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ÏÐÎÌÅÆÓÒÎ×ÍÛÌÈ ÄÐÎÁßÌÈ ÎÒÐÈÖÀÒÅËÜÍÎÉ

ÍÎÐÌÛ È ÐÀÇËÎÆÈÌÎÑÒÈ ÅÃÎ ÏÐÅÄÑÒÀÂËßÞÙÅÃÎ

ÌÍÎÃÎ×ËÅÍÀ

À.À. ÊÎÐÎÁÎÂ, Î.À. ÊÎÐÎÁÎÂ

Abstract. The work is devoted to the study of Diophantine equation
x2 − y2(p2 − 4q) = 4t, where p = l + u(k2 − 1)(l(k2 − 1) − 2k), q =
u(lk3 − 2k2 − kl + 1) + km + 1, l = k + m(k2 − 1), numbers k,m, u
are nonnegative integers, number k is odd, and the right hand side 4t
of the equation is su�ciently small positive integer. We give a complete
description of solutions of the Diophantine equation.

Keywords: diophantine equation, integer solutions, generalized Pell's
equation, quadratic �elds, unit group, diophantine approximations.

1. Ââåäåíèå

Ïóñòü a, b � ïðîèçâîëüíûå íàòóðàëüíûå ÷èñëà. Ðàññìîòðèì íåîäíîðîäíîå
óðàâíåíèå Ïåëëÿ

x2 − y2(a2 − 4b) = 4t. (1)

Ïðè óñëîâèè 0 < t < 2
√
a2 − 4b ïðè íåêîòîðûõ çíà÷åíèÿõ ïàð (a, b) ìîæíî äàòü

ïðîñòîé êðèòåðèé ðàçðåøèìîñòè óðàâíåíèÿ (1) â íàòóðàëüíûõ ÷èñëàõ. ßñíî,
÷òî äîñòàòî÷íî îãðàíè÷èòüñÿ òàêèìè ðåøåíèÿìè (x, y) óðàâíåíèÿ (1), ïðè êî-
òîðûõ ÷èñëà x è y âçàèìíî ïðîñòû. Ïðè ýòîì äîïîëíèòåëüíîì ïðåäïîëîæåíèè
â ñòàòüå [1] ðàññìîòðåí ñëó÷àé b = 1, a � íå÷¼òíîå è a > 1, à â ñòàòüå [2] ðàñ-
ñìîòðåí áîëåå îáùèé ñëó÷àé a = kb, k, b � íå÷¼òíûå è k > 1. Îêàçàëîñü, ÷òî
ðåøåíèÿ óðàâíåíèÿ (1) èìåþòñÿ ëèøü ïðè t = 1, t = b, t = a+ b+ 1.
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Âñå ýòè ðåçóëüòàòû íåïîñðåäñòâåííî âûòåêàþò èç îñíîâíûõ ðåçóëüòàòîâ äàí-
íîé ñòàòüè.

Òåîðåìà 1. Ïóñòü k,m, t � íåîòðèöàòåëüíûå öåëûå ÷èñëà, k � íå÷¼òíîå,
m � ÷¼òíîå. Ïóñòü k > 1, q = km(k2−2)+1, p = k+m(k4−3k2+1), d = p2−4q.
Åñëè 0 < t < 2

√
d, è óðàâíåíèå x2 − y2d = 4t èìååò òàêîå ðåøåíèå (x, y) â

íàòóðàëüíûõ ÷èñëàõ, ÷òî ÷èñëà x è y âçàèìíî ïðîñòûå, òî ëèáî t = 1, ëèáî
t = q, ëèáî t = p+q+1, ëèáî t = p+2q+m(2k2+k−2), ëèáî t = p+2q+2km(k+1).

Òåîðåìà 2. Ïóñòü k,m, u, t � íåîòðèöàòåëüíûå öåëûå ÷èñëà, k � íå÷¼òíîå.
Ïóñòü k > 1, l = k +m(k2 − 1),

q = u(lk3 − 2k2 − kl + 1) + km+ 1,

p = l + u(k2 − 1)(l(k2 − 1)− 2k),

d = p2−4q. Åñëè 0 < t < 2
√
d, è óðàâíåíèå x2−y2d = 4t èìååò òàêîå ðåøåíèå

(x, y) â íàòóðàëüíûõ ÷èñëàõ, ÷òî ÷èñëà x è y âçàèìíî ïðîñòûå, òî ëèáî t = 1,
ëèáî t = q, ëèáî t = 1 + (k2 − 1)2u, ëèáî t = q + (k2 − 1)u, ëèáî

t = p+ 2q + 2(k2 − 1)ul + (k2 − 1)2u+ 2(m− u),
ëèáî t = p+ q + 1, ëèáî

t = p+ q + 1 + uk(k2 − 1)(k + 2).

Èç òåîðåìû 2 ìîæíî ïîëó÷èòü òàêîå ñëåäñòâèå.

Ñëåäñòâèå 1. Ïóñòü k,m, t � íåîòðèöàòåëüíûå öåëûå ÷èñëà, k � íå÷¼òíîå.
Ïóñòü k > 1, u = km + 1, p = ku − m, d = p2 − 4u. Åñëè 0 < t < 2

√
d, è

óðàâíåíèå x2 − y2d = 4t èìååò òàêîå ðåøåíèå (x, y) â íàòóðàëüíûõ ÷èñëàõ,
÷òî ÷èñëà x è y âçàèìíî ïðîñòûå, òî ëèáî t = 1, ëèáî t = u, ëèáî t = p+u+1,
ëèáî t = p+ 2u+ 2m.

2. Ïðåäâàðèòåëüíûå îïðåäåëåíèÿ è ðåçóëüòàòû

Ìû áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ, ñâÿçàííûå ñ íåïðåðûâíûìè äðîáÿìè,
ñëåäóÿ [3]. Ïóñòü α = a0 +

1/ a1 +
1/ a2 + . . . � ðàçëîæåíèå ÷èñëà α â íåïðåðûâ-

íóþ äðîáü. Âñþäó íèæå â ýòîé ñòàòüå äëÿ ðàçëîæåíèÿ ÷èñëà α â íåïðåðûâ-
íóþ äðîáü áóäåò èñïîëüçîâàòüñÿ äðóãîå áîëåå óäîáíîå îáîçíà÷åíèå, à èìåííî
α = 〈a0, a1, a2, . . . , an, . . .〉. Åñëè â ðàçëîæåíèè α ïîñëå ýëåìåíòîâ a0, . . . , as−1
íàñòóïàåò ïåðèîäè÷åñêîå ïîâòîðåíèå ýëåìåíòîâ as, . . . , as+k−1, òî áóäåì çàïè-
ñûâàòü α â âèäå:

α = 〈a0, . . . , as−1, as, . . . , as+k−1〉,
â ÷àñòíîñòè, â ñëó÷àå ÷èñòî ïåðèîäè÷åñêîãî ðàçëîæåíèÿ, òî åñòü ïðè s = 0, â
âèäå

α = a0, . . . , ak−1.

Îïðåäåëåíèå 1. Ïóñòü α = 〈a0, a1, a2, . . . , an, . . .〉 � ðàçëîæåíèå ÷èñëà α â
íåïðåðûâíóþ äðîáü, Pi è Qi � ÷èñëèòåëü è çíàìåíàòåëü i-é ïîäõîäÿùåé äðîáè
ê α, ïðè÷¼ì ÷èñëà Pi è Qi âçàèìíî ïðîñòû. Íàïîìíèì, ÷òî P−1 = Q0 =
1, Q−1 = 0. Ïðîìåæóòî÷íîé äðîáüþ ìåæäó (n−1)-é è (n+1)-é ïîäõîäÿùèìè
äðîáÿìè ê α íàçûâàåòñÿ äðîáü p

q , ãäå p = mPn + Pn−1, q = mQn + Qn−1,

m ∈ N ∩ (0, an+1).

