S@©MR ISSN 1813-3304

CUBNPCKHNE SJIEKTPOHHDBIE
MATEMATUYECKHUE U3BECTUA

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Tom 18, Ne1, cmp. 423432 (2021) VIIK 517.54
DOI 10.33048/semi.2021.18.029 MSC 30CX65

A VERSION OF SCHWARZ’S LEMMA FOR MAPPINGS WITH
WEIGHTED BOUNDED DISTORTION

M.V. TRYAMKIN

ABsTRACT. We consider the class of mappings generalizing qusiregular
mappings. Every mapping from this class is defined in a domain of
Euclidean n-space and possesses the following properties: it is open,
continuous, and discrete, it belongs locally to the Sobolev class qu, it has
finite distortion and nonnegative Jacobian, and its function of weighted
(p, q)-distortion is integrable to a certian power depending on p and g,
where n — 1 < ¢ < p < co. We obtain an analog of Schwarz’s lemma
for such mappings provided that p > n. The technique used is based
on the spherical symmetrization procedure and the notion of Groétzsch
condenser.

Keywords: capacitary estimates, Grotzsch condenser, mappings with
weighted bounded distortion, Schwarz’s lemma, spherical symmetrization.

1. INTRODUCTION

The maximum modulus principle known from the theory of functions of a complex
variable has a number of consequences, one of which is the following.

Schwarz’s lemma ([1, 3.5.5]). Let D be the disk {z € C: |z| < 1}. If f: D —> D
is a holomorphic function such that f(0) =0, then

(a) [£(2)] < || for all = € D;

(b) [£(0)] < 1.
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Schwarz’s lemma implies that, under a conformal mapping of the disk |z| < 1
onto the disk |w| < 1 leaving the origin fixed, the image of every circle |z| = ¢ lies
inside the disk |w| < t.

For quasiconformal mappings in space, similar estimates were obtained by Soviet
mathematician B. V. Sabat [2] and Japanese mathematician K. Tkoma [3]. To write
them out introduce some notation. Given xg € R™ and ¢ > 0, we let B"(xq,t) =
{z € R": |[x — x¢| < t}, B"(t) = B"(0,t), B™ = B™(1); a closed ball will be
denoted by putting a bar over B. Recall that a homeomorphism f: D — D’ of
domains D and D’ in R", n > 2, is called K-quasiconformal, K € [1,00), if the
two-sided modulus estimate (the reader may consult [4, Ch. 4] for more information
pertaining the modulus)

1

e mod,, I' < mod,, f(T') < Kmod, T
holds for every family T" of curves lying in the domain D. A relation analogous
to item (a) of Schwarz’s lemma was deduced in [2]: if f: B> — B? is a K-
quasiconformal mapping with the property f(0) =0, then for 0 < |z| < 1

o ()] < () < o ()]

where the function U3 is defined by the equality mods R¥,(a) = In ¥3(a). Here the
symbol R%(a) means the Grétzsch ring corresponding to a, i.e., the ring domain
whose complementary components are the closed ball B’ and the ray {(z1,0,0) €
R3: 1 > a}, where a > 1. The quantity mods R, (a) is computed by the formula

. 4
d3 Re(a) = | ———
mods RG(Q) m0d3 I—\R?é(a) )

in which " R2,(a) denotes the family of all curves joining the complementary components
of the Grotzsch ring.

An inequality in the spirit of item (b) of Schwarz’s lemma was derived in [3]: if
f: B® = B3 is a K-quasiconformal mapping with the property f(0) = 0, then

Lo @)

1 .
2—0 |z|/VE T

(1)

For mappings with bounded distortion in the sense of Yu.G. Reshetnyak [5],
a version of Schwarz’s lemma is due to S. Rickman [6, Ch. III, Theorem 1.10]: if
f: B™ — B"™ is a mapping with bounded distortion and f(0) = 0, then for every
e B”

()] < vy ' (K (fva(|2))),
where v, ! is the inverse of the function v,: [0,1) — R defined by the equality
vn(t) = cap,, Eg(t), in which the symbol F¢(t) indicates to the ring condenser
(B™,{(x1,0,...,0) € R": 0 < z1 < t}) called the Grétzsch condenser corresponding
to t; the number K (f) is the inner dilatation of the mapping f.

Mappings with bounded distortion have a multitude of generalizations, for some
of which there exist statements akin to Schwarz’s lemma — for instance, Ukrainian
mathematician E. A. Sevost’yanov [7, Theorem 2.9.1] proved a relation similar to
inequality (1) for open discrete ring mappings.



