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ABSTRACT. The aim of this work is to study the solvability in Sobolev
spaces of boundary value problems for third order differential equations
with a discontinuous sign—variable coefficient at the highest derivative
with respect to the time variable. Since the equation has a discontinuous
leading coefficient, in addition to setting the boundary conditions it
is also necessary to set some conjugation conditions. For the problems
under study, existence and uniqueness theorems are proved for the class
of regular solutions, i.e., for the solutions that have all Sobolev weak
derivatives up to the third order in time variable and up to the second
order in spatial variables.
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1. INTRODUCTION

In this work, we study the solvability of boundary value problems with conjugation
conditions for the differential equation

p(t)Diu+ Au = f(z,1) (%)
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(DF = %, A is the Laplace operator by spacial variables) with a discontinuous
sign—variable coefficient (t).

Differential equations (), in the case when a continuous coefficient ¢(t) does not
turn into zero, can be called quasi-parabolic equations by analogy to quasi-elliptic

ones, since they represent a special case of equations
P(t) D2 a4 Au+ Bu = f(a,t) (++)

with a differential operator ® of first order by spatial variables and order 2p by the
chosen variable ¢, which are parabolic given p = 0.

Boundary value problems for quasi-parabolic equations (xx) for the case of a
continuous sign—variable coefficient are well studied (see works [1]-[5]).

If in the quasi-parabolic equation (xx) the coefficient ¢(t) is continuous but can
turn into zero and vary in sign, then the statements of the boundary value problems
and the conditions of their solvability for such equations can be found in works [6]-
[8]-

Boundary value problems for quasi-parabolic equations () with a discontinuous
coefficient and with conjugation conditions on the line of discontinuity were studied
in articles [9]-[11].

This work can be regarded a sequel of the article [9]. In particular, in this paper,
the solvability is studied of boundary value problems for the equations more general
compared to the ones in [9], and the conjugation conditions on the discontinuity line
of the function ¢(t) along with boundary conditions will differ from the conjugation
conditions and boundary conditions from [9].

Everywhere in the work, we will refer as a regular solution of one equation
or another to a function that has all square summable by a corresponding area
S. L. Sobolev generalized derivatives entering the equation under study [12]-{14].

We should specify that the goal of this work is to prove the existence and
uniqueness of solutions of one problem or another for the equation (x), regular
in areas that do not contain the discontinuity line.

2. STATEMENT OF THE PROBLEMS

Let Q be a bounded domain in the space R™ with a smooth (for simplicity,
infinitely differentiable) boundary T', T is a given positive number, Q1 and Q- are
cylinders Q x (—=7,0) and Q x (0,7T) respectively. Further, let ¢(t), ¥(x,t) and
f(z,t) be given functions, defined when t € [-T,T], x € Q, a = (), 8 = (8i),
1 = 1,6 be given vectors with real coordinates, L be a differential operator whose
action on the given function v(z,t) is defined by the equality

Lv = ¢(t)D}v + Av.

The goal of the work is to define the correctness conditions for the problem of
finding the function u(x,t), representing in the cylinders @1 and @2 the solution of
the equation

Lu= f(z.1) 1)
and such that for this function, the conjugation conditions
ayu(z, —0) + asu(z, +0) + azus(z, —0) + agus(z, +0)+
+asug(z, —0) + agup(z,+0) =0, x €9, (2)
Bru(z, —0) + Bau(x, +0) + Bsui(x, —0) + Baus(z, +0)+
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+Bsuse(x, —0) + Boug(x,+0) =0, x € Q, (3)
the homogenous condition of the first boundary value problem on the lateral bounda-
ries of the cylinders @7 and Q-

u(x,t)|px(_T70) = O7 u(x,t)|px(0’T) = 0, (4)

and also necessary boundary conditions on the bases t = —T and ¢t = T are met.

In the paper [9] that has been mentioned above, the case ¢(t) = sign(—t), o;; = 0,
1=3,6, 5; =0, i=1,4 was studied. In this work, we will consider the case of an
arbitrary alternating function ¢(¢) which has a discontinuity of the first kind given
t = 0, and also the cases of conjugation coefficients a; and 3; distinct from the ones
that have been mentioned above.

In what follows, we will assume that the function () has a representation

(p(t) — { cpl(t) te [_T7 O]a

(pg(t) te (O,T]
and moreover, the function (t) has a finite limit thI—Ii-lo 2(t). We denote by @a(t)
—

the function

tLHEO P2(t),

(52(15){ o

Suppose that the following condition is met:
©1(t) € CH[=T,0)), @2(t) € CY([0,T]), @i(t) >0 when te[-T,0],
©2(t) <0 when t€][0,T]. (5)
We will show the way to define the exact form of conjugation conditions (2)
and (3), necessary for the correctness of the problem. With the help of the given
functions a(t), b(t), c(t), A(t), B(t), and C(t), we will define the operators M; and
MQC
Miv = a(t)ve + b(t)ve + e(t)v,
Myv = A(t)vy + B(t)ve + C(t)v.
Assuming that for the function u(z,t) the inclusions u(z,t) € W3 (Q1), u(z,t) €