Ñëåäóþùåå óòâåðæäåíèå äîêàçàíî â [1].
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Ïðåäëîæåíèå 1. Ïóñòü èððàöèîíàëüíîå ÷èñëî α = 〈a0, a1, a2, . . .〉 è ðà-
öèîíàëüíîå ÷èñëî r

s ((r, s) = 1) ñ óñëîâèåì s ≥ max{2, Q1} òàêîâû, ÷òî

|α − r
s | <

2
s2 . Ïóñòü Rk = Pk + 2Pk−1, Sk = Qk + 2Qk−1, Uk = 2Pk − Pk−1,

Vk = 2Qk −Qk−1. Òîãäà ñóùåñòâóåò íàòóðàëüíîå ÷èñëî n òàêîå, ÷òî âûïîë-
íåíî îäíî èç ñëåäóþùèõ óòâåðæäåíèé:

(1) r = Pn, s = Qn;
(2) r

s � ïðîìåæóòî÷íàÿ äðîáü ìåæäó (n− 1)-é è (n+ 1)-é ïîäõîäÿùèìè
äðîáÿìè ê α;

(3) an+1 = 1, r = Rn, s = Sn;
(4) r = Un, s = Vn.

Ïóñòü d � íàòóðàëüíîå ÷èñëî, íå ÿâëÿþùååñÿ êâàäðàòîì öåëîãî ÷èñëà. Èç-
âåñòíî, ÷òî äèñêðèìèíàíò áàçèñà 1,

√
d êâàäðàòè÷íîãî ðàñøèðåíèÿ Q(

√
d) ðà-

âåí 4d. Íàïîìíèì, ÷òî äëÿ ïðîèçâîëüíûõ ðàöèîíàëüíûõ ÷èñåë a è b íîðìîé
ýëåìåíòà a+

√
d · b â ýòîì ðàñøèðåíèè íàçûâàåòñÿ ÷èñëî NQ(

√
d)/Q(a+

√
d · b) =

a2− db2. Å¼ ìû áóäåì îáîçíà÷àòü òàê: Norm(a+
√
d · b). Îáîçíà÷èì ̂a+

√
d · b =

a−
√
d · b

Îïðåäåëåíèå 2. Ïóñòü d � íàòóðàëüíîå ÷èñëî, íå ÿâëÿþùååñÿ êâàäðàòîì.
Áóäåì ãîâîðèòü, ÷òî äèñêðèìèíàíò áàçèñà 1,

√
d ðàñøèðåíèÿ Q(

√
d) ïîëÿ Q

èìååò ïðîìåæóòî÷íûå äðîáè ñ îòðèöàòåëüíîé íîðìîé, åñëè äëÿ ëþáîé ïðî-

ìåæóòî÷íîé äðîáè r
s ê ÷èñëó 1+

√
d

2 âûïîëíåíî íåðàâåíñòâî NQ(
√
d)/Q(2r − s+

s
√
d) < 0. Ýòî æå ñâîéñòâî ìû áóäåì êðàòêî âûðàæàòü òàêèìè ñëîâàìè:

÷èñëî d èìååò ïðîìåæóòî÷íûå äðîáè ñ îòðèöàòåëüíîé íîðìîé.

ÇÀÌÅ×ÀÍÈÅ. Âàæíîñòü ÷èñëà ω = 1+
√
d

2 äëÿ ïîëÿ Q(
√
d) õîðîøî èçâåñòíà.

Òàê åñëè íàòóðàëüíîå ÷èñëî d ñâîáîäíî îò êâàäðàòîâ è äà¼ò îñòàòîê 1 ïðè
äåëåíèè íà 4, òî ω � ïîðîæäàþùèé ýëåìåíò êîëüöà àëãåáðàè÷åñêèõ öåëûõ
ýëåìåíòîâ â Q(

√
d) (ñì. [4], òåîðåìà 9.2).

ÏÐÈÌÅÐÛ. Äèñêðèìèíàíò áàçèñà ðàñøèðåíèÿ Q(
√
5) èìååò ïðîìåæóòî÷-

íûå äðîáè ñ îòðèöàòåëüíîé íîðìîé, ïîñêîëüêó ìåæäó ëþáûìè ïîñëåäîâàòåëü-

íûìè ïîäõîäÿùèìè äðîáÿìè ê 1+
√
5

2 , íàõîäÿùèìèñÿ ïî îäíó ñòîðîíó îò ÷èñëà
1+
√
5

2 , íåò íè îäíîé ïðîìåæóòî÷íîé äðîáè. Â ñòàòüå [1] áûëî ïîêàçàíî, ÷òî

÷èñëà âèäà k2 − 4 èìåþò ïðîìåæóòî÷íûå äðîáè ñ îòðèöàòåëüíîé íîðìîé ïðè
ëþáîì íå÷¼òíîì k > 1. Â ñòàòüå [2] áûëî ïîêàçàíî, ÷òî ÷èñëà âèäà k2m2 − 4m
èìåþò ïðîìåæóòî÷íûå äðîáè ñ îòðèöàòåëüíîé íîðìîé ïðè ëþáîì íå÷¼òíîì m
è ïðè ëþáîì íå÷¼òíîì k > 1.

Èç äîêàçàòåëüñòâà òåîðåìû 1 âûòåêàåò, ÷òî ÷èñëà âèäà (k + m(k4 − 3k2 +
1))2−4q, ãäå q = km(k2−2)+1, èìåþò ïðîìåæóòî÷íûå äðîáè ñ îòðèöàòåëüíîé
íîðìîé ïðè ëþáûõ òàêèõ íåîòðèöàòåëüíûõ ÷èñëàõ k,m, ÷òî k � íå÷¼òíîå, m
� ÷¼òíîå è k > 1. Îáîçíà÷èì ìíîæåñòâî âñåõ òàêèõ ÷èñåë ÷åðåç D3.

Êðîìå òîãî, èç äîêàçàòåëüñòâà òåîðåìû 2 ñëåäóåò, ÷òî ÷èñëà âèäà

d = (l + u(k2 − 1)(l(k2 − 1)− 2k))2 − 4q,

ãäå

q = u(lk3 − 2k2 − kl + 1) + km+ 1,

èìåþò ïðîìåæóòî÷íûå äðîáè ñ îòðèöàòåëüíîé íîðìîé ïðè ëþáûõ òàêèõ íåîò-
ðèöàòåëüíûõ ÷èñëàõ k,m, u, ÷òî k � íå÷¼òíîå è k > 1. Îáîçíà÷èì ìíîæåñòâî
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âñåõ òàêèõ ÷èñåë ÷åðåç D4. Â ñòàòüå áóäåò, â ÷àñòíîñòè, ïîêàçàíî, ÷òî åäèí-
ñòâåííàÿ ñòåïåíü ïðîñòîãî ÷èñëà, ïðèíàäëåæàùàÿ D3 èëè D4 � ýòî ïðîñòîå
÷èñëî 5.

Ïðåäëîæåíèå 2. Ïóñòü k,m� íåîòðèöàòåëüíûå öåëûå ÷èñëà, k � íå÷¼ò-
íîå, m � ÷¼òíîå. Ïóñòü k > 1,

p = k +m(k4 − 3k2 + 1),

q = km(k2 − 2) + 1.