A VERSION OF SCHWARZ’S LEMMA 425

The purpose of this paper is to establish an analog of Schwarz’s lemma for the
class of mappings with weighted bounded (p, ¢)-distortion that was introduced by
S. K. Vodop’yanov [12]. This class serves as a natural generalization of the class of
mappings with bounded distortion in the sense of Yu.G. Reshetnyak; it was to a
certain extent studied by the author in the papers [8], [9], [10], [11], where modulus
estimates were found, some results about asymptotic values were produced, and
the boundary correspondence problem was considered.

Definition 1. Let n > 2, and let 6,0: R" — [0, 0] be locally summable functions
(called weight functions) such that 0 < § < 0o and 0 < § < oo almost everywhere.
A mapping f: D — R™ of a domain D C R" is said to be a mapping with (9,@)-
weighted bounded (p, q)-distortion, n — 1 < ¢ < p < 0o, provided that

1) f is continuous, open, and discrete;

2) f belongs to the Sobolev class W, .(D;R™);

3) the determinant J(z, f) of the matrix D f(z) of the partial derivatives of the
mapping f is nonnegative for almost all z € D;

4) the mapping f has finite distortion, i.e., for almost all z € D, the equality
J(z, f) = 0 implies that Df(x) = 0;

5) the function of (0, 0)-weighted (p, ¢)-distortion

D3 x Kib(x, f) = /PG @)I N it J@f)#0,
’ 0 if J(z,f)=0,

belongs to the class L,.(D), where x is given by the condition + = % — % (for p = q,
we set » = 00).

Denote the quantity ||IC§;§(-, Nlz..co) by Kg;g(f; D). Henceforth, 6 = 1.

2. RESULTS

Statements generalizing item (a) and item (b) of Schwarz’s lemma for mappings
from Definition 1 are contained in Theorem 3 and Theorem 4. To discuss these
theorems, we require some preliminaries.

Let H* stand for the k-dimensional Hausdorff measure in R™. Set (2,, = H"(B"),
o, = H"1(OB"). Given points z € R" and y € R", we employ [z, ] to designate
the line segment joining them.

Definition 2. Assume that D is a nonempty subset of R”, and Fy, F; are nonempty
subsets of D. Let D be open in R”, and let Fy and F; be closed in D. The triple
E = (Fy, F1; D) will be referred to as a condenser. Let 1 < p < co. The w-weighted
p-capacity of the condenser F is the number

cap, E = inf/ |Vu(z)Pw(x) dz,
D

the infimum being taken over all functions u € C(D) N W (D) N L, (D,w) such!
that u > 1 (respectively, v < 0) in some neighborhood of the set Fy (respectively,

N locally summable function w: D — R belongs to the space L;(D,w) provided that it has
the generalized gradient Vu such that [, [Vu(z)[Pw(z)de < co. For w = 1, we use the symbol
L1(D) istead of L} (D,1).
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Fy). Here the weight function w: R™ — [0, 00| is locally summable and 0 < w < oo
almost everywhere.

If an open set A contains a compact set C, then the condenser (04, C; A) is
denoted simply by (A, C).

If w = 1, then, in the definition of capacity, the infimum is taken over the
functions of a wider class, namely C(D) N L,(D). We write cap, E in place of
capy, E.

Theorem 1 ([12]|). Let D be a domain in R™. Suppose that f: D — R™ is a

mapping with (0,1)-weighted bounded (p, q)-distortion, n —1 < ¢ < p < oo, and
n—1

the weight function w = 0~ a==1 4s locally summable. Set s = p/(p — (n — 1)),

r=q/(¢g— (n—=1)). If E = (A,C) is a condenser, where A €@ D and the set C C A

is compact?, then

(cap, f(E))'/* < Kgyp(f: D)~ (capy E)'V".

The proof of Theorem 3 makes use of a special geometric transformation that
gives the condenser a symmetry of a certain kind while changing its capacity
monotonically. This transformation goes back to Gehring’s works (see, for example,
[13]).

Definition 3. Let a set A C R™ be open or closed. Its spherical symmetrization
with respect to the ray {(—¢,0,...,0) € R™: ¢ > 0} is called the set Sym A that is
defined as follows:

1) Sym AN oB"(t) = 0B"(t) if and only if 9B™(t) C A;

2) Sym AN 9B™(t) = @ if and only if 0B™(t) N A = &;

3) if A is open (closed) and @ # AN IB™(t) # OB™(t), then Sym A N IB™(t)
is an open (closed) spherical cap in 0B™(t) centered at (—t,0,...,0) satisfying the
property H"1(Sym ANdB"™(t)) = H" (AN IB"(t)).

