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ÎÁ ÝÊÑÒÐÅÌÀËÜÍÛÕ Q-ÏÎËÈÍÎÌÈÀËÜÍÛÕ

ÄÈÑÒÀÍÖÈÎÍÍÎ ÐÅÃÓËßÐÍÛÕ ÃÐÀÔÀÕ

È.Í. Áåëîóñîâ

Abstract. Let Γ be a distance-regular Q-polynomial graph of diameter
3 with strongly regular graphs Γ2 and Γ3. Then Γ has intersection array
{t(c2 + 1) + a3, tc2, a3 + 1; 1, c2, t(c2 + 1)} where either a3 = 0, t = 1 and
Γ is Taylor graph or (c2 + 1) = a3(a3 + 1)/(t2− a3− 1). We say that Γ �
graph of type (I) if c2 + 1 divides a3, graph of type (II) if c2 + 1 divides
a3 + 1, graph of type (III) if c2 + 1 does not divide a3 and a3 + 1.

In this paper we investigate Q-polynomial extremal graphs from this
classes: graphs with maximal possible c2.

Keywords: distance-regular graph,Q-polynomial graph, triple intersection
numbers.

Ìû ðàññìàòðèâàåì íåîðèåíòèðîâàííûå ãðàôû áåç ïåòåëü è êðàòíûõ ðåáåð.
Äëÿ âåðøèíû a ãðàôà Γ ÷åðåç Γi(a) îáîçíà÷èì i-îêðåñòíîñòü âåðøèíû a, òî
åñòü, ïîäãðàô, èíäóöèðîâàííûé Γ íà ìíîæåñòâå âñåõ âåðøèí, íàõîäÿùèõñÿ íà
ðàññòîÿíèè i îò a. Ïîëîæèì [a] = Γ1(a), a⊥ = {a} ∪ [a].

Ïóñòü Γ � ãðàô äèàìåòðà d, i ∈ {1, 2, 3, ..., d}. Ãðàô Γi èìååò òî æå ñàìîå
ìíîæåñòâî âåðøèí, è âåðøèíû u,w ñìåæíû â Γi, åñëè dΓ(u,w) = i.

Åñëè âåðøèíû u,w íàõîäÿòñÿ íà ðàññòîÿíèè i â Γ, òî ÷åðåç bi(u,w) (÷å-
ðåç ci(u,w)) îáîçíà÷èì ÷èñëî âåðøèí â ïåðåñå÷åíèè Γi+1(u) (Γi−1(u)) ñ [w].
Ãðàô Γ äèàìåòðà d íàçûâàåòñÿ äèñòàíöèîííî ðåãóëÿðíûì ñ ìàññèâîì ïåðå-
ñå÷åíèé {b0, b1, . . . , bd−1; c1, . . . , cd}, åñëè çíà÷åíèÿ bi(u,w) è ci(u,w) íå çàâèñÿò
îò âûáîðà âåðøèí u,w íà ðàññòîÿíèè i â Γ äëÿ ëþáîãî i = 0, ..., d. Ïîëîæèì
ai = k − bi − ci. Çàìåòèì, ÷òî äëÿ äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà b0 � ýòî
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ñòåïåíü ãðàôà, a1 � ýòî ñòåïåíü îêðåñòíîñòè âåðøèíû. Äàëåå, ÷åðåç plij(x, y)
îáîçíà÷èì ÷èñëî âåðøèí â ïîäãðàôå Γi(x)∩Γj(y) äëÿ âåðøèí x, y, íàõîäÿùèõñÿ
íà ðàññòîÿíèè l â ãðàôå Γ. Â äèñòàíöèîííî ðåãóëÿðíîì ãðàôå ÷èñëà plij(x, y)

íå çàâèñÿò îò âûáîðà âåðøèí x, y, îáîçíà÷àþòñÿ plij è íàçûâàþòñÿ ÷èñëàìè
ïåðåñå÷åíèé ãðàôà Γ [1].

Ïóñòü äëÿ äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà Γ äèàìåòðà 3 ãðàôû Γ2 è Γ3

ñèëüíî ðåãóëÿðíû. Òàêèå ãðàôû èçó÷àëèñü â [2].
Ïóñòü Γ ÿâëÿåòñÿ ïðèìèòèâíûì äèñòàíöèîííî ðåãóëÿðíûì ãðàôîì äèàìåò-

ðà 3. Åñëè ãðàôû Γ2 è Γ3 ñèëüíî ðåãóëÿðíû, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé
{t(c2 + 1) + a3, tc2, a3 + 1; 1, c2, t(c2 + 1)}, a2 = (t − 1)(c2 + 1), a1 = a3 + t − 1,
k2 = kt, k3 = k(a3 + 1)/(c2 + 1), p1

33 = a3(a3 + 1)/(c2 + 1) = µ(Γ3) è ãðàô Γ̄3

ÿâëÿåòñÿ ïñåâäîãåîìåòðè÷åñêèì äëÿ pGt(c2+1)(t(c2 + 1) + a3, t).
Ïîëîæèì a = a3. Ñêàæåì, ÷òî Γ � ãðàô òèïà (I), åñëè c2 + 1 äåëèò a, �

ãðàô òèïà (II), åñëè c2 + 1 äåëèò a+ 1, � ãðàô òèïà (III), åñëè c2 + 1 íå äåëèò
a è íå äåëèò a+ 1.

