S@©MR ISSN 1813-3304

CUBNPCKHNE SJIEKTPOHHDBIE
MATEMATUYECKHUE U3BECTUA

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Tom 18, N1, cmp. 622-639 (2021) VK 512.552.7
DOI 10.33048/semi.2021.18.045 MSC 16534

GROUPS OF CENTRAL UNITS OF RANK 1 OF INTEGRAL
GROUP RINGS OF FROBENIUS METACYCLIC GROUPS

E.O. SHUMAKOVA

ABSTRACT. We describe groups of central units of integral group rings
of Frobenius metacyclic groups of orders 39 and 156, and thus complete
the study on groups of central units of rank 1 of integral group rings of
Frobenius metacyclic groups for the case when m is a prime number.
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1. INTRODUCTION

A particular progress has been achieved in studying of groups of central units
(also, centers of unit groups) of integral group rings. With efforts by R. Z. Aleev
and his students, groups of central units of integral group rings for some unsolvable
groups, such as As, Ag, PSL(2,q), and PSL(2,2"), have been studied. These results
can be found in [2]. In recent years, R.Z. Aleev, O.V. Mitina, and T. A. Khanenko
[5] and [4] have studied the groups of central units for cyclic groups of orders 16, 32,
and 64. Currently, R.Z. Aleev and his students are studying the groups of central
units for cyclic 3-groups. The results of this work have been announced in [3].

We will use the following notation.

Let n be a natural number. Then:

v(n) is a number of all natural divisors of n;
©(n) is the Euler’s function;
[n] is an integer part of n;
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i is the imaginary unit, that is, i2 = —1;

= L5,

Let G be a finite group. Then:

ZG is an integral group ring of the group G;

Z(Z@G) is the center of the ring ZG;

U(Z(Z@Q)) is a group of central units (invertible elements of the center) of the ring
7.G,

r(U(Z(Z@G))) is the rank of the group U(Z(ZG@)), that is, the number of infinite
direct cyclic factors in a finitely generated Abelian group U(Z(ZG));

the mapping ¢ : ZG — Z, where for the elements deG zq9 € ZG with z, €
Z the inequality (3 c249) = D.yeq?g holds, is called a homomorphism of
trivialisation;

V(Z(ZG)) = {u € U(Z(ZQ)) | e(u) = 1} is a normalized group of central units
ZG, moreover, U(Z(ZG)) = (—1) x V(Z(ZG)) [2, Lemma, 1.48];

y(z) = 3 tis aclass sum in ZG of the conjugacy class & of the group G

texC
X (G) is some system of representatives of conjugacy classes of the finite group G.

Fpn = (b),, ™ (a),, is a Frobenius metacyclic group of order mn with the kernel (b)
of order m and the complement (a) of order n.
e(x) is a minimal central idempotent in the complex group algebra, corresponding
to an irreducible character y.

In work [11], the author obtained the following result (Corollary 3):

Lemma 1. The rank of the group of central units of integral group ring of a
Frobenius metacyclic group Fr,, = (b),, ™ (a), where m is a prime equals 1 only in
the following cases: m =5,n =2, m=11,n =5, m=13,n=3; m = 13,n = 6,
and m = 13,n = 12.

The generating elements of the group of central units of integral group rings of
Frobenius metacyclic groups of orders 10 and 55 were found in [13], and of order
78 in [12]:

Lemma 2. The groups of central units of integral group rings of Frobenius groups
of orders 10, 55, and 78, have the following form:
o U(Z(ZFs2)) = (—1) x (u), where u =1+ e; —w?es —w 2e3 = —1 +y(b?),
o U(Z(ZFy15)) = (—1) x (u), where
u=1+ (4181 + 6765w)(e1 + e4) + (10946 — 6765w)(ea + e3) + €5 + €6 =
= 551+ 550(y(b)) + y (b)) + 170(y(a) + y(a*)) — 445(y(a®) + y(a®)).

o U(Z(ZFy35)) = (—1) x (u), where

3+\/ﬁ>_2 <3+¢B>2
Y € — | — % | e7=

u:1+61+€2+63+64+65—< > >

= =5+ 2y(b) — y(b°).

Therefore, in Lemma 2, three cases in which the rank of the unit group equals 1
are considered out of the five possible by Lemma 1. In this paper, we will describe
the two remaining cases for Frobenius metacyclic groups of orders 39 and 156.
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2. DESCRIPTION OF THE GROUP OF CENTRAL UNITS OF INTEGRAL GROUP RING
OF A FROBENIUS METACYCLIC GROUP OF ORDER 39

Lemma 3. The character table of the group Fiz3 = (b) 3 X (a);, a”'ba = b> has
the form

€1 3 3 3 3 13 13
1 b vV bt p2 a a?
xo |1 1 1 1 1 1 1
x1 |1 1 1 1 1 a ot
x2 |1 1 1 1 1 o' a |,
X3 |3 w1 w2 P Py O 0
Xa |3 w2 P Py 1 O 0
X5 |3 @1 Py o1 w2 0 0
X6 |3 @Yo @1 w2 P 0 0

here, a = cos ¢ +isin 2, ¢ = cos 3% +isin 2%, @1 = (+ 3 +(%, w2 = 2+ O+ (5,
Pr=C (TP B =P+,
Proof. The following are the conjugacy classes of the group Fi3 3:
Co = {1}; C1 = {b,b%,b%}; Cy = {b%,05,0°}; C3 = {b*,612,619}; Cy = {18,611,07}
Cyyr = {a*V/ | j € {0,...,12}}, where k € {1,2}.