Òîãäà êâàäðàòè÷íàÿ èððàöèîíàëüíîñòü
1+
√
p2−4q
2 ñîâïàäàåò ñ íåïðåðûâíîé

äðîáüþ

〈p− 1

2
, 1, k − 2, 1, k − 2, 1, k − 2, 1, k − 2, 1, p− 2〉.

Äîêàçàòåëüñòâî. Íàéä¼ì êâàäðàòè÷íóþ èððàöèîíàëüíîñòü α, ñîâïàäàþùóþ
ñ óêàçàííîé íåïðåðûâíîé äðîáüþ. ßñíî, ÷òî [α] = p−1

2 . Îáîçíà÷èì

β = 〈1, k − 2, 1, k − 2, 1, k − 2, 1, k − 2, 1, p− 2〉,
à ÷èñëèòåëü è çíàìåíàòåëü i-é ïîäõîäÿùåé äðîáè ê β îáîçíà÷èì ÷åðåç Pi è Qi,
ñîîòâåòñòâåííî. Òîãäà β = P9β+P8

Q9β+Q8
. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî P8 =

k4 − 3k2 + 1,

P9 = mk8 − 6mk6 + k5 + (−1 + 11m)k4 − 4k3 + (3− 6m)k2 + 3k − 1 +m,

Q8 = k4 − k3 + 2k + 1− 3k2,

Q9 = mk8 −mk7 − 6k6m+ (5m+ 1)k5 + (11m− 2)k4+

(−3− 7m)k3 + (−6m+ 6)k2 + (1 + 2m)k − 2 +m.

Ïîýòîìó β óäîâëåòâîðÿåò ñîîòíîøåíèþ (p− q − 1)β2 + (2− p)β − 1 = 0. Ðåøàÿ

êâàäðàòíîå óðàâíåíèå îòíîñèòåëüíî β, íàéä¼ì β =
p−2+

√
p2−4q

2(p−q−1) . Òîãäà

α = [α] +
1

β
=
p− 1

2
− p− 2

2
+

√
p2 − 4q

2
=

1 +
√
p2 − 4q

2
.

Ïðåäëîæåíèå äîêàçàíî. �

Ïðåäëîæåíèå 3. Ïóñòü k,m, u � íåîòðèöàòåëüíûå öåëûå ÷èñëà, k � íå÷¼ò-
íîå. Ïóñòü k > 1, l = k +m(k2 − 1),

q = u(lk3 − kl − 2k2 + 1) + km+ 1,

p = l + u(k2 − 1)(l(k2 − 1)− 2k),

d = p2 − 4q. Òîãäà êâàäðàòè÷íàÿ èððàöèîíàëüíîñòü 1+
√
d

2 ñîâïàäàåò ñ íåïðå-
ðûâíîé äðîáüþ

〈p− 1

2
, 1, k − 2, 1, k − 2, 1, l − 2, 1, k − 2, 1, k − 2, 1, p− 2〉.

Äîêàçàòåëüñòâî. Íàéä¼ì êâàäðàòè÷íóþ èððàöèîíàëüíîñòü α, ñîâïàäàþùóþ
ñ óêàçàííîé íåïðåðûâíîé äðîáüþ. ßñíî, ÷òî [α] = p−1

2 . Îáîçíà÷èì

β = 〈1, k − 2, 1, k − 2, 1, l − 2, 1, k − 2, 1, k − 2, 1, p− 2〉,
à ÷èñëèòåëü è çíàìåíàòåëü i-é ïîäõîäÿùåé äðîáè ê β îáîçíà÷èì ÷åðåç Pi è Qi,
ñîîòâåòñòâåííî. Òîãäà β = P11β+P10

Q11β+Q10
. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî

P10 = lk4 − 2lk2 − 2k3 + 2k + l,
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P11 = (pl − l)k4 + (−l − 2p+ 2)k3 + (2 + 2l − 2pl)k2 + (2p− 2 + l)k − 1− l + pl,

Q10 = lk4 + (−2− l)k3 + (−2l + 2)k2 + (2 + l)k − 1 + l,

Q11 = (p− q − 1)P10.

Ïîýòîìó β óäîâëåòâîðÿåò ñîîòíîøåíèþ (p− q − 1)β2 + (2− p)β − 1 = 0. Ðåøàÿ

êâàäðàòíîå óðàâíåíèå îòíîñèòåëüíî 1
β , íàéä¼ì

1
β = −p+2+

√
d

2 . Òîãäà

α = [α] +
1

β
=
p− 1

2
− p− 2

2
+

√
d

2
=

1 +
√
d

2
.

Ïðåäëîæåíèå äîêàçàíî. �

Èç ïðåäëîæåíèé 2,3 ñëåäóåò, ÷òî äëÿ ëþáîãî ÷èñëà d èç îáúåäèíåíèÿ D3∪D4

ìåæäó (n− 1)-é è (n+1)-é ïîäõîäÿùèìè äðîáÿìè ê 1+
√
d

2 íåò ïðîìåæóòî÷íûõ
äðîáåé ïðè ëþáîì ÷¼òíîì n. Âñå êâàäðàòè÷íûå èððàöèîíàëüíîñòè âèäà α =
〈a0, a1, a2, . . . , an, . . .〉 ïðè a2s+1 = 1 äëÿ êàæäîãî ÷èñëà s òàêæå îáëàäàþò ýòèì
ñâîéñòâîì. Åñòåñòâåííî ïîñòàâèòü ïðîáëåìó.

ÏÐÎÁËÅÌÀ. Äëÿ ëþáîãî ëè ÷¼òíîãî ÷èñëà n ñðåäè íå÷¼òíûõ ÷èñåë d ñó-

ùåñòâóåò òàêîå, ÷òî 1+
√
d

2 = 〈a0, 1, a2, . . . , 1, an−2, 1, an〉, è âñå ïðîìåæóòî÷íûå

äðîáè r
s ê íåìó óäîâëåòâîðÿþò ñîîòíîøåíèþ (2r − s)2 − s2d < 0? Êðîìå òîãî,

åñòåñòâåííî ïðåäïîëàãàåòñÿ, ÷òî ïåðèîä, óêàçàííûé â ðàçëîæåíèè ÷èñëà 1+
√
d

2
âûøå, íå ñîäåðæèò ïîäïåðèîäîâ.

Êàê óæå áûëî ñêàçàíî âûøå, ìîæíî äàòü óòâåðäèòåëüíûé îòâåò íà ýòîò
âîïðîñ äëÿ n = 2, 4, 6, 10, 12. Êðîìå òîãî, ìîæíî ïîêàçàòü, ÷òî îòâåò òàêæå
ïîëîæèòåëüíûé è ïðè n = 8.

Ïðåäëîæåíèå 4. Ïóñòü d� íå÷¼òíîå ÷èñëî, íå ÿâëÿþùååñÿ êâàäðàòîì, Pi

Qi

� ïîäõîäÿùèå äðîáè ê ÷èñëó 1+
√
d

2 . Ïóñòü n � ïåðèîä íåïðåðûâíîé äðîáè äëÿ
1+
√
d

2 . Åñëè

2Pn −Qn +Qn
√
d =

1

2
(2P0 −Q0 +Q0

√
d)(2Pn−1 −Qn−1 +Qn−1

√
d),

òî

2Pn+j −Qn+j +Qn+j
√
d =

1

2
(2Pj −Qj +Qj

√
d)(2Pn−1 −Qn−1 +Qn−1

√
d)

äëÿ ëþáîãî j = −1, 0, 1, . . ..