Â [3] ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.
Äèñòàíöèîííî ðåãóëÿðíûé ãðàô Γ ñ ìàññèâîì ïåðåñå÷åíèé {t(c2 + 1) +a, tc2,

a+ 1; 1, c2, t(c2 + 1)} ÿâëÿåòñÿ Q-ïîëèíîìèàëüíûì òîãäà è òîëüêî òîãäà, êîãäà
(t2 − a− 1)c2 = (a2 − t2 + 2a+ 1) è ëèáî a = 0, t = 1 è Γ � ãðàô Òýéëîðà, ëèáî
(c2 + 1) = a(a+ 1)/(t2 − a− 1).

Îòñþäà äëÿ ïðèìèòèâíîãî Q-ïîëèíîìèàëüíîãî äèñòàíöèîííî ðåãóëÿðíîãî
ãðàôà Γ ñ ìàññèâîì ïåðåñå÷åíèé {t(c2 + 1) + a, tc2, a+ 1; 1, c2, t(c2 + 1)} âûïîë-
íÿåòñÿ îäíî èç ñëåäóþùèõ óòâåðæäåíèé (òåîðåìà 1 èç [3]):

(1) Γ � ãðàô òèïà (I), a = w(c2 + 1) è t2 = wc2(w + 1) + (w + 1)2, ëèáî
(i) w + 1 = s2, t2 = s2((s2 − 1)c2 + s2), (s2 − 1)c2 + s2 ÿâëÿåòñÿ êâàäðàòîì

íåêîòîðîãî öåëîãî ÷èñëà u, c2 = (u2 − s2)/(s2 − 1), t = su, a = u2 − 1 è Γ èìååò
ìàññèâ ïåðåñå÷åíèé{

(s2 + su− 1)(u2 − 1)

s2 − 1
,

(u2 − s2)su

s2 − 1
, u2; 1,

u2 − s2

s2 − 1
,
su3 − su
s2 − 1

}
,

ëèáî
(ii) c2 = s(w + 1), t2 = (w + 1)2(ws + 1), ws + 1 ÿâëÿåòñÿ êâàäðàòîì

íåêîòîðîãî öåëîãî ÷èñëà u, c2 = (w+1)(u2−1)/w, t = (w+1)u, a = u2w+u2−1
è Γ èìååò ìàññèâ ïåðåñå÷åíèé{

(u2w + u2 − 1)(uw + u+ w)

w
,

(u2 − 1)u(w + 1)2

w
, u2(w + 1);

1,
(w + 1)(u2 − 1)

w
,

(u2w + u2 − 1)u(w + 1)

w

}
;

(2) Γ � ãðàô òèïà (II), a+ 1 = w(c2 + 1) è t2 = w(w(c2 + 1) + c2), ëèáî
(i) w = s2, t2 = s2(s2(c2 + 1) + c2), (s2(c2 + 1) + c2 ÿâëÿåòñÿ êâàäðàòîì

íåêîòîðîãî öåëîãî ÷èñëà u, c2 = (u2−s2)/(s2 +1), t = su, a = (u2s2−1)/(s2 +1)
è Γ èìååò ìàññèâ ïåðåñå÷åíèé{

u3s+ u2s2 + us− 1

s2 + 1
,

(u2 − s2)su

s2 + 1
,

(u2 + 1)s2

s2 + 1
; 1,

u2 − s2

s2 + 1
,

(u2 + 1)su

s2 + 1

}
,

ëèáî
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(ii) c2 = sw, t2 = w2(sw+ 1 +s), sw+ 1 +s ÿâëÿåòñÿ êâàäðàòîì íåêîòîðîãî
öåëîãî ÷èñëà u, c2 = (u2−1)w/(w+1), t = uw, a = (u2w2−1)/(w+1) è Γ èìååò
ìàññèâ ïåðåñå÷åíèé{
u3w2 + u2w2 + uw − 1

w + 1
,

(u2 − 1)uw2

w + 1
,

(u2w + 1)w

w + 1
; 1,

(u2 − 1)w

w + 1
,

(u2w + 1)uw

w + 1)

}
;

(3) Γ � ãðàô òèïà (III).
Â äàííîé ðàáîòå èçó÷åíû ýêñòðåìàëüíûå ãðàôû èç ýòîãî ñïèñêà (ãðàôû ñ

ìàêñèìàëüíûì âîçìîæíûì çíà÷åíèåì ïàðàìåòðà c2).