W33(Q,) are true, and that it is the solution of equation (1) in the cylinders Q;
and @2, and also that it satisfies the condition (4), consider the equality

/LuMludzdtJr/LuMgudxdt:
Q1 Q2

:/fMludxdt—l—/fMgudxdt. (6)
Q1 Q2

Integrating over parts, it is easy to transform this equality into quadratic form.
The condition that this form should be positive semidefinite (with some additional
conditions) will allow, first, to define the admissible boundary conditions for t = —T
and t = T, and second, to establish in a standard way the uniqueness of regular
solutions of some or another conjugation problems for equations (1). We will provide
two examples.

1. The first example corresponds to the operators M; and My of the simplest
form:

c
Myu = ——u, Myv = ——u, ¢ = const, C = const.
e1(t) wa(t)
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In this case, equality (6) takes the form
/ (Z um7> dzx dt — /
Q =t

Q2
C [
+c [ up(x, —0)u(z, —0) dx + 5 [ ui (z,4+0)dz — C [ ug(x, +0)u(z,+0) dr—
Q Q

(Zu%> dxdt—f/ 2(2,—0) da+

2

—c/utt(x, —TYu(z,—T) das—!—C’/utt(m,T)u(m,T) dz—t—%/uf(aj,—T) dx—
Q

Q Q

c
Q/uf(x,T)dxc/%dwdtJrC’/w‘zé)d:cdt. (7)
Q Q1 Q2

Now, if the function f(x,t) identically equals zero, then the uniqueness of the
solutions will hold if the following conditions are met:
1) ¢<0,C > 0;
21) u(z,=T) =u(z,T) = w(x,-T) = u(z, T) = 0 given z € Q;
1) [ [cutt(x, —0)u(x, —0) — Cuge (2, +0)u(x, +0) — Suf(z, —0)+
Q

+%uf(m,+0)} dx > 0.
Here, condition 2;) defines the boundary values for the function u(z,t) on the lower
and upper bases of the cylinders ()7 and Q2 (generally speaking, these conditions
can be flexible, for example, they can define values of the second derivative by
t given t = —T or (and) t = T). Condition 3;) defines admissible conjugation
conditions (exact statements will be provided below).

2. The second example corresponds to the operators M; and Ms of the following
form:

Miv = vy, Mov = vg, b = const, B = const.

b B
e1(t) P2(t)
In this case, equality (6) takes the form

b 1 &
_b/uftdxdt—kf/ () > ul, d:cdt—B/uftdmdt+
Q 24 et/ I Q

1

<<p21(t > ( > drdt — ——— 2901 Z/ u2 (z,—0) dz+

’LlQ

Q2
B n

2¢2(+0 /ui x,40) derb/utt(:E —0)u(x, —0) dz—
Q

=1 Q

=B [ uy(z, +0)us(z, +0) dx—b/utt x, —T)us(x,—T) de+

/
/

B T) T)d T)dz—
wpe(z, T)ug (z, )x+2s01 ;/u x

_|_
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_L - 2 _ Jue Juy
502 (T ;ﬂ/u“(;ﬂj) dx—bQ/ 0 dmdt+BQ/ PO dx dt. (8)

Again, in the case when f(z,t) = 0, we can define the conditions that provide the
uniqueness of solutions:

1) b< 0, B <0, ¢j(t) >0 with t <0, g5(t) >0 with ¢ > 0;

29) u(z,—T) =u(z,T) = u(x,-T) = uy(x,T) = 0 with x € Q;

n
3.) [ [butt(x, ~0)ur(z, ~0) — Buy (r, +0)ug(, +0) — 5ty > 2 (, ~0)+
QO =1

B n
T 252 (F0) Z; u? (@, +0)} dz > 0.

Condition 25) defines again the boundary data on the lower and upper bases of
the cylinders @1 and Q- (which is also flexible), while condition 35) defines the
necessary conjugation conditions again.

The choice of the operators M; and M, distinct from the one in the examples 1
and 2 can lead to different conditions compared to the ones mentioned above given
t =—T and t = T, and also to different conjugation conditions.

In this paper, we will study some model conjugation problems for equation (1),
and also some strengthenings and generalisations of the obtained results will be
described.

We will now provide exact statements of the studied problems.