Under the spherical symmetrization of a condenser E = (A, C) is understood
the condenser Sym E = (Sym A, Sym C').

Theorem 2 ([14]). Let E be a condenser and p > 1. The spherical symmetrization
procedure does not increase the p-capacity of E:

cap, E> cap,, Sym E.
Let e; denote the vector (1,0,...,0) € R™, and let 0 < ¢ < 1. The condenser

Ec(t) = (B™,]0,te1]) is called the Grdtzsch condenser corresponding to t. We write

v () = caps Ea(t), vp(t) = cap, Eg(t).

It is known that the quantity v,(-) strictly increases (see [6, Ch. III, Lemma
1.2]). Our next task is to demonstrate that this property is preserved in some other
cases.

Lemma 1. For 1 < s < n, the function vs: [0,1) — R is strictly increasing.
Proof. Let 0 < t; <ty < 1. Consider the three condensers:

Ey = (B"(ty/t1), [0, t2e1]), Ey = (B™,[0,t2e1]), E3 = (B™(t2/t1),B").
It is readily seen that the following inclusions hold:

[0,t261] C B" C En C Bn(tg/tl)

2The notation A € D means that the closure A is compact and A C D.
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In light of Theorem 2.6 in [15], these inclusions lead to

1

1 1 1—s
cap, By < ((caps E5)T=+ 4 (cap, E3) 1*5) ’
whence
(2) (Caps El)ﬁ = Vs(t2)i + (Caps Eg)i .

Define the transformation ¢: R™ — R™ by setting p(z) = (¢1/t2)x for every
x € R™. Then ¢(E,) = (B",[0,1e1]). Invoking the well-known result about the
behaviour of the modulus under similarity transformations (see Theorem 4.2.18 in
[4]?), we obtain that

t n—s
vs(t1) = cap, p(E1) = (t;) cap, F1.

Consequently, (2) takes the form

ta\ T 1 1 1

(;) Vs(t1) ™ = vg(t2) T + (cap, E3)T= .

1

Remind the reader that the inequalities 0 < t; < t3 < 1 and 1 < s < n hold. Hence,
1 1 1
Vs(t1) T > v,(t2) T+ + (cap, E3) T,

and therefore us(tl)ﬁ > us(tg)ﬁ. Since s > 1, we conclude that vs(t1) < vs(t2),

which is what we sought to prove. O

The next result serves as an analog of item (a) of Schwarz’s lemma for mappings
described in Definition 1.
Theorem 3. Let f: B® — B"™ be a mapping with (0,1)-weighted bounded (p, q)-

distortion, n—1 < q < p < 00, the weight function w = 6~ PO locally summable,
and f(0) = 0. Then for p > n

@) < vt (KEL BT D ()

where s = p/(p — (n — 1)), 7 = 4/ (g — (n — 1).
Proof. Fix an arbitrary point x € B™. Consider the condenser E = (B",[0, z]).
Because the mapping f is continuous and f(0) = 0, the set f([0,z]) is a curve

joining 0 and f(z). Performing the symmetrization procedure for the condenser
f(E) (see Definition 3), we discover that

[=[f(x)[e1, 0]  Sym ([0, z]).
Since f transforms the ball B™ into itself, it certainly follows that Sym f(B™) C B™.
Now apply to the capacities of the condensers Sym f(E) and (B", [—|f(x)|e1,0]) the
monotonicity property, and apply Theorem 2 to the condensers f(FE) and Sym f(E):
cap, f(E) = cap, Sym f(E) = vs(|f(2)]).
Estimating the quantity cap, f(FE) by Theorem 1, we arrive at

vol|f(@)]) < K (f: BT (cap B)" = K3 (f: BT (Ja])/”

5To be precise, Theorem 4.2.18 in [4] says about how the modulus of a curve family changes
under a similarity transformation. However, the capacity of a condenser behaves in the same way
because of the known result which states that the modulus of a curve family agrees with the
capacity of the corresponding condenser.
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The condition p > n implies s < n. It remains to make use of the fact that by
Lemma 1 the function v4(+) strictly increases and therefore the inverse v !(-) exists
and also strictly increases. O

Remark 1. Theorem 3 tells us nothing about the case n — 1 < ¢ < p < n. The
reason is that we can ensure the strict monotonicity of the function v, only for
s < n: it is not hard to see where the proof of Lemma 1 “breaks down” if s > n.

