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A FRICTIONAL CONTACT PROBLEM WITH DAMAGE IN
VISCOPLASTICITY
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ABSTRACT. In this paper, we study a quasistatic contact problem with
damage between a viscoplastic body and an obstacle the so-called founda-
tion. The contact is modelled with a general normal compliance condition
and the associated version of Coulomb’s law of dry friction. We provide a
variational formulation of the mechanical problem for which we establish
an existence theorem of a weak solution including a regularity result.
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1. INTRODUCTION

Mechanical damage may appear in many applications of material science and
solid mechanics. In an isotropic and a homogeneous linear elastic material, the
damage function is given by

C = %a
Y

where &y is the Young modulus which measures the stiffness of the original material
and &5y is the current one. It follows from this definition that the damage function
( is restricted to values between zero and one. General models with damage were
derived from thermodynamical considerations in [8, 9]. Related contact problems
involving the material damage can be found in [3, 7, 10, 14, 16, 22, 23| and the
references therein.

The aim of this paper is to present a new result in the study of a quasistatic
contact problem for a rate-type elastic-viscoplastic body with a general constitutive
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law of the form
(1) o = As(u)+ Blo,e(u), (),

(2) (= RAC+ 0011 (€) G(o,e(u),0),

where u denotes the displacement field, o represents the stress tensor, € (u) is the
linearized strain tensor, ¢ is the damage function, A is a fourth order tensor which
describes the elastic behaviour of the material and B is a constitutive function which
describes the viscoplastic properties of the body. Here in (1)-(2) and everywhere
in this paper the dot above a variable represents its derivative with respect to the
time variable. In (2), the evolution of the damage field is described by a differential
parabolic inclusion, where A is the Laplace operator, x > 0 denotes the microcrack
diffusion constant and G represents the damage source function, see [22, Section 3.4].
The indicator function Iy 1) : R —]—00,00] is defined by

0if s €0,1],

w

1[0,1] (8) =
oo otherwise.

The subdifferential of the function Iy ;) is given by
]—00,0] if s =0,
0if s €]0,1],
aI[o,l] (s) =
[0,00[ if s =1,

®  otherwise.

Therefore, the term Jljp1)(¢) in (2) guarantees that the function ¢ has values
between zero and one; when ( = 1 there is no damage in the material; when ( =
0 the material is completely damaged; when 0 < ¢ < 1 there is partial additional
damage.

Analysis of various contact problems for viscoplastic materials with a constitutive
law of the form (1)-(2) can be found for instance in [3, 7, 22, 23]. The variational
and numerical analysis of two quasistatic frictional contact problems arising in
viscoplasticity including the mechanical damage of the material was performed in
[3]- In [7], the Signorini frictionless contact problem for viscoplastic materials with
damage was modelled and analyzed, and, moreover, fully discrete scheme based on
the finite element method was introduced and numerical examples were presented
to show the performance of the method. The viscoplastic problem with dissipative
friction potential and damage was studied in [23], a weak formulation for the model
was obtained and an existence and uniqueness result was proved.

The novelty, of this paper, consists in dealing with a frictional contact condition
for which we use the normal compliance model and the associated version of Cou-
lomb’s law of dry friction, which leads to a new and nonstardard mathematical
problem. The main difficulties are generated by the additional dependence of the
nondifferentiable functional employed on the solution of the problem.

We focus on the weak solvability of the problem within the framework of variatio-
nal inequalities. Our analysis is based on the Rothe time-discretization method, we
transform the quasistatic contact problem into a sequence of elliptic variational
inequalities for which at each time step, under a smallness assumption, we prove
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the existence of a unique solution. Then, after obtaining the necessary estimates,
we use arguments of compactness, lower semicontinuity and the Banach fixed point
theorem to prove that the limit of a subsequence of approximate solutions is a
solution of the continuous problem. We recall that the Rothe method was first
introduced in [20] and since then used to investigate various types of boundary
value problems by many authors, see for instance [12, 13, 21, 22] and the references
therein.

The rest of this paper is organized as follows. Section 2 is dedicated to present the
notation and some preliminary materials. In Section 3 we describe the mechanical
problem and after state the assumptions on the data we derive its variational
formulation. In Section 4 we establish an existence result of a weak solution to
the model.

2. NOTATION AND PRELIMINARIES

Here we introduce the notation we shall use and some preliminary materials. For
further details we refer the reader to [5, 11, 19]. We use the notation N* for the set
of positive integers. We denote by S¢ the space of second order symmetric tensors

on R4, (d=2, 3), and we define the inner products and the corresponding norms on
R? and S¢ by

d
w - v:Zwivi, lw| = Jw-w, Yw, v € R%
i=1
o-T = Z 0ijTijs o] = /o -0,Vo, T € se.

1<id,j<d

Let Q C R?, (d=2,3), be a bounded domain with a Lipschitz boundary I" and let v
denote the unit outer normal on T'. Let [0,7], T > 0 be the time interval of interest
and let x € Q and t € [0,7] be the spatial variable and the temporal variable,
respectively. We introduce the spaces

H = I2(@;RY), Q= [2(©;57),
Hy ={ue H; e(u) € Q}, Q1 ={o € Q; Divec € H},
where € : H; — Q is the deformation operator defined by

o= et est =5 (55 +

Div : Q1 — H is the divergence operator for tensor functions defined by

),1§i,j§d,VueH17

d
80’ij
axj

Divo = ((Divo),),c;cq = , Vo e 9.

j=1 1<i<d

Note that H, Q, H; and Q; are Hilbert spaces equipped with the respective canonical
inner products

(u,v)H:/u~vdx, (J,T)Q:/U~de,
Q Q

(w,v)m, = (u,v)m + (e(u), £(v) g, (0,7)0, = (Dive, Divt)m + (0,7)g.
The associated norms on the spaces H, Q, Hy and Q; are denoted by |||z, [|-[l g [|-I g,
and |||, , respectively.
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Let 4 : Hi — L?(T;R?) be the trace map. We recall that 7 is a compact
operator, i.e. for any bounded sequence {v,} in H; there is a subsequence of {v,,}
which is convergent in L2 (I‘; Rd). For every element v € H; we use the notation v
to denote the trace (v) of v on T" and for all v € H; we denote by v, and v, the
normal and the tangential components of v on the boundary I'

v, =0V, Uy =v—v,vonl.

In a similar manner, the normal and the tangential components of a regular (say
C1) tensor field o are defined by

o, =0V-V, 0 =0V —o0o,vonl.

Moreover, the following Green formula holds

(3) (Divo,v)g + (0,e(v))o = / ov-vda, Vv e Hy,
r
where da is the surface measure element.