From Theorem (47.8) and Corollary (47.15) in [10, §47], it follows that there
exist 3 linear representations and 4 representations of degree 3; the matrices of
representations of degree 3 have the following form:

00 1 G0 0
¢la)=(1 0 0], o()=|0 ¢ 0|,
010 0 0 (%

where j € {1,2,—1, -2}, { = cos 2% + isin 2Z.
Then x3(a) = xa(a) = x5(a) = x6(a) =0,
x3(0) =C+ ¢ +¢% =1 =xa(b™?) = x5(b7") = x6(0%),
Xa(b) = 404 ¢ = pa = x3(0*) = x5(b7%) = x6(b7 "),
xs(b) =1+ (P + (70 =5 = x3(b7h) = xa(b?) = x6(b72),
X6(0) =2+ H P =7 = xa(b7?) = xa(d7!) = x5(b7).

Since xo(a) = xo(b) = 1, it only remains to calculate the values of 1, x2.

We denote Ay = xs(b), ps = xs(a), s € {1,2}. Note that Ay € {¢ | j =
0,...,12}, s € {a* | 1 € {0,1,2}}. By the first orthogonality relation (|7, 2A4]),
for p =0 and s € {1,2} we obtain:

143N A2+ XA A7) +13(us + 42) = 0.

Hence, with us € {a! |1 € {1,2}}, only A\, = 1 is possible, and with pu, = a® = 1,
there are no solutions. O

We will study the group of central units of integral group ring Fi3 3. Consider two
ordered bases of a C—space CFi3 3, which will be required in the following theorem:

e Y(Fis3) = (Y0,41,---,¥6), where yo = y(1) = 1, y1 = y(b), y2 = y(b*), ys
y(b™Y), ys = y(b72), ys = y(a), ys = y(a?®) (the basis from class sums for
the center of the complex group algebra CFi33);

o E(Fi33) = (eo,e1,...,6e), where eg = e(x0), e1 = e(x1),---, €6 = e(xo)
(the basis from minimal central idempotent of the center of the complex
group algebra CFi33).
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Let T'(Fi3,3) and S(Fi33) be the transition matrices from the basis Y (Fi33) to
E(Fi133) and from the basis E(Fi33) to Y (Fi3,3) respectively, that is,

(eo,---s€6) = (Yo,---.ys) - T(Fis3),
(yo,. --7?!6) = (60,.. .,66) . S(Flg,g).

By formulae from part 1 of Lemma 1.45 [2] and the character table from Lemma
3, we obtain:

1 1 1 9 9 9 9
1 1 1 3p1 32 3P, 3P,
L1111 30 3m 3% 30
(1) T(F133)*£ L1 L 391 39y 3p1 3wz |;
I 1 1 3%y 3¢1 32 39
1 a ot 0 0 0 0
1 ot « 0 0 0 0
13 3 3 3 13 13
1 3 3 3 3 13a 13a7!
1 3 3 3 3 13a!' 13a
(2) S(Fizs)=|[1 ¢1 @2 »1 @, 0 0
I w2 ®1 @2 1 0 0
I &1 @2 w1 @2 0 0
L @ o1 p2 9 0 0

Theorem 1. The group of central units of integral group ring of the group Fi33 =
(b)15 X (a)5 has the form U(Z(ZF33)) = (—1) x (u), where

11+ 313 11 —3V13
f(eg’ +es) - 2

= —5—y(b) —y(b~") +2y(b*) + 2y(b72).

U =¢€y+e +ey— (€4+€6):

Proof. By Theorem 3 [11], the group of central units of integral group ring Fis 3
has the form

U(Z(ZF133)) = (=1) x V,

where V is a direct product of infinite cyclic groups.
Let u be an arbitrary element from V', then

6 6
u = Z’ijj = Zﬂjeja
=0 =0

where the coefficients of v; are integers, and 3; are invertible elements of the rings
of integers of the corresponding character fields (by Lemma 3.2 and Theorem 3.13
[2], Theorem 2 [6]). By formulae from part 2 of Lemma 1.45 [2], we obtain:

o Bo Bo "o
(3) s =T(Fiss) - | and t | =5(Fiss) -

Y6 Be Be Y6
Since |(1)7] =1, |[(0)7] = 3, |(*)7] =3, |(07)"| =3, [(67*)"] = 3, [(a")"|
13, k € {1,2}, by definition of the group V and Lemma 1.48 [2], we have ¢(u) =
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Yo + 371 + 372 + 373 4+ 374 + 13795 + 13~ = 1. From (1), (2), and (3), we get:

Yo = 35(1+ B1+ Ba + 985 + 984 + 985 + 956),

Y1 = 35(1+ B1 + Bz + 30183 + 30284 + 35, B5 + 38,56),

Yo = 35(1+ B1 + B2 + 3923 + 35, Ba + 36285 + 301 56),
(4) Y3 = 35(1 + B1 + B2 + 35,83 + 35,84 + 30185 + 3025),

Y4 = 35(1+ B1 + Bo + 38,83 + 30181 + 3025 + 38, 56),

Y5 = 35(1+ B + a1 fa),

Yo = %(1 + Ck_lﬁl + Oéﬁg).

