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ON THE MAXIMALITY OF DEGREES OF METRICS UNDER
COMPUTABLE REDUCIBILITY

R. KORNEV

ABSTRACT. We study the semilattice CM.(X) of degrees of computable
metrics on a Polish space X under computable reducibility. It is proved
that this semilattice does not have maximal elements if X is a noncom-
pact space. It is also shown that the degree of the standard metric on
the unit interval is maximal in the respective semilattice.

Keywords: computable metric space, Cauchy representation, reducibil-
ity of representations, computable analysis

The present paper is a sequel to the article [1] in which the author started the
investigation of the first-order properties of the degree structure of metrics on a
Polish space under computable reducibility <.. All necessary definitions, notations
and preliminary results can be found there, below we briefly recall some of them.

We regard Polish spaces as structures of the kind X = (X, 7, W, v), where (X, 1)
is a Polish space in the classical sense (i.e., a separable completely metrizable
space), W is some countable dense subset of X, and v is a numbering of W. Under
this approach, it is natural to study a reducibility of complete metrics on X induced
by computable reducibility of their respective Cauchy representations.

Recall that the Cauchy representation of a Polish metric space (X, p, W, v) with a
distinguished dense subset W and its numbering v is a partial mapping J,, from the
Baire space w® onto X that puts points x € X into correspondence with sequences
of elements of W quickly converging to x, in other words, for f € w* and z € X,

Op(f) = if wyy = x and p(wy(y),z) < 27" for all n,
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where wy, = vk is the kth point in W. Every f € w® with the above property is
called a Cauchy name for z.

More generally, a representation of a set X is a partial surjection 6: w¥ — X.
This notion generalizes the notion of a numbering of a countable set. Theory of
representations and computability theory on represented spaces were studied by
Kreitz and Weihrauch (see [2, 3]). Computable reducibility of representations was
introduced in [2], it is an analogue of the notion of reducibility of numberings.
Representation d; of a set X is said to be computably reducible to a representation
09 of X, 01 <. d9, if there is a Turing functional ®. such that

5(f) =6 o®.(f) for f € dom(d).

If 5x and dy are representations of sets X and Y, then we say that a partial function
F: X —>Y is (0x,0y)-computable if there is a Turing functional ®. such that

Fodx(f)=0dy o®.(f) for f € dom(F o dx).

It is clear that for representations d1,d2 of X it holds §; <. J- iff the identity
function idx is (41, d2)-computable.

Let X = (X, 7,W,v) be a Polish space. The set of all complete metrics on X
compatible with topology 7 is denoted by M (X). Having fixed W and v, we can
define the notion of computable reducibility of metrics on X: for p1, pa € M(X), we
say that py <. po if §,, <. d,,; in other words, reducibility of metrics is induced by
reducibility of their Cauchy representations. Computable reducibility of metrics in
M (X) leads to the degree structure M (X). The subordering of M.(X) consisting
of c-degrees of computable metrics on X is denoted by CM..(X).

In [1] it was shown that CM.(X) is a lower semilattice for any space X. It was
also proved that the degree of a metric p such that the computable space (X, p, W, v)
contains a computable limit point is not minimal in CM.(X). Main result of the
present article is dual to the second mentioned result: we show that the degree of
any metric on a noncompact space X is not maximal in CM.(X). In other words,
our main result can be stated as follows.

Theorem 1. Let X be a noncompact Polish space. Then CM.(X) has no mazimal
elements.

It is worth noting that this result is a direct generalization of a result from [4]
that shows that the degree of the standard metric pr(z,y) = |z —y| on the space R
of real numbers is not maximal in the ordering of c-degrees of computable metrics on
R. Theorem 1 can be fully relativized to the case of metrics of arbitrary complexity.
In other words, the following holds.

Theorem 2. Let X be a noncompact Polish space. Then M.(X) has no mazimal
elements.

Although this result is obtained by a straightforward relativization, the very
possibility of this relativization is a nontrivial fact which is based on a few important
observations made throughout the proof of Theorem 1.

The following theorem is related to lattice embeddings into CM.(X) and is again
a direct generalization of a result from [4].

