 1/p+1/p’ =
1).
Let © be an open set in R™. By the symbol W(Q2) we denote the set of all
measurable a.e. in §) positive and finite functions w = w(z), x € Q. Elements of
W(Q) will be called weight functions. Every weight w gives rise to a measure on
the measurable subsets of R” through integration. This measure will be denoted by

- Thus, p,(E) = / w(x) dx for measurable sets E C R™.
E

In general, the Sobolev spaces W*P(Q) without weights occur as spaces of
solutions for elliptic and parabolic partial differential equations. In the particular
case where p = ¢ = 2 and w; = wo = w3 =1 we have the equation

A%y — Z D;Ai(z,u,Vu) = f,

j=1
where A%y is the biharmonic operator. If p = ¢, w; = wy = w3 =1 and A(z,n,§) =
[P~ ¢ we have the equation

A(AP72 Au) — div(|Vu[""*Vu) = f.

Biharmonic equations appear in the study of mathematical model in several real-
life processes as, among others, radar imaging (see [1]) or incompressible flows (see
[18)).

For degenerate partial differential equations, i.e., equations with various types
of singularities in the coefficients, it is natural to look for solutions in weighted
Sobolev spaces (see [3], [4], [5], [8], [9], [15] and [20]). In various applications,
we can meet boundary value problems for elliptic equations whose ellipticity is
disturbed in the sense that some degeneration or singularity appears. There are se-
veral very concrete problems from practice which lead to such differential equations,
e.g. from glaceology, non-Newtonian fluid mechanics, flows through porous media,
differential geometry, celestial mechanics, climatology, petroleum extraction and
reaction-diffusion problems (see some examples of applications of degenerate elliptic
equations in [2] and [7]).
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A class of weights, which is particularly well understood, is the class of A,-weights
(or Muckenhoupt class) that was introduced by B. Muckenhoupt (see [19]). These
classes have found many useful applications in harmonic analysis (see [22]). Another
reason for studying A,-weights is the fact that powers of distance to submanifolds
of R™ often belong to A, (see [16]). There are, in fact, many interesting examples
of weights (see [14] for p-admissible weights).

In the non-degenerate case (i.e. with w(xz) = 1), for all f € LP(Q), the Poisson
equation associated with the Dirichlet problem

—Au = f(x) in Q,
u(z) =0 on 99,

is uniquely solvable in W22(Q)NWy* () (see [13]), and the nonlinear Dirichlet
problem

—Apu= f(z), inQ
{ u(z) =0, on N
is uniquely solvable in W, (Q) (see [6]), where Ayu = div(|Vul|P"*Vu) is the p-
Laplacian operator. In the degenerate case, the weighted p-Biharmonic operator
has been studied by many authors (see [21] and the references therein), and the
degenerated p-Laplacian was studied in [9].
The following theorem will be proved in section 3.

Theorem 1.1. Let 2<q < p < co and assume (H1)-(H}). If
(H5) wi,ws € Ay, wa €eW(Q) and % e L"(Q,wy), where r =p/(p — q);
1

(H6) i% eL” (Qws) (j=0,1,...n).

Then the problem (P) has a unique solution ue X = WP(Q,wy) N Wy (Q,ws).
Moreover, we have

1 n p'/p
lullx< 575 <CQ|fo/w3Lp'(Q,w3) 'y ||fj/w3||Lp«(Q7w3)) 7
=1

where v = min {\1, 1} and Cq is the constant in Theorem 2.2.

2. DEFINITIONS AND BASIC RESULTS

Let w be a locally integrable nonnegative function in R™ and assume that 0 <
w < oo almost everywhere. We say that w belongs to the Muckenhoupt class A,
1 < p < oo, or that w is an A,-weight, if there is a constant C = C), ,, such that

1 1 -9 gz )
@ wdx @ w p dx SC,
B B

for all balls B C R™, where |.| denotes the n-dimensional Lebesgue measure in R™.
If 1 < g<p, then A, C A, (see [12],[14] or [22] for more information about A,-
weights). The weight w satisfies the doubling condition if there exists a positive
constant C such that

p(B(a; 2r)) <C p(B(z; 7)),
for every ball B = B(z;r) CR", where u(B) = [pw(z)dz. If weA,, then u is
doubling (see Corollary 15.7 in [14]).
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As an example of A,-weight, the function w(z) = |z|%, x€R", is in A, if and
only if —n < o < n(p — 1) (see Corollary 4.4, Chapter IX in [22]).

If weA,, then
(E|> o)
|Bl) — (B’
whenever B is a ball in R™ and F is a measurable subset of B (see 15.5 strong
doubling property in [14]). Therefore, if u(E) = 0 then |E| = 0. The measure
and the Lebesgue measure |.| are mutually absolutely continuous, i.e., they have
the same zero sets (u(E) = 0 if and only if |E| = 0); so there is no need to specify
the measure when using the ubiquitous expression almost everywhere and almost
every, both abbreviated a.e..