Conjugation problem I: find a function u(x,t) that represents in the cylinders
Q1 and Q2 a solution of equation (1), such that for this function the boundary
condition (4), the condition

u(z, =T) =u(z,T) =us(x,—-T) = ug(x, T) =0, z€Q, (9)

and also the following conjugation conditions are satisfied
u(z, —0) = aju(z, +0) + byug(z, —0),

uge (2, +0) = agu(x, +0) + bouy(xz, —0), x € Q. (10)
Conjugation problem II: find a function u(x,t) that represents in the cylinders

Q1 and Q2 a solution of equation (1), such that for this function the conditions (4)
and (9), and also the following conjugation conditions are satisfied

ug(x, —0) = ayu(x, +0) + byug(z, —0),

ug(z, +0) = ague(x, +0) + bouy(z, —0), = € Q. (11)
Conjugation problem III: find a function u(x,t) that represents in the cylinders

Q1 and Q2 the solution of equation (1), such that for this functions the boundary
conditions (4), the conditions

w(z,=T) =u(z,T) = upw(x,-T) = up(z,T) =0, z€Q, (12)

and also the following conjugation conditions are satisfied
u(a:, _0) = alu(a:, +O) + b1Ut(1'7 _O)a
u(z,40) = agu(x, 4+0) + boue(x, —0), €. (13)

Conjugation problem IV: find a function u(x,t) that represents in the cylinders
Q1 and Q2 a solution of equation (1), such that for that function the boundary
conditions (4) and (9), as well as conjugation conditions (18) are satisfied.
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3. UNIQUENESS OF SOLUTIONS

We will now define the exact conditions, which, if satisfied, will provide the
uniqueness of solution of the conjugation problems I-1V.

We should specify that throughout what follows we will refer as a regular solution
of one problem or another for equation (1) to a function u(x,t), belonging to the
spaces W3(Q1) and W32 (Qs).

Theorem 1. Suppose that condition (5) is satisfied, as well as the condition
ag S O, bl S 0, a2b1 — a1b2 2 0. (14)
Then conjugation problem I cannot have more than one regular solution.

Proof. Let f(x,t) = 0 hold in equation (1). First, consider the case asb; # 0. In
equality (7), we put ¢ = —1. We will show that if condition (14) is satisfied, there
exists a positive number C such that the form in the left-hand side of equality (7)
is positive semidefinite.

Conjugation conditions (10) yield the equalities

/ (=i (2, —0)u(, —0) — Cugs (z, +0)u(, +0)} dar =
Q

= /{—u“(as7 —0)[aru(z, +0) 4+ byug (x, —0)]—
Q

—Cu(z, +0)[agu(x, +0) + byuy (2, —0)]} dv =
= /{—bluft(x, —0) — (Cby + a1)ug (z, —0)u(x, —0) — Cagu?(x, +0)} dx.  (15)
Q

If by = 0, then for the required number C' we can take an arbitrary number from the
2

interval (4;%, +oo). Suppose now that by # 0. We put ¢; = Cas, c3 = % + ag.

We will define a quadratic form Fi (&, n):

Fi(&n) = —b1€2 — e — eaé.

This form is positive semidefinite in the case when b; < 0 (which is the case) and
when the following equality holds:

4b1Cl — C% Z 0.

In other words, there exists a number ¢y, such that the following quadratic inequality
holds:

b2c? + (2a1a9bs — 4b1ad)c; + a2al < 0. (16)
Due to the final inequality of condition (14), a corresponding quadratic equation
has real roots z; and z», moreover, z; < z» in the case when asb; —a1by > 0, 21 = 29
in the case when asb; — a1bs = 0, and in this case, the root z; is negative. Assume
that ¢y = 21, C = Z—; The number C is the required positive number for which the
integral (15) has a non-negative value.

Given the mentioned choice for the number C, it follows from equality (7) that
all special derivatives u,, (x,t) are functions identically zero in the cylinders Q; and
Q2. Due to conditions (9), the function u(z,t) also identically equals zero in the
cylinders Q1 and Q5. That means that for conjugation problem I the condition of
uniqueness of regular solution is met.
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Now suppose that asb; = 0 is true. If by # 0, a1 # 0, then we put C = —‘g—;.
Condition (14) means that this number is positive. But then again for conjugation
problem I the condition of uniqueness of regular solution is met.

Finally, if the equalities asb; = 0, a1bs = 0 hold, then conjugation problem I
splits into two independent problems, whose uniqueness of solutions is obvious due
to condition (14).

The theorem is completely proved. ]
Theorem 2. Let condition (5) hold along with the conditions

O (t) >0 when te[-T,0, @5t)>0 when tel0,T]; (17)

as >0, b <0, asb; —aiby <0. (18)

Then conjugation problem II cannot have more than one regular solution.

Proof. Let f(x,t) be a function identically zero in the cylinders @; and @2, and
suppose that the condition asby # 0 is satisfied. In equality (8), we put b = —1. We
will show that if conjugation conditions (11) are satisfied, there exists a negative
number B such that the following inequality holds:

/{—utt(x, —0)us(z, —0) — Buy(z, +0)us(z,+0)} dz > 0. (19)
Q
In the case when by = 0, we can take for the required number B an arbitrary

2
number from the interval (foo, 4521b1). In the case by # 0, we put ¢; = Bas, co =

% + a1. The required number B exists, if there is a negative number ¢; for which
inequality (16) holds. A quadratic equation that corresponds to inequality (17) (due
to condition (17)) also has real roots, moreover, one of the roots (the least one) is
negative. This root z; is the one to define the numbers ¢; and B: ¢; = z1, B = (%

For the obtained number B, inequality (19) holds. Due to this inequality, equali-
ty (8), and conditions (4) and (9) it follows that in the case when f(z,t) = 0, the
function u(x,t) is identically zero in the cylinders @)1 and 3. This implies the
uniqueness of regular solutions of conjugation problem II.