Theorem 3. Let p be a computable metric on a noncompact space X. Then the
countable atomless Boolean algebra Int(1 + n) embeds into CM.(X) above deg,(p)
with preservation of joins and meets.
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Theorem 1 does not necessarily hold in compact spaces, as the following coun-
terexample shows: it turns out that c-degree of the standard metric on the unit
interval I is maximal in CM.(I). More formally, consider the Polish space I =
(I,71,Q,vg), where 7y is the usual topology on the unit interval I = [0,1], Q is the
set of rational numbers in I and vg is a Gédel numbering of Q. Let pr also denote
the restriction of the usual real metric to the unit interval. Then the following
result holds.

Proposition 1. deg.(pr) is a mazimal element of CM.(I).

However, the following proposition shows that deg.(pg) is not a maximal element
of M.(I), that is, there exists a noncomputable metric strictly above pg.

Proposition 2. There exists a 0'-computable metric p* on 1 such that pr <. p*.

The paper is organized as follows. Section 1 contains the proofs of Theorems 1
and 2. Section 2 consists of the proof of Theorem 3. In the last section we prove
the two results regarding the unit interval.

1. PROOF OF THEOREM 1

1.1. Proof idea. Suppose X = (X,7,W,v) is a noncompact space and let p €
M (X) be a computable metric on X. We need to construct a computable metric
p' € M(X) such that p’ >. p. More specifically, metric p’ should satisfy the
following requirements for e € w:

Re: p Lo p via @,

S: p<.p.

Our proof is based on a generalization of the construction of Theorem 1 from [4].
In that theorem the analogues of the above requirements were satisfied to obtain
a computable metric (indeed, countably many pairwise nonequivalent computable
metrics) strictly above the standard metric pr on the space of real numbers. Later,
in Theorem 4.1 of [1], it was shown that the strategy for negative requirements
R can be generalized to the case of an arbitrary computable metric space with a
computable limit point.

Let us briefly discuss the strategy for an isolated requirement R.. Recall that a
metric space is compact if and only if it is complete and totally bounded. Since we
only work with complete metric spaces, it is clear that the noncompact space (X, p)
must not be totally bounded, that is, there exists a rational number r € (0, £) such
that there is no finite 3r-net in (X, p). Since we do not know this r in advance, our
proof will be non-uniform. For the rest of the proof, fix such a number r. Fix also
a k € w such that 2% < r. For natural numbers a, b, n, denote

a=(a,...,a,...) €w*, a"b=(a,...,a,b,b,...) €w* (arepeated n times).

Now back to the strategy for R.. We pick a special point y = w, € W and
wait until ®.(a)(k + 1) |= u. When it happens, we pick another special point
x = wp such that p(zx,w,) > 3r (it is possible by the choice of r). Consider
the sequence aPb € w®, where p = ¢.(a)(k + 1). By the Use Principle we have
. (aPb)(k+1) = ®.(a)(k+ 1) = u, thus, if we arrange our construction so that aPb
is a p’-name for wy, then p(w,,wy) > 3r > r implies that ®.(aPb) is not a p-name
for wy, which means that R, is satisfied. In order to make aPb a p’-name for wy,
it is sufficient to ensure that p'(z,y) < 27P*L. This can be done by means of a
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continuous deformation of a small neighbourhood B, (z,) of = that makes = close
to y. A construction of such a deformation is described in [1]: we embed the metric
space (X, p, W) into the Banach space ¢*° via the Fréchet embedding F' defined by

(F(z)); = p(x, wi) — p(wi, wo),

then the deformation in question is given by

T(z) = (222 p) = (F(y) — 222 (F(y) — F(2)))

for z € B,(xz,r), where h < 27P™! and ™ stands for the concatenation of a real and
an infinite sequence of reals. Mapping I" can be extended to a map v: X — (>
by letting v(z) = 0 = F(z) for z ¢ B,(x,r). Letting p1(z,v) = ||7(z) —v(v)]|, we
obtain a deformed metric p; carrying the topology 7 (see Proposition 5.1 of [1])
and such that p;(x,y) = h. Thus, p; satisfies R.. The following formulas express
p1 in terms of p; these are exactly Formulas (5.1)—(5.3) of [1].

Let z,v be points of X; assume that p(z,2z) < p(z,v). Then, if p(z, z) < r and
p(x,v) = r, we have

(L1) pr(zv) = max("EED b, 202 p(z,0) + THED p(o,y));
if p(x,v) <,
(1.2) p1(2,0) = max(p(m,v);p(x,z) h, ’O(i’z)p(z,v) + wp(wy));

and if p(z, z) > r, then

(13) pl(Z,’U) :,0(2,'1}).