Äîêàçàòåëüñòâî. Îáîçíà÷èì ε = 1
2 (2Pn−1 − Qn−1 + Qn−1

√
d) è áóäåì âåñòè

èíäóêöèþ ïî j. Ïóñòü 1+
√
d

2 = 〈a0, a1, . . . , an〉. Ïðè j = −1, 0 óòâåðæäåíèå
ïðåäëîæåíèÿ âåðíî. Ïóñòü äëÿ j ≥ 0 óòâåðæäåíèå ïðåäëîæåíèÿ ñïðàâåäëèâî.
Òîãäà
2Pn+j+1 − Qn+j+1 + Qn+j+1

√
d = 2(aj+n+1Pn+j + Pn+j−1) − (aj+n+1Qn+j +

Qn+j−1) + (aj+n+1Qn+j + Qn+j−1)
√
d = aj+n+1(2Pn+j − Qn+j + Qn+j

√
d) +

(2Pn+j−1 −Qn+j−1 +Qn+j−1
√
d) = aj+1(2Pj −Qj +Qj

√
d)ε+ (2Pj−1 −Qj−1 +

Qj−1
√
d)ε = (2(aj+1Pj + Pj−1) − (aj+1Qj + Qj−1) + (aj+1Qj + Qj−1)

√
d)ε =

(2Pj+1 −Qj+1 +Qj+1

√
d)ε.

Äîêàçàòåëüñòâî èíäóêòèâíîãî ïåðåõîäà çàâåðøåíî, è ïðåäëîæåíèå äîêàçàíî.
�
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3. Äîêàçàòåëüñòâî òåîðåìû 1

Îáîçíà÷èì α = 1+
√
d

2 . Ïóñòü (x, y) � ðåøåíèå óðàâíåíèÿ Ïåëëÿ, ò. å. x2 −
y2d = 4t, è ÷èñëà x, y âçàèìíî ïðîñòû. Òîãäà

(
x+ y

2
+
−1 +

√
d

2
y)(

x+ y

2
− 1 +

√
d

2
y) =

x2

4
− dy2

4
= t.

Çíà÷èò, x+y2y > 1+
√
d

2 . Ïîýòîìó

|x+ y

2y
− α| = t

y2(x+y2y + −1+
√
d

2 )
<

t

y2
√
d
<

2

y2
.

Èòàê, ïàðà (x, y) íàòóðàëüíûõ ÷èñåë îäèíàêîâîé ÷¼òíîñòè óäîâëåòâîðÿåò
îãðàíè÷åíèþ |x+y2 ·

1
y − α| <

2
y2 .

Àíàëîãè÷íî ïîêàçûâàåòñÿ, ÷òî âûïîëíåíî áîëåå ñèëüíîå íåðàâåíñòâî |x+y2 ·
1
y − α| <

1
y2 , åñëè t <

√
d.

Ïóñòü ñíà÷àëà y ≥ 2. Òàê êàê çíàìåíàòåëü ïåðâîé ïîäõîäÿùåé äðîáè ê ÷èñëó
α ðàâåí 1, òî ïî ïðåäëîæåíèþ 1 ñóùåñòâóåò íàòóðàëüíîå ÷èñëî n òàêîå, ÷òî
âûïîëíåíî îäíî èç ñëåäóþùèõ óòâåðæäåíèé:

(1) x+y
2 = Pn, y = Qn;

(2) x+y
2 = iPn + Pn−1, y = iQn +Qn−1, ãäå i ∈ N

⋂
(0, an+1);

(3) an+1 = 1, x+y2 = Rn, y = Sn;

(4) x+y
2 = Un, y = Vn.

Õîðîøî èçâåñòíî, ÷òî ïðè t = 1 ñëó÷àè 2)-4) íå ðåàëèçóþòñÿ, ïîýòîìó èç

ðàâåíñòâà Norm(a+
√
d · b) = 4 âûòåêàåò, ÷òî b � çíàìåíàòåëü íåêîòîðîé ïîä-

õîäÿùåé äðîáè ê α. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî b = Q9. Òîãäà, ïî ïðåä-
ëîæåíèþ 1, a = 2P9 −Q9 è Norm(ε) = 1, ãäå ε = 1

2 (2P9 −Q9 +Q9

√
d).

Òåïåðü ââèäó ìóëüòèïëèêàòèâíîñòè íîðìû èç ïðåäëîæåíèÿ 4 (ñ ó÷¼òîì

ïðåäëîæåíèÿ 2) ñëåäóåò, ÷òî Norm(2Pj −Qj +Qj
√
d) < 0 äëÿ ëþáîãî ÷¼òíîãî

÷èñëà j.
Ïðåäïîëîæèì, ÷òî èìååò ìåñòî ïåðâûé ñëó÷àé. Òîãäà ÷èñëî n íå÷¼òíî. Ïî-

ýòîìó èç ïðåäëîæåíèÿ 4 ñëåäóåò, ÷òî 1
4Norm(x+ y

√
d) ∈ {1, q, q + km}.

Ìîæíî ñ÷èòàòü, ÷òî t 6= 1, t 6= q, t 6= q + km. Âûøå ìû ïîêàçàëè, ÷òî òîãäà
ïåðâûé ñëó÷àé íå ðåàëèçóåòñÿ. Ïðåäïîëîæèì, ÷òî ðåàëèçóåòñÿ âòîðîé ñëó÷àé.
Ïîñêîëüêó a2j+1 = 1, òî äëÿ ÷¼òíîãî ÷èñëà n íåò íè îäíîé ïðîìåæóòî÷íîé
äðîáè ìåæäó (n− 1)-é è (n+ 1)-é ïîäõîäÿùèìè äðîáÿìè ê èððàöèîíàëüíîñòè
α. Ïîýòîìó ÷èñëî n íå÷¼òíî.

Ðàññìîòðèì ìíîãî÷ëåí

f(τ) = ((2Pn −Qn)τ + 2Pn−1 −Qn−1)2 − d(τQn +Qn−1)
2.

Íà êîíöàõ èíòåðâàëà [0, an+1] ýòà ôóíêöèÿ ïðèíèìàåò îòðèöàòåëüíûå çíà÷åíèÿ
ïî äîêàçàííîìó âûøå. ßñíî, ÷òî

d2f

dτ2
= 2((2Pn −Qn)2 − dQ2

n) > 0.

Ñòàðøèé êîýôôèöèåíò êâàäðàòíîãî òð¼õ÷ëåíà f(τ) ïîëîæèòåëåí, ïîýòîìó
f(i) < 0. Ñ äðóãîé ñòîðîíû, f(i) = x2 − dy2 = 4t. Ïîëó÷åííîå ïðîòèâîðå÷èå
ãîâîðèò î òîì, ÷òî âòîðîé ñëó÷àé íå ðåàëèçóåòñÿ.
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Ïóñòü èìååò ìåñòî òðåòèé ñëó÷àé. Òîãäà an+1 = 1. Èç ðàçëîæåíèÿ ÷èñëà α
â íåïðåðûâíóþ äðîáü çàêëþ÷àåì, ÷òî n ÷¼òíî.

Ïîýòîìó (ïî ïðåäëîæåíèþ 4)

t =
1

4
Norm(x+ y

√
d) ∈ {p+ q + 1, p+ 2q +m(2k2 + k − 2), p+ 2q + 2km(k + 1)}.

Òåïåðü ìîæíî ñ÷èòàòü, ÷òî

t /∈ {1, q, q + km, p+ q + 1, p+ 2q +m(2k2 + k − 2), p+ 2q + 2km(k + 1)}.

Òîãäà, ñîãëàñíî ïðåäûäóùåìó, èìååò ìåñòî ïîñëåäíèé ñëó÷àé.
Ïóñòü ñíà÷àëà n � íå÷¼òíîå ÷èñëî. Ïî ïðåäëîæåíèþ 4 òîãäà

t =
1

4
Norm(x+ y

√
d) ∈ {p+ q + 1, p+ 2q +m(2k2 + k − 2), p+ 2q + 2km(k + 1)}.