Definition 2.1. Let w be a weight, and let Q@ CR™ be open. For 0 < p < co we
define LP (), w) as the set of measurable functions f on Q0 such that

1/p
1l o = ( / |f|pwdx) ‘.

If weA, 1 < p < oo, then w /=1 ig locally integrable and we have
LP(Q,w) C Li,.(Q) for every open set  (see Remark 1.2.4 in [23]). It thus makes
sense to talk about weak derivatives of functions in L?(Q,w).

Definition 2.2. Let Q CR"™ be a bounded open set, 1 < p < oo, k be a nonnegative
integer and w € A,. We shall denote by WkP(Q,w), the weighted Sobolev spaces, the
set of all functions u € LP(Q,w) with weak derivatives D*u € LP(Q,w), 1 <|a| <k.
The norm in the space W*P(Q, w) is defined by

1/p
(2.1) ol gy = (/ WP wde+ 3 / |D0¢u|1’wda:> .
& 1<[al<k”$
If we Ay, then WHP(Q,w) is the closure of C*(2) with respect to the norm
(2.1) (see Theorem 2.1.4 in [23]). The spaces W1P(Q,w) are Banach spaces.
The space WyP(Q,w) is the closure of C§°(2) with respect to the norm (2.1).
Equipped with this norm, Wol’p(Q, w) is a reflexive Banach space (see [17] for more
information about the spaces W1 (€, w)). The dual of space W, ?(Q,w) is the space

Wy P (,w)]*
={T = fo—div(F), F=(f1,.... fn) :

It is evident that a weight function w which satisfies 0 < ¢; <w(z) < ¢y for €2
(where ¢; and ¢, are constants), give nothing new (the space Wy (Q,w) is then
identical with the classical Sobolev space Wé’p (©2)). Consequently, we shall be
interested above all in such weight functions w which either vanish somewhere in
or increase to infinity (or both).

In this paper we use the following results.

[

w

eL” (Nw),j=0,1,..,n}.

Theorem 2.1. Let weA,, 1 < p < o0, and let Q0 be a bounded open set in
R™. If um—u in LP(Q,w) then there exist a subsequence {un,, } and a function
® e LP(Q,w) such that

(i) U, ()= u(x), my — o0 a.e. on Q;
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(i) |um, ()| < ®(z) a.e. on Q.
Proof. The proof of this theorem follows the lines of Theorem 2.8.1 in [11]. O

Theorem 2.2. (The weighted Sobolev inequality) Let 2 be an open bounded set in
R™ and weA, (1 <p < o0). There exist constants Cq and § positive such that for
all ue Wy P(Q,w) and all k satisfying 1 <k<n/(n—1)+9,

(2:2) ||uHLkp(Q,w) < Ca [Vul ||Lp(9,w)'

Proof. Its suffices to prove the inequality for functions u € C§°(Q2) (see Theorem 1.3
in [10]). To extend the estimates (2.2) to arbitrary u € W, *(9,w), we let {u,} be
a sequence of C§° () functions tending to u in Wol’p(Q, w). Applying the estimates
(2.2) to differences uy,, — Um,, we see that {u,,} will be a Cauchy sequence in
LFP(Q,w). Consequently the limit function u will lie in the desired spaces and
satisfy (2.2). O

Lemma 2.1. Let 1 < p < o0.
(a) There exists a constant o, > 0 such that

[e" 2 — |yI" "y | < ap 2 =yl (2] + )P,

for all x,y e R™;
(b) There exist two positive constants By, vp such that for every x,y € R™

By (2] + [y ~2 |z — y* < (|a" 2 — |yI"?y)-(x — y) < (J2] + [y)?>[e — .
Proof. See [6], Proposition 17.2 and Proposition 17.3. O
Definition 2.3. We denote by X = W2P(Q,w;) "Wy (Q,ws) with the norm

1/p
el = ( [ vupesaes [ IAulpwlda:> |
Q Q

Definition 2.4. We say that an element ue X = W2P(Q,w) N WyP(Q,ws) is a
(weak) solution of problem (P) if

/|Au\p_2AuAapw1 dx—l—/ |Au|?? AuApw, dx
Q Q
+ Z/ Aj(x,u, Vu) Djpws dx
j=179
Z/fosﬁdx-l-Z/ijj@d%
Q = /e

for all pe X.