Ïðåäëîæåíèå 1. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïå-
ðåñå÷åíèé {t(c2+1)+a, tc2, a+1; 1, c2, t(c2+1)}, ãäå (c2+1) = a(a+1)/(t2−a−1).
Òîãäà âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:

(1) c2 > 4;
(2) åñëè c2 +1 = a, òî Γ � ãðàô òèïà (Iii), c2 = (t2−4)/2, t = 2u è Γ èìååò

ìàññèâ ïåðåñå÷åíèé {(2u2 − 1)(2u+ 1), 4(u2 − 1)u, 2u2; 1, 2(u2 − 1), (2u2 − 1)2u};
(3) åñëè c2 = a, òî Γ � ãðàô òèïà (II), t2 = 2c2 + 1 = u2 è Γ èìååò ìàññèâ

ïåðåñå÷åíèé {u
3+u2+u−1

2 , (u2−1)u
2 , u

2+1
2 ; 1, u

2−1
2 , (u2+1)u

2 };
(4) ÷èñëî c2 + 1 íå ðàâíî a(a+ 1).

Â [4] äîêàçàíî, ÷òî ãðàôû ñ ìàññèâàìè ïåðåñå÷åíèé {(2u2−1)(2u+1), 4(u2−
1)u, 2u2; 1, 2(u2−1), (2u2−1)2u} (ãðàôû èç ïóíêòà (2) çàêëþ÷åíèÿ ïðåäëîæåíèÿ
1) íå ñóùåñòâóþò.

Â [5] äîêàçàíî, ÷òî ãðàôû ñ ìàññèâàìè ïåðåñå÷åíèé {u
3+u2+u−1

2 , (u2−1)u
2 ,

u2+1
2 ; 1, u

2−1
2 , (u2+1)u

2 } (ãðàôû èç ïóíêòà (3) çàêëþ÷åíèÿ ïðåäëîæåíèÿ 1) íå
ñóùåñòâóþò.

Ïðåäëîæåíèå 2. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïå-
ðåñå÷åíèé {t(c2+1)+a, tc2, a+1; 1, c2, t(c2+1)}, ãäå (c2+1) = a(a+1)/(t2−a−1).
Òîãäà âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:

(1) åñëè c2 +1 = a/2, òî t = 3(2w+1), a = 12w2 +12w+2, c2 = 6w2 +6w è Γ
èìååò ìàññèâ ïåðåñå÷åíèé {(6w+ 5)(6w2 + 6w+ 1), 18(2w+ 1)(w2 +w), 12w2 +
12w + 3; 1, 6w2 + 6w, 3(2w + 1)(6w2 + 6w + 1)};

(2) åñëè c2 +1 = (a+1)/2, òî t = 6w+4, a = 12w2 +16w+5, c2 = 6w2 +8w+2
è Γ èìååò ìàññèâ ïåðåñå÷åíèé {(6w+ 4)(6w2 + 8w+ 3) + 12w2 + 16w+ 5, (6w+
4)(6w2 + 8w + 2), 12w2 + 16w + 6; 1, 6w2 + 8w + 2, (6w + 4)(6w2 + 8w + 3)};

(3) ÷èñëî c2 + 1 íå ðàâíî a(a+ 1)/2.

Â ðàáîòå ðåøåíà ïðîáëåìà ñóùåñòâîâàíèÿ ãðàôîâ íàèìåíüøåé ñòåïåíè èç
çàêëþ÷åíèÿ ïðåäëîæåíèÿ 2.

Òåîðåìà 1. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô Γ ñ ìàññèâîì ïåðåñå÷åíèé {143,
108, 27; 1, 12, 117} íå ñóùåñòâóåò.

Ïî [6, ëåììà 3] ãðàô Γ3 ÿâëÿåòñÿ ïñåâäîãåîìåòðè÷åñêèì äëÿ pG2(11, 26).

Òåîðåìà 2. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {203, 160,
34; 1, 16, 170} íå ñóùåñòâóåò.

Ïî [6, ëåììà 3] ãðàô Γ̄3 ÿâëÿåòñÿ ïñåâäîãåîìåòðè÷åñêèì äëÿ pG170(203, 10).
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1. Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 1

Ïóñòü Γ � Q-ïîëèíîìèàëüíûé äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì
ïåðåñå÷åíèé {t(c2 + 1) +a, tc2, a+ 1; 1, c2, t(c2 + 1)} ñ t 6= 1. Òîãäà t2−a−1 6= 0 è

c2 = (a2−t2+2a+1)/(t2−a−1). Äàëåå, c2+1 =
a2 − t2 + 2a+ 1

t2 − a− 1
+1 =

a(a+ 1)

t2 − a− 1
è c2 + 1 äåëèò a(a+ 1).

Ëåììà 1. Âåðíî íåðàâåíñòâî c2 > 4.

Äîêàçàòåëüñòâî. Åñëè c2 = 1, òî a2− t2 +2a+1 = t2−a−1 è a2 +3a+2 = 2t2,
ïðîòèâîðå÷èå.

Åñëè c2 = 2, òî a2 − t2 + 2a + 1 = 2t2 − 2a − 2 è a2 + 4a + 3 = 3t2. Îòñþäà
a = 5, t = 4, Γ èìååò ìàññèâ ïåðåñå÷åíèé {17, 8, 6; 1, 2, 12} è ãðàô Γ̄3 ÿâëÿ-
åòñÿ ïñåâäîãåîìåòðè÷åñêèì äëÿ pG12(17, 4). Ïðîòèâîðå÷èå ñ òåì, ÷òî a1 = 8
è îêðåñòíîñòü âåðøèíû â Γ � êîðåáåðíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè
(17, 8, 1).