Metric p’ satisfying all requirements R, will be a pointwise limit of metrics p;
defined at stages of the construction. At each stage s we also output a finite set
Ay, C W such that:

(1) ps(z,v) = pst1(z,v) = ... = p'(z,v) for all z,v € A,

(2) A; C Aq for s <t

(3) Ui, As =W.
This will imply that p’ is computable: informally speaking, we can compute the
distance p’(z,v) between two given special points z and v as soon as they both are
contained in a set Aj.

Strategy for the global positive requirement S is also the same as in [4]. In a
nutshell, strategy from [4] is based on the fact that the space (R, pgr) is unbounded,
thus we can choose balls of the same radius to be deformed in each R, -strategy,
which gives us an algorithm of c-reduction of pr to the metric under construction.
The same idea works here: by the choice of r, there exists an infinite sequence
of nonintersecting balls B,, of the same radius r. These balls can be used in the
respective R, -strategies. The fact that the balls B, possess the same radius will
permit us to prove Lemma 4 that asserts that p/'(z,v) < C- p(z,v) for all z,v € X
and some real number C. From the following basic lemma it then follows that

p<cp.

Lemma 1 (|5]). Letd,d € M(X). If thereis a C > 0 such that d'(z,y) < C-d(z,y)
forall z,y € X, then d <.d'.
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1.2. Analytical reasoning. In this subsection we explain the analytical reasoning
behind the construction of p’ that is very similar to the one in Section 5 of [1].
Throughout the subsection, we often refer to Section 5 of [1] and use various results
from there.

First of all, without loss of generality we will assume that the metric p is bounded
by 1: if this is not the case, then letting p(z,y) = min(p(z,y),1) produces a
computable metric p that is c-equivalent to p. This is an important detail. Later
on we will see why it is convenient to bound the metric from above.

By the choice of the number r, there exists an infinite sequence (Z,)ne, such
that p(Zn, Zm) > 3r for n # m. Moreover, such a sequence can be found effectively,
given r as a parameter. We have B,(Z,,r) N B,(Zm,r) = @ for m # n. Denote
Tp = Zan, Yn = Tont1. Points x, and y, are used in the strategy for requirement
R.. Let h, be a suitable small positive number defined in the strategy. Similarly
to the proof of Theorem 4.1 of [1], we build a sequence of metrics p,, as follows.
Let pg = p. Suppose that the metric p, has already been defined. Define a map
Tyii: By, (xp,1) = £ by

Dpai(z) = (222 by = (Fy(yn) — 28220 (B (y,) — Fu(2))),

where F), is the Fréchet embedding of (X, p,, W) into ¢*°. Extend I',;1 to a
mapping Yn4+1: X — > by putting v,41(2) = 0~ F,(2) for z & B, (zn,7). Let
pr1(2,0) = Iynt1(2) = i (V)]-

Metric p,41 can be expressed in terms of p, by Formulas (1.1)-(1.3). The
following lemma is an analogue of Proposition 5.4 of [1] and is proved in the same
way.

Lemma 2. For all n € w, the following hold:

(1) pn is a well-defined complete metric inducing topology 7 on X;

(2) pn(z,v) = pu-1(z,v) for all z,v € By, (¥n-1,7);
(3) The identity map idx induces a series of surjective isometries B, [T, 7] —
By, [xn, 7] = ... = B, [, 7]

Proof. Proceed as in the proof of Proposition 5.4 of [1]. The last clause follows from
Propositions 5.2 and 5.3 of [1] and the fact that po(x,, &) > 3r for all Z,, # x,,
thus min(po(@n, i) — 7, po(Tn, yi)) > 2r > r for i < n. O

Corollary 1. For all z,v € X, there are at most two n € w such that p,41(z,v) #
pn(z,0).

Proof. If z,v & U, c., Bpo(Tn,7), then p,(z,v) = po(z,v) for all n. If z € B, (2, 7)
for some n, then we may have p,1(z,v) # pn(z,v). A similar change may happen
if v € B, (zm,r) for some m. Other than that, no changes will occur. O

Corollary 1 implies that there exists a pointwise limit p’ of metrics p,, that also
is a metric on X.