Remark 2.1. If w1 €A4,, waeW(Q), 2<q¢ < p < oo and % eL"(Qw) (where
1

r=p/(p—q)), then there exists a constant C, , = ||cu2/o.)1||1L/Tq(Q wp) Such that

||U||Lq(Q ws) <Gy, q”u”LP(Q wi)®
In fact, by Holder’s inequality (1/r +q/p=((p—q)/p+q/p=1),

||“H%q(g’w2 /\U|qw2d$—/ \U|qfw1dx
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() (Loiras)”

el gy 2 e |

IN

Lr(Qw1)”

. 1
Hence, [[ull 100,y < Cpalltll oo with Cpg = llwz/will}/ .-
( ) ( ) (Qw1)

3. PROOF OF THEOREM 1.1

The basic idea is to reduce the problem (P) to an operator equation Au = T
and apply the theorem below.

Theorem 3.1. Let A : X—X* be a monotone, coercive and hemicontinuous
operator on the real, separable, reflexive Banach space X . Then the following asser-
tions hold:

(a) For each T € X* the equation Au =T has a solution ueX;

(b) If the operator A is strictly monotone, then equation Au = T is uniquely solvable
mn X.

Proof. See Theorem 26.A in [25]. O
To prove Theorem 1.1, we define B, B, B2, B3 : X x X R and T : X — R by
B(u,p) = Bi(u,¢)+ Ba(u, ) + Bs(u, ¢),
Bi(u,p) = / |AulP 2 AuApw; dx
Q
Ba(u,p) = / |Au|? 2 Au Ap wy da:
Q

Bs(u,p) = Z/QAj(ai,qu)Dj(pwgd:c:/Q.A(m,u,Vu).Vgowgda:
j=1

/f()(pdm-l—Z/ijj(pdw.
Q =1/e

Then u € X is a (weak) solution to problem (P) if
B(u, ) = Bi(u, ) + Ba(u, ) + Bs(u, 9) = T(),

T(p)

for all p€ X.
Step 1. For j =1, ...,n we define the operator Fj : X—)LPI(Q,wg) as

(Fju)(x) = Aj(z, u(z), Vu(z)).

We now show that the operator F; is bounded and continuous.
(i) Using (H4) we obtain

HFju||2p/(Q7w3)
_ / Fyu()[” ws da
Q

:/ \Aj(gc,u7Vu)|p,w;3 dx
Q

’ ’ p
S/ <K1+h1|u|p/p +h2|Vu|p/p> ws dx
Q
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p’ p'), P p’ p
<C, A (KT + Ay |ul” + hE |Vu|”)ws | dx

(3.1) —CP[AKfIW3dI+/S)h€I|U|pW3dI+/th2)l|vu|pW3dI:|7

where the constant C,, depends only on p. We have, by Theorem 2.2,

/hf |u|pW3d$C < ||h1||1£oo(ﬂ)/ lulpUJ3d.’I}
Q Q
< il [ Vulndo
Q

and

/Q B [VulPws do < ||ha | g /Q Vul? ws do < || halff o g [l
Therefore, in (3.1) we obtain

15l o (0

<C,” (K|LP’(Q,w3) + (CEP Il ooy + N2l e ) Nl )

(i) Let ty,—u in X as m — oo. We need to show that Fju,,— Fju in LP (9, ws).
We will apply the Lebesgue Dominated Convergence Theorem. If u,,,— u in X, then
|Vt |— |Vu| in LP(Q,ws). Using Theorem 2.1, there exist a subsequence {uy,, }
and a function ®; in LP(£,ws) such that

Dy, () = Dju(x), a.e. in Q,
|Vt ()| <®1 (), ace. in Q.
By Theorem 2.2 (with k = 1), we have
[t || Lo (,0) < Cll VUm, | Lo (,0g) < Co P Lo (0,05)-

Next, applying (H4) we obtain

HFjumk - Fj“”ip’(g’w‘%)

= / | Fjtm, () — Fju(a:)|plw3 dx
Q

:/ | Aj(z, Wy, Vi, ) — .Aj(a:,u,Vu)|p/ ws dx
Q
Scp / <|Aj($,’u,mk, vumk)|;ﬁ, + |Aj(xau’vu)|p/>w3 dx
Q
’ , p/
Scp |:/ (Kl + h1|Umk|p/p + h2|Vumk\p/” ) w3 dx
Q
, AP

+/ (Kl +h1|u‘p/p +h2\Vu|p/p ) w3 d:L':|

Q

SC,,[/QK{’ W3d1’+ ||h1||iw(9)/§2|umk‘pw£)’ dl‘+ ||h2HpOC(Q)\/Q|VUmk|pw3 dx
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—|—/Kf wgdx+||h1||’£oo(n)/ |u|pw3d$+||h2||poo(m/ |Vupw3dx]
Q Q Q
gch{/Kf’wgdmcgnhlng;o(m/ <I>’1’w3dx+||h2||’z;o(m/ fbfwgda;}
Q Q Q

= 26, Il oy + (CRI I @y + 1l ) ) Ol |
By condition (H1), we have
Fjumk (.’L’) = Aj (.T, Umy, (x)v vu"nk (Q?))—) 'Aj (1‘, U(JL‘), Vu(x)) = Fju(x)v

as my — +oo. Therefore, by the Lebesgue Dominated Convergence Theorem,
we obtain [|Fjum, — Fjull L, g~ 0, that is, Fyum, — Fju in LP'(Q,ws). We
conclude from the Convergence Principle in Banach spaces (see Proposition 10.13
in [24]) that

(3.2) Fijupm— Fyu in LPI(Q,OJ;g).
Step 2. We define the operator G; : X %LPI(Q,wl) by
(Gru)(x) = |[Au(z)[P~? Au(z).