Åñëè c2 = 3, òî a2− t2 + 2a+ 1 = 3t2−3a−3 è a2 + 5a+ 4 = 4t2. Îòñþäà ëèáî
a = 4s è 4s2 + 5s+ 1 = t2, ëèáî a = 4s− 1 è 4s2 + 3s = t2. Â ñëó÷àå a = 4s ÷èñëî
(2s+ 1)2 + s íå ÿâëÿåòñÿ êâàäðàòîì, à â ñëó÷àå a = 4s−1 ÷èñëî (2s+ 1)2− s−1
íå ÿâëÿåòñÿ êâàäðàòîì.

Åñëè c2 = 4, òî a2 − t2 + 2a + 1 = 4t2 − 4a − 4 è a2 + 6a + 5 = 5t2. Îòñþäà
ëèáî a = 5s− 1 è 5s2 + 4s− t2 = 0, ëèáî a = 5s è 5s2 + 6s+ 1− t2 = 0.

Â ñëó÷àå a = 5s èìååì s = (−3 +
√

4 + 5t2)/5, à â ñëó÷àå a = 5s − 1 èìååì

s = (−2 +
√

4 + 5t2)/5. Ïîëó÷àåì ðåøåíèå a = 4, t = 3, Γ � ãðàô ñ ìàññèâîì
ïåðåñå÷åíèé {19, 12, 5; 1, 4, 15}.

Â [4] äîêàçàíî, ÷òî ýòîò ãðàô íå ñóùåñòâóåò. �

Åñëè c2 + 1 = a, òî Γ � ãðàô òèïà (Iii), c2 = (t2 − 4)/2, t = 2u è Γ èìååò
ìàññèâ ïåðåñå÷åíèé {(2u2 − 1)(2u+ 1), 4(u2 − 1)u, 2u2; 1, 2(u2 − 1), (2u2 − 1)2u}.

Åñëè c2 = a, òî Γ � ãðàô òèïà (II), t2 = 2c2 + 1 = u2 è Γ èìååò ìàññèâ

ïåðåñå÷åíèé {u
3+u2+u−1

2 , (u2−1)u
2 , u

2+1
2 ; 1, u

2−1
2 , (u2+1)u

2 }.
Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {t(c2 +

1) + a, tc2, a+ 1; 1, c2, t(c2 + 1)}. Ïîêàæåì, ÷òî c2 + 1 íå ðàâíî a(a+ 1).
Åñëè c2 + 1 = a(a + 1), òî t2 = a + 2, ãðàô Γ èìååò ìàññèâ ïåðåñå÷åíèé

{ta(a+ 1) + a, t(a(a+ 1)− 1), a+ 1; 1, a(a+ 1)− 1, ta(a+ 1)}, Γ3 èìååò íåãëàâíûå
ñîáñòâåííûå çíà÷åíèÿ t,−(a+1). Ïîòîìó äëÿ λ = λ(Γ3) âûïîëíÿåòñÿ ðàâåíñòâî
λ− 1 + (t+ a+ 1) = 2t è λ = t− a < 0, ïðîòèâîðå÷èå.

Ïðåäëîæåíèå 1 äîêàçàíî.

2. Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 2

Ïóñòü Γ � Q-ïîëèíîìèàëüíûé äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì
ïåðåñå÷åíèé {t(c2 + 1) + a, tc2, a+ 1; 1, c2, t(c2 + 1)} ñ t 6= 1. Òîãäà t2 − a− 1 6= 0

è c2 = (a2 − t2 + 2a + 1)/(t2 − a − 1). Äàëåå, c2 + 1 =
a(a+ 1)

t2 − a− 1
è c2 + 1 äåëèò

a(a+ 1).

Ëåììà 2. Åñëè c2+1 = a/2, òî t = 3(2w+1), a = 12w2+12w+2, c2 = 6w2+6w
è Γ èìååò ìàññèâ ïåðåñå÷åíèé {(6w+5)(6w2+6w+1), 18(2w+1)(w2+w), 12w2+
12w + 3; 1, 6w2 + 6w, 3(2w + 1)(6w2 + 6w + 1)}.
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Äîêàçàòåëüñòâî. Ïóñòü c2 +1 = a/2. Òîãäà c2 +1 =
a(a+ 1)

t2 − a− 1
= a/2 è 3a+3 =

t2. Îòñþäà t = 3(2w + 1), a = 12w2 + 12w + 2, c2 = 6w2 + 6w è Γ èìååò ìàññèâ
ïåðåñå÷åíèé {(6w+5)(6w2 +6w+1), 18(2w+1)(w2 +w), 12w2 +12w+3; 1, 6w2 +
6w, 3(2w + 1)(6w2 + 6w + 1)}. �

Ëåììà 3. Åñëè c2 + 1 = (a + 1)/2, òî t = 6w + 4, a = 12w2 + 16w + 5,
c2 = 6w2+8w+2 è Γ èìååò ìàññèâ ïåðåñå÷åíèé {(6w+4)(6w2+8w+3)+12w2+
16w+5, (6w+4)(6w2+8w+2), 12w2+16w+6; 1, 6w2+8w+2, (6w+4)(6w2+8w+3)}.