Let Z and E be real Hilbert spaces such that Z is dense in F and the injection
map is continuous; the space F is identified with its own dual and with a subspace
of the dual Z* of Z, ie. Z C E C Z* is a Gelfand triplet. Denote by (.,.)p,
.1l II-lgs Il z« and (.,.) 4., the inner product on the space E, the norms on
the spaces Z, F, Z* and the duality pairing between Z* and Z, respectively. We
note that if w € E then

(W, V) yuyey = (W, 0) g, YV € Z.
For every real Banach space (Z,.||,,), we denote by C([0,T];Z) the space of

continuous functions from [0, 7] to Z, which is a real Banach space with the norm

= t .
”U”C([O,T];Z) te[(?,}é] o ()l

Also, we use the standard notation for the spaces LP(0,T;Z) and W*P(0,T; Z),
p € [1,00] and k > 1. We have the following result which may be found in [1, p.
140].

Lemma 1. Let Z C E C Z* be a Gelfand triplet and let K be a nonempty, closed
and convex set of Z. Assume that a(.,.) : Z x Z — R is a continuous symmetric
bilinear form and there are two real constants co > 0 and c¢1 such that

(4) a(v,v) +cifvl|5 > e vl Yo e Z

Then, for each wy € K and each | € L*(0,T;E), there exists a unique fuction
we WhH2(0,T; E)N L2 (0,T; Z) such that

w(t) € K, vtel0,T],
(W), v=w(t)gyy+a(w(t),v-—w() = (@), v—w(t)g,
Yo € K, ae te(0,T),
w(0) = wo.

Finally, we conclude this section with two Gronwall type inequalities. Other
versions of Gronwall inequalities can be found for instance in [6] and references
therein.
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Lemma 2. Assume that y and z : [0,T] — R are two functions in L'(0,T)
satisfying

y (%) Sz(t)—i—a/o y(s)ds, ¥Vt € [0,T7],

where « is a nonnegative constant. Then, it follows that

y(t) <z(t)+ 04/0lt =92 (s)ds, Vt € [0,T].

Proof. Use arguments similar to those in [6, proof of Proposition 2.1]. O

Lemma 3. Let T > 0 be a constant. Let a1 and as be two nonnegative constants.
Let m € N*, let {w;};~, C R be a nonnegative sequence which satisfies

%
Wi41 S (6751 +a2thj, 0 S 7 S m — 1,
=0

where h = Z Then, it holds
m

wig1 < (a1 + agTwo) e, 0<i<m—1.

The proof of Lemma 3 may be found in [12].

3. PROBLEM STATEMENT

The physical setting is as follows. A deformable body occupies a bounded domain
Q C R? (with d=2, 3) with a Lipschitz boundary I' that is partitioned into three
disjoint measurable parts I'y, T's, T's, such that meas(I';) > 0. The material’s
behaviour is modelled with a rate-type constitutive law with damage and the process
is quasistatic in the time interval of interest [0, T]. The body is clamped on I'; and
therefore the displacement field vanishes there, while volume forces of density fj
act in ) and surface tractions of density fo act on I's. On the other hand, the
body is supposed to be in contact over I's with a foundation such that both normal
compliance and a version of Coulomb’s law of dry friction are included. To simplify
the notation, we do not indicate explicitly the dependence of various functions
on the spatial variable x € Q UT. Under the above assumptions, the classical
formulation of our problem is the following.
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Problem 1. Find a displacement field u : Q x [0,T] — R%, a stress field o
Q% [0,T] — S and a damage field ¢ : Q x [0,T] — R, such that

(5) c = Ae(u)+ B(o,e(u),¢), in Qx(0,7T),
(6) = KAC+ i1 () 3 Gl(oe(u),C), in Qx (0,T),

(7) Divoe+ fo = 0, in Qx (0,T),

(8) % = 0, onT x(0,7),

(9) u = 0, onTy x(0,7),

(10) ov = fo, on Ty x (0,T),

(11) —O0y = DPv (uu - g)a on I's x (OvT)a

|JT| Sp‘r (uu 7g)>

|U‘r| <Dr (ul/ _g> = u; =0,
(12) on I's x (0,T),
|UT| = DPr (uv _g) =3\ Z 07

such that o, = — M.,

(13) u(0) = ug, 0(0) =00, ¢(0) = (o in Q.

Equations (5)-(6) represent the rate-type elastic-viscoplastic constitutive law
with damage. Rate-type viscoplastic constitutive law which does not depend on
the material damage was considered by many authors, see for instance [4, 11, 12,
22] and the references therein. Equation (7) is the equilibrium equation posed on
the domain €. Condition (8) means that the normal derivative of {, denoted by

¢ . L .
—, vanishes on I'. Therefore, there is no influx of microcracks across the boundary.

(915—(10) are the displacement-traction boundary conditions where ov represents the
Cauchy stress vector. Condition (11) is a general expression of the normal reactive
traction on the potential surface contact I'3, where the normal compliance function
p, is a nonnegative prescribed function which vanishes for negative arguments,
such that when u, < g there is no contact and the normal pressure vanishes; and
when contact takes place v, — g > 0 is a measure of the penetration of the surface
asperities into those of the foundation. We note that an early attempt to study the
contact problem with normal compliance was done in [15, 17]. A possible choice of
the function p, is

pu(r)=cy (7")+ )

where (r) . denotes the positive part of 7, that is (), = max {r, 0}, ¢, is the surface
stiffness coefficient, such that Signorini’s nonpenetration condition is obtained in the
limit ¢, — oo and thus interpenetration is not allowed. The relations (12) represent
a version of Coulomb’s law of dry friction where p, is a prescribed nonnegative
function, the so-called friction bound. A possible choice of the function p, is

pr (1) = upy (1),

where p > 0 is the coefficient of friction (see, e.g., [22]). Finally, (13) are the initial
conditions.
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In order to prove an existence result concerning the mechanical problem (5)-

(13), we need to introduce the convex set X and the spaces Y, V and W defined,
respectively, by

K={CecH" (Q):0<(<1,ae onQ},

Y =L*(Q),
V={veH;, v=00nT1},
0
W =1{¢Ce H*(Q)), —C=Oonf},
v
oq . . . .

where W is the normal derivative of ¢ on the boundary I' in the trace sense. Since
meas (I'1) > 0, Korn’s inequality holds

(14) Ck ollg, <le@) o, YVoeV,

where Ck > 0 is a positive constant depending only on Q and I';. A proof of Korn’s
inequality can be found in [18, page 79]. Over the space V, we consider the inner
product given by
(’U), U)V :(E(w)v E(U))Q7 V’LU, v e Va

and let ||.[|;, be the associated norm. It follows from Korn’s inequality (14) that
[-Ilz7, and .|| are equivalent norms on V. Therefore (V; (.,.)y, ) is a real Hilbert
space. Moreover, by the Sobolev trace theorem, there exists a positive constant cg
depending only on the domain 2, I'; and I's such that

(15) 0]l L2 pyimay < collvllv, Vo € V.