This operator is continuous and bounded. In fact,
(i) We have

! -2 p’
IGul?) g0y = /QHAW Auf? w; dz

= /|Au|(p_1)plw1dx
Q

/ |Au|? wy dx
Q

ull-

IN

—1

Hence, ||Grull o (q 0,) < flul/%

(ii) If wpy —w in X then Awuy,— Au in LP(Q,wq).By Theorem 2.1, there exist a
subsequence {u,, } and a function ®3 € LP(£2,wy) such that

(3.3) A, () = Au(z), a.e. in Q,
(3.4) | At (z)| < Po(z), a.e. in Q.

. p ;-1 o
Hence, using Lemma 2.1 (a), 0 = Y =p—1land 0§’ = =2 we obtain (since

2<qg<p< )

’ !
IG1um, —GluHip,(Q o) = / | G1um, —G1u|p w1y dx
’ Q

-/ |

p
< / [ap [Aty, — Au| (|Aupm, | + |Au|)(p2)} wy dz
Q

/

P
wy dx

| A, |p_2 At — | Au|p_2 Au

§0¢5// | A, — AulP (23,)P=27" ) da
Q
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., , 1/6 L, 1/6'
< 2= gp (/ | Ay, — AulP w; dx) (/ PP, dx)
) Q

) ) p'/p (p—2)/(p—1)
<ab 2072 (/ | Ay, — Aul” wy dm) (/ Db wy dx)
) )

7 _ 7 ! 72 ’
<ol 20707 luy,, —ul% (|82,

since (p —2)p’0’ = (pr)(ppiD (i_; = pif p#2. Then

— -2
G i, = Grll o g0,y <272y @2l 0, 0l — ull -

—

Therefore, by the Lebesgue Dominated Convergence Theorem, we obtain (when
my — 00) [|G1Um, — G1u||L,,/(Q7wl)—> 0, that is, Gium, — Giu in LP (2, w;). By
the Convergence Principle in Banach spaces, we have

(3.5) Gty — Gu in LP ' (Q, wy).
Step 3. We define the operator G : X— L*(2, w1 ), where s = p/(¢ — 1), by
(Gou) () = |Au(x)|"* Au(z).

We also have that the operator G5 is continuous and bounded. In fact,
(i) We have that

||G2u||is(9,wl) = /Q“Au|q_2Au|sw1dx
= \Au|(q_1)sw1dx
)

/ |Aul? wy dx
Q

[l

IN

and [|Gaul Lo (Qwr) = ||UH3(_1-
(ii) If up— v in X then Awu,,— Auin LP(Q,w). If 2 < ¢ < p < oo, by (3.3),(3.4)
and Lemma 2.1 (a) we have

S

G2ty — Goullre g0y = /Q | At |77 Attyn, — |Au|"? Au| wy da
q—27s
< / [a,ﬂAumk — Aul (|Aumk| + |Au|) ] wy dx
Q
(¢—2)s
= a;/ | Ay, — Aul’ (|Aumk| + |Au|) w dx
Q
(3.6) < 2(q_2)sa;/ |Attyy, — Aul* ®57% wy da.
Q

Ford=¢q—1,6"=(¢—1)/(¢—2) and s =p/(¢ — 1) we have in (3.6)
|G2ttm, — Goullps (0,0

<20 2sqs / | Aty — Aul® Y% 0y da
Q
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1/6 ) /8"
32@—2)8@;( / [Attn, — Aul**wn dsc) ( / 2wy dm)
Q Q
1/(a—1) 1/5
- 2<q-2>8a;< / | At — Aul” wy dm) ( / ®f wy dw)
Q Q

—2)s s -1 o
< 20050, — ¥V @2l

—_ —2
Hence, [|Gatim, — Goull - (g ) <2972 o [[tm, — ull @2,

In the case 2 = ¢ < p < 00, we have (Gau)(z) = Au(z) and s = p. Hence,

1G2ull 1o (60,0,) < lullx

1Gaum, — G2U||LP(QM1) < lum, — ullx-

Therefore, for 2<q < p < oo, by the Lebesgue Dominated Convergence Theorem
we obtain (when my — 00)

||G2Umk — Ggu‘

Lo (@w) 05

that is, Gaum, — Gou in L*(€, w1 ). By the Convergence Principle in Banach spaces,
we have

(3.7 Gotyy— Gou in L*(Q,wy).