Äîêàçàòåëüñòâî. Ïóñòü c2 +1 = (a+1)/2. Òîãäà c2 +1 =
a(a+ 1)

t2 − a− 1
= (a+1)/2

è 3a+1 = t2. Îòñþäà t = 6w+4, a = 12w2 +16w+5, c2 = 6w2 +8w+2 è Γ èìååò
ìàññèâ ïåðåñå÷åíèé {(6w + 4)(6w2 + 8w + 3) + 12w2 + 16w + 5, (6w + 4)(6w2 +
8w + 2), 12w2 + 16w + 6; 1, 6w2 + 8w + 2, (6w + 4)(6w2 + 8w + 3)}. �

Ëåììà 4. ×èñëî c2 + 1 íå ðàâíî a(a+ 1)/2.

Äîêàçàòåëüñòâî. Ïóñòü c2+1 = a(a+1)/2. Òîãäà c2+1 =
a(a+ 1)

t2 − a− 1
= a(a+1)/2

è a + 3 = t2. Îòñþäà Γ èìååò ìàññèâ ïåðåñå÷åíèé {ta(a + 1)/2 + a, t(a2 + a −
2)/2, a+1; 1, a(a+1)/2−1, ta(a+1)/2}, Γ3 èìååò íåãëàâíûå ñîáñòâåííûå çíà÷åíèÿ
t,−(a+1). Ïîýòîìó äëÿ λ = λ(Γ3) âûïîëíÿåòñÿ ðàâåíñòâî λ−2+(t+a+1) = 2t
è λ = t− a+ 1 = t+ 4− t2. Îòñþäà t = 2, a = 1, ïðîòèâîðå÷èå. �

Ïðåäëîæåíèå 2 äîêàçàíî.

3. Òðîéíûå ÷èñëà ïåðåñå÷åíèé

Â ðàáîòå èñïîëüçóþòñÿ òðîéíûå ÷èñëà ïåðåñå÷åíèé [5].
Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà d. Åñëè u1, u2, u3 �

âåðøèíû ãðàôà Γ, r1, r2, r3 � íåîòðèöàòåëüíûå öåëûå ÷èñëà, íå áîëüøèå d,

òî
{

u1u2u3

r1r2r3

}
� ìíîæåñòâî âåðøèí w ∈ Γ òàêèõ, ÷òî d(w, ui) = ri,

[
u1u2u3

r1r2r3

]
=∣∣∣{u1u2u3

r1r2r3

}∣∣∣. ×èñëà [u1u2u3

r1r2r3

]
íàçûâàþòñÿ òðîéíûìè ÷èñëàìè ïåðåñå÷åíèé. Äëÿ

ôèêñèðîâàííîé òðîéêè âåðøèí u1, u2, u3 âìåñòî
[
u1u2u3

r1r2r3

]
áóäåì ïèñàòü [r1r2r3].

Ê ñîæàëåíèþ, äëÿ ÷èñåë [r1r2r3] íåò îáùèõ ôîðìóë. Îäíàêî, â [5] ïðåäëîæåí
ìåòîä âû÷èñëåíèÿ íåêîòîðûõ ÷èñåë [r1r2r3].

Ïóñòü u, v, w � âåðøèíû ãðàôà Γ, W = d(u, v), U = d(v, w), V = d(u,w).
Òàê êàê èìååòñÿ òî÷íî îäíà âåðøèíà x = u òàêàÿ, ÷òî d(x, u) = 0, òî ÷èñëî
[0jh] ðàâíî 0 èëè 1. Îòñþäà [0jh] = δjW δhV . Àíàëîãè÷íî, [i0h] = δiW δhU è
[ij0] = δiUδjV .

Äðóãîå ìíîæåñòâî óðàâíåíèé ìîæíî ïîëó÷èòü, ôèêñèðóÿ ðàññòîÿíèå ìåæäó
äâóìÿ âåðøèíàìè èç {u, v, w}, è ñîñ÷èòàâ ÷èñëî âåðøèí, íàõîäÿùèõñÿ íà âñåõ
âîçìîæíûõ ðàññòîÿíèÿõ îò òðåòüåé, ïîëó÷èì:

d∑
l=1

[ljh] = pUjh − [0jh],

d∑
l=1

[ilh] = pVih − [i0h],

d∑
l=1

[ijl] = pWij − [ij0] (+).