Ïîëó÷åííîå ïðîòèâîðå÷èå ïîêàçûâàåò, ÷òî n ÷¼òíî. Ïîýòîìó ëèáî

(1) 1
4Norm(x+ y

√
d) = −6p+ 4q + 9; ëèáî

(2) 1
4Norm(x+ y

√
d) = −6p+ 13q + 4mk − 12m(k2 − 1); ëèáî

(3) 1
4Norm(x+ y

√
d) = −6p+ 13q − 12mk2 + 13mk; ëèáî

(4) 1
4Norm(x+ y

√
d) = −6p+ 13q + 9mk − 12m(k2 − 1); ëèáî

(5) 1
4Norm(x+ y

√
d) = −6p+ 9q + 4.

Ïîêàæåì, ÷òî íè îäèí èç ýòèõ ñëó÷àåâ ðåàëèçîâàòüñÿ íå ìîæåò. Äëÿ ýòîãî
äîñòàòî÷íî ðàññìîòðåòü òîëüêî òðåòèé ñëó÷àé. Òîãäà −6p+13q+12mk2+13mk
ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ ôóíêöèþ ïîm ñ êîýôôèöèåíòîì íàêëîíà −6k4+
13k3 + 6k2 − 13k − 6, êîòîðûé ïðè k ≥ 3 ÿâëÿåòñÿ îòðèöàòåëüíûì ÷èñëîì, òàê
êàê −6k4 + 13k3 + 6k2 < 0 . Òàêèì îáðàçîì, äîñòàòî÷íî ïîêàçàòü, ÷òî òðåòèé
ñëó÷àé íå ðåàëèçóåòñÿ ïðè m = 0 , â ÷¼ì ÷èòàòåëü ëåãêî óáåäèòñÿ ñàì.

Èòàê, ðàññìîòðåíèå ñëó÷àÿ y ≥ 2 çàêîí÷åíî. Ïóñòü òåïåðü y = 1. Òàê êàê
x2 − d = 4t, òî Norm((x +

√
d)ε) = 4t. Ñ äðóãîé ñòîðîíû, íàòóðàëüíîå ÷èñëî

(x+
√
d)ε−(x−

√
d)ε̂

2
√
d

ðàâíî P9+
Q9(x−1)

2 è ñòðîãî áîëüøå åäèíèöû. Ñîãëàñíî ïðåäû-
äóùåìó,

1

4
Norm((x+

√
d)ε) ∈ {1, q, q+km, p+q+1, p+2q+m(2k2+k−2), p+2q+2km(k+1)}.

Òàê êàê Norm((x+
√
d)ε) = 4t, òî òåîðåìà 1 äîêàçàíà.

4. Äîêàçàòåëüñòâî òåîðåìû 2

Îáîçíà÷èì α = 1+
√
d

2 . Ïóñòü (x, y) � ðåøåíèå óðàâíåíèÿ Ïåëëÿ, ò. å. x2 −
y2d = 4t, è ÷èñëà x, y âçàèìíî ïðîñòû. Òîãäà

(
x+ y

2
+
−1 +

√
d

2
y)(

x+ y

2
− 1 +

√
d

2
y) =

x2

4
− dy2

4
= t.

Çíà÷èò, x+y2y > 1+
√
d

2 . Ïîýòîìó

|x+ y

2y
− α| = t

y2(x+y2y + −1+
√
d

2 )
<

t

y2
√
d
<

2

y2
.

Èòàê, ïàðà (x, y) íàòóðàëüíûõ ÷èñåë îäèíàêîâîé ÷¼òíîñòè óäîâëåòâîðÿåò
îãðàíè÷åíèþ |x+y2 ·

1
y − α| <

2
y2 .
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Àíàëîãè÷íî ïîêàçûâàåòñÿ, ÷òî âûïîëíåíî áîëåå ñèëüíîå íåðàâåíñòâî |x+y2 ·
1
y − α| <

1
y2 , åñëè t <

√
d.

Ïóñòü ñíà÷àëà y ≥ 2. Òàê êàê çíàìåíàòåëü ïåðâîé ïîäõîäÿùåé äðîáè ê ÷èñëó
α ðàâåí 1, òî ïî ïðåäëîæåíèþ 1 ñóùåñòâóåò íàòóðàëüíîå ÷èñëî n òàêîå, ÷òî
ëèáî

(1) x+y
2 = Pn, y = Qn; ëèáî

(2) x+y
2 = iPn + Pn−1, y = iQn +Qn−1, ãäå i ∈ N

⋂
(0, an+1); ëèáî

(3) an+1 = 1, x+y2 = Rn, y = Sn; ëèáî

(4) x+y
2 = Un, y = Vn.

.
Õîðîøî èçâåñòíî, ÷òî ïðè t = 1 ñëó÷àè 2)-4) íå ðåàëèçóþòñÿ, ïîýòîìó èç

ðàâåíñòâà Norm(a+
√
d ·b) = 4 âûòåêàåò, ÷òî b � çíàìåíàòåëü íåêîòîðîé ïîäõî-

äÿùåé äðîáè ê α. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî b = Q11. Òîãäà, ïî ïðåä-
ëîæåíèþ 1, a = 2P11 −Q11 è Norm(ε) = 1, ãäå ε = 1

2 (2P11 −Q11 +Q11

√
d).

Òåïåðü ââèäó ìóëüòèïëèêàòèâíîñòè íîðìû èç ïðåäëîæåíèÿ 4 (ñ ó÷¼òîì

ïðåäëîæåíèÿ 3) ñëåäóåò, ÷òî Norm(2Pj −Qj +Qj
√
d) < 0 äëÿ ëþáîãî ÷¼òíîãî

÷èñëà j.
Ïðåäïîëîæèì, ÷òî èìååò ìåñòî ïåðâûé ñëó÷àé. Òîãäà ÷èñëî n íå÷¼òíî. Ïî-

ýòîìó èç ïðåäëîæåíèÿ 4 ñëåäóåò, ÷òî

1

4
Norm(x+ y

√
d) ∈ {1, q, 1 + (k2 − 1)2u, q + (k2 − 1)u}.

Ìîæíî ñ÷èòàòü, ÷òî

t /∈ {1, q, 1 + (k2 − 1)2u, q + (k2 − 1)u}.
Âûøå ìû ïîêàçàëè, ÷òî òîãäà ïåðâûé ñëó÷àé íå ðåàëèçóåòñÿ. Ïðåäïîëîæèì,
÷òî ðåàëèçóåòñÿ âòîðîé ñëó÷àé. Ïîñêîëüêó a2j+1 = 1, òî äëÿ ÷¼òíîãî ÷èñëà
n íåò íè îäíîé ïðîìåæóòî÷íîé äðîáè ìåæäó (n − 1)-é è (n + 1)-é ïîäõîäÿ-
ùèìè äðîáÿìè ê èððàöèîíàëüíîñòè α. Ïîýòîìó ÷èñëî n íå÷¼òíî. Ðàññìîòðåâ
ìíîãî÷ëåí

f(τ) = ((2Pn −Qn)τ + 2Pn−1 −Qn−1)2 − d(τQn +Qn−1)
2,

àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëàíî ïðè äîêàçàòåëüñòâå òåîðåìû 1, ïðèä¼ì
ê âûâîäó, ÷òî âòîðîé ñëó÷àé òîæå íå ðåàëèçóåòñÿ.