Bo =" +37 + 372+ 373+ 371 + 1375 + 137 = 1,
B =0+ 31 + 72+ 73 +71) + 13(ays + ™),
B2 =0+ 3 + 2 + 3 +74) + 13(a 15 + ae),
(5) B3 =70 + Y171 + p272 + D173 + Paa,

Ba =0+ w271 + @172 + Pa¥3 + P174,

Bs = Y0+ 111 + P2 + 9173 + paya = s,

Bs =0 + o1 + P172 + 9273 + Brya = Ba-

Therefore:

(6)
Bi+ B2 =2(v0 + 371 + 32 +3v3 +371) — 13(75 + %) =2 —39(75 +76) = T,
Bi = B2 = 13V/3i(y5 — ) = yV/3i,

where o and y are integers, moreover, x2 + 3y = (81 + B2)? — (B1 — B2)? = 431 Bo.
From system (5) it follows that 3, and (5 are algebraically conjugate, hence, 51062 =
Ng(y.,)(B1) = £1 by theorems [8, Theorem 4 from II §2| and |2, Theorem 3.13].

On the other hand, 2% +3y? = 4—4-39(75+76)+39 (75 +76 )2 +3-169(75—6)? = 4
(mod 39). Therefore, we obtain that 3132 = 1 and 22+3y? = 4. Thenz = £2,y = 0
or z = £1,y = +1. Only = = 2,y = 0 satisfy the condition (6), hence, 51 = 83 =1
and v5 = v = 0.

Further, from relations (4), (5), we obtain:

Yo = 15(1+3(83 + Bs + B3 + Ba)),

Y1 =151+ 183 + @284 + 7185 + BoBa),
(7) Yo = 75(1+ 283 + @154 + BaBs + ©1B4),

3 = 13(1 + P83 + Baba + 9185 + p2B4),

Y1 = 15(1+ P83 + 0181 + p23 + B, Ba).

Yo =1-=3(n + 2 +73+ ),
(8) B3 = Y0+ p171 + Y272 + P13 + PV,
Ba =0 + p271 + P172 + Pa¥3 + P174-
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From system (8), we have that

0183 = P17 + V171 + P1PaY2 + P1P1Y3 + P1 P24,
0183 = P10 + Pin + P1oare + 18173 + 920174,
281 = @270 + P371 + P2P1V2 + P2PaY3 + Y2174,
02Ba = P20 + Pov1 + P18 + 028273 + PaP1 V4

(9)

P23 = P20 + L2171 + P32 + P2P1V3 + P2 a4,
paBs = Pan0 + P21 + P22 + L1827 + PaPaas
P1B1 = P10 + Prvam + P12 + P2P1s + P11 e,
©1B4 = V170 + L1871 + P12 + P19273 + 1P V4

(10)

We calculate in the following lemma the values of algebraic combinations ¢ =

cos 21—7; + 7sin % for the further reference.

Lemma 4. (1) o1 +P1+ w2 +73 = —1,
(2) (1 +71)(p2 —P2) = =3,
(3) w1+ 91 — w2 — 2 = V13,
(4) P +71° + 93+ 72 = -3,
(5) ©1P1 + P22 = 5.

Proof. Suppose that a = ¢ + p1,b = w2 + P3.
(1) p14+P14+p2+Pa=a+b=C+C+C+C + 3+ +C+E+C+
(2¢O (=2 ¢ =1
(2) (pr+P1)(p2—P2) =ab=(C+C+ T+ HPH NG+ +C +
(T2+(T0+ () =3(02, ) = -3
(3) Since a +b = —1,ab = —3, we have that a and b are the roots of the
equation 22 + 2 — 3 = 0, and then a = @,b: #,a—b: V13 =
$1+P1 — P2 — Pa.
(4 A+ +e3+02° =+ C+OP+H T+ P+ + (P +CC+
CP+(C2H+¢C+¢0)?2 =32, ¢ =-3.
(5) P1P1+ 022 = (C+C+C) - (CTH+ P+ +H(CHC+P)- (T2 +
(¢ =642, ¢ =5
O

We continue the proof of the theorem. We sum termwise the equations from
system (9) and the equations from system (10), use the results of Lemma 4 and
substitute the obtained sums in the second and the third equations of system (7):

By =1—7 — 37 — 372+ 10y3 — 374 = 1373,
137y =1 —7v9 — 3v1 — 372 — 373 + 104 = 1374.

Hence, 71 = v3,72 = v4. Then from system (8), we obtain

Y0 =1—6(71 +2),
(11) B3 =0 + @71% + 7\/127371’72 = f33,

Bas=" + _‘/33_1’)’1 + @_172 = fBs.
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Taking into account relations (11), the system (7) will have the form:
1370 = 14 6(B3 + Ba),

(12) 13y, = 1+ Y31, 4 =Vis-1g,
13y, = 1+ =VE3=1gy 4 YI3=13,.