Ïðè ýòîì íåêîòîðûå òðîéêè èñ÷åçàþò. Ïðè |i− j| > W èëè i+ j < W èìååì
pWij = 0, ïîýòîìó [ijh] = 0 äëÿ âñåõ h ∈ {0, ..., d}.
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Ïîëîæèì Sijh(u, v, w) =
∑d

r,s,t=0QriQsjQth

[
uvw
rst

]
. Åñëè ïàðàìåòð Êðåéíà

qhij = 0, òî Sijh(u, v, w) = 0.
Çàôèêñèðóåì âåðøèíû u, v, w äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà Γ äèàìåòðà

3 è ïîëîæèì {ijh} =
{

uvw
ijh

}
, [ijh] =

[
uvw
ijh

]
, [ijh]′ =

[
uwv
ihj

]
, [ijh]∗ =

[
vuw
jih

]
è [ijh]∼ =

[
wvu
hji

]
. Â ñëó÷àÿõ d(u, v) = d(u,w) = d(v, w) = 2 èëè d(u, v) =

d(u,w) = d(v, w) = 3 âû÷èñëåíèå ÷èñåë [ijh]′ =
[
uwv
ihj

]
, [ijh]∗ =

[
vuw
jih

]
è [ijh]∼ =[

wvu
hji

]
(ñèììåòðèçàöèÿ ìàññèâà òðîéíûõ ÷èñåë ïåðåñå÷åíèé) ìîæåò äàòü íîâûå

ñîîòíîøåíèÿ, ïîçâîëÿþùèå äîêàçàòü íåñóùåñòâîâàíèå ãðàôà.

4. Ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {143, 108, 27; 1, 12, 117}.

Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {143, 108,
27; 1, 12, 117}. Òîãäà Γ èìååò 1 + 143 + 1287 + 297 = 1728 âåðøèí, ñïåêòð
1431, 35143,−11287,−13297 è äóàëüíóþ ìàòðèöó ñîáñòâåííûõ çíà÷åíèé

Q =


1 143 1287 297
1 35 −9 −27
1 −1 −9 9
1 −13 39 −27

 .

Ëåììà 5. ×èñëà ïåðåñå÷åíèé ãðàôà Γ ðàâíû
p1

11 = 34, p1
21 = 108, p1

32 = 243, p1
22 = 936, p1

33 = 54;
p2

11 = 12, p2
12 = 104, p2

13 = 27, p2
22 = 966, p2

23 = 216, p2
33 = 54;

p3
12 = 117, p3

13 = 26, p3
22 = 936, p3

23 = 234, p3
33 = 36.

Äîêàçàòåëüñòâî. Ïðÿìûå âû÷èñëåíèÿ. �

Çàôèêñèðóåì âåðøèíû u, v, w ãðàôà Γ è ïîëîæèì {ijh} =
{

uvw
ijh

}
, [ijh] =[

uvw
ijh

]
.

Ïîëîæèì Ω = Γ3(u), Σ = Ω2. Òîãäà Σ � ðåãóëÿðíûé ãðàô ñòåïåíè 234 íà
297 âåðøèíàõ.

Ëåììà 6. Ïóñòü d(u, v) = d(u,w) = 3, d(v, w) = 1. Òîãäà òðîéíûå ÷èñëà
ïåðåñå÷åíèé ðàâíû:

(1) [122] = −r6/2 + 117, [123] = [132] = r6/2, [133] = −r6/2 + 26;
(2) [211] = −r6/6 + 36, [212] = [221] = r6/6 + 81, [222] = 4r6/3 + 612, [223] =

[232] = −3r6/2 + 243, [233] = 3r6/2− 9;
(3) [311] = r6/6− 2, [312] = [321] = −r6/6 + 27, [322] = −5r6/6 + 207, [323] =

[332] = r6, [333] = −r6 + 36,
ãäå r6 ∈ {12, 18, ..., 36}.

Äîêàçàòåëüñòâî. Óïðîùåíèå ôîðìóë (+). �

Ïî ëåììå 5 èìååì 177 ≤ [322] = −5r6/6 + 207 ≤ 197.

Ëåììà 7. Ïóñòü d(u, v) = d(u,w) = 3, d(v, w) = 2. Òîãäà òðîéíûå ÷èñëà
ïåðåñå÷åíèé ðàâíû:

(1) [122] = −r15 + 117, [123] = [132] = r15, [133] = −r15 + 26;
(2) [211] = (r15 − r16)/4 + 36, [212] = [221] = r16, [222] = 4r15 − 4r16 + 936,

[223] = [232] = −4r15 + 3r16, [233] = (15r15 − 9r16)/4 + 153;
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(3) [311] = (r15+r16)/4−24, [312] = [321] = −r16+104, [322] = −3r15+4r16−87,
[331] = (−r15 + 3r16)/4− 54, [323] = [332] = 3r15 − 3r16 + 216, [333] = (−11r15 +
9r16)/4− 126,

ãäå r15 ∈ {12, 13, ..., 26}, r16 ∈ {78, 79, ..., 98} è r15 + r16 äåëèòñÿ íà 4.

Äîêàçàòåëüñòâî. Óïðîùåíèå ôîðìóë (+). �

Ïî ëåììå 6 èìååì 147 ≤ [322] = −3r15 + 4r16 − 87 ≤ 269. Òàê êàê {v, w} ∪
Σ(v) ∪ Σ(w) ñîäåðæèò 470− [322] âåðøèí, òî 173 ≤ [322] ≤ 233.