In the study of the problem (5)-(13), we consider the following assumptions. We
assume that A = (A;jx) : Q@ x S¢ — S? is a bounded symmetric positive definite
fourth order tensor, i.e.

(i) There exists m 4 > 0 such that
As-e > my \5\2 ae. x €9, Ve € S%

(16) (i) Ay € L), Vi, j, k, 1€ {1,..,d};

(iil) Aijrwr = Ajira = Awiiz, Vi, J, k, 1€ {1,....d}.
We assume that the function B : Q x S% x S% x R — S% satisfies
(i) There exists Lg > 0 such that
|B($701,€1,C1) - 3(95702762,(2”

< L (o1 — oo +[e1 — €| + |G — Gal)
a.e.x €Q, Yoi,09,61,69 € Sd,vcl,CQ € R;

(ii) The mapping x—B (z,0,£,() is measurable on €2
for any o, ¢ € S1, V¢ € R;

(iii) The mapping x—B (x, Oga, Oga, 0) belongs to Q.
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We assume that the function G : Q x S% x S% x R — R satisfies

(i) There exists Lg > 0 such that
‘g (I,U]_, €1, Cl) - g <$70'27€2, <2)|

< Lg (loy — 02| + |1 — e2] +[C1 — C2l)

(18) a.e. T € Q, VO’1,0'2,61,€2 S Sd,VChCQ € R;
(ii) The mapping x—G (z,0,¢,() is measurable on 2
for any o, € € S¢,V( € R;

(iii) The mapping x—G (z,0g¢,0g¢,0) belongs to Y.
We assume that the function p, : T's x R = R™, (a = v, 7), satisfies

(i) There exists L, > 0 such that

‘pa (:Carl) — Pa (IE,’/’Q)| < La |'I"1 - 7"2|,
Vri, 12 € R, a.e. z €y

(19) (ii) po (x,r) =0, Vr <0, a.e. x € T's;
(iii) The mapping x — p, (x,r) is Lebesgue measurable on I's,
vr e R.

The gap function satisfies

(20) (i) g € L*(T3), (ii) g >0, a.e. on T3

The body forces and surface tractions have the regularity

(21) (i) fo € WNS(0,T5 H), (id) f» € W(0,T; *(T5; RY),

Finally, we assume that the initial data satisfy

(22) (i) wo €V, (i) oo € Q,

(23) GeknNw.

It follows from (21) that the function f : [0,7] — V defined by
(24) (f(t),w)V:/ fo(t) -wdx + [ f2(t) - wda, YVt € [0,T], Vw €V,
Q Iy

has the regularity

(25) fewh>(0,T;V).
In the sequel, we use the bilinear form a: H* (Q) x H' () — R defined by
(26) a(p,€) =r(Vp, V&), Vo, E€ H (Q).

Also, we use the functional ¥ : V x V — R defined by
(27) w(zaw) = / Pv (Zu - g) wuda+/ Pr (Zu - g) |wT| da) VZ, w eV
Fg FS

Using (15), (19), (20) and (27), we deduce that the functional v satisfies
(28) w('rhv) - ¢(77,w) + ¢(Z>w) - ¢(Z7U) < C% (LT + LV) ||77 - Z”V H’U - wHV ’

(29) 9, —2) ~blmn—2) < co(Lr + L) (collnlly + Nl agesy ) Dl
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(30) Y(n,v) = Y(n,w) < p(n,v—w),

(31) P(n,w) — (z,0) < B (Le + L) ln— 2lly Jwly

(32)  [mv) = e w)| < co (e + L) (co Il + gl oy ) 1o = wly
(33) m,w) < (Lr + L) (o Inlly + 19l z2(rq) ) Il paqryme

for all n,v,w, z € V. Now, assume u, o and ¢ are smooth functions satisfying (5)-
(13). We use Green formula (3) and integration by parts, integrate (5) on (0,¢),
use the fact that the operator A defined in (16) is a bounded linear operator, use
the initial conditions (13) and the notation (24), (26), (27), to obtain the following
variational formulation.

Problem 2. Find a displacement field v : [0,T] — V, a stress field o : [0,T] — Q
and a damage field ¢ :[0,T] — Y such that

(34) o(t) = / B(o(s),e(u(s)), ¢(5)) ds + o0 — A(e(uo)) , Vi € [0, 7],

(0(t),& (w — i(t))) o + lu(t), w) — (u(t), i (1))
(35)

> (f(t),w—=1u(t),,YweV,ae tec(0,T),

¢t e k.
(36) ((wv—cm), +alc.o-cw)
> (G (a(t),e(u(),¢(t),0—C(t)y,VIeEK, ae. te(0,T),

(37) o) = G,
(38) u(0) = wup.

To study Problem (34)-(38), we need the following additional assumption on the
initial data

(39) (00, e(w)) g + ¢P(uo, w) = (f (0),w)y , VweV,
and we make the following smallness assumption
(40) L, +L, <A

€

where ¢o, m 4 and L, (oo = v, 7) are given in (15), (16) and (19), respectively.

4. EXISTENCE OF A WEAK SOLUTION
The following theorem is the main result of this paper.

Theorem 1. Assume that (16)-(66) and (39)-(40) are fulfilled. Then Problem (84)-
(88) has at least one solution {u,o,(} which satisfies

(41) u € W= (0,T;V).
(42) o € WHe(0,T;Q1).
(43) ¢ € Wh0,T;Y)NL?(0,T; H (Q)).
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We will divide the proof into several steps. Let m € N* with m > T'Lg, where
Lg is given in (18). We introduce a uniform partition of the time interval [0,T7,

denoted by tI* = ih,,, hy = —, @ = 0,...,m. For a sequence {wﬁn}io, we denote
_ i+ _ i m
Jwitl = % and for a continuous function z € C ([0,T]; X) with values in

m
a normed space X, we use the notation 2™ = z (t/"), i = 0,...,m.
First step. We consider the following problem.

Problem 3. Let 01,090 € Q, let £ € Y and let m € N* with m > TLg. Find an
element ¢ € KC, such that

(44) <('0h§,19—<p> +a(p, 9 —¢) > (G(o1,02,9),9 — p)y , for all ¥ € K.
m Y
Lemma 4. Problem (44) has a unique solution.