(13) {13(71 +72)=2—(B3+Bs) =2—u,

13(v1 — 72) = V13(Bs — Ba) = 13y,

where x and y are integers, moreover, 13y% — 22 = (83— B4)? — (B3 +4)? = —43354.
From system (5), it follows that 3, B4, B3, and B, are algebraically conjugate,
therefore, 83840381 = Ng(y,)(83) = £1 by theorems [8, Theorem 4 from II §2] and
[2, Theorem 3.13]. But 33 and 34 are real numbers, so 33343381 = (83534)% = 1 and
B3Py = 1.
On the other hand, 13y? — 22 = 13(y; — 72)? — (2 — 13(y1 +72))% =
= 13(’)/1 — ’)/2)2 —4 4+ 52(’)/1 + 72) - 169(’)/1 + "}/2)2 =4 (mod 13).
Hence, we obtain that 3384 = 1 and 22 — 13y? = 4.

Lemma 5.

z=L3+ps=(-1)" (11 + 3\/ﬁ)"2—:(11 — 3\/ﬁ)n7
_Bs— B (1143VI3)" — (11 - 3V13)"

(T o /13

Proof. The pair (11;3) is a solution of the equation z? — 13y? = 4 that gives
the smallest value of the function x + \/ﬁy on the set of natural solutions of
this equation. By Theorem [1, p.341], the set of integer solutions of the equation
2% — 13y? = 4 is as follows:

11 4+ 3v13)"
{(ixnviynﬂ Ty + V13y, = (2714,71 = 1,2...} .
Then
11 4+ 3v13)™ 11 —3v13)™
x=ﬁ3+,84=5( +3V13) 2_:( ) , where § = +1;
_ B3—PBs jE(11 +3v/13)" — (11 — 3/13)"
VT 213 '
It remains to prove that 6 = (—1).
2 31 S
T=2-13(n +92) = 5 ) ORI H3s =
=0
2§ (%]
—_ 2 21 —2i92i—2 i—1
=on (11743 1) CrianTg g |

i=1



GROUPS OF CENTRAL UNITS OF RANK 1 629

(3]
2oz 2 2011" 263G i niari 2 ai
- _ - — _ _ zlln—Q'L 21—21 1—1
(71 +72) 3 B3 1307 an ;Cn 3 3
[%] . . . .
_ 53220727411171—21321—2131—1.
=1

. 2" sl
2t e) =35 -

We obtain that

2" — 511" 2" — (13— 2)"

1 n = i n—i [ n
3 o =03 <2 —6<;Cn13 (—2)" + (-2) ))

is an integer, which means that 2™ — §(—2)" = 0 (mod 13), and hence 6 = (—1)".
O

We finish the proof of the theorem. From Lemma 5, we obtain that
n n
b3 = — (%) or B3 = — (%) for an odd n. Since

-1
% V13 = % V13 we can assume for the generating element u, that f3 =

- (117—%\/?)- Then 5y = — (%), x = —11,y = —3. From system (13), we
obtain that Y1 = —1 = vY3,V2 = 2 = Y4 and from (12)7 Yo = _5.

For the element u~!, we have that 83 = — (%)7 then 8y = — (11+?2>\/ﬁ)’
x = —11,y = 3. From system (13), we obtain that v; =2 = v3,72 = —1 = 74 and

from (12), 70 = —5. To summarize, we have obtained:
11+ 3v/13 11 —3v/13
u=eg+e +ey— %(634—65)— %(644-66) =
= =5 —y(b) —y(b~") +2y(b”) + 2y(b7?),
11 — 3v/13 11+ 3v/13
ut=ey+er+es— %(63 +es) — f(&; +eg) =

= —5+2y(b) +2y(b~") — y(b*) —y(b=2).
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3. DESCRIPTION OF THE GROUP OF CENTRAL UNITS OF THE INTEGRAL GROUP
RING OF THE FROBENIUS METACYCLIC GROUP OF ORDER 156

Lemma 6. The character table of the group Fi312 = (b);3 X (a),,, a”'ba = b? has
the form

[¢]7 1 12] 13 13 13 13 13 13 13 13 13 13 13
1 b a a® a a* d® a8 d" a® a® d'® ot
Xo | 1 1 1 1 1 1 1 1 1 1 1 1 1
x1| 1 1 a o i of o -1 o o —i al® o't
xe | 1 1| > o* -1 o o' 1 o> ot -1 o ol
xs | 1 1 . -1 —1 1 i =1 —i 1 1 -1 —i
xa| 1 1] a* o® 1 o* o8 1 ot o8 1 o «
x5 | 1 1| a® atf i af a -1 o' a* —i o o,
xe | 1 1] -1 1 -1 1 -1 1 -1 1 -1 1 -1
x7 | 1 1| " o2 —i ot o'! -1 a o i ol o
xs| 1 1] a® o 1 o® ot 1 a® ot 1 o8 ot
xo | 1 1 =1 -1 11 = -1 i 1 - -1 i
xo| 1 1]a® o —1 o* o> 1 o' o8 -1 o a2
x| 1 1]a o —i a® of -1 o&° o i o o«
xi12 | 12 -1 0 0 0 O 0 0 0 0 O 0 0
27

where o = cos s —|—zsm 5

Proof. The following are the conjugacy classes of the group Fis 12:
CO = {l}u Cl = {b’ b27 b47 bga b3a va b127 bllv bgv b57 bloa b7}7
Cryr = {a* | j €{0,...,12}}, where k € {1,...,11}.

