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Abstract. An Navier-Stokes type equation is considered for which
a generalized solution is constructed in the form of a series in powers
of a specially introduced parameter and its convergence is proved. An
example of a mixed problem for the Burgers equation is given.
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1. Ââåäåíèå

Äëÿ ðåøåíèÿ íåêîòîðûõ òîíêèõ âîïðîñîâ íåëèíåéíîé ìàòåìàòè÷åñêîé ôè-
çèêè óæå äàâíî èñïîëüçóåòñÿ ìåòîä ìàëîãî ïàðàìåòðà. Ïîñëåäíèé ëèáî óæå
ïðèñóòñòâóåò â èçó÷àåìîé çàäà÷å, êàê íàïðèìåð, â òåîðèè âîçìóùåíèé [1, 2, 3],
ëèáî ââîäèòñÿ èñêóññòâåííî, êàê â ìåòîäå ¾èñ÷åçàþùåé âÿçêîñòè¿ [4]. Â ëþáîì
ñëó÷àå, âñòàåò âîïðîñ î õàðàêòåðå ñõîäèìîñòè ïîñòðîåííîãî ðÿäà. Â ðåãóëÿð-
íîé òåîðèè âîçìóùåíèé (îñîáåííî ëèíåéíîé) âî ìíîãèõ ñëó÷àÿõ íàáëþäàåòñÿ
ãîëîìîðôíàÿ çàâèñèìîñòü ðåøåíèÿ îò ïàðàìåòðà [3], â ñèíãóëÿðíîì ñëó÷àå �
ñõîäèìîñòü, êàê ïðàâèëî, àñèìïòîòè÷åñêàÿ [2, 5, 6], õîòÿ è èìåþòñÿ óñëîâèÿ
îáû÷íîé ñõîäèìîñòè [7, 8]. Îäíàêî, åñëè çàäà÷à íåëèíåéíàÿ, òî ïðîáëåìà îáû÷-
íîé ñõîäèìîñòè òðåáóåò ãëóáîêîãî èññëåäîâàíèÿ (îñîáåííî, åñëè âîçìóùàþùèé
îïåðàòîð íåëèíåéíûé). Â ñëó÷àå ïîëîæèòåëüíîãî ðåøåíèÿ ýòîé ïðîáëåìû ïî-
ÿâëÿåòñÿ âîçìîæíîñòü äåòàëüíîãî èññëåäîâàíèÿ ñâîéñòâ ðåøåíèé èçó÷àåìûõ
çàäà÷.

Ïîëó÷åííûå â íàñòîÿùåå âðåìÿ ðåçóëüòàòû ïî îáû÷íîé ñõîäèìîñòè ðÿäîâ,
ïðåäñòàâëÿþùèõ ðåøåíèÿ óðàâíåíèé ñ ìàëûì ïàðàìåòðîì, â êîòîðûå âõîäÿò
íåîãðàíè÷åííûå îïåðàòîðû, ïîëó÷åíû â îñíîâíîì äëÿ ëèíåéíûõ çàäà÷ [3, 7, 13].

Besova, M.I., Kachalov, V.I., On a nonlinear differential equation in a Banach

space.
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ýâîëþöèîííîå óðàâíåíèå â áàíàõîâîì ïðî-
ñòðàíñòâå, ïðàâàÿ ÷àñòü êîòîðîãî ñîäåðæèò êàê ëèíåéíûé, òàê è áèëèíåéíûé
îïåðàòîðû, ïðè÷åì îáà ÿâëÿþòñÿ íåîãðàíè÷åííûìè. Äîêàçàíî, ÷òî ïðè ñïå-
öèàëüíîì âûáîðå îáëàñòåé îïðåäåëåíèÿ óêàçàííûõ îïåðàòîðîâ, ïîñòàâëåííàÿ
íà÷àëüíàÿ çàäà÷à èìååò ãîëîìîðôíîå ïî ìàëîìó ïàðàìåòðó îáîáùåííîå ðåøå-
íèå.

2. Óðàâíåíèå òèïà Íàâüå-Ñòîêñà. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì â áàíàõîâîì ïðîñòðàíñòâå E çàäà÷ó Êîøè ñ ìàëûì êîìïëåêñ-
íûì ïàðàìåòðîì ε

(1)

du

dt
= Au+ εB(u, u) + f(t), t ∈ [0, t],

u
∣∣
t=0

= u0,

ãäå A � çàìêíóòûé íåîãðàíè÷åííûé îïåðàòîð ñ ïëîòíîé îáëàñòüþ îïðåäåëåíèÿ
D, ÿâëÿþùèéñÿ èíôèíèòåçèìàëüíûì ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëó-
ãðóïïû U(t); B(u, v) � áèëèíåéíûé îïåðàòîð ñ îáëàñòüþ îïðåäåëåíèÿ E ×D,
îãðàíè÷åííûé ïî ïåðâîé ïåðåìåííîé è çàìêíóòûé íåîãðàíè÷åííûé ïî âòîðîé
ïåðåìåííîé.