In the case asb; = 0, the uniqueness of solutions is established in an obvious way
(see the final lines of the proof of Theorem 1).

The theorem is completely proved. ([
Theorem 3. Suppose that condition (5) is fulfilled and

O (t) <0 when te[-T,0, @5t)<0 when tel0,T]; (20)

as >0, b <0, ayby>0. (21)

Then conjugation problem IIT cannot have more than one regular solution.

Proof. Suppose that in equation (1) we have f(z,t) = 0. Assume that Mjv =
vy, Mav = Avy, A = const > 0. In this case, taking into account boundary
conditions (12) and conjugation conditions (13), equality (6) takes the form:

1 A
—5/ L (t)u?, da dt — E/goé(t)uft dzx dt+

Q1 Q1

n n
+Z/uiitdxdt+AZ/uiitdxdt+
=1, =10,
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DN | =

* 2

Q Q

/@1(—O)uft(x, —0)dx — 4 / o (+0)uZ, (z, +0) dz+

+ Z /(Aaguii (z,+0) + (Aby — a1)ug, (2, +0)uts, (x, —0) — brug,, (x, —0)) dz = 0.
i=19)
(22)
We will show that if condition (21) is fulfilled, there exists a positive number
A such that the last term of the left-hand side of equality (22) has a non-negative
value.
Consider the quadratic form F(&,7)

F(&,n) = Aax€® + (Aby — a1)én — bin*.

If b = 0, asb; < 0 is true, then we can take as the required number A any number

from the interval (0, —%]. If by # 0, azb; < 0 holds, then the form F(&,n) is
positive semidefinite, if there exists a positive number A for which the following
inequality holds:

b%A2 + (4&2[)1 — 20,1()2)14 + a% <0.

We can take as the required number A any number from the interval (0, 22), where
zo 18 a positive root of the equation

b3z + (dagby — 2a1bs)z + a3 =0

(such root exists due to the conditions of the theorem).

From the mentioned reasonings, it follows that in the case azb; < 0, if the
conditions of the theorem are satisfied and if the number A is chosen as mentioned
above, the functions wu,,(x,t), i = 1,2...n, are identically zero in @; and Q3. But
then the function u(z,t) also identically equals zero in the cylinders Q; and Q-,
and further, the function wu(z,t) is identically zero as well. That means that for
conjugation problem III the condition of uniqueness of regular solution is met.

Now, if asby = 0, then conjugation problem III splits into two independent
problems in the cylinders @ and @2, whose uniqueness of solutions is obvious.

These arguments yield that Theorem 3 is true.

The theorem is completely proved. O

Conjugation problem IV will be studied only for a piecewise constant function
o(t):
_ w1, t€ [_T’O]v
olt) = { @2, te(0,T].

Theorem 4. Let p(t) be a piecewise constant function, and suppose that the
following conditions are satisfied:

v1 >0, 2 <0 (23)
a162 Z 0, b1 S 0, ag Z 0. (24)
Then conjugation problem IV cannot have more than one regular solution.

Proof. First, consider the case a1bs # 0. Let M; and Ms be operators such that
the following holds:

a(t)=a(T+t), a=const>0, b(t)=—a, c(t)=0,
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aar1 (T —1t)

by ’
In equality (6), we put f(x,t) = 0. After simple transformations, using conditions (4),
(9), and (12), we obtain the equality

apr aaip2
5 uttd:vdtJraZ/Tth z,5dxalt T /uftdxdtJr

A(t) =

Q1 Q2
—i—%Z/( - Itdxdt—&—aZ/uiLx— ) dx+
2 =g, =19
T n
+a<p21 / (x,—0) dx —ablTZ ul (2, —0) dz—
Q =g
(1+aT) <
a1 [l -0y, -0 o+ “CEEET S [02 140 -
Q =g
aayp2T

/tht(xa"H)) dr — aab1<p2 /Utt(x,-i-o)ut(x, +0) dx = 0. (25)
2
Q Q

The following inequalities hold:

2by

/utt(x, —0)us(x,—0) dx| <

Q
1/2 1/2
< /uft(x, —0) dx /uf(x, —0) dx <
Q Q
1/2 1/2
< (T/uft(x, —0) dx (Q/ u?, dx dt )
Q 1
/utt(x, +0)u(z, +0) dx| <
Q
1/2 1/2
< /uft(x,—FO) dx /uf(m, +0) dx <
Q Q
1/2 1/2
< T/utt( ,+0) dz (Q/uft dx dt ,
Q 2

Using these inequalities, it is easy to show that (22) yields the inequality

a@lZ/T—Ft xtdxdt+ﬂ2/ ltdxdt+a2/ 0) do+

119
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aay (14 asT) & ) n .
+TZ/UM(JE,+O)d$—ab1TZ/uxit(x, —O) dx < 0.

i=1¢ =1

From this inequality, it follows that the functions u(x, —0), byus(z, —0) and u(x, 40)
are identically zero in . But then conjugation problem IV in the cylinder Q4
represents a problem whose uniqueness of solutions is obvious. Further, we obtain
a problem in the cylinder Qs with zero boundary data, for which the uniqueness of
solutions is true as well. From here, it follows that u(x,t) = 0 everywhere.