We will preface the discussion of a theorem analogous to item (b) of Schwarz’s
lemma with necessary information. The fact that is the content of Lemma 2 can
be found in [7]. It is not singled out there as a separate statement: it appears as
part of the reasoning in the proof of some lemma. For convenience, we formulate
this fact and prove it appealing to Proposition 1 and Proposition 2 (it is these
statements that the author of the monograph [7] is referred to when justifying
the fact). Although Proposition 2 is a known topological result, we expound on it
because we could not find its proof in the literature.

Lemma 2. Let f: B — B"™ be a continuous open mapping and f(0) = 0. Then
for every t € (0,1)

(3) B (my(t)) < f(B"(t)),
where my(t) = min{|f(z)|: |z| = t}.

Proof. Assume the contrary and suppose that for some ¢ € (0, 1) there exists y €
B™(mg(t)) \ f(B"(t)). Since 0 € B™(my(t)) N f(B™(t)), we infer that

B (my(t)) 0 f(B"(t)) # @ # B"(my(t)) \ f(B"(t)).

According to Proposition 1 there exists y' € B™(m¢(t)) N 9f(B™(¢t)). Then in view
of Proposition 2 there exists a point 2’ € B™(¢) such that y' = f(z'). As a result
we have: |f(z')| < min{|f(x)|: |z| = t}, where |2’| = t. This is a contradiction, so
the proof is complete. [l

Proposition 1 ([16, Ch. 5, § 46, I, Theorem 1]|). Let A and C be subsets of a
topological space X. If the set C is connected and C N A # @& # C \ A, then
CNoA+# o.

Proposition 2. Let D be a domain in R™. If f: D — R™ is a continuous open
mapping, then df(A) C f(OA) whenever A € D.

Proof. Fix arbitrarily y € 9f(A). Then there exists a sequence (xy) C A such
that f(zrp) — y as k — oo. Since A € D, there exist a subsequence (z,) and
a point x € A such that zy, — = as | — oo. By virtue of the continuity of f
we have: f(z,) — f(z) as | — oo. But f(xx) — y as k — oo, which implies
that f(z) = y. We will be finished with the proof if we establish that € JA.
Because A = int A U QA, either € int A or € OA. Assume that z € int A.
Then y = f(x) € f(int A). But f is open, and so f(int A) C int f(A). Therefore,
y € int f(A), which contradicts the inclusion y € 9f(A). Thus, x € A, whence
y = () € F(0A). O

The next result is the key ingredient in the proof of Theorem 4.
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Proposition 3 ([17, 2.2.3]). Let a compact set C' be contained in an open set
A C R"™ and let p > 1. The capacity of the condenser (A,C) can be estimated as
follows:

p—n 1

p—1 p—n
’H”09563777ﬂ%0y$:ﬁ

n 1-n
n" lo, (ln Z%ég) forp=n.

P
n

On

—-p
forp #n,

p—n
p—1

cap,(4,0) >

We will also need one more statement.

Lemma 3. Let tg > 0. Suppose that we are given mappings f: B™(tg) — R™ and
®: (0,t9) — (0,00). If the mapping f is continuous, then

lim |F (=)l = lim my (1)

w0 O(|z]) 5o (1)
where my(t) = min{|f(z)|: |z| = t}.

Proof. We must establish the equality
f@ . me(h)

I i = lim inf L
B0 aeBr(e\(0) B(|z])  cm00Li<e B(t)

To this end, fix arbitrarily € > 0 and show that

e W@
zeB(e)\{0} D(|z])

)

where
_ g @)
4) I= .t 30
It suffices to check the two assertions:
(i) for every point x € B"(¢) \ {0}
@,
O(|[)
(ii) for each § > 0 there exists a point zs € B"(¢) \ {0} such that
|f (xs)
<I+0.
D(|s)

Let us first verify assertion (i). Take any 2 € B"(¢) \ {0}. Denote ¢t = |z|. Then
[f@)| o min{|f(x)]: |z =t} _ ms(0)
O () o(t) o(t)

We now proceed to verify assertion (ii). Fix arbitrarily 6 > 0. Relation (4) means
that there exists t5 € (0,¢) satisfying the inequality

> 1.

my(ts)
®(t5)

In view of the continuity of the mapping f, the minimum in the definition of m(¢5)
is attained for some s, i.e., ms(ts) = |f(xs)|, where |zs| = t5. Hence,

@)l _mplts) _ s

O(lzsl)  @(ts)

<1+
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We are now in a position to discuss a statement resembling item (b) of Schwarz’s
lemma for mappings described in Definition 1.