From Theorem (47.8) and Corollary (47.15) in [10, §47], it follows that there
exist 12 linear representations and 1 representation of order 12; the matrix of the
representation of order 12 has the form:

00 --- 1 ¢ 0 - 0
1 0 --- 0 0 ¢2 .-~ 0
sw=|. . | oewm=|. " ]
01 --- 0 0o 0 .- (7
where ( = cos 15 +isin 21%
Therefore, x12(a) = 0, x12(b) = —1. Since Xo(a) Xo(b) = 1, it remains
to calculate the values of xi,...x11. We denote A ( ), s = Xs( ), s €
{1,...,11}. Note that A\s € {¢ | j =0,...,12}, pus € {al |l = ..,11}. By the

first orthogonality relation ([7, 2A4]), for p =0 and s € {1,2} we obtain:
L4 1205 + 13(ps + p2 + -+ -+ pit) = 0.

From here, given us, € {a! | [ = 1,...,11}, only A\, = 1 is possible, and given
1s = a® = 1, there are no solutions. O

We will study the group of central units of the integral group ring of the group
Fi3.12. Consider two ordered bases from a C—space
CFi3,12, which will be required in the following theorem:
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o Y(Fi312) = (Yo,91,---,%12), where yo = y(1) = 1, y1 = y(b), y2 =

y(a), y3 = y(a?), ...,y12 = y(a'!) (the basis of class sums for the center
of the complex group algebra CFi3 12);
o E(Fi312) = (eg,e1,...,€12), where eg = e(xo), e1 = e(x1),..., €12 =

e(x12) (the basis of minimal central idempotent for the center of the complex
group algebra CFi3,12).

Let T(Fi312) and S(Fi312) be transition matrices from the basis Y (Fiz12) to
E(Fi312) and from the basis E(Fi3,12) to Y (Fi3,12) respectively, that is,

(€0s---re12) = (Yo, ---»y12) - T(Fiz12),
(Yo,---,v12) = (e, ..., e12) - S(Fi3,12)-

By formulae from part 1 of Lemma 1.45 [2] and the character table from Lemma
6, we obtain:

(14) 156T(Fi312) =

1 1 1 1 1 1 1 1 1 1 1 1 144
1 1 1 1 1 1 1 1 1 1 1 1 —12
1 a o i o a® -1 o o —i o' ot 0
1 a2 o -1 o® o' 1 a? o* -1 o8 o' 0
1 i -1 — 1 i -1 —i 1 i -1 —i 0
1 ot o8 1 o o8 1 ot a8 1 ot o8 0
= 1 o ol i of a —1 ol a* —i o® of 0 1;
1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 0
1 o o —i ot o' -1 a of i ol 0
1 o ot 1 a8 ot 1 o ot 1 o « 0
1 - -1 i 1 - =1 I B A | ) 0
1 o o -1 ot o2 1 al% o8 -1 ot o 0
1 o' al® —i o o -1 o o i a? o 0
1
(15) ES(FB’H):
[1/13 12/131 1 1 1 1 11 1 1 1 1 ]
1/13 12/13 o o* i o' o® -1 o' o —i o' ol
1/13 12/13 o> ot -1 o ol 1 1a®2 o* -1 o® ol
1/13 12/13 @ -1 —i 1 i -1 —i 1 i -1 —i
1/13 12/13 o o® 1 o' o® 1 o' o 1 ot o
1/13 12/13 o o' i of a -1 o' o' —i o af
=|1/13 12/13 -1 1 -1 1 -1 1 -1 1 -1 1 -1
1/13 12/13 o o —i o* o' -1 « a® 4 al? b
1/13 12/13 o a1 ad ot 1 o® ot 1 ad ot
113 12/13 —i -1 & 1 —i -1 i 1 —i —1 i
1/13 12/13 o' o® -1 o' o2 1 ol a8 -1 ot o2
1/13 12/13 all ol —i o o' -1 o® ot i a? o«
| 1/13 -1/13:0 0 0 0 O 00 0 0 0 0 |
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Theorem 2. The group of central units of the integral group ring of the group
Fi312 = (b)y3 X (a),5 has the form U(Z(ZF13,2)) = (—1) x (u), where
u=eg+ez+ez+estestes+egt+ennternt (2+V3) e +ern)+
+(2-V3)2(e5 +e7) =
= 93601 + 46800(y(a®) + y(a™?) — y(a*) — y(a™*) — 2y(a®) + 2y(b))+
+81060(y(a) + yla™) — y(a®) — y(a™)),

Proof. By Theorem 3 [11], the group of central units of the integral group ring of
the group Fi3,12 has the form

U(Z(ZF312)) = (1) x V,

where V is a direct product of infinite cyclic groups.
Let u be an arbitrary element of V', then

12 12
u = E ViY; = E Bjej,
7=0 7=0

where the coefficients «; are integers, and ; are invertible elements of the rings of
integers of the corresponding character fields (by Lemma 3.2 and Theorem 3.13 [2],
Theorem 2 [6]). By formulae from part 2 of Lemma 1.45 [2] we obtain:

Y0 Bo Bo Yo
(16) D =T(Fiza2) - | u D = S(Fiziz) -
Y12 B12 Bi2 Y12
Since |()F| =1, |(b)F| =12, |(a*)F| =13, k € {1,...,11}, then by the definition

of the group V and Lemma 1.48 [2], e(u) = v + 1271 + 13(v2 +v3 + 74 + 5 + Y6 +
Yr + 98 + Y9 + Y10 + 711 + 712) = 1. From (14), (15), and (16), we obtain:

Yo = 155 (1+ X;1 Bj + 144B1y),
(17) =15l + 2]11:1 Bj — 12B12),
a1 = o5 (L+ 350 aMB)) k=1, 1L

Bo =0+ 1271 + 1331 k1 = 1,

(18) By =m0+ 12m + 13,0, oMy, = 1,011,
Piz =0 — M-
Since a® = —1 and f; are invertible elements of the rings of integers of the

corresponding character fields, then from (18), we obtain that S12 = £1, 8 = £1.
If 8120 =—1,7% = f12 + 71 = 71 — 1, then from (18) we obtain that
1=8p=m—1+12v + 1331 k1 = =1 + 13331 11, which is impossible.
It means that S12 = 1,7 = P12 +71 =7 + 1.
Further, from (18) we obtain that 8¢ = 1 + 13y + 13 Z,lclzl(—l)’wkﬂ =—1is
impossible, which implies g = 1, 2,161:0(—1)]“7;“1 =0, and then

(19) Y1+ +75 7 +Y + 711 =Y2 + 74+ Y6 + 8 + Y10 + 712
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3 =i, from (18) we get

Since o
(20)
{63 =1+13(n +v5 +7 — 73 — 7 — 711) + 13i(y2 + 76 + 710 — 74 — 8 — V12),

Bo=1+13(y1+v5+7v — 73 — 77 — 11) — 13i(2 + 76 + Y10 — 72 — 8 — 112)-

From relations (20), we find

(21) {/5’3+59=2+26(71 +95+%% — V3= — 1) =7,

B3 — By = 26i(v2 + 6 + Y10 — Y4 — V8 — V12) = W,

where  and y are integers, moreover, 2% + 3% = (83 + B9)? — (B3 — B9)? = 4/3305s.
From system (18), it follows that 3 and B¢ are algebraically conjugate, hence,
B3B9 = No(y,)(B3) = £1 by theorems [8, Theorem 4 from II §2| and [2, Theorem
3.13).

On the other hand, 2% +y? = 4+ 104(v1 + 75+ 79 — 73 — 97 —711) + 26> (71 + 95 +
Yo =3 — 7 —711)% + 26 (Y2 + Y6 + 710 — Y4 — 78 — 112)? = 4 (mod 52). From here
we obtain that 8308 = 1 and 22 +y?> = 4. Then t = +2,y =0or 2 = 0,y = +2.
Ounly x = 2,y = 0 satisfy condition (21), which means that 83 = 89 = 1 and

(22) M+B+Hrv="3+r+r1m1="72+%+70="Ya+v+ 712 =A.
Further, from (18) we obtain

Bs =1+13(a*(v2 +75 + 78 +71) + ®(13 + 76 + 70 + 712)+
+(y1 4+ Y4 + v7 + 710)),
Bs =1+13(a®(y2 + 75 + 78 +711) + (3 + 76 + 70 + 712)+
+(71 4+ 74 + 97 + 710))-
Since a* 4+ a® = —1,a* — o® = /3i, then from (23) we get
(24)
Bat+Ps =2—13((v2 +75 + 78 + 711+ 73+ + 79 + V12)+
+2(y1 +v4 + 7 +710)) =2 — 13T = =,
Bi—PBs =13V3Bi(ya+75 + 78+ 711 — 13 — Y6 — Yo — 712) = 13V3iA = V/3iy,
where x and y are integers, moreover, 22 + 3y = (B4 + £s)? — (B4 — Bs)? = 4/340s.

From system (18), it follows that 84 and fg are algebraically conjugate, therefore,
B1Bs = Ng(y,)(Bs) = £1 by theorems [8, Theorem 4 from II §2| and [2, Theorem
3.13].

(23)

On the other hand, 2%+ 3y? = 4—52I'+13°I'?+3-13A2 = 4 (mod 13). From here
we obtain that 8483 =1 and 22 +3y?> =4. Then t = 2,y =0 or x = 1,y = +1.
Ounly x = 2,y = 0 satisfy condition (24), which means that 84 = 83 = 1 and
(25) Y2ttt =13+ % Y2 =71+t + 70 =0.

From relations (22) and (25), we obtain 4A = 30, then in integers we have that
A=0=0.

Further, from (18) we get

Br =1+13((y1+77) +a®(2 +78) + (73 +70) — (3 + 710)+
+a® (5 + 711) + o (6 + 712)),

Bro =1+13((m +77) + (72 + 78) + @®(y3 +70) — (Y4 + 710)+
+at (5 +711) + ® (76 + 712))-

(26)
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Since a* + a® = —1,0* — a® = V3i,a® + a'® = 1,02 — a'® = /3i, then from
(26) we have that
(27)
Bo+ Bro =2+ 13(2(n1 +v7) — 2(7a +710) + 72 + 8 + V6 + V12—
—(v3+79+75 +71)) =2+ 130 =z,
Bo— B0 =13V3i(y2 +7s+ 73+ 7 — 75 — 111 — Y6 — 712) = 13V3iA = V/3iy,

where z and y are integers, moreover, 22 +3y% = (82 + 10)% — (82 — 310)? = 452510-
From system (18), it follows that Sy and Si¢ are algebraically conjugate, hence,
B2B10 = No(y,)(B2) = £1 by theorems [8, Theorem 4 from II §2] and [2, Theorem
3.13).