In the case a1b; = 0, conjugation problem IV splits right away, hence, the
uniqueness of regular solutions is obvious for it.
The theorem is completely proved. ([

Now, we turn to the proof of the theorems on solvability of conjugation prob-
lems I-1V.
Let A\ be a number from the segment [0, 1]. We put

di(\) = {1 - 2;;’1] , [1 - /\T;aﬂ .
e == 741 iy
q(t,A) = — [t; —tT + 7;] : di\?i)’

g (t,\) = — {t; —tT + 1:} : d1)(\>\) {GZ " W} .

Theorem 5. Suppose that conditions (5) and (14) are fulfilled, along with the
condition a1by # 0. Then for every function f(x,t) from the space Lo(Q), conjuga-
tion problem I has a solution u(x,t) such that u(x,t) € W32 (Q), u(z,t) € Wy (Qz)-

Proof. We denote by fi(z,t) the restriction of the function f(z,t) to the cylinder
@1, and by fo(x,t) the restriction of the function f(z,t) to the cylinder Q2. Let &
be a positive number, A be a number from the interval [0, 1]. Consider the boundary
value problem: find functions w(x,t) and z(z,t), defined in the cylinders Q1 and
Q- respectively, which are the solutions of the equations

—ep1(t)Awgr + 01 (H)wee + Aw =
= fi(x,t) + p11(t, \)Awy (x, —0) 4+ po1 (8, A\)Az(z,4+0), (z,t) € Q1 (26)
—epa(t) Azpy + p2(t) 200 + Az =
fa(z,t) + qu1(t, \) Awge (2, —0) + go1 (8, ) Az(x, +0), (z,t) € Qo, (27)
and such that the following conditions are satisfied:

w(z,t)|px(—1,0) = 0, (28)

w(z, —T) = wy(x,-T) = w(z,—0) =0, =z€Q, (29)
z(z,t)|rx(0,7) = 0, (30)

2(x,T) = z(x,T) = zu(x,+0) =0, =z €. (31)
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We denote by V(Q;), ¢ = 1,2, the linear spaces V(Q;) = {v(z,t) : v(z,t) €
W22’3(Qi),Avttt(x,t) € Ly(Q;)}. We normalize the given spaces with the help of
the norms

2

”U”V(Ql) = H’U||2W223(Ql) + /(A‘/ttt)Qd.Tdt
Qi

It is obvious that the spaces V(Q;) with the above norms are Banach spaces.

We will show that for a fixed € and when the functions f(z,t) and f2(x,t) belong
to the spaces L2(Q1) and Ly(Q2), boundary value problems (26)—(31) for every A
from the segment [0, 1] have a solution {w(z,t), z(z, )}, such that w(x,t) € V(Q1),
z(z,t) € V(Q2).

First of all, note that given A\ = 0, problem (26)-(31) splits into two independent
problems in the cylinders @)1 and Q5 respectively, and their solvability in the spaces
V(Q1) and V(Q2) is obvious.

The functions p11(t, A), p21(t, A), g11(t, A), g21(¢, A) are continuous by A. According
to the theorem on of continuation in a parameter [ , Ch. III, §14], boundary value
problem (26)-(31) has a solution {w(z,t),z(z,t)}, such that w(z,t) € V(Q1),
z(x,t) € V(Q2), if for all possible solutions of this problem, the a priori estimate

lwllv g, + zllvig.) < Ro, (32)

holds with a constant Ry that does not depend on A.
We will show that the required estimate really exists.
We define the function u(z,1t) :

U,(Jf t) _ { w(‘T,t) 7p11(t7 )\)wtt(xy *0) 7p21(ta )\)Z(ZL’, +O)7 (Z,t) € Qla
’ z(x,t) — qu1(t, Nwee(z, —0) — g21(¢, N z(z, +0), (z,t) € Q2.