Step 4. Since 5 €L’ (Qws) (j=0,1,...,n) then T € (WP (2, ws)]* € X*.
w3

Moreover, we have, by Theorem 2.2,

1@l < [ lllelds+ 3 [ 15lDselds
Q /e
= /@|@\w3dx+Z/M|Dj<p\w3dx
Q w3 -/ ws
< o/l o gpan 19l grmsy + S 185 /50 0y 1 D3N o1
j=1
< Co ||f0/w3||Lp’(Q,w3)” Vel ||LP(Q,w3)
+ (L1652l )19
j=1
< (Calfofeallr @y + 2 sl el

Jj=1
Moreover, we also have

[B(u, 0)| < [Bi(u, )| + [Ba(u, )| + | Bs(u, o)

) /Q A, (2, 4, V) | Dy s i+ /Q | AufP2 | Al | Al da
j=1

IN

(3.8) + / A" Aul|Ag| wp da.
Q
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In (3.8) we have, by (H4),

/ |A(x, u, Vu)| [Vp|ws de < / (K1 + h1|u\p/p/ + thuP/p/) V| ws dx
Q Q

SIE 1 50,0 VN ] o 2,00) + 11 ] oo iy 1l I TV 0

el e e N 912225 11901 D
< (||K1|Lpfm,w3) (O Ml ey + il o) 27 )|sz,
and

/|Au|p_2|Au||A<p|w1dx = /\Au|p_1|Ag0\w1dx
Q )

1/p’ 1/p
(/ | Aul? wy dm) </ | Apl? wy dm)
Q Q

7
ulB? ol

1 1 1
and since s =p/(¢—1), r =p/(p—q) and 5 + - —&—]; = 1, by the generalized Holder

IN

IN

inequality, we obtain

/|Au|q*2|Au|\A¢|w2dx:/ AU | Ap| 22w, da
Q Q w1

(g—1)s 1/s » 1/p Wy \r 1/r
| Al wy dx |Ap|” wy dx (w—) wy dx
Q Q Q 1

<
(¢—1)/p 1/p w 1/r
= </ |Aul? wy dm) (/ |Ap|” wy dx) </ (—Q)Twl d;v)
Q Q Q0 W1
-1
<Nl el oz /il g mn)-

Hence, in (3.8) we obtain, for all u,p€ X
| B(u, )]

s[nmnmmmﬁog” | oo o llB? 4 B2l oo (o [l BP + Il 3P

-1
+llwz/will (e Tulls [lellx-

Since B(u, .) is linear, for each u € X, there exists a linear and continuous functional
on X denoted by Au such that (Au, ) = B(u,¢), for all u, p€ X (here (f,z)
denotes the value of the linear functional f at the point ). Moreover

Aul, < 1K1l g 0 + CHF I1hall oo oy 3P+ 2l oo (o Il 37
! -1
HllulBP "+ llwafwr | g 1l

where ||Aul|, = sup{|(Au, ¢)| = |B(u,¢)| : ¢€X, ||¢||y = 1} is the norm of the
operator Au. Hence, we obtain the operator

A X - X*
u— Au.
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Consequently, problem (P) is equivalent to the operator equation
Au=T, ue X.
Step 5. Using condition (H2) and Lemma 2.1(b), we have

<AU1 — AUQ,Ul — UQ>

= B(ul,ul —U,Q) — B(uQ,ul —UQ)

= /QA(ac,ul,Vul).V(ul — up) wy dx + /Q | Ay P72 Aug Aug — ug) wy da
+ /Q|Aul|ff*2 Auy A(uy — ug) wo d:

- /QA(:L‘,ug, Vug).V(uy — ug) ws dzr — /Q | Aug|pf2 Aug A(uy — ug) wy dz
- /Q|Au2|q—2 Aus Aty — z) ws dr

= /Q (.A(Jc,ul, Vuy) — Az, usg, Vuz)> V(uy — ug) wz dx

+ /Q(| Aup P72 Ay — | AugP™? Aug) Aluy — ug) wy da

+ / (| Aug |72 Aug — | Aug|?™% Aug) A(uy — ug) wy da
Q

v

91/ IV (w1 — )P ws dw+ﬁp/(|Au1|+|AuQ\)p_2|Au1 = Aus|?wr da
Q Q

By [ (A + | Busl) Aun — AusPwn de
Q

v

91/ IV (ur — u2) [P ws dz + ﬁp/(\ Auy — Auy|)P~2 | Auy — Al wy da
Q Q
+ ﬁq/(| Auy — Aug|)972 |Auy — Aug\ng dx
Q
= 0 [ |V(ur —u2)P w3 dac—l—ﬁp/ |Au; — Aug|” wy dx
Q Q

+ ﬂq/\Aul—Auﬂqwzdx
Q

Y]

