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Abstract

The aim of this paper is to study the nonlinear fractional model of malaria infection based
on the Caputo-Fabrizio fractional derivative. After modelizing the phenomenon the Picard-
Lindelof approach and the Banach fixed point theorem are applied to show the existence
of solution and the stability of the method. For solving the mentioned model, we apply
the homotopy analysis transform method (HATM) which is among flexible and accurate
methods. For the first time, instead of applying the methods based on the floating-point
arithmetic (FPA), we apply the CESTAC method and the CADNA library which are based
on the discrete stochastic arithmetic (DSA). This method is one of the main novelties of
this study that can help us to validate the obtained results. Using this method, the optimal
iteration of the HATM, the optimal approximation and the optimal error can be obtained.
Main theorem of the CESTAC method is discussed. Based on this theorem, we will be
able to apply a new termination criterion instead of traditional absolute error. By plotting
several hi-curves the convergence regions are demonstrated. Using these graphs we can find
the region of convergence for different functions. The numerical results based on the DSA
and the FPA are presented in some tables.

keywords: Model of malaria infection, Caputo-Fabrizio derivative, homotopy analysis
transform method, CESTAC method, CADNA library.

1 Introduction

Malaria is a life-threatening disease caused by a parasite. The causative agent of this disease
to humans is the bite of infected female Anopheles mosquitoes. But malaria is a preventable
and treatable disease. According to studies, malaria can be caused by five types of parasites
in humans, so that two of them can be a dangerous threat to humans. In 2019, almost half of
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the world’s population was at risk for malaria. Sub-Saharan Africa has the highest mortality
rate. In 2019, there were about 229 million malaria cases, and the estimated number of malaria
deaths was 409,000 [2].

Given the above, it is easy to understand the importance of examining this disease. Accord-
ingly, various mathematical models have been proposed to control and predict the behavior of
this disease according to various human and environmental factors. In [49], the optimal con-
trol for a fractional order malaria transmission model was studied, in [15], the comparison of
mathematical frameworks for modeling erythropoiesis in the context of malaria infection was
illustrated and in [25], the numerical simulation of a reaction-diffusion malaria infection model
using B-splines collocation was discussed. The effects of climate change on Plasmodium vi-
vax malaria transmission dynamics based on mathematical models and the endectocide-treated
cattle for malaria control are studied in [20, 54].

Solving the mathematical models and finding the accurate and efficient solutions have been
investigated by many researchers such as mathematical model of HIV infection [26, 27, 28, 39],
model of smoking habit [38], model of computer viruses [29, 30, 45] and many other models
[40]. Also, solving fractional models we can find more efficient results than usual models such
that recently many researchers have been focused on solving the fractional models based on the
Caputo-Fabrizio fractional derivative [26, 28, 40, 48].

The HAM [21, 22, 23] is among semi-analytical and flexible methods for solving various
linear and nonlinear problems which by combining the method with Laplace transforms and
making the HATM, we can find more accurate results than the traditional HAM. As we know,
in this method we are free to choose the auxiliary functions and parameters that it is one of
abilities of this method than other methods. The HATM for solving Abel’s integral equations
of the first kind [46], the homotopy regularization method to solve the singular Volterra integral
equations [31], the HAM to solve the first kind Cauchy integral equations arising in the theory
of airfoils [10], solving integral equations using the homotopy-regularization method [32] and
solving integral equations based on finding the optimal convergence control parameter of the
HAM [33] are only some of applications of the HAM and HATM for solving various linear and
nonlinear problems.

Generally, the mentioned studies are based on the FPA [11] and researchers apply the abso-
lute error to discuss the accuracy of the methods as follows

’f(w) - fn(x)’ <g, (1)

where f(x) and f,(z) are exact and approximate solutions of the problem and e is a small
positive value. But this condition can not be acceptable. Why we should solve the problem that
we have its exact solution? Also, generally the researchers do not know the optimal value of e.
Also, we can not accept it. If we choose a small value as £ we will have huge number of iterations
without improving the accuracy of the results and we will have so many extra iterations. Also,
If we choose a large value as ¢, the algorithm will be stopped at the first step without producing
accurate results. Thus we propose the CESTAC method and the CADNA library which are
based on the SA and instead of the stopping condition (1) we have new termination criterion

[fn(2) = fo-1(z)] = @Q.0, (2)



where f,,(x) and f,—1(x) are two successive approximations and @.0 denotes the informatical
zero [8, 9, 18]. This sign can be produced only in the CESTAC method by CADNA library and
it shows that the number of common significant digits between two successive approximations
is almost equal to zero [16, 17, 50, 51]. The CADNA library should be done on Linux operating
systems and all CADNA codes should be written using the C, C+4, FORTRAN or ADA
codes [8]. Recently, many methods have been validated using the CESTAC method and the
CADNA library to solve various problems. In [12, 13, 14] the numerical validation of quadrature
integration rules were discussed, in [33, 37, 41] the validation of the homotopy analysis method,
the Admoian decomposition method and the homotopy perturbation method for solving integral
equations were illustrated. [35] is the dynamical validation of Sinc-collocation method for solving
fuzzy integral equations, [44] is the dynamical control on load leveling problem and [42] and [34]
are the application of the method on the reverse osmosis system. The validation of collocation
method for various problems [36, 43] and finding the optimal regularized parameter of the
regularization method [32] are some of applications of the CESTAC method and the CADNA
library. For more details you can see [11].

