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ABSTRACT. Let (I'(R))¢ be the maximal graph of a commutative
ring with identity R whose vertices are elements of R. Two
distinct vertices a and b are adjacent if and only if Ra+ Rb #

R or there exists a maximal ideal of R containing both them.

In this paper, we study some properties of two (induced)
subgraphs (I'2(R))¢ and (G(R))¢ of (T'(R))".
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graph, Nonseparable graph.

1. INTRODUCTION

Throughout this paper R is a finite commutative ring with identity
and for every prime number p, K, denotes the finite field of order p?. For
the set A, |A| denotes the cardinality of A, also for the square matrix
M, |M| denotes the order of M. For any ring R, Max(R) denotes the
set of all maximal ideals of R and J(R) is the Jacobson radical of R.

Now we mention some definitions of graph theory that will be used
throughout the paper. For a graph G, by V(G) and E(G), we denote the
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set of all vertices and all edges, respectively. Let G be a simple graph.
The complement G¢ of G is defined by taking V(G°) = V(G) and two
distinct vertices a and b are adjacent in G° if and only if they are not
adjacent in G. A wheel graph is a graph formed by connecting a single
vertex to all vertices of a cycle, a wheel graph with n > 4 vertices also
be defined as a graph with one vertex of degree n — 1 and other vertices
of degree 3. A separation of a connected graph is a decomposition of
the graph into two nonempty connected subgraphs which have just one
vertex in common. This common vertex is called a separating vertex
of the graph. A graph is nonseparable graph if it is connected and has
no separating vertices; otherwise it is separable. A connected graph is
nonseparable if and only if any two of its edges lie on a common cycle.
A block of a graph is a subgraph which is nonseparable and is maximal
respect to this property. A nonseparable graph has just one block and
it is itself.

Ivan Gutman and Bo Zhoui in [4] defined the Laplacian energy of the
graph G. Let GG be a simple graph with n vertices, its Laplacian matriz
Ly, is defined as: L = D — A, where D is the degree matrix and A is
the adjacency matrix of the graph. Since G is a simple graph, A only
contains 1s or Os and its diagonal elements are all Os.

The elements of L are given by

deg(v;) if i=7
Ly = -1 if i #jand v; is adjacent to v,
0 otherwise

where deg(v;) is the degree of the vertex v;. Let G be a graph with n
vertices and m edges, A1, Ao, ..., A\, be the eigenvalues of the adjacency
matrix of G and pq, o, ..., i, be the eigenvalues of the Laplacian matrix
of G. The Laplacian energy of the graph G is

n 2m
LE(G) = XLy | — 7|

Sharma and Bhatwadekar in [6] defined a graph I'(R), with vertices
as elements of R, where two distinct vertices a and b are adjacent if and
only if Ra+ Rb = R. In [2], Gaur and Sharma defined a complement
graph of I'(R); (I'(R))°; that two distinct vertices a and b of (I'(R) )¢ are
adjacent if and only if Ra + Rb # R. By notation of [5], let (I';(R))*
be the subgraph of (I'(R))¢, induced on the set of units of R, and
(I'2(R))¢ be the subgraph of (I'(R))¢ generated by non-unit elements.
Also (I'2(R) — J(R))¢ be a subgraph of (I'(R)) induced on the set of
nonunits of & which are not in Jacobson radical of R. For the sake of
convenience, for any ring R with at least two maximal ideals, we denote
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s(R) — J(R) by G(R).

In this paper, we study some properties of the subgraphs G(R)¢ and
(I'2(R))°. In section 2, at first we characterize rings R such that the
subgraphs G(R)¢ and (I'2(R))¢ are wheel, and we investigate rings R
with |Max(R)| > 2 such that G(R)¢ and (I'2(R))¢ are separable graphs.
In section 3, we characterize rings R = R; and R = R; X Ry where
R, and R, are quasi-local rings, such that (I';(R))¢ and (G(R))° are
monocyclic. In section 4 and section 5, we investigate the energy of the
graphs (I's(R))¢ and (G(R))¢ and the Laplacian energy of them where
R =Ry X Ry and R = R; X Ry X R3, R; is a finite quasi-local ring for
i=1,2,3.

2. MONOCYCLIC GRAPH
We begin this section with the following lemma.
Lemma 1. Let R be a ring. Then (G(R))¢ is not a wheel graph.