01/ IV (u1 — uo) P w3 dx—|—ﬁp/ |Auy — Aug|P wo da
Q Q
> 0flur — w2l

where § = min {61, 8,}. Therefore, the operator A is strongly monotone, and this
implies that A is strictly monotone. Moreover, from (H3), we obtain

(Au,u) = B(u,u) = By(u,u) + Ba(u,u) + Bs(u,u)
- / A(z,u, Vu).Vuws dz + / | Aul’"? Au Auw, dz
Q Q

+/ | Au|"? Au Auw, dz
Q
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2/ | Vul? ws dx—l—/ | Aul? wy dI+/ | Au|? wo dx
o Q o

2/)\1|Vu|pw3d:17+/ | Aul? wy dz
Q Q

> [Jull,
where v = min {1, 1}. Hence, since 2 < ¢ < p < 00, we have
(Au, u)

[l

— 400, as ||ul| y =+ oo,
that is, A is coercive.

Step 6. We need to show that the operator A is continuous.
Let u,,— v in X as m — oco. We have,

Bs(tm,¢) — Bs(w )| < Y /Q A @ty V) — Ay (2,0, V)| Dyl s dr
j=1

= Z/Q|FjumfFjuHDj<p|W3dx
j=1

IN

n
(| Fjtm — FjU”Lp’(Q,%) ||Dj(p||LP(Qyw3)
j=1

(X150 = Fyl oy )l

Jj=1

IN

and

|B1(tm, ) — Bi(u, o)
/ | Aty [P 7% Aty Apwr daz — / | AulP?AuApw da
Q Q

<),

=/ (Grttm — Gl |Ag| wy da
Q

| Aty [P72 Ay, — | AulP?Au| | Ap| wy da

< ||G1’Ltm — Glu”LP’(Q,wl) ”()D”X
111
and since — + — + ~ = 1 (remember that s = p/(¢ — 1) and r = p/(p — q)),
s T P

|B2(Um,(p) - BQ(ua @)'
/|Aum|q_2AumAg0w2da:—/ |Au|q_2AuA<pw2dx
Q Q

<),

= / |Goty, — Gaul |Ap] ﬂwl dx
Q w1

1/s 1/p Wy 1 1/r
§</ |Gy, — Goul® wy dx) </ |[Ap|? wy dz) </ (—) w1 da:)
Q Q Q Wi

|Aum|q_2 Ay, — |Aul? 2 Au |Ap|ws dx
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< |Gt — Gau

L (Q,w) lloll x ||w2/w1HLT(Q7w1)7
for all ¢ € X. Hence,

| B(tm, p) — B(u, ¢)|
< |Bl(uma90) - Bl(u’<p>| + ‘B2(um790) - B2(u730)| + |B3(um7¢) - B3(u7 (P)|

< | 1 = Byl + Gt = Grtlgy o
j=1

+ HGQUm — G2u|

Ls(sz,wl)Hw2/wl||y(sz,w1) el -

Then we obtain

n
[Aup, — Aul[, < Z (| Fjtim — FjuHLp’(Q,ws) + 1Grum — Glu”Lp’(Q,wl)
j=1

+  ||Gauy — Gaul

L5 (Q,w1) [lwa /wi] L (Qw)

Therefore, using (3.2), (3.5) and (3.7) we have ||Au,, — Au||,— 0 as m — +oo, that
is, A is continuous and this implies that A is hemicontinuous.

Therefore, by Theorem 3.1, the operator equation Au = T has a unique solution
u€ X and it is the unique solution for problem (P).

Step 7. In particular, by setting ¢ = u in Definition 2.4, we have
(3.9) B(u,u) = By(u,u) + Ba(u,u) + B3(u,u) = T'(u).
Hence, using (H3) and v = min {\, 1}, we obtain

B (u,u) + Ba(u,u) + Bs(u, u)

= /QA(QU7 u, Vu).Vuws dz + /Q | AuP™? Au Auw, dz

+/ | Au|?? Au Auws, dx

Q

2/)\1|Vu|pw3dx+/ |Au|pw1dx—|—/ | Aul? wy dx
Q Q Q

>\ / |Vu|pw3dx+/ | Aul? wy dz
) Q

> | jull%

T(u) = /Qfoudx—&—;/gijjudx

n
1 0/wsll 1o (000 1l o (000 + D 155 /903 1| o7 (0o 1Pl o 0000

<

j=1
< Co ||f0/W3||Lp’(Q,w3)|| [Vl ||LP(Q,W3)
S8l IV 2

Jj=1
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n
< (Callofutlirr g + X165 oallinr o ) il

j=1

Therefore, in (3.9), we obtain

7 lulfy < (CQ lolwsllo @ + D ||fj/w3||m/(g,w3>) Jullx.
j=1

and we obtain

1 n p'/p
fullx € =75 (cg 1o/l + 3 ||fj/w3||mfm,w3>)
=1

Example 1. Let Q = {(x,y) €R? : 22 + 4> < 1}, the weight functions wi(x,y) =
(xQ + yQ)_1/47 W3(1‘,y) = (.132 + y2)_1/2 and OJQ(ZII,y) = (12 + y2)_1/3 (w17w3 S A4;
p=4 and ¢ = 3), and the function

A:Qx xRP5R?