Ïóñòü èìååò ìåñòî òðåòèé ñëó÷àé. Òîãäà an+1 = 1. Èç ðàçëîæåíèÿ ÷èñëà α
â íåïðåðûâíóþ äðîáü çàêëþ÷àåì, ÷òî n ÷¼òíî.

Ïîýòîìó (ïî ïðåäëîæåíèþ 4)

t ∈ {p+2q+2(k2−1)ul+(k2−1)2u+2(m−u), p+q+1, p+q+1+uk(k2−1)(k+2)}.
Òåïåðü ìîæíî ñ÷èòàòü, ÷òî

t /∈ {p+2q+2(k2−1)ul+(k2−1)2u+2(m−u), p+q+1, p+q+1+uk(k2−1)(k+2)}.
Òîãäà, ñîãëàñíî ïðåäûäóùåìó, èìååò ìåñòî ïîñëåäíèé ñëó÷àé.

Ïóñòü ñíà÷àëà n � íå÷¼òíîå ÷èñëî. Ïî ïðåäëîæåíèþ 4 òîãäà

t ∈ {p+2q+2(k2−1)ul+(k2−1)2u+2(m−u), p+q+1, p+q+1+uk(k2−1)(k+2)}.
Ïîëó÷åííîå ïðîòèâîðå÷èå ïîêàçûâàåò, ÷òî n ÷¼òíî. Ïîýòîìó ëèáî

(1) 1
4Norm(x+ y

√
d) = −6p+ 4q + 9; ëèáî

(2) 1
4Norm(x+y

√
d) = −6p+13q−12(k2−1)ul+4u(k2+3k−1)−12m; ëèáî
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(3) 1
4Norm(x+ y

√
d) = −6p+ 9q + u(4k4 − 12k3 + k2 + 12k − 5) + 4; ëèáî

(4) 1
4Norm(x+ y

√
d) = −6p+ 4q + u(9k4 − 12k3 − 14k2 + 12k + 5) + 9; ëèáî

(5) 1
4Norm(x+ y

√
d) =

− 6p+ 13q − 12(k2 − 1)ul + 3u(3k2 + 4k − 3)− 12m; ëèáî

(6) 1
4Norm(x+ y

√
d) = −6p+ 9q + 4.

Ïîêàæåì, ÷òî íè îäèí èç ýòèõ ñëó÷àåâ ðåàëèçîâàòüñÿ íå ìîæåò. Äëÿ ýòîãî
äîñòàòî÷íî ðàññìîòðåòü òîëüêî ïÿòûé ñëó÷àé. Òîãäà

−6p+ 13q − 12(k2 − 1)ul + 3u(3k2 + 4k − 3)− 12m

ïðåäñòàâëÿåò ñîáîé ëèíåéíóþ ôóíêöèþ ïî u ñ êîýôôèöèåíòîì íàêëîíà

−6k6m+(−6+13m)k5+(13+6m)k4+(12−26m)k3+(6m−30)k2+(13m+6)k+4−6m,
êîòîðûé ïðè k ≥ 3 ÿâëÿåòñÿ îòðèöàòåëüíûì ÷èñëîì, òàê êàê −6k6+13k5+(6+
13
m )k4 < 0 ïðè m 6= 0. Òàêèì îáðàçîì, äîñòàòî÷íî ïîêàçàòü, ÷òî òðåòèé ñëó÷àé
íå ðåàëèçóåòñÿ ïðè m = 0 è ïðè u = 0, â ÷¼ì ÷èòàòåëü ëåãêî óáåäèòñÿ ñàì.

Èòàê, ðàññìîòðåíèå ñëó÷àÿ y ≥ 2 çàêîí÷åíî. Ïóñòü òåïåðü y = 1. Òàê êàê
x2 − d = 4t, òî Norm((x +

√
d)ε) = 4t. Ñ äðóãîé ñòîðîíû, íàòóðàëüíîå ÷èñ-

ëî (x+
√
d)ε−(x−

√
d)ε̂

2
√
d

ðàâíî P11 + Q11(x−1)
2 è ñòðîãî áîëüøå åäèíèöû. Ñîãëàñíî

ïðåäûäóùåìó, ëèáî 1
4Norm((x +

√
d)ε) = 1, ëèáî 1

4Norm((x +
√
d)ε) = q, ëèáî

1
4Norm((x+

√
d)ε) = 1 + (k2 − 1)2u, ëèáî

1

4
Norm((x+

√
d)ε) = q + (k2 − 1)u,

ëèáî
1

4
Norm((x+

√
d)ε) = p+ 2q + 2(k2 − 1)ul + (k2 − 1)2u+ 2(m− u),

ëèáî
1

4
Norm((x+

√
d)ε) = p+ q + 1,

ëèáî
1

4
Norm((x+

√
d)ε) = p+ q + 1 + uk(k2 − 1)(k + 2).

Òàê êàê Norm((x+
√
d)ε) = 4t, òî òåîðåìà 2 äîêàçàíà.

5. Ïîëíîå îïèñàíèå ðåøåíèé óðàâíåíèÿ Ïåëëÿ ñ êîýôôèöèåíòîì èç

D3 ∪ D4

Îïðåäåëåíèå 3. Ðåøåíèå (x, y) íåîäíîðîäíîãî óðàâíåíèÿ Ïåëëÿ íàçîâ¼ì ïðè-
ìèòèâíûì, åñëè ÷èñëà x è y âçàèìíî ïðîñòû.

Ñëåäñòâèå 2. Ïóñòü k,m � íåîòðèöàòåëüíûå öåëûå ÷èñëà, k � íå÷¼òíîå.
Ïóñòü k > 1,

q = km(k2 − 2) + 1,

p = k +m(k4 − 3k2 + 1),

d = p2 − 4q, Pi

Qi
� ïîäõîäÿùèå äðîáè ê ÷èñëó 1+

√
d

2 , Ri = Pi + 2Pi−1, Si =

Qi + 2Qi−1. Òîãäà

(1) {(2P10n+9 − Q10n+9, Q10n+9) | n = 0, 1, 2, . . .} � ìíîæåñòâî âñåõ ïðè-
ìèòèâíûõ ðåøåíèé óðàâíåíèÿ x2 − y2d = 4;
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(2) {(2P10n+1 −Q10n+1, Q10n+1), (2P10n+7 −Q10n+7, Q10n+7) | n = 0, 1, 2, . . .}
� ìíîæåñòâî âñåõ ïðèìèòèâíûõ ðåøåíèé óðàâíåíèÿ x2 − y2d = 4q;

(3) {(2P10n+3 −Q10n+3, Q10n+3), (2P10n+5 −Q10n+5, Q10n+5) | n = 0, 1, 2, . . .}
� ìíîæåñòâî âñåõ ïðèìèòèâíûõ ðåøåíèé óðàâíåíèÿ
x2 − y2d = 4(q + km);

(4) {(2R10n−S10n, S10n), (2R10n+8−S10n+8, S10n+8) | n = 0, 1, 2, . . .} � ìíî-
æåñòâî âñåõ ïðèìèòèâíûõ ðåøåíèé óðàâíåíèÿ
x2 − y2d = 4(p+ q + 1);

(5) {(2R10n+2 − S10n+2, S10n+2), (2R10n+6 − S10n+6, S10n+6) | n = 0, 1, 2, . . .}
� ìíîæåñòâî âñåõ ïðèìèòèâíûõ ðåøåíèé óðàâíåíèÿ
x2 − y2d = 4(p+ 2q +m(2k2 + k − 2));

(6) {(2R10n+4−S10n+4, S10n+4) | n = 0, 1, 2, . . .} � ìíîæåñòâî âñåõ ïðèìè-
òèâíûõ ðåøåíèé óðàâíåíèÿ
x2 − y2d = 4(p+ 2q + 2km(k + 1)).