Lemma 3. p’ is a complete metric inducing topology T on X.
Proof. Repeat the proof of Proposition 5.5 of [1]. O

Lemma 4. There exists a constant C' > 0 such that p'(z,v) < C - po(z,v) for all
z,v € X.
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Proof. First of all we show that py(z,v) < 2-pg(z,v) for all z,v € X. Fix arbitrary
points z,v € X. By symmetry we will assume that po(xo, z) < po(xo,v). The
following three possibilities can occur.

Case 1. po(xo,2) < r and pg(xg,v) = r. Then
(releot) pgy £0(B02) g (5, 0y) o T2L0E02) i (35, 0))
(po(ﬂcow)—ﬂo(wovz) ho, Po(ﬂiovz) po(z,v) + po(ﬂcoav)—po(ﬂfo%)po(yo’v))

p1(z,v) = max

po(z,v) hO; PO(iO’Z) PO(Za 1}) + MPO(?JO& U))
ho W) .po(z ’U).

r? T

Case 2. po(zo,v) < r. One can obtain the same boundary in the same manner.

Case 3. po(xo,z) = r. In this case, p1(z,v) = po(z,v).

By construction, hy < 1. We also have po(xo,2) + po(yo,v) < 2; this is the
moment when we see why it was important to bound the metric py from above.
Since r < 1, the claim follows.

To prove the statement of the lemma, fix arbitrary z,v € X and consider the
following possibilities.

Case 1. 2,0 & U, c., Bpo(Tn,7). Then p'(z,v) = po(z,v).

Case 2. z € By (xy,r) and v € B, (m,r), n # m (say n < m). We have

po(z,v) = p1(z,v) = ... = pp(z,v),
p0(z,20) = p1(2,20) = ... = pu(z,2p),
Po(Yn,v) = p1(Yn,v) = ... = pn(Yn,v)-
Then, arguing as above, we obtain p,41(2,v) < 2 - pn(z,v). Similarly, we have
Prt1(V, Tp) < 72 pn(V,T) and ppi1(Ym, 2) < % n(Ym, 2). Then
pn+1(z,v) = pn+2(z U) = pm('z U)
Prt1(V; Tm) = prt2(V,Tm) = ... = P (0, Tm),
Prt1(Ym, 2) = Prt2(Um, 2) = - = pm(Ym, 2),

and after several careful substitutions we have
hu,n ™ ;T )+ Pm (Ym
( R (v,@ )Tﬂ (y Z)) < pm (2, 0)

Pm+1(7,v) < max

/

max (2 L (2p0(0,2m) + 2p0(Ym 2))) - pm(z,v)

roor

VASV/AN

max(3, &)+ 2 po(z10)
8 po(z,v).
After that, the distance between these points will never change, and p'(z,v) =
Pm+1 (27 U).

Case 3. There is only one n such that z or v (or both) is contained in B, (,, 7).

A similar boundary can be obtained in this case as well.
Now, C = = can serve as the constant from the statement of the lemma. O

We will also need the following observation.

Lemma 5. The following hold:
(1) If 2 & (Unew Bpol®n: 7)) U{yn | n € w}, then for alln € w
P (Z’Bpo [l‘n,’l“]) = inf p/(Z,U) z min(pO(xnaZ) =T ,00(2/1“2'))-

VEByg [Tn,T
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(2) Let By = Byy[xn,r], Ba = By, [Tm, 7] for m # n. Then

/ — . / > .
P(B,By) = inf  p(z,0) 27
Proof. (1). For all v € B, [xy,r] we have po(z,v) = p1(2,v) = ... = pp(z,v), and

after that p,y1(2z,v) 2 min(pp(2n, 2) — 7, pr(Yn, 2)) = min(po(zn, 2) — 7, po(Yn, 2))
by the consideration before Proposition 5.2 of [1]. After that, distance between
these points never changes, and p'(z,v) = ppa1(2,v).

(2). Fix m < n and fix two points z € B, [z, 7],v € By, [Tm,7]. As above,
we have po(z,,v) = p1(zn,v) = ... = pm(zn,v), and after that p,11(zn,v) =
min(pm (Tm, Tn) — 7, P (Ym, Tn)) = min(po(Tm, Tn) — 7, Po(Ym, Tn)) > 2r. Simi-
larly, pm-+1(Yn,v) = min(po(Tm, Yn) — 7, P0(Ym, yn)) > 2r. Afterwards, we have
Pmt1(2,0) = ... = pp(2,v) and ppi1(2,v) = min(pp(2n,v) =7, pu(Yn,v)) >r. O

1.3. Construction. At the start of the construction, we are given a computable
metric p € M(X). We have fixed a rational r € (0, 3) such that the space (X, p)
does not have a finite 3r-net and have chosen a k € w such that 27% < r.