Ïðè ε = 1 óðàâíåíèå ïðåâðàùàåòñÿ â óðàâíåíèå òèïà Íàâüå-Ñòîêñà � èìåííî
òàê âûãëÿäèò ïîñëåäíåå, çàïèñàííîå êàê ýâîëþöèîííîå â áàíàõîâîì ïðîñòðàí-
ñòâå [9, 10, 11].

Çàìåòèì, ÷òî â ñëó÷àå, êîãäà f(t) ≡ 0, ïàðàìåòð ìîæíî ââåñòè ñ ïîìîùüþ
çàìåíû u = εv, áëàãîäàðÿ áèëèíåéíîñòè îïåðàòîðà B.

3. Ïîñòðîåíèå îáîáùåííîãî ðåøåíèÿ ìåòîäîì ìàëîãî ïàðàìåòðà.

Îñíîâíîå óòâåðæäåíèå

Áóäåì èñêàòü ðåøåíèå çàäà÷è Êîøè (1) â âèäå ðÿäà ïî ñòåïåíÿì ε (ñ÷èòàÿ,
òåì ñàìûì, íåëèíåéíóþ ÷àñòü óðàâíåíèÿ ïîä÷èíåííîé):

(2) u(t, ε) = u0(t) + εu1(t) + . . .+ εnun(t) + . . . .

Ïîäñòàâèì ýòîò ôîðìàëüíûé ðÿä â óðàâíåíèå (1) è âîñïîëüçóåìñÿ (ñ ó÷åòîì
áèëèíåéíîñòè îïåðàòîðà B) ïðàâèëîì Êîøè ïðîèçâåäåíèÿ ðÿäîâ:

B(u, u) =

∞∑
n=0

εn
n∑
k=0

B(uk, un−k).

Ïðèðàâíÿåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ε â ëåâîé è ïðàâîé
÷àñòÿõ ýòîãî óðàâíåíèÿ è, â ñîîòâåòñòâèè ñ ìåòîäîì íåîïðåäåëåííûõ êîýôôè-
öèåíòîâ, ïîëó÷èì ñåðèþ íà÷àëüíûõ çàäà÷:

(3)

du0
dt

= Au0 + f(t), u0
∣∣
t=0

= u0,

du1
dt

= Au1 +B(u0, u0), u1
∣∣
t=0

= 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dun
dt

= Aun +
n−1∑
k=0

B(uk, un−k−1), un
∣∣
t=0

= 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Âñå çàäà÷è ñåðèè (3) êîððåêòíî ðàçðåøèìû, è ïóñòü u0(t) � ðåøåíèå ïåðâîé
èç íèõ. Òîãäà

(4)

u1(t) =

t∫
0

U(t− τ)B(u0(τ), u0(τ))dτ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

un(t) =

t∫
0

U(t− τ)
[n−1∑
k=0

B(uk(τ), un−k−1(τ))

]
dτ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ââåäåì ñëåäóþùåå

Îïðåäåëåíèå. Åñëè ðÿä (2) ñõîäèòñÿ â íåêîòîðîé îêðåñòíîñòè çíà÷åíèÿ
ε = 0 ðàâíîìåðíî ïî t ∈ [0, T ], òî åãî ñóììó u(t, ε) áóäåì íàçûâàòü îáîáùåí-
íûì ðåøåíèåì çàäà÷è(1).

Çàìå÷àíèå 1. Åñëè u(t, ε) ∈ D, òî îíî ñòàíîâèòñÿ ñòðîãèì ðåøåíèåì çàäà-
÷è (1).

Äàëåå, ïóñòü äëÿ êàæäîãî ïîëîæèòåëüíîãî ÷èñëà c ñóùåñòâóåò ìíîæåñòâî
W c ⊂ D òàêîå, ÷òî ∀w ∈ W c ‖w‖ ≤ eac ïðè íåêîòîðîì a > 0, è, åñëè, w1 ∈
W c1 , w2 ∈ W c2 , òî ‖B(w1, w2)‖ ≤ c2e

a(c1+c2). Òàêæå áóäåì ïðåäïîëàãàòü, ÷òî
ìíîæåñòâî W c èíâàðèàíòíî îòíîñèòåëüíî U(t) è ‖U(t)w‖ ≤ ‖w‖ ∀w ∈W c.