For this function in the cylinders ()1 and @, the equation
—epi(t) Aupe(z, t) + @i (H)use(z, t) + Aulx, t) = fi(x,t), i=1,2, (33)
is true, and condition (2) is satisfied, and the following conditions are fulfilled:
u(z, —0) = AMayu(z, +0) + byug(z, —0)],
u(z, +0) = Magu(z, +0) + bouy(z, —0)], =€ Q. (34)
Consider sequentially the equalities

/[*5@1(15)Auttt + p1(t)uge + Au]dedth
e1(t)
Q1
+C /[—5<P2(t)Auttt + @2 (t)user + Aul Y dudt =
pa(t)
Q2
fiu / fau
=- dxdt +C dxdt,
/ e1(t) pa(t)
Q1 Q2
Au
[—ep1(t) Augr + @1 () ue + Auj dxdt+
e1(t)
Q1
Au
+C /[—S@Q(t)AUttt + 2 (t)ug + Au]@T(t)da:dt =

Q2
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A A
:/f1 udazdt—i—C/Mdmdt,
e1(2) 2 Pa(t)

in which the number C' is chosen in the same way as in the proof of Theorem I.
Integrating over parts and using conditions (5) and (13), and also applying the
Young’s inequality, it is easy to obtain that for the function w(z,¢) the a priori
estimate

Z/u da:dt+Z/u dxdt+/(Au) dxdt+/(Au) dz dt <

Q2

fidedt+ [ f3dzdt|, (35)
<xo( [ oo |

holds, and its constant K is only defined by the area (2, and also by the functions
p1(t) and @o(2).

With the help of inequality (35), it is easy to obtain the second a priori estimate
for the function u(x,t) :

2 /(Aum)2 da dt + £ /(Aum)2 dx dt + /thtt dx dt + /uftt dz dt
Q1 Q2 Q1 Q2

/ffdzdt+/f§dxdt , (36)
1 Q

whose constant K is only defined by the area 2, and by the functions ¢4 (t) and
p2(1)-

The following inequalities hold:
(t+7)?
T2
(t+T)>
T2

From these equalities, estimates (35) and (36), and also from the elementary
estimates of the traces of the function on the plane ¢ = 0 in terms of derivatives
by the variable ¢, it follows that for the functions w(z,t) and z(z,t) there exist a
priori estimates similar to the estimates (35) and (36), but with constants K and
K, defined by the area ), numbers T, a1, as, b1, by. But then for the functions
w(z,t) and z(z,t) for a fixed ¢ the required estimate is true.

As it was mentioned above, the existence of the estimate (32) means that the
boundary value problem (26) — (31) has a solution {w(z,t),z(z,t)}, such that
w(z,t) € V(Q1),2(z,t) € V(Q2), with every A from the segment [0, 1], including
A=1.

Let {e,,}2°_; be a sequence of positive numbers monotonously tending to zero,
W (z,t) and z,,(x,t) be solutions of the problem (26)—(31) given A = 1 and & = &,5,.
For the function w,,(x,t) generated by these functions, estimate (35) holds, along
with estimate (36), in which e = &,,. Using the reflexive property of a Hilbert space,
it is easy to obtain that there is a function u(z, t), such that for some sequence {m}
of natural numbers, given k — oo, there exist convergences

w(z,t) = u(z,t) — [bruge(z, —0) + aqu(z, +0)]

z(z,t) = u(x,t) — [baust(z, —0) + agu(x, +0)].
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U, (2,8) = u(x,t)  weakly in the space V(Q1),

U, (T,1) = u(x,t)  weakly in the space V(Q2),

Um,, (T, +0) = u(x, +0) weakly in the space La(2),
Uyt (T, —0) = ug(x, —0)  weakly in the space La(),
Emy A, 1t (2,8) = 0 weakly in the space La(Q1),
Emy AU, (2,1) = 0 weakly in the space La(Q2).

From these convergences, it follows that for a limit function u(z, t) in the cylinders
@1 and @2 equation (1) holds, along with boundary conditions (4) and (9), and
also conjugation conditions (10). That fact that the function wu(zx,t) belongs to
the spaces V(Q1) and V(Q2) is obvious. Therefore, the obtained function wu(z, )
represents the required solution of conjugation problem I.

The theorem is proved. O

Now, we turn to studying the solvability of conjugation problem II.
We put

da(X\) = [1 + ATay] <1 — ATb1> + Maybs,
t? T by + /\QT(CLle — albg)
tz T )\(11
pa2(t, A) = — {2T+t+2} LoV
t2 T2 by
) =— | & ey | 22
QIQ( 9 ) |:2 + D) :| dQ()\)’
t2 T2 )\ag + ﬁ(albg — agbl)
tA) == Tt | T .
az2(t,Y) [2 tt 2} da(\)

Theorem 6. Let conditions (5), (17), and (18) hold, along with condition a1by # 0.
Then for every function f(z,t) such that fi(z,t) € Lo(—T,0; WZ(2) N V?/%(Q)),
fa(x,t) € La(0, T; WE(Q) N I/?/%(Q)), conjugation problem II has a solution u(x,t),
such that u(z,t) € Ly(0, T; W2(Q)NW H(Q)), wsee (2, 1) € Lo (0, T; WE(Q) NIV 1(2)).
Proof. Let € be a positive number, A be a number from the segment [0, 1]. Consider

a boundary value problem: find functions w(z,t) and z(x,t), defined in the cylinders
Q1 and Q4 respectively, which are a solution of the equations