Stage 0. Let Ag = &, pg = p-

Stage s+1. Appoint a follower to requirement R as follows. Since A, is not a 3r-
net in (X, pg), we can find a special point y, such that po(ys,w) > 3r for all w € Aj.
Let A = Ag U {ws,ys}. Let e < s be the least number such that the requirement
R has not been met yet and ®.(a)(k + 1) = u in s + 1 steps, where w, = vy, is
the follower of R.. If no such e exists, end the stage. Otherwise, choose an element
x. = wp such that po(x.,w) > 3r for all w € AU{w,}. Let py be the metric most
recently defined in the construction. Proceed as described in Subsection 1.1 with
ps in place of p and obtain a new metric psy1. Let Agrq1 = AU {wey, ze}.

1.4. Verification. Define p’ to be the pointwise limit of metrics defined in the
construction. As in Subsection 6.2 of [1] it can be shown that p’ is a computable
metric. By construction, po(z;,x;) > 3r for all ¢ # j and po(x;,y;) > 3r for all 4, 5.
From the discussion in Subsection 1.1 it is not hard to see that all requirements R,
are satisfied. By Lemmas 1 and 4, p <. p'.

1.5. Proof of Theorem 2. Suppose that p € M(X) is an arbitrary metric on X.
We can carry out the construction from Theorem 1 to obtain a metric p’ satisfying
all negative requirements R., then Lemmas 1 and 4 guarantee that p <. p’. It
remains to note that Lemma 1 holds in arbitrary metric spaces, not necessarily
computable.

2. PROOF OF THEOREM 3

As mentioned in the introduction, this theorem is a generalization of a result
from [4], namely of Theorem 3 of that paper. The idea of the proof is the same as
in [4]: we embed the Boolean algebra Pcomp(w) of computable subsets of w into
CM.(X) and use the fact that Int(1 + ) is embeddable into Pcomp(w). Below we
explain how to embed the 4-element Boolean algebra into CM.(X), and then we
give a hint how to generalize this construction to obtain the embedding of Pcomp(w).

To show that the 4-element Boolean algebra embeds into CM.(X), we construct
metrics do, d; and dp; such that deg,(dp1) = sup(deg,(do),deg.(d1)) and deg,(p) =
inf(deg,(dp),deg.(d1)) in CM.(X). Metrics dy and dy will be built in a single
construction and will satisfy the following requirements:
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Rie: di £e di—; via @, for i = 0,1 and e € w,
S: P Sc do,dl.

Fix a rational number r € (0, %) such that there is no finite 3r-net in (X, p).
Requirements R;. and S are satisfied in the exact same manner as in Theorem 1.

Metric dg; contains all deformations defined in the course of the construction of
both dy and d;. More formally, at stage O we initially define dg o, d1,0,do1,0 = p-
Suppose that at stage s we finish the Rg.-strategy and introduce a deformation

I Bdo,s' ({,C()e,T) — 00

F(z) = (M hOe) - (FS’ (yOe) - M(FS’(?J%) - FS’(Z)))7

where dy s is the most recently defined approximation of the metric dy and Fy is
the Fréchet embedding of (X, dp s, W) into £°°. We add an analogue of T to do; as
follows. Let F,» be the Fréchet embedding of (X, do1 ¢, W) into £>°, where do1 o~
is the most recently defined approximation of the metric do;. Let

r—dgy (s es? — = d, s (Toe,2 = =
T(z) = (202D by ) = (B (o) — 2222 (B (yoc) — Fun(2))),

T T

Extend T to a mapping 7: X — ¢* in the usual way and let do; s(z,v) = [|7(2) —
AW)||- In a similar way we incorporate into dp; every deformation defined for the
metric dj.