Proof. We assume that there exists a vertex = of degree n — 1, where
n is the number of vertices. So « € J(R), which is a contradiction. [

In the next theorem, we obtain a necessary and sufficient condition

that (I'2(R))® be a wheel graph.

Theorem 1. Let R be a ring. Then the following statements are equivalent:
(1) (T'2(R))¢ is a wheel graph.
(2) (R, M) is a quasi-local ring with |M| = 4.

Proof. (1) — (2) We may distinguish the following cases:

Case 1. [Max(R)| = 1. Thus (I'3(R))® = M, where Max(R) = {M}
is a complete graph. On the other hand, this graph is wheel so it has 4
vertices, as desired.

Case 2. [Max(R)| = 2. Thus R = Ry x Ry, where (R;, M;) is a quasi-
local ring for 1 < i < 2, and Max(R) = {1, Na}, where N; = M x Ry
and Ny = Ry x My and J(R) = M; x M. Since (I'y(R))¢ is a wheel
graph, there exists x € J(R), where x is adjacent to other vertices
also other vertices are a cycle. So there exists y € N; — J(R) and
z € Ny — J(R) such that y is adjacent to z, which is a contradiction.

Case 3. [Max(R)| > 3. Clearly this case does not happen.

(2) — (1) By the definition of a wheel graph, the assertion is clear.

U

Proposition 1. Let R be a ring. Then
(1) If IMax(R)| = 2, then (G(R)) is a separable graph.
(2) If IMax(R)| > 3, then (G(R))¢ is a nonseparable graph.
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Proof. (1) Clearly (G(R))¢ is a disconnected graph so it is separable.
(2) (G(R))¢ is a connected graph and any two of its edges lie on a
common cycle thus the assertion is obtained by Theorem 1.4. U

In the next theorem, we obtain a necessary and sufficient condition
that (I's(R))¢ be a seprable graph.

Theorem 2. Let R be a ring. Then the following statements hold:
(1) If [Max(R)| = 2 and R = Fy X F,, where Fy and F, are fields,

then (I'y(R))¢ is a separable graph, otherwise this graph is nonseparable.
(2) If [Max(R)| > 3, then (I'y(R))¢ is a nonseparable graph.

Proof. (1) Suppose |Max(R)| =2 and R = F; X F3, so there exists one
vertex in J(R) which is a separating vertex thus (I'y(R)) is separable.
In other cases [J(R)| > 1 thus we don’t have separating vertex. On the
other hand (I'y(R))¢ is connected, as follows.

(2) It is clear. O

At the end of this section, we determine the block of two subgraphs
(G(R))¢ and (I'2(R))c. By Proposition 2.3 and Theorm 2.4, it is enough
to investigate |Max(R)| = 2 for (G(R))¢ and R = F| x Fy, where F;
and Fy are fields for (I'x(R))c.

Remark 1. (1) Let R be a ring with |Max(R)| =2 and R = Ry x Ry
where (Ry, My) and (Re, M) are two quasi-local rings, Ny = My X Ry
and Ny = Ry x My are two mazimal ideals of R, then one of the two
subgraphs N1 — J(R) and Ny — J(R) that has more vertices number is
the block of (G(R))*.

(2) Let R = Fy x Fy, where Fy and Fy are fields, |Fy| > |Fy|, Ny =
(0) X Fy and Ny = Fy x (0) are two mazimal ideals of R. Then Ny is
the block of (I's(R))®.

3. THE ENERGY OF THE GRAPHS (I'2(R))¢ AND (G(R))°

In this section we obtain adjacency matrix of two graphs (I';(R))®
and (G(R))¢, where R = Ry X Ry or R = Ry X Ry X R3, R; is a finite
quasi-local ring for every i = 1,2, 3. Also we investigate the energy of
them.

In the following, the matrices 0, 1 and -1 are the matrices in which
all entries are 0, 1 and -1, respectively, and A;, for every positive integer
1, denotes the matrix in which all entries on the main diagonal are 1
and other entries are 0.

Let R = R; X Ry, where (R;, M;) is a finite quasi-local ring and
|R;| = ri, |M;| = my, for i = 1,2. Then
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A 01
A(MA(R))=|{ 0 A 1 f,
1 1 43

o (A 0
acmr = (5 1),
in which |A;| = myry — myms, |As| = rimy — myms and |As| = myma.