Ëåììà 8. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 3. Òîãäà òðîéíûå ÷èñëà ïåðåñå-
÷åíèé ðàâíû:

(1) [122] = (r17 + 468)/7, [123] = [132] = (−r17 + 351)/7, [133] = (r17 − 169)/7;
(2) [213] = (−r17 + 351)/7, [212] = [221] = (r17 + 468)/7, [222] = (−8r17 +

6084)/7, [223] = [232] = r17, [233] = (−6r17 + 1287)/7;
(3) [313] = [331] = (r17 − 169)/7, [312] = [321] = (−r17 + 351)/7, [322] = r17,

[323] = [332] = (−6r17 + 1287)/7, [333] = (5r17 − 873)/7,
ãäå r17 ∈ {176, 183, ..., 211}.

Äîêàçàòåëüñòâî. Óïðîùåíèå ôîðìóë (+). �

Ïî ëåììå 7 èìååì 176 ≤ [322] = r17 ≤ 211.
Ïóñòü d(u, v) = 3. Ïîäñ÷èòàåì ÷èñëî ïàð e âåðøèí y, z íà ðàññòîÿíèè 3, ãäå

y ∈
{

uv
32

}
, z ∈

{
uv
33

}
. Íàïîìíèì, ÷òî p3

32 = 234, p3
33 = 36, ïî ëåììå 7 èìååì

[333] = (5r17 − 873)/7, ãäå r17 ∈ {176, 183, ..., 211}. Îòñþäà 36 ≤ e =
∑

i r
i
33 ≤

36 · 26 = 8736. Ñ äðóãîé ñòîðîíû, ïî ëåììå 6 èìååì [323] = 3r15 − 3r16 + 216,
ãäå r15 ∈ {12, 13, ..., 26}, r16 ∈ {78, 79, ..., 98} è r15 + r16 äåëèòñÿ íà 4. Îòñþäà
36 ≤ e = 3

∑
i(r

i
15 − ri16) + 50544 ≤ 8736, 13936 ≤

∑
i(r

i
16 − ri15) ≤ 16836 è

59.55 ≤
∑

i(r
i
16 − ri15)/234 ≤ 71.95

Ïîäñ÷èòàåì ÷èñëî ðåáåð g ìåæäó Σ(v) è Σ2(v). Èìååì p3
13 = 26, p3

33 = 36 è
ââèäó ëåìì 5, 7 èìååì 10974 = 26 ·177 + 36 ·176 ≤ g ≤ 26 ·197 + 36 ·211 = 12718.
Ñ äðóãîé ñòîðîíû, g = 234(233− λ), ãäå λ � ñðåäíåå çíà÷åíèå ïàðàìåòðà λ(Σ),
ïîýòîìó 46.897 ≤ 233− λ ≤ 54.351 è 178.649 ≤ λ ≤ 186.103.

Íàêîíåö, ïî ëåììå 6 èìååì [322] = −3r15 + 4r16 − 87, ïîýòîìó 178.649 ≤∑
i(3r

i
16 − 3ri15 + ri16)/234 − 87 ≤ 186.103. Ïðîòèâîðå÷èå ñ òåì, ÷òî 211.98 ≤

3
∑

i(r
i
16 − ri15)/234 ≤ 215.85.

Òåîðåìà 1 äîêàçàíà.

5. Ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {203, 160, 34; 1, 16, 170}.

Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {203, 160,
34; 1, 16, 170}. Òîãäà Γ èìååò 1 + 203 + 2030 + 406 = 2640 âåðøèí, ñïåêòð
2031, 43203,−12030,−17406 è äóàëüíóþ ìàòðèöó ñîáñòâåííûõ çíà÷åíèé

Q =


1 203 2030 406
1 43 −10 −34
1 −1 −10 10
1 −17 50 −34

 .

Ëåììà 9. ×èñëà ïåðåñå÷åíèé ãðàôà Γ ðàâíû
p1

11 = 42, p1
21 = 160, p1

32 = 340, p1
22 = 1530, p1

33 = 66;
p2

11 = 16, p2
12 = 153, p2

13 = 34, p2
22 = 1570, p2

23 = 306, p2
33 = 66;

p3
12 = 170, p3

13 = 33, p3
22 = 1530, p3

23 = 330, p3
33 = 42.
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Äîêàçàòåëüñòâî. Ïðÿìûå âû÷èñëåíèÿ. �

Çàôèêñèðóåì âåðøèíû u, v, w ãðàôà Γ è ïîëîæèì {ijh} =
{

uvw
ijh

}
, [ijh] =[

uvw
ijh

]
.

Ïîëîæèì Ω = Γ3(u), Σ = Ω2. Òîãäà Σ � ðåãóëÿðíûé ãðàô ñòåïåíè 330 íà
406 âåðøèíàõ.