Proof. Tt follows from (26), that the bilinear form b(.,.): H* (Q) x H' (Q) — R,
defined by

N 1
b 0) = 7= (@, 9)y +alp,0), Ve, Ve H (),

is continuous and H'! (Q2)-elleptic. Also, for each § € Y, the function
1
9 — <0 + —&, 19)
hom, v
is a continuous linear functional on H' (). Moreover, K is a closed convex, non-
empty subset of H' (Q). Therefore, using a standard result on elliptic variational

inequalities of the first kind see [11], we deduce that for each 6 € Y there exists a
unique element ¢y € K which satisfies

1 ~ 1
(45) 7h (<p9,19—<p9)y+a(<,09719—<p9)2 (9+h f,’l?—g@g) , V1 ek.
m m Y

Now, let 01, 09 € Q. We define the operator © : Y — Y by
(46) ©(0) =G (01,02,90), VO €Y.

Let 601, 62 € Y, using the notation ¢; = ¢y, and @2 = ¢p,. Then, by taking
(9, ¥, 19) = (91’ #1, @2)7 (9, #o, 19) = (925 P2, %01) in (45)7 addlng the two inequahties
and using (26), we get

ey = @ally + Bh [Vior = Vool 7y < hum (61 — 02,01 — 02)y -
So, we have
er = e2lly < b (161 — 02y,
which, with (46) and (18), gives

1©(61) = O (02)lly < himLg |01 — 02|y -

Thus, if m > TLg, then O is a contraction in the Banach space Y. Therefore, ©
has a unique fixed point 6* € Y. Now, let 6* be the unique fixed point of © and
let ¢=py+ be the unique solution of the problem (45) for 6= 6*, then we deduce
that ¢ is a solution to the problem (44). Finally, the uniqueness of the solution is
a consequence of the uniqueness of the fixed point of the operator © and of the
uniqueness of the solution of the problem (45). O
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Using the Riesz representation theorem, we can introduce the operator F : V —
V' defined by
(47) (Fv,w)y, = (Ae(v),e(w)) g + (00 — Ae (uo) ,€ (w)) g, Yv,w € V.
It follows from (47) and (16), that the operator F satisfies
(48) my |lwr — w2||3, < (Fwi — Fwa,wi — wa)y, , Ywi,wy € V.
Moreover, there exists L 4 > 0 such that
(49) | Fwi — Fwally, < Lallwy —wally, , Ywy,we € V.
We consider the following incremental problems P+t i€ {0 ..., m — 1}.
Problem 4 (PiH). Find a function u'tt € V., such that

(Fui',w— oui), + (hm S B (od,,e (ul) ) e (w — m‘;l))
=0 o

+¢(Uﬁ1a U}) - 1/’(“531, 6“’:‘2_1)

> (fmy,w— 5“%_1)\/ , forallwe V,
where v/, is the unique solution of the problem P} , j =1,...,4,

J
(51) olt! = Ae (uﬁ,‘fl) + hmZB (Uﬁn,g (ulm) ,Cfn) +0 — Ae (u?n) ,0< 7 <1,
1=0

¢J 1 is the unique solution of the following variational inequality

Gt ek,
C7jn+1 — Cvjn € _ C;il +a <<j+1 5 _ <j+1)
(52) hom ’ " Y m "

> (G (o e (ulf)  GiY) € =Gt )y, VEe K, 0 <5 <.
(53) (1) u® =g, (i1) 02 =00, (iti) ¢ = (o,

(54) ™= f(tny), i=0,..,m— 1
We notice that the unique solvability of the variational inequality (52) follows
from Lemma 4. Now, by setting w = U;A in (50), it follows that PiH is formally

equivalent to the following problem.

Problem 5 (Qi1). Find a function utt! € V, such that

(]:Uir-l_lav - Uiy—l_l)v + <hmi8 (0-%175 (ugn) 7C1Jn) € (U B uz:l))
Jj=0 Q

(55) | | o
(v — ) — ludt, ubt! — ul

m m m m)

> (fﬁl,vfuﬁl)v,for allve V,
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where {o and uY, are given by (51)-(53) and uJ, is the

m}0<z<m {Cm}0<z<m
unique solution of the problem PJ , j =1,...;i

Lemma 5. Problem Pit, i€ {0 ,..., m — 1}, has a unique solution.

Proof. From (48)-(49), the operator F is strongly monotone and Lipschitz continuous
on V. On the other hand let € V. Using the following inequality

Pw+(1=-Nv—2z = [Mw—2)+1-X)(v—2)]
< AMw—z[+1 =N |v—2z|, Vw, v, z€ R4 VA €[0,1],
it follows, from (27) and (32), that the functional

mZB ), e) | +vnv—ul,), VeV,
Q
is a proper convex and continuous functional on V. Therefore, using a standard

result on elliptic variational inequalities of the second kind, see [11], we deduce that
the following problem. Find u”l € V, such that

(Fustl o —uitl), <h ZB( (g;l),%),g(vuﬂg n
Q

(0,0 = up) = Y0,y — gy

> (fz+1,v—u§,‘f771)v, forallve V,

has a unique solution u“rl € V. To continue, we define the operator ¥ : V — V by

(57) W () = i, Ve V.
Let 11, n2 € V, using the notation u; = wj;f} and ug = ), then by taking

; . mmn
(777 ’U/%i_nl,’()) = (77271427“1)’ (777 uir—;717v) = (n17u1au2) in (56) and a‘ddlng the two

inequalities, we get

(Fui — Fug,uy —us)y < P(n,us —uby) —(n,ug —uby)

F (12, ur — up,) — (02, u2 — uy,),
which together with (28) and (48) implies that

2
malluy — uglly < 5 (L + L) Im = n2lly llur — uzlly,
and using (57), we have

2 (L +L,)

[Un2 — Uy, < 1 — n2lly -

This last inequality implies that if ¢ (L, + L,) < m4, then ¥ is a contraction in
the Banach space V. Therefore, ¥ has a unique fixed point n* € V. We have now
all the ingredients to prove Lemma 5. Let n* be the unique fixed point of ¥ and
let uitl=n* ZH be the unique solution of the problem (56) for n = n*, then we
deduce that u’le 1s a solution for the problem Q! which is equivalent to P.F1.
Finally, the uniqueness of the solution is a consequence of the uniqueness of the



A FRICTIONAL CONTACT PROBLEM WITH DAMAGE IN VISCOPLASTICITY 267

fixed point of the operator ¥ and of the uniqueness of the solution of the problem
(56). O

In the rest of this paper, the same letter ¢ will be used to denote different positive
constants which do not depend on m € N* nor on ¢t € (0,7).
Second step. In this step we have the following result.

Lemma 6. There exists ¢ > 0, such that for all m € N* with m > TLg,

(58) low g + ™y + 167 ly < e i€ {0,y m—1},
(59) lourly + 1106 ly < e i€ {0, m—1}.