eo1(H) A’ wye + o1 () wee + Aw =
= fi(x,t) + pra(t, \) A%wy (z, —0)+
+paa(t, A%z (2, 40), (x,t) € Q1 (37)
epa(t) A2 244 + 0o (t) 20y + Az =
fo(,t) + qra(t, \) A%wy (2, —0) + goa (8, \) A%z (2, +0), (,t) € Qa, (38)
and such that the following conditions hold:

w(w,t)|px(—7,0) = Aw(z, ) |px(—1,0) = 0, (39)
w(z, =T) = wi(z, =T) = we(z,—0) =0, zx€Q, (40)
z(x,t)|rx0,1) = Az(2,t)|rx0,1) = 0, (41)
2(x,T) = z(x,T) = zu(x,40) =0, x €. (42)
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With the help of the functions w(z,t) and z(z,t) we define the function u(zx, t):

)
w(z,t) = { w(z,t) — pra(t, Nwee(z, —0) — paa(t, N2 (w, +0), (7,1) € Q1
’ 2(277 t) — qlg(t, )\)wtt(az, —0) — (]22(t )\)Zt(l', +0), (!L‘7 t) S QQ.

For the function u(z,t) in the cylinders @; and Qs, the equations

s<p1(t)A2uttt(:c,t) + o1(uge(x, t) + Au(z, t) = fr(z,t), (z,t) € Qq, (43)

e (1) A uges (2, 1) + o () uge(w, 1) + Au(z, t) = fo(z,t), (2,1) € Qq, (44)

and also the following conditions hold:

w(z,t)|rx(-1,0) = Au(z, t)|rx(-1,0) = 0, (45)
u(z,t)|rx 0,1y = Au(x,t)|rx0,1) = 0, (46)

ur(z, —0) = Alaru(z, +0) + brug(z, —0)], =z € Q, (47)
ug (2, +0) = Nagu(x, +0) + baug(x, —0)], z € Q. (48)

Given )\ = 0, the boundary value problem (37)—(42) splits into two independent
problems for the functions w(z, t) and z(z, t) in the cylinders @1 and Q) respectively,
and solvability of each of them in the classes of regular solutions is obvious. Further,
it is easy to obtain the estimates in the space Lo of all derivatives belonging to
equations (37) and (38). The required estimates are first established for the function
u(zx,t) with the help of sequential analysis of the equalities

k‘
- / e () A%ugss + 1 (e + A — fi] ()dxdt
Q1
—B/ €<p2 A Ut + @2( )Uttt + Au — fg] 2( ) dx dt = (49)
Q2

in which k£ = 0,1, 2, the number B is a number defined in the proof of Theorem 2,
and further, for the functions w(z,t) and z(z,t). We should specify that during
the first stage, the a priori estimates are established for the function u(z,t) and
thereby for the functions w(z,t) and z(x,t) for a fixed e, and the constants on
the right-hand sides of these estimates are defined by the norms of the functions
fi(z,t) and fo(x,t) in the spaces L2(Q1) and Ly(Q2), and also by the number &
and the functions ¢ (t) and ¢o(t). These estimates allow to apply the theorem on
continuation in a parameter, and to obtain thereby the solvability of the boundary
value problem (37)—(42) in the class of regular solutions for every A from the segment
[0,1]. On the second stage, the estimates uniform by the parameter € are obtained.
Here again we use the equalities (49), but at the same time, we integrate over parts
in the terms with the functions f;(z,t) and fo(x,t).

The obtained estimates, uniform by ¢, along with the reflexivity property of a
Hilbert space allow to organize the process of passage to the limit, choosing first
the sequence {e,, }°_;, that monotonously tends to zero, and further, choosing
a functional subsequence {u,, }7°,, weakly converging in the spaces L2(Q1) and
Ly(Q2) to the solution u(x,t) of conjugation problem II.

The theorem is proved. [
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Note that, actually, to prove the solvability of conjugation problems I and II, it
suffices to obtain suitable a priori estimates of regular solutions of one problem or
another for equation (33) (the transition to the functions w(z,t) and z(x,t) was
necessary only to substantiate the application of continuation in a parameter for a
fixed ¢).

This fact will be used for the proof of solvability of conjugation problems III and
Iv.

Theorem 7. Suppose that conditions (5), (20), and (21) are satisfied, along with the
condition a1bs # 0. Then for every function f(x,t), such that fi(x,t) € La(Q1),

fie(z,t) € L2(Q1), fa(x,t) € La(Q2), fa(z,t) € L2(Q2), f(x,—-T) = f(z,0) =
f(@,T) =0 given x € Q, conjugation problem III has a solution u(zx,t), such that
u(,t) € Loo(=T,0; W5(Q)),  uwme(w,1) € Loo(=T,0; L2(€2)),
u(x,t) € Loo (0, T; W3 (),  we(,t) € Loo(0,T;5 La(€2)).