A((@,y),m,8) = ha(2,y) €] €,
where h(z,y) = 2e@+v*) . Let us consider the partial differential operator
Lu(z,y) = Afwi (2, y) |Aul® Au+ws(z,y) |Au|Au] —div [w3(z, y) A((z,y), u, Vu)].
Therefore, by Theorem 1.1, the problem

u(z) =0, on 09

has a unique solution ue X = W24(Q,w) "W, (Q,ws).

(P)

Corollary 3.1. Under the assumptions of Theorem 1.1 with 2<q < p < oco. If
u1,uz € X are solutions of

Luy = fo— Y D;f; in Q

(Pl) j=1
up(xz) = Aug(z) =0 on 09,
and
n
(P») 2 0 ; 793
uz(x) = Aug(z) =0 on 01,
then
. - T 1/(p-1)
|1 —u2||X§ 1/(p—1) (CQ fo— 9o + fi g ) ?
« w3 Lr' (Q,ws) j=1 w3 Lr' (Quws)

where « is a positive constant and Cq is the constant in Theorem 2.2

Proof. If u; and ug are solutions of (P1) and (P2) then for all ¢ € X we have

/ \Au1|p72Au1 Apw dx + / |Au1\q72Au1 Apwsy dx
Q Q
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+ /Q Az, ur, Vuy).Vows de
— (/Q |AuQ|p72Au2 Apwy dx + /Q |Au2|q72AuQ Apwsy dx
+ /Q Az, ug, Vug).Vows dz)

(3.10) Z/Q(fo—go)ﬁpdx—l—Z/Q(fj—gj)Dj“Pdm'
j=1

In particular, for ¢ = u; — us, we obtain in (3.10):
(i) By Lemma 2.1(b) and since 2 <gq < p < oo, there exist two positive constants
Bp and B, such that

/ (|Au1p2Au1 — |AuQ|p2AuQ> A(uy — ug) wy dx
Q

Zﬁp/Q <|Au1| + Au2|)p_2 |Auy — Aug|? wy da

> By /Q |Auy = Auz [P | Auy — Aug|* wr da = ﬁp/g |A(uy — ug)|” wy d,
and analogously
/Q (|Au1|q2Au1—|Au2q2Au2> A(up—ug) we dz > Bq/ﬂ |A(uy — ug)|? we dz > 0.
(ii) By condition (H2)
/Q (A(m,ul, Vup) — Az, ug, Vug)) NV(up — ug) ws dx> 0, /Q |Vuy — Vus|” ws de.

(iii) We also have by condition (H6) and Theorem 2.2

’/Q(fo — 90) (w1 —U2)d$+i/9(fj — gj)Dj(ur — ug) dz

Jo— 9o
<Cq||—— IV (w1 = w2)ll 1o (00
w3 LP' (,ws)
+<Z % IV (u1 = u2)|l 1o (0,0
= 3 LP' (Q,ws)
§<C’Q fo—90 + fj;gj >||U1U2|X'
w3 Lr' (Quws)  j=1 w3 llLe’ (Qws)

Hence, with a = min{/,, 6, }, we obtain

ollur — ug|%

Sﬁp/ﬂlA(ul —ug)|"w dw+91/Q\Vu1 — Vug)|” ws dx

< (CQ’

n

fi—gj
w3

fo— g0
w3

+
Lr' (Quws)  j=1

)nul gy

Lr' (Q,ws)
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)1/(11—1)
Lpl(ﬂ,wg) .

O

Therefore, since 2 <¢q < p < o0,

fo— 90

ws

n

+
Lr'(Quws)  j=1

fi— g
w3

1
lur = w2l x < 70— (cg

Corollary 3.2. Assume 2<q < p < oo. Let the assumptions of Theorem 1.1 be
fulfilled, and let { for,} and {fjm} (j = 1,...n) be sequences of functions satisfying
fo—m—>—0 m Lp,(Q,(Uzg) and f]—m—>L m Lp,(Q,(Uzg) asm — 0. If u,, € X is a
w3 w3 w3 w3

solution of the problem

Lum( me ZD f]m in 7
U () = Aup ( )—O on 09,

(Prn)

then upm—u in X and u is a solution of problem (P).
Proof. By Corollary 3.1 we have

|t — Uk“x

1 <C >1/(P—1)
= — Q .
al/(p 1) LT’/(Q,wg)