Proof. Tt follows from (53), that there exists ¢ > 0 such that
(60) lomllg + llwmlly +lImlly < e ¥m e N*.
Let i € {0,..., m — 1}. Taking v= 0y in (55) yields
(]:uirfl,uiil)v < 11}(“5{177“&)1) - 1/}( o UHI uin) +

m »'m

_ ( mZB O—J 75 u] CJ) ( z+1)> Jr( ﬁ-lvui;{l)va
Q

which together with (17), (29) and (48) gives

ma s < B (L + L) [l Y[+ co (Lr + L) gl gy [0y

7
tehmd (lohllg + Il + 161y ) it
j=0

e 1B (054, 054, 0)llg [l [y + 177l [l [y + 17 Ol [l
Hence, using (40) and (25) in the last inequality, we obtain

(61) sy < et D ([lotullq + [l + Ikl ) +e
3=0

On the other hand, from (16)-(17) and (51), we find that

ol < ety +chm 3 (lotllg + lleally + 1611 )
(62) J=0

+c ||B(O§d,0§d,0)||g +c, 1€ {0, ey M — 1} .
Now, from (52) we have (' € K. Therefore, we deduce that
ICiF Y, < i€ {0, m—1},

and employing (61)-(62), we get

ot g + Ity + 16y < chmd_ (lohllg + el + IGally ) +¢
=0
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Applying Lemma 3, in the last inequality, we obtain (58). Setting v= 2, in (55)
for i=0, and w = u}l — n (39), adding the two inequalities, we obtain

{ (]:’LL ]:um’ m_u ) <,(/J( Uy, s m u?n)_w(u}n?u}n_ug’b)g

f(hml'j’(cr?n,e(u%),(%),a( L—) )) (f1 fé”,u}nfu%b)v.
We use now (17), (31) and (48), to see that

ma gy = [y < & (Lo + L) [l — a5

et ([lo%ll + lubally + I1chlly ) k=l

tchm 1B (0g4, 052, 0)l g [l = wiully + 13" = Sy flusm = i
and thanks to (25) and (40), we get

1 _,0 m_ rm
Uy, Uy, < C+C‘ fl fO
hm v hm v
< erelf]
L(0,T;V)
Thus, we have
(63) HéumHV <ec
‘ i1 _ i1
Now, for alli € {1,..., m — 1}, taking w= Oy in problem P! and w=-" m
m

in problem P! | adding the two inequalities, we obtain
(Fuptt — Fup,, duptt)y, < = (hinB (00,5 € (uin) 5 ) v e (Buitt)) o

i+l i—1 . i oi—1 ) i+l
(T i Y ) it Y
B o,

+ (7 = fm uit )
which combined with (48), (17), (30) and (31) implies that
malfutt = i[5 < el (ol g+ luially +11clly + ) it =kl
8 (Lo + L) it = il + 750 = £y [l = w
We use now (25), (40) and (58) to obtain
ol < et e ]

mllv-

L>(0,T3V)
and keeping in mind (63), we have

(64) ||5ui,f[1||v <c¢ i€ {0,.... m—1}.
It follows from (5 ) that
ot = o = A (u ) — Ae (upn) + hnB (07,8 (unn) - Ga)

which, with (16), (17), (58) and (60), gives
(65) |60iFH| < c||oubft|| + ¢, i€ {0,..., m—1}.
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Now, for i=0, taking £= (Y, in (52), we get
(0Cm:Cm = Cm)y + @ (G G = Gn) < (G (e (um) 2 Gn) G = Sy »
which gives
(66) (3G, 0Cm)y + hm (8Ch, 6Cm) +a (G 6Cm) < (G (o (um) s Cn) 0Cm )y -
Keeping in mind (23), (26), (53 (¢i7)) and applying integration by parts, we get
@ (G 6Cm) = =+ (AC0, Gy
which combined with (66) implies that
(0 0Cm)y < (G (o2 () s Cn) - 0Cn) y + 4 (80, 0C,)
Thus, we have
(7 il <
To continue, for all j € {1,..., m — 1}, using (52), we obtain

(5<¥;1+1 - 5<7jﬂ,7 C?JnJrl - C}]n)y +a (Cgrjl - 7jn7 Cﬂ:rl - C'gn)
{ < (9

(0he (udy),Ch) — G (o e (uhy ) G h) G = )y »
from which we deduce that
(OC06 )y < (G (e () s Ch) =G (o e (ul ') s Gt ) 0G0y
+ (663,065
and keeping in mind (18), we infer that
I ly < e (1o = bl + e = w1y + 116 = G My ) + 16l

which leads us to
1665y <l d ([1602llg + 18wl + 1661 ) + 8¢
j=1

for all i € {1,..., m — 1}, and using (64), (65) and (67), we obtain

8¢y < cham D ||0CE |y + -

j=1

Therefore, using (67) and applying again Lemma 3, in the last inequality, we obtain

(68) 166, < e, i€ {0,.., m—1}.
Finally, (59) is a consequence of (64) and (68). O

Third step. For each m € N* with m > T Lg, let v/, be the unique solution of the
Problem P, j = 1,...,m. We introduce the following functions u,, : [0,7] — V,
G 2 [0,T) =V, G 2 [0,T) = Q, & 2 [0,T] = H' (Q), {2 [0,T] — H' (),
B, [0, T) = Q and f,, : [0,T] — V defined, respectively, by

(69) Um (0) = ug, U (t) = u:n + (t—t") 5uirf1, Vit € (t;",tﬁ_l] ,
(70) T (0) = ug, Gm(t) = ult', vt € (7,87, ],

(71) Tm(0) = 00, Gm(t) = 03", VE € (67, 8]714]
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(72) Gn(0) = Go, Gm(t) = G + (¢ = 7") 6G, Ve € (47,714 ]
(73) Q:m(o) = (o, Em(t) = 'ri;rla vt € ( ;n) ;11] ,
- B — { b 3B (02 (1) ), Ve € (7 #24],
B,,(0) = 0g,
(75) fm(o) = f(0)7 fm(t) = Zlkl = f(tﬁl)ﬂ vt € ('5?775?11] )
for all i« € {0,..., m—1}. Here {O—;in}OSigm’ {gn}ogigm and ul, are given by

(51)-(53). From (69), it follows that the function u,, has a derivative function given
by

(76) U (1) = Sultt, Ve € (7, 4%,), i =0,...,m— 1.

Also, from (72), we deduce that the function (,, has a derivative function defined
by

(77) Cn(t) =0CHT vt e (¢ t,), i=0,...,m— 1
We have the following estimate results.