Äîêàçàòåëüñòâî. Îáîçíà÷èì Vi = 2Qi −Qi−1. Ïðè n ∈ N èìååì

V2n+1 = 2Q2n+1 −Q2n = 2(Q2n +Q2n−1)−Q2n = Q2n + 2Q2n−1 = S2n.

Ïîýòîìó ïîñëåäíèé ñëó÷àé ïðåäëîæåíèÿ 1 íîâûõ ïðèìèòèâíûõ ðåøåíèé óðàâ-
íåíèé Ïåëëÿ, îòëè÷íûõ îò ïåðå÷èñëåííûõ â óòâåðæäåíèÿõ 1)-6), íå äà¼ò.
Îñòàëüíûå óòâåðæäåíèÿ ïðîâåðÿþòñÿ òàê æå, êàê ïðè äîêàçàòåëüñòâå òåîðåìû
1. Ñëåäñòâèå äîêàçàíî. �

Ñëåäñòâèå 3. Ïóñòü k,m, u � íåîòðèöàòåëüíûå öåëûå ÷èñëà, k � íå÷¼òíîå.
Ïóñòü k > 1, l = (k +m(k2 − 1)),

q = u(lk3 − 2k2 − kl + 1) + km+ 1,

p = l + u(k2 − 1)(l(k2 − 1)− 2k),

d = p2 − 4q, Pi

Qi
� ïîäõîäÿùèå äðîáè ê ÷èñëó 1+

√
d

2 , Ri = Pi + 2Pi−1, Si =

Qi + 2Qi−1. Òîãäà

(1) {(2P12n+11−Q12n+11, Q12n+11) | n = 0, 1, 2, . . .} � ìíîæåñòâî âñåõ ïðè-
ìèòèâíûõ ðåøåíèé óðàâíåíèÿ x2 − y2d = 4;

(2) {(2P12n+1 −Q12n+1, Q12n+1), (2P12n+9 −Q12n+9, Q12n+9) | n = 0, 1, 2, . . .}
� ìíîæåñòâî âñåõ ïðèìèòèâíûõ ðåøåíèé óðàâíåíèÿ x2 − y2d = 4q;

(3) {(2P12n+3−Q12n+3, Q12n+3), {(2P12n+7−Q12n+7, Q12n+7) | n = 0, 1, 2, . . .}
� ìíîæåñòâî âñåõ ïðèìèòèâíûõ ðåøåíèé óðàâíåíèÿ
x2 − y2d = 4(q + (k2 − 1)u);

(4) {(2P12n+5 − Q12n+5, Q12n+5) | n = 0, 1, 2, . . .} � ìíîæåñòâî âñåõ ïðè-
ìèòèâíûõ ðåøåíèé óðàâíåíèÿ
x2 − y2d = 4(1 + (k2 − 1)2u);

(5) {(2R12n − S12n, S12n), (2R12n+10 − S12n+10, S12n+10) | n = 0, 1, 2, . . .} �
ìíîæåñòâî âñåõ ïðèìèòèâíûõ ðåøåíèé óðàâíåíèÿ
x2 − y2d = 4(p+ q + 1);

(6) {(2R12n+2 − S12n+2, S12n+2), (2R12n+8 − S12n+8, S12n+8) | n = 0, 1, 2, . . .}
� ìíîæåñòâî âñåõ ïðèìèòèâíûõ ðåøåíèé óðàâíåíèÿ
x2 − y2d = 4(p+ 2q + 2(k2 − 1)ul + (k2 − 1)2u+ 2(m− u)).

(7) {(2R12n+4 − S12n+4, S12n+4), (2R12n+6 − S12n+6, S12n+6) | n = 0, 1, 2, . . .}
� ìíîæåñòâî âñåõ ïðèìèòèâíûõ ðåøåíèé óðàâíåíèÿ
x2 − y2d = 4(p+ q + 1 + uk(k2 − 1)(k + 2)).
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Äîêàçàòåëüñòâî. Îáîçíà÷èì Vi = 2Qi − Qi−1. Òàê êàê äëÿ ëþáîãî íåîòðèöà-
òåëüíîãî ÷èñëà n èìååì

V2n+1 = 2Q2n+1 −Q2n = 2(Q2n +Q2n−1)−Q2n = Q2n + 2Q2n−1 = S2n,

òî ñíîâà ïîñëåäíèé ñëó÷àé ïðåäëîæåíèÿ 1 íîâûõ ïðèìèòèâíûõ ðåøåíèé óðàâ-
íåíèé Ïåëëÿ, îòëè÷íûõ îò ïåðå÷èñëåííûõ â óòâåðæäåíèÿõ 1)-7) ñëåäñòâèÿ 3,
íå äà¼ò. Îñòàëüíûå óòâåðæäåíèÿ ñëåäñòâèÿ 3 ïðîâåðÿþòñÿ òàê æå, êàê ïðè
äîêàçàòåëüñòâå òåîðåìû 2. Ñëåäñòâèå 3 äîêàçàíî. �

6. Ïðåäñòàâëÿþùèå ìíîãî÷ëåíû äëÿ D3 è D4

Ïóñòü

g1(x, y) = 32yx4 + 160yx3 + 280yx2 + 2x+ 200yx+ 50y + 1,

g2(x, y) = 32yx4 + 224yx3 + 568yx2 + 2x+ 616yx+ 242y + 5.

Ñ ïîìîùüþ àëãîðèòìà Åâêëèäà ëåãêî óáåäèòüñÿ, ÷òî ìíîãî÷ëåíû âçàèìíî ïðî-
ñòû.

Ïóñòü

f1(x, y, z) = 64z + 1 + 192zx+ 208zx2 + 96zx3 + 16zx4,

f2(x, y, z) =

256y2x8z + (3072zy2 + 256zy)x7 + (64z + 15872zy2 + 2688zy)x6+

(46080zy2 + 576z + 11776zy)x5 + (27840zy + 2064z + 82176zy2 + 16y2)x4+

(38272zy + 92160zy2 + 3744z + 16y + 96y2)x3+

(3600z + 30528zy + 63488zy2 + 4 + 208y2 + 72y)x2+

(13056zy + 1728z + 24576zy2 + 12 + 96y + 192y2)x+

2304zy + 324z + 4096zy2 + 64y2 + 36y + 5.

Ñ ïîìîùüþ àëãîðèòìà Åâêëèäà ëåãêî óáåäèòüñÿ, ÷òî ìíîãî÷ëåíû âçàèìíî ïðî-
ñòû.

Ñëåäñòâèå 4. Êàæäûé ýëåìåíò èç D3 ïðåäñòàâèì â âèäå çíà÷åíèÿ ìíîãî-
÷ëåíà g = g1g2 íà ïàðå íåîòðèöàòåëüíûõ öåëûõ ÷èñåë, è òàêîå ïðåäñòàâëåíèå
åäèíñòâåííî.

Äîêàçàòåëüñòâî. Ïóñòü d ∈ D3. Òîãäà ïî îïðåäåëåíèþ íàéä¼òñÿ íå÷¼òíîå íà-
òóðàëüíîå ÷èñëî k, îòëè÷íîå îò åäèíèöû, òàêîå, ÷òî

d = (k +m(k4 − 3k2 + 1))2 − 4(km(k2 − 2) + 1) (2)

äëÿ íåêîòîðîãî ÷¼òíîãî íåîòðèöàòåëüíîãî öåëîãî ÷èñëà m. Òîãäà x = k−3
2 �

íåîòðèöàòåëüíîå öåëîå ÷èñëî. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî d = g(x, m2 ).
Ñóùåñòâîâàíèå íóæíîãî ïðåäñòàâëåíèÿ äîêàçàíî.