Ëåììà 10. Ïóñòü d(u, v) = d(u,w) = 3, d(v, w) = 1. Òîãäà òðîéíûå ÷èñëà
ïåðåñå÷åíèé ðàâíû:

(1) [122] = 4r23/7 + 146, [123] = [132] = −4r23/7 + 24, [133] = 4r23/7 + 9;
(2) [211] = 16r23/77 + 414/11, [212] = [221] = −16r23/77 + 1456/11, [222] =

−15r23/11 + 12360/11, [223] = [232] = 11r23/7 + 274, [233] = −11r23/7 + 56;
(3) [311] = −16r23/77 + 48/11, [312] = [321] = 16r23/77 + 304/11, [322] =

61r23/77 + 2864/11, [323] = [332] = −r23 + 42, [333] = r23,
ãäå r23 ∈ {0, 7, 14, 21}.

Äîêàçàòåëüñòâî. Óïðîùåíèå ôîðìóë (+). �

Ïî ëåììå 9 èìååì 261 ≤ [322] = 61r23/77 + 2864/11 ≤ 277.

Ëåììà 11. Ïóñòü d(u, v) = d(u,w) = 3, d(v, w) = 2. Òîãäà òðîéíûå ÷èñëà
ïåðåñå÷åíèé ðàâíû:

(1) [122] = (11r32 − 15r33)/4 − 514, [123] = [132] = (−11r32 + 15r33)/4 + 684,
[133] = (11r32 − 15r33r50)/4− 651;

(2) [211] = 11r32 − 15r33, [212] = [221] = (−149r32 + 225r33)/44 + 10260/11,
[213] = [231] = (7r32 − 11r33)/4 − 386, [222] = (105r32 − 225r33)/44 + 6570/11,
[223] = [232] = r32, [233] = (−11r32 + 11r33)/4 + 716;

(3) [311] = (−18r32 + 26r33 + 4320)/11, [312] = [321] = (149r32 − 225r33)/44−
8577/11, [313] = [331] = (−7r32 + 11r33)/4 + 420, [322] = (−113r32 + 195r33)/22 +
16354/11, [323] = [332] = (7r32 − 15r33)/4− 378, [333] = r33,

ãäå r32 ∈ {237, 238, ..., 289}, r33 ∈ {0, 1, ..., 34}, r32 − r33 äåëèòñÿ íà 4, r32 +
r33 + 2 äåëèòñÿ íà 11.

Äîêàçàòåëüñòâî. Óïðîùåíèå ôîðìóë (+). �

Ïî ëåììå 10 èìååì 3 ≤ [322] = (−113r32 + 195r33)/22 + 16354/11 ≤ 571. Òàê
êàê {v, w} ∪ Σ(v) ∪ Σ(w) ñîäåðæèò 660− [322] âåðøèí, òî 254 ≤ [322] ≤ 329.

Ëåììà 12. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 3. Òîãäà òðîéíûå ÷èñëà ïåðå-
ñå÷åíèé ðàâíû:

(1) [122] = (2r34 + 1275)/13, [123] = [132] = (−2r34 + 935)/13, [133] = (2r34 −
506)/13;

(2) [212] = [221] = (2r34 + 1275)/13, [213] = [231] = (−2r34 + 935)/13, [222] =
(−15r34 + 18615)/13, [223] = [232] = r34, [233] = (−11r34 + 3355)/13;

(3) [312] = [321] = (−2r34+935)/13, [313] = [331] = (2r34−506)/13, [322] = r34,
[323] = [332] = (−11r34 + 3355)/13, [333] = (9r34 − 2316)/13,

ãäå r34 ∈ {266, 279, 292, 305}.

Äîêàçàòåëüñòâî. Óïðîùåíèå ôîðìóë (+). �

Ïî ëåììå 11 èìååì 266 ≤ [322] = r34 ≤ 305.
Ïóñòü d(u, v) = 3. Ïîäñ÷èòàåì ÷èñëî ïàð e âåðøèí y, z íà ðàññòîÿíèè 2, ãäå

y ∈
{

uv
32

}
, z ∈

{
uv
33

}
. Íàïîìíèì, ÷òî p3

32 = 330, p3
33 = 42. Ñ îäíîé ñòîðîíû, ïî
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ëåììå 11 èìååì [322] = r34, ãäå r34 ∈ {266, 279, 292, 305}, è 11172 ≤ e =
∑

i r
i
34 ≤

12810. Ñ äðóãîé ñòîðîíû, ïî ëåììå 10 èìååì [332] = (7r32 − 15r33)/4− 378, ãäå
r32 ∈ {237, 238, ..., 289}, r33 ∈ {0, 1, ..., 34}, r32 − r33 äåëèòñÿ íà 4 è r32 + r33 −
20 äåëèòñÿ íà 11. Îòñþäà 11172 ≤ e =

∑
i(7r

i
32 − 15ri33)/4 − 124740 ≤ 12810,

135912 ≤
∑

i(7r
i
32 − 15ri33) ≤ 137550 è 411.85 ≤

∑
i(7r

i
32 − 15ri33)/330 ≤ 416.82.

Ïðîòèâîðå÷èå ñ òåì, ÷òî 1149 = 7 · 237− 15 · 34 ≤ 7r32 − 15r33.
Òåîðåìà 2 äîêàçàíà.
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