Therefore {u,,} is a Cauchy sequence in X. Hence, there is u € X such that u,, —u
in X. We have that u is a solution of problem (P). In fact, since u,, is a solution
of (Py,), for all p € X we have

me — fOk

w3

fjm fjk

w3

53

Lr/(Quws)  j=1

/Q|Au|P—2AuAW1dx+/Q|Au|q—2AuAW2dm
—&-/Q.A(x,u,Vu).Vgpwg dx
—/Q<|Au|p2Au—Aum|p2Aum> Ay w, dz

+/Q <|Auq_2Au— |Aumq_2Aum>A<pw2 da

—&-/Q (.A(x,u,Vu) —A(x,um,Vum)>.VgOW3 dx
+/Q|Aumv’*2Aum Apw dm/ﬂmumw*%ummwg dx

+/A(m7um,Vum).Vg0w3 dx
Q

=1 +12+.[3+/fomgOdiL'-i-Z/fijj(pdl'
Q - Q
j=1

Q . Q
j=1
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(3'11) +/Q(f0m _fO)@dx""_Z/Q(fjm —fj)Dj@dl"a
j=1

where

5L

/ (|Au|p2Au - |Aump2Aum> Apw; du,
Q

Iy

/ <|Au|q_2Au — |Aum|q_2Aum> Apwy dx,
Q

Ig = / (./4(1‘7 u, VU) - A(xa U, Vum)) VQD w3 du.
Q

We have that:
(1) By Lemma 2.1(a) there exists ¢y, > 0 such that

L] < / [Au""?Au — [Aun P72 Auy, | | Ap| wi da
Q
< oy / |AU — Aty | (|AU| + | Ay, |)P72 | Ap| w; da.
Q
. 1 1 1 . .. . .

Let 6 = p/(p — 2). Since — + — + 5= 1, by the Generalized Holder inequality we

p p
obtain

11

1/p 1/p
<ay (/Q |Au — A, [P wy dx) (/ﬂ |Ap|” wy dx)

1/5
X (/(|Au| + | Aty |) PPy d:z:)
Q

-2
< apllu— il ol 11 A0 + [ A || 2.

Now, since u,,—u in X, then exists a constant M > 0 such that |ju,,| <M.
Hence,

(3.12) IAuU] + [Aum|l| o) < Nullx + [[umllx <2M.
Therefore,
L] < ap @M)P7? lu—unl|x el x
= Cillu—umlx llelx
where Cy = a,(2M)P~2.

(2) By Lemma 2.1(a) there exists a positive constant o, such that

Bl < [ (18080 A 8| Az do
Q

< oy / |[Au — Aty | (|Au| + |Aum|)q*2 |Ap|ws da.
Q

1 1 1
Let e = q/(¢—2) (if 2 < ¢ < p < 00). Since §+ 1 + - = 1, by the Generalized

Holder inequality we obtain

| 12|
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1/q 1/q
<ay (/Q|Au—Aum|qw2 dx) (/Q|A<p|qw2dx>

1/e
v </(|Au|+|Aum|)<q2>€w2 dx)
Q

= g | Au = At (e y) 182N L) 118Ul + [ Dttm[[[200, 0
Now, by Remark 2.1 and (3.12) we have
|12
<aq CpqlAu— Aum”LP(Q,wl) Cpq
<ag Cf llu = umllx llellx (2M)7*
=y [|u—umllx llelx

where Cy = (2M)1 2, CF

A(‘O”LP(Q,wl)CquﬂHAu' + ‘AumlHLP Q,w1)

In case ¢ = 2, we have I, = / (Au—Auy,) Apws dz, and by Remark 2.1 we obtain
Q

L] < [|Au = A 20w, 121 L2 (0,w,)
< Cﬁ,gllﬁu - A“m”Lp(Q,wl)||A90||LP(Q,W1)
< Challu—unmllxllellx-

And we also have, by Step 1 (Theorem 1.1),

I3 < Z/V‘ (2, u, Vu) — Aj (2, U, V)| | Djop| ws da

- Z/ | (1) — F ()| | D] w

< (Xm0 - Fj<um>||mm,w3)) 196l 1o cr00)
j=1
< (150 - Bl ) el

=1

Therefore, we have Iy, I, I3, — 0 when m— oo.

(3) We also have

‘/Q(fom—fo)¢d$+;/§2(fjm_fj)Dj‘Pd$

( ‘ fjm fj
w3

when m— oo.
Therefore, in (3.11), we obtain when m— oo that

fom — fo

w3

£y
L' (Quws) =1

>||90||x—>07

Lr' (Qws)

/\Au\pizAuAapwl d:r—i—/ |Au|? 2 Au Ap wy da
Q Q
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+ | A(z,u, Vu).Vowsdz
Q

— [ fopdo+ Y [ i ds,
Q /e

u is a solution of problem (P). O
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