Åñëè òåïåðü åñòü êàêîå-òî ïðåäñòàâëåíèå ÷èñëà d â âèäå (2), òî êâàäðàòè÷íîå
ñëàãàåìîå áóäåì îáîçíà÷àòü ÷åðåç p2, à äðóãîå ñëàãàåìîå, ïîäåë¼ííîå íà −4,
áóäåì íàçûâàòü ëèíåéíûì îñòàòêîì è îáîçíà÷àòü ÷åðåç q.

Òåïåðü äîêàæåì åäèíñòâåííîñòü. Ïî ïðåäëîæåíèþ 2 èìååì

1 +
√
d

2
= 〈p− 1

2
, 1, k − 2, 1, k − 2, 1, k − 2, 1, k − 2, 1, p− 2〉.
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Ïîýòîìó àðèôìåòè÷åñêèé êâàäðàòíûé êîðåíü p èç êâàäðàòè÷íîãî ñëàãàåìîãî
÷èñëà d è ÷èñëî k îïðåäåëåíû åäèíñòâåííûì îáðàçîì. Èç ñîîòíîøåíèÿ d =
p2 − 4q ëèíåéíûé îñòàòîê q îïðåäåëÿåòñÿ îäíîçíà÷íî. Òîãäà èç ñîîòíîøåíèÿ
q = km(k2−2)+1 ÷èñëîm îïðåäåëÿåòñÿ îäíîçíà÷íî. Ñëåäñòâèå 4 äîêàçàíî. �

Ñëåäñòâèå 5. Êàæäûé ýëåìåíò èç D4 ïðåäñòàâèì â âèäå çíà÷åíèÿ ìíîãî÷ëå-
íà f = f1f2 íà òðîéêå íåîòðèöàòåëüíûõ öåëûõ ÷èñåë, è òàêîå ïðåäñòàâëåíèå
åäèíñòâåííî.

Äîêàçàòåëüñòâî. Ïóñòü d ∈ D4. Òîãäà ïî îïðåäåëåíèþ íàéä¼òñÿ íå÷¼òíîå
íàòóðàëüíîå ÷èñëî k, îòëè÷íîå îò åäèíèöû, òàêîå, ÷òî

d = (k +m(k2 − 1) + u(k2 − 1)((k +m(k2 − 1))(k2 − 1)− 2k))2

−4(u((k +m(k2 − 1))k3 − 2k2 − k(k +m(k2 − 1)) + 1) + km+ 1) (3)

äëÿ íåêîòîðûõ íåîòðèöàòåëüíûõ öåëûõ ÷èñåë u, m. Òîãäà x = k−3
2 � íåîò-

ðèöàòåëüíîå öåëîå ÷èñëî. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî d = f(x, u,m).
Ñóùåñòâîâàíèå íóæíîãî ïðåäñòàâëåíèÿ äîêàçàíî.

Ñíîâà åñëè åñòü êàêîå-òî ïðåäñòàâëåíèå ÷èñëà d â âèäå (3), òî êâàäðàòè÷íîå
ñëàãàåìîå áóäåì îáîçíà÷àòü ÷åðåç p2, à äðóãîå ñëàãàåìîå, ïîäåë¼ííîå íà −4,
áóäåì íàçûâàòü ëèíåéíûì îñòàòêîì è îáîçíà÷àòü ÷åðåç q. Êîýôôèöèåíò ïðè
k3 â q áóäåì îáîçíà÷àòü ÷åðåç ul, è l áóäåì íàçûâàòü åãî ãëàâíîé ÷àñòüþ.

Òåïåðü äîêàæåì åäèíñòâåííîñòü. Ïî ïðåäëîæåíèþ 3 èìååì

1 +
√
d

2
= 〈p− 1

2
, 1, k − 2, 1, k − 2, 1, l − 2, 1, k − 2, 1, k − 2, 1, p− 2〉.

Ïîýòîìó àðèôìåòè÷åñêèé êâàäðàòíûé êîðåíü p èç êâàäðàòè÷íîãî ñëàãàåìîãî
÷èñëà d è ÷èñëî k îïðåäåëåíû åäèíñòâåííûì îáðàçîì. Êðîìå òîãî, åäèíñòâåí-
íûì îáðàçîì îïðåäåëÿåòñÿ ãëàâíàÿ ÷àñòü l êîýôôèöèåíòà ïðè k3 ëèíåéíîãî
îñòàòêà äëÿ ÷èñëà d. Èç ñîîòíîøåíèé d = p2−4q, l = (k+m(k2−1)) ÷èñëà q èm
îïðåäåëÿþòñÿ îäíîçíà÷íî. Òîãäà èç ñîîòíîøåíèÿ q = u(lk3−2k2−kl+1)+km+1
÷èñëî u îïðåäåëÿåòñÿ îäíîçíà÷íî. Ñëåäñòâèå äîêàçàíî. �

7. Ðàçðåøèìîñòü ïðîáëåìû âõîæäåíèÿ â D3 è D4

Îïèøåì ïðîñòîé àëãîðèòì, ðåøàþùèé ïðîáëåìó âõîæäåíèÿ íå÷¼òíîãî ÷èñ-
ëà d â ìíîæåñòâî D3.

Ø à ã 1. Ðàñêëàäûâàåì ÷èñëî 1+
√
d

2 â íåïðåðûâíóþ äðîáü. Åñëè

1 +
√
d

2
6= 〈p− 1

2
, 1, k − 2, 1, k − 2, 1, k − 2, 1, k − 2, 1, p− 2〉,

ãäå k, p � íå÷¼òíûå ÷èñëà, òî d /∈ D3.

Ø à ã 2. Ïîëàãàåì q = p2−d
4 . Åñëè q /∈ Z, òî d /∈ D3.

Ø à ã 3. Ïîëàãàåì

m =
p− k

k4 − 3k2 + 1
.

Åñëè m /∈ 2Z+, òî d /∈ D3.
Ø à ã 4. Åñëè q 6= km(k2 − 2) + 1, òî d /∈ D3, à åñëè q = km(k2 − 2) + 1, òî

d ∈ D3.
Íàêîíåö, îïèøåì ïðîñòîé àëãîðèòì, ðåøàþùèé ïðîáëåìó âõîæäåíèÿ íå÷¼ò-

íîãî ÷èñëà d â ìíîæåñòâî D4.
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Ø à ã 1. Ðàñêëàäûâàåì ÷èñëî 1+
√
d

2 â íåïðåðûâíóþ äðîáü. Åñëè

1 +
√
d

2
6= 〈p− 1

2
, 1, k − 2, 1, k − 2, 1, l − 2, 1, k − 2, 1, k − 2, 1, p− 2〉,

ãäå k, l, p � íå÷¼òíûå ÷èñëà, òî d /∈ D4.

Ø à ã 2. Ïîëàãàåì q = p2−d
4 . Åñëè q /∈ Z, òî d /∈ D4.

Ø à ã 3. Ïîëàãàåì

u =
p− l

(k2 − 1)(l(k2 − 1)− 2k)
.

Åñëè u /∈ Z+, òî d /∈ D4.
Ø à ã 4. Ïîëàãàåì m = l−k

k2−1 . Åñëè m /∈ Z+, òî d /∈ D4.
Ø à ã 5. Åñëè

q 6= u(lk3 − 2k2 − kl + 1) + km+ 1,

òî d /∈ D4, à åñëè
q = u(lk3 − 2k2 − kl + 1) + km+ 1,

òî d ∈ D4.
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