To see that the Ro.-strategy succeeds, let yp. = w, and xg. = wp be the points
used in the strategy. When R, requires attention, say at stage s, let u = ®.(a)(k+
1). Points yo. and zg. uniquely correspond to the requirement Ry, thus yg. is not
used in the construction of d;. In particular, yo. does not belong to any ball
B,(z1er,7), and by Lemma 5 we have di(yoe,w,) > r regardless of where w, is
located. This guarantees the success of diagonalization against ®..

Observe that deg.(p) is the greatest lower bound of deg.(dy) and deg_.(d;). To
prove this, it suffices to show that, given a dp-name and a di-name for z € X, we
can effectively construct a p-name for z. Fix a dg-name f; and a dy-name f; for z.
Let S = {Zie, Yie | i =0,1,e € w} and T = {zc | i = 0,1, e € w}. The construction
appoints followers v € S in such a way that for each n it holds p(v,w,) > 3r for
all followers v appointed after stage n + 1. Among the remaining (finitely many)
followers, we are able to find such a v* that p(v,w,) > 3" for all v # v*. Clearly,
this v* may be defined ambiguously, but there is a uniform computable way to find
this element for each w,,. Consider the point wg,(x+2) and find the corresponding
v*. We split the proof into the following three cases.

Case 1. v* = x1e+ or v* = Y.+ for some e* € w. Then by Lemma 5(1) we have
do(wy,(k42), Bplwoe,7]) > § for all e. Since do(wy,(k42), Wey(n)) < 5 for n >k 42,
then wy, ) & U,co, Boloe, 7] for n > k42, which means that do(w,(m), W, (n)) =
P(Wy (m), Wy (ny) for all m,n >k + 2, thus

(fo(k +2), folk +3),...)

is a p-name for z.
Case 2. v* = yoe- for some e* € w. Then do(wy,(kt2), BplToe,r]) > 5, thus
do(z, Bylxoe,r]) > § for all e # e*. The following possibilities can then hold:

) z € Bylxoe,r]. Then clearly p(z,v) > 2r for all v € S — {z.- }.

(1
(2) 2 & Uecew Bol®oe,r]. In this case, p(z,wgyk42)) = do(2,Weyk42)) < 7
by (1.3) and p(z,v) > 3 for all v € S — {zge~ }.
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By Lemma 5(1), in both of these cases for all e € w we have di(z, B,[r1e,7]) > ],
i.e., z is far from all balls used in the construction of d;. Then, similarly to the
above, di(Wg, (m), Wy (n)) = (W, (m), Wi, (n)) for all m,n >k + 2, and

(fi(k+2), fi(k+3),...)

is a p-name for z.
Case 3. v* = xge~, e* € w. We break this case into the following subcases:
(1) wyyry2y & Bplwoes,7]. As above, we have do(z, B,[xoe,7]) > 7 for all
e # e*, thus z € By[xoe~, 7] or 2 & (.., BolToe,7]-
(2) wryky2)y € Bplroer,r]. Since do(wy,(ky2),2) < G, by Lemma 5 we must
have p(z, Tgex) < % or p(z,yoer) < §-
In any of these subcases, arguing as in Case 2, we obtain that di(z, By[z1e,7]) > §
for all e € w. As a result, (fi(k+2), fi(k+3),...) is a p-name for z.

Note that we can effectively decide which of the cases 1-3 occurs. It implies that
some p-name for z can be computed, using fy and f;.

It is not hard to see that dy, d; <. dp1. To prove that deg,(dp1) is the least upper
bound of deg,(dy) and deg.(dy), it suffices to show that every do;-name f can be
translated into a dg-name or a di-name for the same element z. Fix z € X and a
do1-name f for z. As earlier, we can compute the indices i, e of a v* € S such that
P(We(kt2),v) > 324" for all v € S — {v*}. Suppose that v* = ;.. Then Lemma 5
readily implies that

Bdo [wf(k+2)7 %] N U Bp[xvr} =a.
zeT—{v*}

*

Similarly, if v* is a follower yie, then Bay[wyk+2), 5] N Uzer— s,y Bolz. 7] = 2.
Now, suppose that i = 0, i.e., v* = xg or v* = yg.. By the above, we have
We(n) € Uper—(zo.} Bplv, 7] for all n > k+2. Since we add the same deformation I
of the ball B, (z¢e, ) to both metrics dy and do1, then by induction on s it is not hard
to show that doy,s(Wen), Wrm)) = do,s(Wrn), Weemy) for all n,m >k +2 and all s,
thus do1 (W(ny, Wem)) = do(Ws(n), Wm)) for these n, m, and (f(/chQ)7 fk+3),.. )
is a do-name for x. We argue in the same manner in case i = 1.