The following table shows the energy of graphs (I'y(R))¢ and (G(R))©
for some rings:

R ZQXZQ ZQXZg ZQXZ4 ZQXZQ Z4XZ4 Z4><Zg
EATR)) | 282 495 064 2288 233 10.76
E(G(R)) 0 ) 1 14 2 32

Let R = Ry X Ry X R3 be a ring, where (R;, M;) is a finite quasi-local
ring and |R;| = r;, |M;| = m;, for i = 1,2,3. Then

A4 0 0 1 1 0 1
0 A 0 1 0 1 1
0 0 A4 0 1 1 1
ATy(R) = 1 1 0 A 1 1 1 [,
1 0 1 1 A 1 1
0 1 1 1 1 A4 1
1 1 1 1 1 1 A
A 0 0 1 1 0
0 A 0 1 0 1
. 0 0 A; 0 1 1
AGR) =1 1 03 A, 11 |
1 0 1 1 A4 1
0 1 1 1 1 A

in which |Aj| = myrers — mymars — myroms + mymoms,
|Ag| = rimars — rimams — mymars + mymaems,
|Ag| = rirgms — rimamg — mirams + mymems,
|A4’ = M1MmaT3 — M1M2M3,
|A5’ = Mmyrong — M1mans,
|A6’ = T1maomMmsz — M11MmaMmsg,
|A7’ = MmM1MmaoMmsg.
The next table shows the energy of graphs (I'y(R))¢ and (G(R))° for
some rings:
R Zig X Lig X Ly g X Loy X iz Dig X Dy X Uiy
E(A(T2(R)°)) 11.45 18.73 28.95
E(G(R)%) 8.9 16.05 23.86
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4. THE LAPLACIAN ENERGY OF THE GRAPHS (I'5(R))® AND (G(R))®

Similar to the previous section, we survey the Laplacian matrix and
Laplacian energy of the graphs (I's(R))¢ and (G(R))¢, where R = Ry X
Ry or R = Ry X Ry X R3, R; is a finite quasi-local ring, for : = 1,2, 3.

Let R = R; X Ry, where (R;, M;) is a quasi-local finite ring and
|R;| = r; and |M;| = m,; for i = 1,2. Then

Ly 0 -1
L(Ty(R)) = 0 Lo —1 |,
1 -1 Ly
c\ __ Lll 0

vewn = (50 ).
in which |L;| = |A;| for i = 1,2,3 and entries on the main diagonal of
L1, Ly and L3 are myry — 1, rymo — 1 and myry + rime — mymse — 1,
respectively, and other entries are -1. Also |L| = |4;|, for i = 1,2, and

entries on the main diagonal of L} and L) are mirs — mymy — 1 and
rime — mymeo — 1, respectively, and other entries are -1.

The following table shows the Laplacian energy of graphs (I'y(R))¢
and (G(R))® for some rings:

R ZQXZQ ZQXZ:), ZQXZ4 ZQXZQ Z4XZ4 Z4XZ9
LEATS(R))) | 3.33 6 10.67 31 29.33 106
LE(G(R)) 0 2.67 1 20 12 66

Let R = Ry X Ry X R3, where (R;, M;) is a quasi-local finite ring, for
i=1,2,3, and |R;| = r; and |M;| = m;. Then

Ly 0 0 —-1 -1 0 -1
0 L, 0 -1 0 -1 —1
0 0 Ly 0 -1 —1 —1
LOyR)=| -1 =1 0 Ly -1 -1 —1 |,
1 0 -1 -1 Ly -1 —1
0 -1 -1 -1 -1 Lg —1
1 -1 -1 -1 -1 -1 I,

-1 -1 0 Lﬁl -1 -1

-1 0 -1 -1 L’5 —1

o -1 -1 -1 -1 L’6
|L;| = |A;], entries on the main diagonal of Ly, Lo, ..., Ly are myrors —1,
rimers—1, rirgms—1, myrars+rimars—mimers—1, myrars+rirems —
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miroms — 1, r1MoTrs3+1179Mg — 1Mo M3 — 1, miTors3+1r1Mars +7’1r2m3 —
Mm1MeoT3 — MiragMmg — riMems + mymsems — 1, respectively, and other
entries of them are -1.

Also |L}| = |A;| and entries on the main diagonal of L} are equal to

the entries on the main diagonal of L; minus mimsoms, for : =1, ..., 6,
and other entries of them are -1.

1

2]

3]

4]

5]

[6]

Finally, we conclude the next table:

R ZQXZQXZQ ZQXZQXZg ZQXZQXZ4

LE(AT(R)Y) 14.94 2177 15.82

LE(GR)F 11.22 20.06 33.34
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