Ñëåäóåò îòìåòèòü, ÷òî ìíîæåñòâî W c ñîñòîèò èç ýëåìåíòîâ, àíàëîãàìè êî-
òîðûõ ÿâëÿþòñÿ âåêòîðû ýêñïîíåíöèàëüíîãî òèïà [7, 13]. Åñëè æå E ÿâëÿåòñÿ
ôóíêöèîíàëüíûì ïðîñòðàíñòâîì, òî W c îáîáùàåò ïðîñòðàíñòâî öåëûõ ôóíê-
öèé ýêñïîíåíöèàëüíîãî òèïà [14].

Ââåäåì îáîçíà÷åíèå äëÿ îáúåäèíåíèÿ ýòèõ ìíîæåñòâ:

expaE =
⋃
c>0

W c,

è ïîòðåáóåì, ÷òîáû îíî áûëî èíâàðèàíòíûì îòíîñèòåëüíî îïåðàòîðà B.
×òîáû ïåðåéòè ê èçëîæåíèþ îñíîâíîãî ðåçóëüòàòà ðàáîòû, äîêàæåì îäíî

êîìáèíàòîðíîå ðàâåíñòâî.

Ëåììà. Äëÿ ëþáîãî íàòóðàëüíîãî n èìååò ìåñòî ðàâåíñòâî

(5) 1 · (n+ 1)n

n!
+ 1 · nn−1

(n− 1)!
+

31

2!

(n− 1)n−2

(n− 2)!
+

42

3!

(n− 2)n−3

(n− 3)!
+ · · ·+

+
(n+ 1)n−1

n!
· 1 =

(n+ 2)n

n!
.

Äîêàçàòåëüñòâî. Óìíîæèì ðàâåíñòâî (5) íà n!, òîãäà îíî ïðèìåò ñëåäóþùèé
âèä:

n∑
k=0

Ckn(n+ 1− k)n−k(k + 1)k−1 = (n+ 2)n.

Íåòðóäíî âèäåòü, ÷òî ëåâàÿ ÷àñòü ýòîãî ðàâåíñòâà â òî÷íîñòè ïðåäñòàâëÿåò
ñîáîé ôîðìóëó Ëåéáíèöà:

[f(v)g(v)]
(n)
v=0 =

n∑
k=0

Cknf
(n−k)(0)g(k)(0),
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ãäå

f(v) =

∞∑
m=0

(m+ 1)m

m!
vm, g(v) =

∞∑
m=0

(m+ 1)m−1

m!
vm

ñóòü ãîëîìîðôíûå â íåêîòîðîé îêðåñòíîñòè òî÷êè v = 0.
Ââåäåì â ðàññìîòðåíèå ôóíêöèþ

h(v) =

∞∑
m=0

(m+ 1)m

(m+ 1)!
vm+1,

êîòîðàÿ ÿâëÿåòñÿ îáðàòíîé ê öåëîé ôóíêöèè v = ze−z, è, ïîýòîìó, óäîâëåòâî-
ðÿåò ðàâåíñòâó h(v) = veh(v). Íî f(v) = h′(v) è g(v) = eh(v). Ñëåäîâàòåëüíî,

[f(v)g(v)]
(n)
v=0 = [h′(v)eh(v)]

(n)
v=0 = [(eh(v))′]

(n)
v=0 =

= [eh(v)]
(n+1)
v=0 = g(n+1)(0) = (n+ 2)n,

è ôîðìóëà (5) äîêàçàíà. �

Âåðíåìñÿ ê óðàâíåíèþ (1) è äîêàæåì, ÷òî ðÿä (2), ïðåäñòàâëÿþùèé îáîá-
ùåííîå ðåøåíèå ïîñòàâëåííîé íà÷àëüíîé çàäà÷è, ñõîäèòñÿ â îáû÷íîì ñìûñëå
(êàê ñòåïåííîé).

Òåîðåìà. Åñëè u0 ∈ expaE è f(t) ∈ expaE ïðè âñåõ t ∈ [0, T ], òî îáîáùåííîå
ðåøåíèå çàäà÷è Êîøè (1) ñóùåñòâóåò íà âñåì óêàçàííîì îòðåçêå è ãîëîìîðô-
íî â òî÷êå ε = 0.