Lemma 7. There exists ¢ > 0 , such that for all m € N* with m > TLg,

(78) 5 (®llo + (@l + |G, < e vEe T,

(79) [m@lly + lum®lly < e vt e 0,71,

(80) [én @], +lim@lly < e acte o],

8D [[én® = n®)||, + lin(®) —un®lly < e, W€ 0,71,

(82) 1) = FB)lly < chu, V€ (0,1,
(83) 11Gm (8) = G ()ly + ltm () =t (5)ly, < clt =], VEs € 0,71,
(84) i (6) =t (| ey < clt =l Vts € [0,7).

Proof. It is clear that (78)-(80) are consequences of (69)-(73), (76)-(77) and (58)-
(59). For the proof of (81)-(82), see [13, Lemma 4.7]. Now, it follows from (72) and

(77) that
t i t
i dr | ¢ = e dr | 5¢iH
C’H’L + (/‘t;ﬂ' 7") C’m (CO + =~ Cm) + (/t:" T) Cm
Lo t
m(r)d m(r)d
<o+j§=jl/t%< (r) r+/tr< (r)dr

t
. /0 Eon (),

for all t € (t§”7t;’}r1}, i € {0,...,m — 1}. Also, using (69) and (76), we obtain

Cm(t)

t
U (t) = ug —|—/ U (r)dr, for all t € [0,T].
0
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Therefore, using (80), we get

t t

16 (6) = G GVl + im0 = im GV < | [ e ] | + | [ iom (]
< cft—s,

for all ¢, s € [0,T]. Finally, (84) is a direct consequence of (83) and (15). O

In the next we need the following result.

Lemma 8. There exists ¢ > 0, such that for all m, n € N* with m > n >
max (T,TLg),

(85)  [1Bum(t) — Ba(®)]3 < c/o et (5) — tn ($)|% ds + ch, Vi € [0,T].

Proof. Let m, n € N* with m > n > max (T,TLg). It is obvious that (85) holds
for t = 0. Now, for each t € (0,71, there exist two integers ¢ € {0,...,m — 1} and
p € {0,...,n — 1}, such that

(86) te (tg tan] N (8 thal -

It follows from (51), (70), (71) and (73) that
(87) G (t) = Ae (@ (1)) + hinB (07, (up,) s Cny) + 00 — Ae (uo) ,

for all ¢ € (¢, t*]. Also, for all t € (tfln,t;’il], qg€{l,....,m—1}, we use (51), (70),
(71) and (73), to obtain

+hmB (o0, (ud,) ,¢) + 00 — Ae (ug),

0
which with (87) gives

G (t) = As (i () + /0 ' (am (5), & (i (5)) , Com (s)) ds

tm

(88) _1_/t ‘B (5m (s),€ (tm (5)),Cm (S)) ds

+hmB (0'2”6 (U?n) 7<10n) + o0 — Ae (U'O) )
for all ¢t € (t;",t;’j_ﬂ, q € {0,...,m — 1}. Therefore, using (88), (16), (17), (60) and
(78), we infer that
t
[om (t) = on(t)llg < clltm(t) = an ()l + C/O l[om(s) — om(s)llg ds
(89)
t o ~
te / liimn(s) = Tn(8)]ly ds + / ) = Gals)||, ds+ el + ch,
0 0
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for all ¢ € [0,T]. Now, let s € (t;",tqmﬂ) N (tg,t;+1), qg € {0,....,m—1} and

p € {0,...,n — 1}. Using (52), (70), (71), (73) and (77), we get

(én (9= (9).Gn(8) =G ()
+a <C~m (s) — <~n (s), Em (s) — <~n (3))

< (G (5 ()2 (i (5)) . G (9)) G (5) = G (9)

Y

= (9(30 ()2 (@ (). G0 (9) G (8) = G ()

Y

which gives

(6 (8) =60 ()G () = Gu (5)

Y

< (G (5 ()2 (i (5)) G (9) G (5) = G (9)

Y

O AG NAG) RACEAC)N

+(6n (8 =60 (9),6n (9 = En () + 6 () = G (9))

Y
which combined with (18) and using the inequality

1 1
ab < §a2 + 5b2, Va, b € R,

gives

(&n (8) =60 ()G (8) =G ()

< c)|Gm(s) = Guls)lig + ¢ llam(s) — @n(s)lly

2

e [Gm (5) = G ()|

Y

+ (HCm (S)HY +

0], w6,

(e @l e ol,)

and keeping in mind (80) and (81), we obtain

(ORI ACRACEAGIN

Cn (8) — én (S)HY7

< c)|Gm(s) = Ga(s)lg + ¢ lam(s) = an(s)lly

+c HCm (s) — Cm (S)Hi + chy + chy,.
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Integrating both sides of the last inequality on (0,t), we get

1) — a2 < /no—m ) — (s ||st+c/ liim(s) — tin(s) % ds

+C/ HCm Cn( H ds + chy, + chy,

which together with (89) and using the fact that

2

IN

~ 2 ~ 2
e||én(®) = cm®)|],, + lim(®) = @I} + ¢ |[6a)) = &)

cll¢m(t) — Cn(ﬂ”%/ + ch?, + ch?,

[én®) = Gatt)|

Y

IN

yields

o) = a0y + [en) = G < e [ Gnte) = Gt s e /0t|&m<s>—arn<s>||gds

el (t) — (0% + ¢ / i (5) — Gn(s)|% ds

+ch,, + ch,.

Using Lemma 2, in the last inequality, one has

5 (8) = 3n OIS + [[Gn®) = G0 < ellim(e) — (DI
(90)

t
+c/ i () — it ($)]|2 ds + chn.
0
We use now (81) to show that

O1) Nl (t) = ()5 < llum() = un ()5, + chl, + ek, V¢ € [0,T].
To continue, using (70), (71), (73) and (74), we have

B,(t) — /0 B (501 (5) 2 (tr () Con(s)) ds
(92) [ B (i 50 i (9)G9)) s B (e () B
for all t € (¢",t7 ], ¢ € {0,...,m — 1}. Using (92), (17), (60) and (78), we get
1Bn(t) ~ Bl < /no-m )= 0 (5) ||st+c/ i () — i (3)] ds

vo [ ns) —Guis) as
0
+ch?, + ch?,

for all t € (¢, t7" ] N (tn, 2y, ], with ¢ € {0,...,;m — 1} and p € {0,...,n — 1}, and

employing (90) and (91), we obtain (85). O
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Lemma 9. There exists a function v € WY2(0,T;V) and two subsequences of
{um} and {t,,} again denoted by {u,,} and {u,,}, respectively, such that

(93) Uy — u weakly in L? (0,T;V),

(94) Up — 1 weakly in L*(0,T;V),

(95) € () — e(@) weakly in L? (0 T; Q) ,

(96) U — u strongly in C ([0, (Fg; Rd)) ,
(97) Um  —  u strongly in C ([0, T] 7V) ,

(98) U — u strongly in L* (0,T;V).