To show that Pcomp(w) embeds into CM(X), construct an infinite sequence of
metrics dy;y, @ € w, similarly to the above, and for any computable set A construct
the metric d4 that contains all deformations defined for the metrics d; for all 7 € A.
Then deg, (danp) will be the greatest lower bound of deg.(d4) and deg,.(dg), and
deg.(daup) will be the least upper bound of deg.(d4) and deg.(dg), for arbitrary
computable sets A and B.

3. THE UNIT INTERVAL
3.1. Proof of Proposition 1. We will need the following facts.

Lemma 6 ([3], Corollary 6.2.5). Let f be a continuous real function defined on
a compact set K C R. Then maxgcg f(z) and mingcx f(x) are computable uni-
formly in f and K.

Lemma 7. Let X be a Polish space and let p,p’ € M(X) be computable metrics
on X such that p <. p’. Then p' is a (p, p, pr)-computable function.

Proof. Immediate. O
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Suppose that p € M(I) is a computable metric on I such that pr <. p. We
need to prove that p <. pr. By Lemma 7, p is (pgr, pr, pr)-computable. Then the
projection functions p,(z) = p(q,z) are (pr, pr)-computable uniformly in ¢ € Q.
Denote ¢,, = vgn.

Let f be a p-name for x € I. We want to compute a pr-name for x. This can
be done as follows: for n € w, we will progressively compute rational a,, b, such
that B,lqs),27%] C [an,bn] for some k and the length of intervals [a,,b,] tends
to zero. Since [, Bylas ), 27k] = z, in the end we obtain a pr-name for x.

At stage n, for each k > 0 proceed as follows. Let 0 = co,c1,...,ckn = qpx) be
rational points forming a partition of interval [0, ()] into kn even subintervals.
For i < kn, compute minye(o.c,] Pg;,, (y) With precision 2=k If for some i we are
able to see that minye(o.c,) Pg; () (y) > 27F with said precision, pick the rightmost c;
with this property and denote it by a®, otherwise let a® = 0. By construction, a®
bounds B,[q(x), 2~ ¥] from below. Similarly, obtain a b% that bounds B,[qyx), 2 "]
from above. Continue this process until we find such a k that b% — a® < 277; this
will eventually happen since the balls B,[qy &), 27F] converge to x. This gives us
the a,, b, satisfying the properties described above.

3.2. Proof of Proposition 2. 0’-computable metric p* >. pr will have the form

p*(x,y) = [v(z) =W,

where v: I — I? is a polygonal curve defined as follows. Consider the sequence
ag =0,a; =27!,...,a, =1—27",... We diagonalize against the eth functional
®, on the interval [a., a.; 1] of length 27¢~1. Suppose that a, = q,. Use 0’ to figure
out whether the computation ®.(a)(e+3) ever halts. If it does, let u = ®.(a)(e+3),
then it must hold pr(qu, ) < 2773, otherwise we immediately win, keeping the
interval [a., a.11] undeformed in the metric p*. Let x. be the midpoint of [a., a.41]
and let y. = . — 27°73, 2, = . +27° 3. In the spirit of the proof of Theorem 1,
add to v a deformation T’ of the subinterval [y., ze] C [ac,a.+1] that makes x,
close to a., so we also win against ®.. More precisely, define a piecewise linear map
Te: [Ye, 2¢] — I? by its action on the following points:

Fe(ye) = (yevo)a Pe(xe) = (aeahe)v Fe(ze) = (Zeao)a
where h, < min(27¢,27%(@(+3)) (see Fig. 1).

ho
\ h1 \

ag Yo 20 ay Yyr 21 az 1

FiG. 1. First few steps of the construction.

To see why pr <. p*, notice that, since the height h. of the deformation T, is
bounded by 27¢ and at each step e we define I', in a uniform way, only scaling
the length of the interval [y.,z.] and distance to the point a. down by 2, then
all the deformations I', actually share the same computable modulus of continuity
m. Thus, m is also a modulus of continiuty of the whole curve v. Then one can
effectively translate any pgr-name f into a p*-name g for the same point by letting
g = f om, which means that pg <. p*.
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