Äîêàçàòåëüñòâî. Èìååì äëÿ ðåøåíèÿ ïðåäåëüíîé çàäà÷è:

u0(t) = U(t)u0 +

t∫
0

U(t− τ)f(τ)dτ.

Ïðåäïîëîæèì, íå îãðàíè÷èâàÿ îáùíîñòè, ÷òî u0 è f(t) ïðè âñåõ t ∈ [0, T ] ÿâ-
ëÿþòñÿ ýëåìåíòàìè W c0 ïðè íåêîòîðîì c0 > 0. Òîãäà

‖u0(t)‖ ≤ ‖U(t)u0‖+
t∫

0

‖U(t− τ)f(τ)‖dτ ≤ ‖u0‖+ Teac0 ≤ eac

ïðè íåêîòîðîì c > c0.
Ïîëüçóÿñü ýòèì íåðàâåíñòâîì, ñ ïîìîùüþ ìåòîäà ìàòåìàòè÷åñêîé èíäóêöèè

óñòàíîâèì ñëåäóþùóþ îöåíêó:

(6) ‖un(t)‖ ≤
(n+ 1)n−1

n!
cntnea(n+1)c.

Ïðè n = 1 ôîðìóëà (6) âåðíà, ïîñêîëüêó

‖u1(t)‖ ≤
t∫

0

‖B(u0(τ), u0(τ))‖dτ ≤
t∫

0

ce2acdτ = cte2ac.
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Ïóñòü íåðàâåíñòâî (6) âåðíî ïðè äàííîì íàòóðàëüíîì n. Èç ðàâåíñòâ ñå-
ðèè (4) è ïðåäïîëîæåíèÿ èíäóêöèè ñëåäóåò, ÷òî

||un+1(t)|| ≤
t∫

0

n∑
k=0

||B(uk(τ), un−k(τ))||dτ ≤

≤ cn+1

t∫
0

(
1 · (n+ 1)n

n!
+ 1 · nn−1

(n− 1)!
+

31

2!
· (n− 1)n−2

(n− 2)!
+ . . .+

+
(n+ 1)n−1

n!
· 1
)
τndτ · ea(n+2)c =

(n+ 2)n

n!(n+ 1)
cn+1tn+1ea(n+2)c =

=
(n+ 2)n

(n+ 1)!
cn+1tn+1ea(n+2)c.

Òàêèì îáðàçîì, îöåíêà (6) óñòàíîâëåíà, îòêóäà è ñëåäóåò ñõîäèìîñòü ðÿ-
äà (2) ðàâíîìåðíî íà îòðåçêå [0, T ], â íåêîòîðîé îêðåñòíîñòè çíà÷åíèÿ ε= 0. �

Çàìå÷àíèå 2. Òàê æå, êàê è â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé â áà-
íàõîâîì ïðîñòðàíñòâå [12], îáîáùåííîå ðåøåíèå ÿâëÿåòñÿ íåïðåðûâíûì íà
îòðåçêå [0, T ]. Ýòî ÿâëÿåòñÿ ñëåäñòâèåì ðàâíîìåðíîé ñõîäèìîñòè ðÿäà (2)
íà óêàçàííîì îòðåçêå, ïîñêîëüêó åãî êîýôôèöèåíòû òàì íåïðåðûâíû (äàæå
íåïðåðûâíî äèôôåðåíöèðóåìû).

4. Ïðèìåð

Ðàññìîòðèì ñìåøàííóþ çàäà÷ó äëÿ óðàâíåíèÿ Áþðãåðñà ñ ìàëîé âÿçêî-
ñòüþ ν:

ut = νuxx − εuux, u(x, t, ν, ε) ∈ C[0, π], t ∈ [0, T ],

u(0, t) = u(π, t) = 0, t ∈ [0, T ],

u(x, 0) = sinx, x ∈ [0, π].

Ïîñòðîåííîå óêàçàííûì ìåòîäîì ðåøåíèå èìååò ñëåäóþùèé âèä:

u(x, t, ν, ε) = e−νt sinx− ε

4
· e
−2νt − e−4νt

ν
sin 2x+

+
ε2

32

(
2e−3νt − 3e−5νt + e−9νt

ν2
sin 3x− e−5νt − 2e−3νt + e−νt

ν2
sinx

)
− . . . .

ßñíî, ÷òî ýòîò ðÿä áóäåò ñõîäÿùèìñÿ ïðè ε = 1 íà ïðîìåæóòêå áûòü ìîæåò
ìåíüøèì, ÷åì îòðåçîê [0, T ].
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