Proof. For a positive number ¢, consider a problem: find a function u(x,t) such
that in the cylinders Q1 and Qo equation (33) holds for this function, along with
conditions (4), (12), and (13). Let u(z,t) be a regular solution of this problem. We
multiply equation (33) by the function —Auy(z,t) — Augy(x,t) and integrate over
the cylinder Qq, further, we multiply by the function —AAuy(z,t) — AAug(z,t)
(the number A was defined in the proof of Theorem 3) and integrate over the
cylinder Q5. Summing the two obtained results, using the statement of the theorem,
and applying the Young’s inequality, we obtain that there exists an a priori estimate

€ /(Aum)2 drdt+¢ /(Aum)2 dx dt + Z / U2y do dt+
Q1 Q2 =1

+Z/uiim daz:clt—i—/(Aut)2 dxdt+/(Aut)2 dx dt <

=10, Q1 Q2
< Ks /ffdxdt+/f§dxdt ,
1 Q2

in which the constant K3 is defined by the numbers a1, as, b1, ba, T, and €. With
the help of this estimate, transition to the functions w(z,t) and z(x,t), and also
the continuation in a parameter, it is easy to obtain that, given a fixed ¢, boundary
value problem (33), (4), (12), (13) has a regular solution. Further, for the family of
solutions of this problem, the second a priori estimate is true

g2 /(Aum)2 dx dt + €2 /(Aum)2 dx dt + /u?tt dx dt + /uftt dx dt+
Q1 Q2 Q1 Q2

+/(Aut)2 dxdt+/(Aut)2dxdt < K4 /(ff + f2) da dt+/(f22 + f2)dxdt |,
Q1 Q2 1 Q2

(50)

in which the constant K is only defined by the numbers aj, as, b1, and by (to

prove this estimate it suffices to multiply equation (33) by the function —eAuzyy +

uge — Auyy, integrate over cylinder @1, further, to multiply equation (33) by the
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function A(—eAug +u — Auy ), integrate over cylinder Q9; applying additionally
the formula for integrating over parts in the terms corresponding to the functions
fi(z,t) and fa(z,t), and having summed the two obtained equalities, after applying
the statements of the theorem, we will obtain the required estimate (50)). From this
estimate and the reflexivity property of a Hilbert space, it follows that after choosing
the sequence {e,,,}5°_,, tending to zero, and transition to the weakly converging
functional sequence {u.,, }72; in the limit we will obtain the solution of conjugation
problem III.
The theorem is proved.
d

Theorem 8. Let p(t) be a piecewise constant function, and suppose that conditi-
n (23) is fulfilled, along with the conditions a1by > 0, by < 0, as > 0. Then for
every function f(x,t) such that

fi(a,t) € La(=T,0;W 5(R)),  fala,t) € La(0, T; W 5(2)),
conjugation problem IV has a solution u(zx,t), such that
u(:v,t) € W23(Q1)7 ’U,(I,Cﬂf) € W23(Q2)

Proof. For a positive number ¢, consider a problem: find a function u(x,t) such
that in the cylinders Q1 and Qa, equation (33) holds for this function, along with
conditions (4), (9), and (13). Let u(z,t) be a regular solution of this problem. We
multiply sequentially equation (33) first by the functions

(T + t)uge (x,t) —ug(x,t), (T4 t)Auy(x,t) — Aug(a, t),

and wug(x, t), later by the functions

‘bL; (T — t)uge (2, t) + ug (2, 1)], % (T — £) Ay (2, ) — Aug(z, 1],
and —uyy(x,t). Integrating the first three equalities over the cylinder @1, the next
three over the cylinder Q)2 further, pairwise summing, using the integral inequalities
from the proof of Theorem 4 and the Young’s inequality, it is easy to show that for
a fixed ¢ and when the functions f;(z,¢) belong to the spaces L2(Q;), i = 1,2, there
exists a regular solution u®(x,t) of boundary value problem (33), (4), (9), (13).
Further, additionally integrating over parts by spacial variables in the integrals of
the functions [(T — t)Auf,(x,t) — Aus(z,t)] f1(z,t) and
aq
ba

and again applying the Young’s inequality, it is easy to obtain the a priori estimate
uniform by e&:

(T + D) Augy (z, 8) + Aug (2, 1)] fo(x, 1)

g /(Au;t)2 dx dt + /(Auftt)2 dx dt —|—/ [(ufy)? + (Au®)?] dz dt+
1 Q2 Ql

+/ [(uf)? + (Au®)?] dadt < K /<f12+2f12xi> da dt+
=1

QZ 1
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+/ 34> 13, | dudt
Q2 =1

This estimate and the procedure of choosing the converging subsequence described
in the proof of Theorem 5 provide the possibility to obtain the required solution of
conjugation problem IV.

The theorem is proved. (I

4. CONCLUSION

The equations studied in the work have a model form. Obviously, the results
similar to the ones provided above can be also obtained for more general equations,
for example, the Laplace operator can be substituted by a general elliptic operator
of second order with all lowest coefficients.

The condition a;b2 # 0 in the existence theorems means that the cases of splitting
problems are not considered. The existence of regular solutions of splitting problems
is obvious.
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