Proof. To proof (93)-(96), we use Lemma 7 and compactness arguments similar to
those in [12, Lemma 7]. To continue, using (55), (70), (71), (73), (74), (75) and
(30), we conclude that {B,,}, {@m} and {f.,} satisfy the following inequality

{ (Fiam (t), v = m(t))y + (Bm(t), (v = m(t))) g +
(99)

P(tm (t),0 = (1) = (fm(t), v = Um(t))y , Vo€ V, Vi€ [0,T].

Now, let m, n € N*, such that m > n > max(T,TLg). Taking (B, @m, fm,
v) = (Bon, Gy frms @n)s (Bms @iy fins ©) = (Bns i, fn, @) in (99) and adding the
two inequalities, we get

(Ftin (t) = Fiin (b), i (t) = Un(t))y < (Bn(t) = Bm(t), € (tm(t) — un(t))g
+w(ﬂn(t)v ﬂm(t) — Uy (t)) + w(ﬂm (t)’ U, (t) - ﬁm(t))

+ (fm(t) = fa(t), @m (t) = @n(t))y , V¢ € (0,71,
which combined with (48), (33), (78) and using the inequality

a2
ab<——&-—b2 Va, b € R,
ma

leads us to

i (1) = @5 < cl1Ba(t) = Bn(®)llg + ellim(t) = @n ()] 12 (ry ma) +

(100) cllfm(®) = FOIy + el F@) = )5

Using (81) and (15), we get

[@m () = (Ol 2rymey < N8 () = @l p2ryray + 1tm () = un ()l 2 (ry e
F llun(t) = tn ()l L2 (ry may

(101) <t (8) = (Ol gy oty + o + b

Now, using (100), (101), (82) and (85), we obtain

t
i (t) — (D]} < ﬂWﬁ%WMWBmWYWA”%@%Wm@m@
+choy, + chy,
and using the fact that
um () = unOF < clltm(t) = am @7 + ¢ lldm(t) = @@ + i (t) — un (@)
< el (t) = an @)% + chu + chn,
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we get

t
2 2
um () —un (D)l < Cllum(t)—Un(t)HLz(ps;Rd)+C/O un (5) — wm (s)ly ds
+ch,,, + ch,,.

Now, we use Lemma 2, in the last inequality, to obtain

t
2
[um () —un@lly < cllum(t) = un(ll L2 (rymay + C/O [[tm (s) = un ()l L2 (rymey ds +
+ch,, + ch,,.
Thus, we get

2
[m = unllcqoryvy < ¢lltm = unllegoryzewamay + chn,

which combined with (96) implies that {u,,} is a Cauchy sequence in C ([0,T]; V),
and using the convergence (93), we obtain (97). Finally, the convergence (98) is a
consequence of (81) and (97). O

In the rest of this paper v is the function obtained in Lemma 9, {un,}, {Bm},
{tm}, {sz} and {f,,} represent appropriate subsequences of {um,}, {Bm}, {tm},

{Em} and {fn}, respectively, such that the convergences (93)-(98) hold.
Consider the following problem.

Problem 6. Find (0,() € L2(0,T;Q) x L2 (0,T;Y), such that

(102) o(t) = Ae (u(t)) + /Ot B (o(s),e(u(s)),¢(s)) ds + oo — Ae (ug) , ¥Vt € [0,T],
Ct) ek, VteloT],

(103) (o —c) +alcw.v—cw)

> (G(a(t),e(u(®),C(t),9=((t)y, VI e, ae te(0,T),
(104) ¢(0) = G-

We have the following result.

Lemma 10. Problem (102)-(104) has a unique solution {o,(}. Moreover { satisfies
(43).

Proof. We notice that X = Q x Y and L?(0,7; X) are Hilbert spaces equipped
with the respective canonical inner products

((017C1)?(027€2>)X = (01’02)Q+(C17C2)Y7

T T
((Br.01) . (B2.02)) oo vy = / (B(s). Ba(s)) o ds + / (61(5). B2(s)y ds,

for all (0’1,(1), (UQ,CQ) € X and for all (61,91), (62,92) eL? (O,T;X).
Let (8,0) € L?(0,T; X) and let o5 : [0,7] — Q be the function defined by

(105) op(t) = Ae (u(t)) + /Ot B(s)ds + oo — Ae (ug), Vt € [0,T7].
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It follows from (26) that a is a continuous and symmetric bilinear form on H! (Q)
and, moreover, a satisfies (4). Thus, applying Lemma 1 for Z = H' (Q), E = Y,
K =K, wy = (p and | = 60, we deduce that the following problem. Find {y €
W2(0,7;Y) N L%(0,T; H*(£)), such that

C(t) e K, ViEel0,T],
(106) (éa(t)vﬁ - Ce(t))y

+a (Colt), 9 — Co(8)) = (0.(1) 9 — Co(t))y . V0 €K, ace. t € (0,T),

(107) o (0) = o,

has a unique solution. To continue, let A : L?(0,7;X) — L%*(0,7;X) be the
operator defined by

(108) A(B,0) () = (B(op(t),e(u(t)), Co(t)) G (05(t), e(u(t)), Co(t))) ,
for all (3,0) € L? (0,T; X) and for all ¢ € [0,7].
Let (B1,61), (B2,02) € L?(0,T; X). Then, using (105), we get

(109) los, (t) = o5, (DG < C/o 181(1) = B2() g ds, ¥ t € [0,T].

Taking (0, Cg,9)=(61, o, , Cp, ), (0, Co,V)=(02, Co,, Co, ) in (106), adding the two inequalities,

we have

(606 = 660,609 = (), s < [ (01(6) = 020 G0, (5) = G5y s
and using (107) yeilds

16, (1) — o (D12 < e / 162(5) — Ba(s)|% ds + / 160, (5) — Con ()% ds.

We use now Lemma 2, in the last inequality, to obtain

(110) 166, (8) = Co (D)5 < C/o 161(s) — 02(s)15 ds, ¥ t € [0,T].

From (108), (109) and (110), it follows that

1A (B1,601) (8) = A (B2,602) (D)% < 0/ ||051(5)_0ﬁ2(3)“2gd3+0/ 1o, () = Goa ()13 ds

IN

/||61 — Ba( )||st+c/ 161(5) — Ba(s)|1% ds

< 0/ 1(B1(5),01.()) = (Ba(s), 02(s)) 5 ds , V t € [0,T].
0

Reiterating the last inequality n times, we infer that

T
A (B8 — A (Bauba) oy € L (81.62) — (50.02) B0

which implies that, for n sufficiently large, a power A" of A is a contraction in the
Banach space L? (0,T; X). Therefore, we deduce that A has a unique fixed point
(B*,60%) € L*(0,T; X). Now, let 0 = g~ and let ¢ = (y-, then we deduce that (o,(¢)
is the unique solution of Problem (102)-(104). Moreover ¢ satisfies (43). O
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We have the following convergence results.