On the other hand, x? + 3y? = 4 + 52T + 13?2 + 3 - 132A2 = 4 (mod 13).
From here we obtain that 848z = 1 and 22 + 3y? = 4. Then v = +2,y = 0 or
x = +1,y = £1. Only z = 2,y = 0 satisfy the condition (27), which means that
B2 = B0 = 1 and

(28) Y2+ 78+ 73+ Y9 =7 + 711 + Y6 + 712,
2vi+97) + 2 F 8+ 6 + 712 =13 + Y9 + 95 + 711 + 2(V4 + 710)-

We will find the difference and sum of equalities (28)

2(v1 +97) + 76 + 712 — 13 — Y0 =3 + Y9 + 2(74 + 710) — Y6 — V12,
2(v1 +97 + 2 +8) = 2(v4 + Y10 +¥5 +711),

(29) Y1+ 77+ % + 712 =73 + Y9 + Y4 + Y0,
Y1+ +v2+98 =74+ Y10+ V5 +711-
We denote

a="5 +7,

b =6 + M2,

¢ =74+ 710,

d = v3 + 7,

e =2+ 7s,

f=v+71-

We substitute the notations in equalities (29), (25), and (22):

a+b=c+d
at+e=c+f,
(30) a+c=0,
b+d=0,
e+ f=0,
2A=2(a+d+ f)=2(b+c+e)=0.

Solving the system (30), we obtaina =b=c=d=e= f =0 and



GROUPS OF CENTRAL UNITS OF RANK 1 635

Y= -7,
Y8 = —72,

(31) Yo = =73 = =71~ 75,
Y10 = —V4 = —72 — V6,
Y11 = —5,
Y12 = —V6-

From system (17), we get

(32)

15671 = B1+ Bs5 + Br+ P11 — 4,

15672 =1+abf +a°Bs+a fr+a B+ +a® +at +a +a® + o'+
+at? = ap + a®Bs + a"Br + o iy,

15675 =1+a*Bi+aBs+a*fr+afu+a®+1+at+1+a®+1+0at =
=a*By +a®Bs + a*Br + ¥ + 2,

1567 =1+a°B1+afs +a'fr+a B +a® + o +a® +af +at + o+
+a? = a1 + afs + o' Br + a7 By

Lemma 7. Let o be an automorphism of the field Q(a) and o(a) = . Then
o(B1) = Bs, o(Br) = Bu1 and y1 = —275,74 = 0.

Proof. By Theorem [9, §60, p. 204], {1, o, —, 7} is a set of all automorphisms of the
field Q(«) (where ~ is a complex conjugation). Then from relations (18), we obtain
a(B1) = Bs, o(Br) = fu,a =o'l o(@) = a”, b1 = Pur.
The relations (32) take the form
(33)
15672 = afy + o(afr) + aBy + o(abr) = (1 + o)(aby + apr),
15675 — 2 = a*B1 + o(a?By) + 2By + o(atBr) = (1 + o) (B + alpy).

Br=1+1371 + 1331 aF ey,
Br=1+13y + 1351, a2 Fy

affy = o+ 13ary; + 13 211;1 e,
af =a+ 13y + 1350, et Py,
a*By = a* + 13aty; + 13 2,161:1 iy,
atB) = ot + 13ty + 1331, o8 Fy

(34)

Since a +a = v/3,a* + a8 = —1, then from (34) we get

(35) {afl B = V3(L+ 1) + BYLL (08 + ol Fe,
a'fr+alfy = —1— 13y +1337 1 (0" + a5 F)ypp.
We substitute the result of (35) in (33)
(36)
15672 = (L+0)(afs +aBi) = 1335,L, (" +alt7F 4 aPM2 o™y,
15675 = (1+0)(a*B +atBy) +2 =
267, + 13 leclzl(ak% + a8k 4 ofk+8 | a4—5k)%+1.
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We will carry out the calculations for (36) in a table, taking into account o’ +

a’ = —/3.

k [ oF L+ alT=F £ o3FF5 1 70k [ oFFT 4 oBF 4 oPFF8 1 o35k [ 4,
1 a?+a%+al¥+a?=2 at+a +at+al=0] %
2 ad+a’+ad+a’ =0 —1-1-1-1=—-4] 3
3 al+ ¥+ ot =-2 a"+a’+all+a=0]
4 P +ad +a+al=0 aBrat+at+af=-2]
5 -1-1-1-1=-4 A +ad+a’+ad=0] 7
6 a’+a®+al+a=0 al%+a?+a?+al"=2] —y
7 B+at+at+a¥=-2 T ra+a”+all=0 —7Y2
8 d+at+a’+a’=0 1+14+1+1=4]| —3
9 al®+a?+a?+al%=2 atal+a®+a"=0] —
10 all+a+a"+at=0 a?+a%+a%+a?=2] —;
11 1+14+1+1=4 B+’ +a+a’=0] —