Theorem 4. Let f: B® — B" be a mapping with (0,1)-weighted bounded (p, q)-
distortion, n—1 < q < p < 00, the weight function w = 0~ TG locally summable,
and f(0) =0. Set s =p/(p— (n—1)), r =q/(q — (n—1)). Denote by C¥(t) the
capacity cap? E(t) of the spherical condenser E(t) = (B",B"(t)), 0 <t < 1. Then
forp=n

. |f(=)]
lim <1,
a—0 ®1(]z])
where
1 n
H™(f(B™))= on ' Cy(t)70=m
(Pl(t): (f(; )) exp | — v 71 ()n - :
Qn Kqp(f; B")
forp>n
lim |f(z)] <1,
a—0 Pa2(|z])
where

s—1
s
s s—n

1 n—s 0;[(571)0;" t)ra—9 n Py 5=
@(t) = — |8 GO gyt
Qi L (s=1)Kgp(f; B") =1

Proof. The measures of the sets involved in (3) are related by the inequality 2, m(t) <
H™(f(B"(t))), whence

5 my) < I ODT
of

We are going to treat the two cases.
CASE p = n. Here s = n. Estimating the capacity cap, f(F) with the aid of
Proposition 3, and applying Theorem 1, one deduces that

(1 2B ) o Ky By
H™(f(B (1)) n"~loy, n"=to,

Therefore,

Ce(t)¥.

cap, f(E)

=4

H(f(B" (1)) < H'(F(B" (1) < H"(f(B")) exp |1 G (1) |

where

-1
n"~to,

1
- [t

ie, H"(f(B™(t))) < Q,P7(t). Appealing to inequality (5) and Lemma 3, we
conclude that

3=
—_

@] _ o met) o HBR)
(e w0 S qf  ®a0)
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CASE p > n. Here s < n. As in the preceding case, we make use of Proposition
3 and Theorem 1:

s—n

(@ )7 (B <

1-s _ 1\s—1g0,1( f. pnys(n—1)

_s — s— 1)K i B

<ann(” ) cap, f(B) < BT KanU BT
s—1 oy (n — s)s—1

3w

Consequently,

n(s—1)

s—n

WS (0) < H'(T(B" (1) < [KaC2 ()T + M () n | T

where

_1
o [0 gy ]
i (n—s)s~1
ie, H*(f(B™(t))) < Q,P5(t). It remains to apply inequality (5) and Lemma 3 in

the same way as in the case p = n. O

Remark 2. The proof of Theorem 4 heavily relies on the possibility to deliver
an upper bound for the measure H"(f(B"(t))) of the image of the ball B"(t)
in terms of the capacity C¥(t) of the spherical condenser (B™ B (t)). The case
n—1< ¢ < p <n was left untouched because for p < n Proposition 3 gives a lower

bound for H"™(f(B™(t))).

Remark 3. The generality of the class of mappings described in Definition 1 makes
it difficult to apply Theorem 3 and Theorem 4 in practice. To be more specific, the
obstacle is that we usually do not know explicit expressions for the capacity v (t)
of the Grotzsch condenser (B™, [0, te;]) and for the capacity C¥(¢) of the spherical
condenser (B™,B"(t)), unless the weight w is identically equal to one. There are
no problems when the weight is, for example, a power function. According to item
2.22 of the monograph [15], for the weight w(x) = |z|*, where A > —n, the capacity
C¥(t) is computed as follows:

r—n—2X

1—r
c(n,r,)\)(l—t 1 ) forr—n—X#0,

on (ln%)l_n forr—n—X=0.

Cr(t) =

For instance, if we deal with a mapping f with (||%,1)-weighted bounded (n,n)-
distortion, when o # 0 and a < n/(n — 1), then Theorem 4 yields

H™(f(B")* _ g UFcn,aﬁ
@ () = LU é )" s, Kmayf(f ;)

If f is a usual mapping with bounded distortion, i.e., p =¢ =n and § = 1, then

1

where K| =

o, (1) = UBD i rmmye
Qn
In particular, when f: B®™ — B™ is a K-quasiconformal mapping leaving the origin
fixed, we have:

f(B")=B", K=K (fB")""Y,

_1
whence @, (t) = t'/5"" which for n = 3 leads to (1).
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