Lemma 11. The following convergences hold.

(111) Fity — Fu strongly in L? (0,T; V),
(112) fm — f strongly in L*(0,T;V),
(113) B, — B strongly in L* (0,T; Q) ,
where
t
(114) B(t)= [ Blats)etu(s),o(s)) ds. ¥t 0.1].
0

Proof. Obviously, (49) and (98) gives (111). Also, from (82), we get (112). To
continue, let m € N* with m > T'Lg, using (88), (102), (16), (17), (78) and (60),

we have

16m() —o Bl < clltm(t) —u@®)y +C/O 160 (s) = o (s)1 g ds

t
+c/

(115) /Hum —u(s)||3 ds + ch?, , vt € [0,T].

Cnls) ~ )| ds

On the other hand, using (52), (103), (70), (71), (73) and (77), we get
(én () =€ ()1 Gm () =€ (9))

Y

4 (G (5) ~ ()G ()~ C ()

< (9 (5 ()12 (@ (1), (9) G () = C (5))

+ (Gn ()= ()G (5) = Cn ()

Y

for all s € (t:”,t:’j_l), it =0,...,m — 1, which combined with (18), and using the
inequality

1 1
ab < §a2 + §b2, Va, b € R,
gives

(6 (9) = ()16 (9) = C(9))

Y
< c[|Gm(s) — o ()1H + ¢ lim(s) —u(s)}
+ellGm (s) = C ()5
(e @], +[c@ ], ) flan @ = Gn )],

Y
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Integrating both sides of this inequality on (0,t), and using the fact that

[ (fen @l 0], ) n ) -Gn ] o b v 01,

Y

we get
1m(®) — COIE < /nam o ||st+c/ it () — u(s) 1% ds

—i—c/o Hfm(s) - C(S)HY ds + chp,

which, together with (115), gives
t
16m(t) — o Ol + [1Gn(t) = <Oy < cllim(t) —u®)]} + C/O [16m(s) — o(s)]% ds
¢ 2
v [ in(s) = ul)I ds
t

—I—c/
0

Using Lemma 2, in the last inequality, one has

Cm(s) — C(S)Hi ds + ch?,.

()= I+ [ = O < el =u®l} +e [ (o) = ul ds
+chi,,

which combined with (92) and (114), leads us to

Ba B < o [ 1onis) o @lds e [ [ens) - o) as
te / i (s) — u(s)I3 ds + ch2,
< /Hum —u(s)|% ds + k2, Vit € 0,7,
which with (98) gives (113). O

Lemma 12. The following properties hold.

m——+o00

(116) lim / (i ds—/ Y(u ))ds, for allv € L*(0,T;V).

(117) lim [¢(tm (s), i (s)) — P (u(s), im(s))] ds = 0.

(118) lim inf Y (Um (), Um(s))ds > P(u(s), u(s))ds.
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Proof. Let v € L?(0,T;V). Using (31), we obtain

T
/0 [t (tm (s),v(s)) = P(u(s),v(s))] ds| <

(119)

c ||’I~Lm - u||L2(O,T;V) ||UHL2(O,T;V) ’

Thus, from (119), (80) and (98), we deduce that v satisfies the convergences (116)-
(117). To continue, let ® : L2 (0,T; V) — R be the functional defined by

T
(120) D (v) = /0 Y(u(s),v(s))ds, Yo € L*(0,T;V).

Using (27), (32) and (120), we find that ® is convex and continuous. Thus, we
deduce that ® is a weakly lower semicontinuous function on L2 (0,T;V), see [2],
which with (94) gives

(121) lim inf ® (i) > @ (i) .

m——+00

On the other hand, one has

2) | [ #li(s) i (9)ds = [ i o) n(s))ds = plu(s) (5))] ds
4 (i)

Therefore, taking into account (117) and (121) when passing to the liminf as m —
+00 in (122), we obtain (118). O

Fourth step. We have now all the ingredients to prove Theorem 1.

Proof. Let t € (0,T), let r > 0, such that ¢t +r € (0,7, for each w € V, we define
a function v € L? (0,T;V) by

w for s e (t,t+7r),
(123) v(s) =
u(s) elsewhere.

We use (50), (70), (74), (75) and (76) to obtain the following inequality

1/0 (Ftm(s),v(8) — Um(s))y ds

r

(124)
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Passing to the limsup as m — +o0o in (124), by using Lemma 11, Lemma 12, (94),
(95) and (123), we obtain

t+r t+r
%/t (Fuls),w —1(s)), ds + %/t (Bs).e (w—is))) ds
t+r
(125) ¢ [ L)) = pluls) )] ds
1 t+r
> ;/t (f(s),w —1(s)), ds, for all w € V.

Since .y, (t) — u (t) strongly in V, Vt € [0,T], it follows from (69) that u (0) = uo.
Let {0, ¢} be the unique solution of Problem (102)-(104). Then, by Lebesgue point
Lemma for L! functions, letting r — 0 in (125) and keeping in mind (47) and
(114), we conclude that {u, o, (} is a solution of Problem (34)-(38). On the other
hand, from (83), we have

[u(®) —u(s)lly < [lut) = um(@lly + lum () = um($)lly + [[um(s) = uls)lly
< ul®) = un@lly +elt = s+ llum(s) = uls)lly , t, s €[0,T7.

Passing to the limit as m — +o0o and using the convergence (97), we get
lu(t) —u(s)||, <clt—s|, Vt,s €[0,T].

Thus, u satisfies the regularity (41). Also, from (102), we have

IN

/ (lu()lly + llo )l + 1K(r)lly- + 1) dr
clt —s|, Vt,s €[0,T].

lo(t) —o(s)llg ¢llu(t) —uls)lly +¢

N

Therefore, o satisfies

(126) o e Wh>®(0,T;Q).

To continue, taking w = @ (£) + z with z € [D (Q)]* in (35), we deduce that
(127) Divo (t) = —fo(¢t) in Q, Vt €[0,T].

Hence, the regularity (42) follows from (126), (127) and (21 (4¢)). Finally, the
regularity (43) follows from Lemma 10, which concludes the proof. O

5. CONCLUSION

In this paper, we have studied a quasistatic contact problem with normal compli-
ance condition associated to a version of Coulomb’s law of dry friction for viscoplas-
tic materials with damage. We have shown the existence of a weak solution under
a smallness assumption depending only on the normal compliance functions, the
elasticity operator and on the geometry of the problem. The important question of
uniqueness of the solution remains open.
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