From relations (31), (36) and the table, we obtain

1275 = 472 — 44 — 8y = — 12,
1295 = =271 — 8y3 — 45 — 271

Y6 = —72,
f— ()7

" = —27s,

Y3 = —75-
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We continue the proof of the theorem. From relations (18), (31) and Lemma 7,
we find

(38)

B1 =14+ 13(y1 + ays + a?y3 + iy + atys + Py — v + a’ys 4+ By —
—iv10 + +at0v11 + allye) =
=1+ 13yp(a+all —a® —a") +13y5(a? +a® —a? —al® —4) =
=1+ 26v375 — 7875,

Bs  =1413(n + v+ o' +iys + aPys + ave — 7 + allys + atyo—
—imo + +a?y1 + a"y) =
=14+ 13y(—a—al+a’+a") +13y5(a* +a® —a? —all —4) =
=1—26V3y2 — 787,

Bz =1+13(n+a 2 +a’ys —iys + atys + allye — 7 + ays + By +
+iv10 + +0410’}/11 + 045712) =
=1+ 13yn(—a—a'+a5+a") +13y5(at +a® —a? —al% —4) =
=1—26V3y2 — 785 = f3s,

B =1+13(n + 'y + '3 —ivs + aBys + Ty — 7 + aPrs + e+
+iv10 + +y11 + ayz) =
=1+ 13p(a+all —a® —a") +13y5(a* + a® —a? — al? —4) =
=1+ 26372 — T8y = Bi.

From (38), we obtain that

B1+ Bs =2 — 15675 = =z,
Bi — Bs = 52372 = /3y,

(39)

where x and y are integers, moreover, 2 — 3y? = (81 + 85)% — (B1 — B5)? = 4/3155.
From system (38), it follows that 81, 85, 87, and (11 are algebraically conjugate,
therefore, 813587511 = Ng(y,)(B1) = £1 by theorems [8, Theorem 4 from II §2] and
[2, Theorem 3.13]. But 8; and f35 are real numbers, then 318537611 = (8185)% = 1
and 6165 = +1.
On the other hand, 2% — 3y? = 4 — 4 - 1565 + 156272 — 52292 = 4 (mod 624).
Hence, we obtain that 3,35 = 1 and z? — 3y? = 4.

Lemma 8.

v =+ = (- UL U2

on
_ B1— Bs _ i(4+2\/§)" — (4 — 2\/§)n

Proof. The pair (4;2) is a solution of the equation 22 — 3y? = 4 which gives the
smallest value of the function z4+/3y on the set of natural solutions of this equation.
By theorem [1, p.341], the set of integer solutions of the equation 22 — 3y = 4 is
as follows:

(4+2V3)"
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Then
x=51+ﬁ5:5(4+2\/§) ;;<4_2\/§) , rae § = +1;
_ BB _ (4+2V3)" — (4—2V3)"
Y V3 21\/3 ‘

It remains to prove that 6 = (—1).
(3] [5]
20 2 yn—2i02iqi _ 20 [ 4n 2i2n—2iqi
v =2 156y = S0 CRnTHRN = o {4 4 Yo

=0 =1

(2]
2—x 1 a2" ) ) o
— - _ - _ 02z2n—213z—1
BT 56 T 78 T8 26; n ;
(2]
_ 52072:271—2131'—1.

=1

1—427

26’)/5 =
We obtain that
1—-62" 1-6B3-1" 1 e
— I 1— 6 T 9QN—1 -1 7 -1 n
3 3 3 < (;Cn?) (=D"+(=1)

is an integer, which means that 1 —§(—1)" =0 (mod 3), and hence 6 = (—1)". O

We finish the proof of the theorem. From Lemma 8, we obtain that
Bi= (-1 (£28)" = (-1)r 2+ VE)" or
b= (-1)" (if) = (=1)"(2—V/3)". Since (2 + \/5)71 = 2—+/3 and taking into
account that x and y in relations (39) are integers, for the generating element u we
can assume that 81 = (2++/3)'2. Then 85 = (2—+/3)'2, = = 7300802, y = 4215120.
From systems (39), (31), (37), we get that
Yo = 81060 = Y12 = —Y6 = —78,
¥5 = —46800 = 9 = —y3 = =711,
Y1 = 93600 = —Y7,
Yo = 93601.
For the element u~!, we obtain 3; = (2 — v/3)'2, s0 85 = (2 + v/3)'2,
x = 7300802,y = —4215120. From systems (39), (31), (37), we get that
72 = —81060 = 712 = —v6 = —7s,
¥5 = —46800 = 79 = —y3 = —11,
71 = 93600 = —v7,
Yo = 93601.

To summarize, we have obtained the following;:
u=eg+ez+e3+eqtestes+eg+ennternt (2+V3) e +ern)+
+(2-V3)"%(es +e7) =
= 93601 + 46800(y(a®) + y(a~?) — y(a*) — y(a™™) — 2y(a®) + 2y (b))+
+81060(y(a) +y(a™") —y(a®) — y(a™?)).



(1]
(2]

(3]

4]

(5]
(6]
(7]

18]
(9]
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ul =eg+esteztestegtestegtenntent (2—V3) (e +enn)+
+(2+V3)(es +er) =
= 93601 + 46800(y(a?) + y(a~?) — y(a*) — y(a™*) — 2y(a®) + 2y(b))—
—81060(y(a) +y(a™") —y(a®) —y(a™?)).
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