2 Preliminaries
In this section, we present some definitions of the fractional derivatives and also the HAM.

2.1 Fractional derivatives

Definition 2.1. [7] Let g be a continuous function then the p-th order Caputo fractional deriva-
tive can be defined via integrable differentiations as follows

1 t (n)(s)
c g
DPg(t) = d = 1.
g(t) F(n—p)/o (i — s)p—nti s, n=[p]+
Definition 2.2. [/] The p-th order Caputo-Fabrizio derivative for b > a,g € H'(a,b), and
p € (0,1) is defined in the following form

CPrg(t) = Mfp) /at exp <_p(t - s)) g (s)ds, t>0,

1—p 1—p

where M (p) depends on p shows a normalization function and M(0) = M (1) = 1. For function
g which is not member of H'(a,b), this derivative can be presented for g € L'(—00,b) as follows:

b _
CF’}ng(t) — pljw_(';)/ (g(t) — g(s))exp(ﬁ(t — S))dS, 0<p<l.

Also, p + n-th order fractional derivative “FDP™™ for n > 1 and p € (0,1) can be defined as
CPrng(t) =CF DF(D"g 1))



Definition 2.3. [24] For 0 < p < 1 and M(p) = 1, the Laplace transform for the Caputo-
Fabrizio derivative can be presented in the following form

s™ —g" — sy N —
L[CF@p+ng(t)] (8) _ +1L[9<t>] gioj_ p(l _15) (0) f (O> )

Definition 2.4. [2/] The p-order Riemann-Liouville fractional integral for Re(p) > 0 is specified
as

1 t
I’g(t :/ t — s)P"Lg(s)ds.
0= 5057 [ (=9 ats)
Definition 2.5. [24] The fractional integral of Caputo-Fabrizio is defined by
2(1—p) 2(p) !
CF
17g(t) = o(t) + [ atsias, o<p<t
(2—p)M(p) (2—=p)M(p) Jo

Also, the left and right fractional integrals of ($¥®P) are defined [3] respectively by

Frogyty = Loy + L [ gis)ds
CF L) = R0+ 5 [ ato)is

CF 1oy = Loty + L [ a(s)ds
CFI0) = a0 + 5o [ ats)is

e have the following definitions for Sumudu transform which is based on the classical Fourier
integral [5, 6, 47].

Definition 2.6. [6]/ Let A = {G : I\, k1,k2 > 0,|G(t)| < )\exp(k—j),t € (-1)7 x [0,00)} then

ST[g(t);u] = G(u) shows the Sumudu transform of a function g(t) € A which is defined as
1 o0
G(u) = ST[g(t);u] = u/ exp(—t/u)g(t)dt,u € (—ki, ka),
0

for all t > 0. Also, g(t) = ST '[G(u)] shows the inverse Sumudu transform of G(u).

Definition 2.7. [5] For (m-1 < p < m) we can define the Sumudu transform for the Caputo

derivative as
m

Gu) = 3w i [D g ()]s

i=0
Definition 2.8. [52] Assume that G is a function and it has Caputo—Fabrizio fractional deriva-
tive. We can define the Sumudu transform of G with Caputo—Fabrizio fractional derivative as

_ M)
1—p+pu

ST[*Dfg(t);u] = u™"

ST (57D (G(1)) [ST(G(t)) = G(O)].

Definition 2.9. [53] For metric space (X,d), a map g : X — X s called a Picard operator
whenever there exists x* € X such that Fix(g) = {x*} and the sequence (¢"(x¢))nen converges
to x* for all xg € X.



Definition 2.10. Consider the Banach space (Y, ||.||), a self-map G on'Y, and recursive method
Poi1 = ¢(G, P,). Let Q(G) be the fixed point set of G which Q(G) # @ and lim,_o0 P, =
p € QG). Suppose that {gn} C Q and ep, = gn+1-0(G, gn), if limy_so0 €n, = 0 implies that
lim, 00 gn = p, then the recursive procedure Pni1 = ¢(G, P,) is G-stable. Suppose that our
sequence gn has an upper boundary. If Picard’s iteration P11 = GP, is satisfied in all these
conditions, then P11 = GP, is G-stable.

Theorem 2.1. [53] Assume that (Y, ||.||) is a Banach space and G is a self-map of Y such that
Gz = Gyl < Rlle = Gy[| +rllz =yl

forall z,y € Y, where R >0 and 0 <r < 1. Then G is Picard G-stable.

2.2 Homotopy analysis method

Consider the following problem
Nlu] =0,

where N is a non-linear operator and u(r) is an unknown function. Now, we can define the zero
order deformation equation [21, 22, 23] as

(1 - U)L [U(Y’; U) - UO(T)] = UhH(T)N [U(T; U)] ’ pE [07 1]7 (3)

where convergence control parameter, linear operator and initial guess denoted by A, L and
ug(r). Also, H(r) # 0 shows the arbitrary function and U(r;v) is the unknown function which
should be determined. We know that h, H(r) are not equal to zero, thus e can write Eq. (3) for
v = 0,1 as follows
U(r;0) = uo(r),
(4)
U(r;1) = u(r).

It is obvious that when v increases from 0 to 1, then U(r;v) changes from ug(r) to u(r)
which is called the deformation. Applying the Taylor’s theorem we get

U(r;v) = ug(r) + > um(r)o™, (5)
m=1
where L T (rv)
;v
um(r) = 1 ggm =0

If we find comfortable values and functions for L, h, H(r) and ug(r), then the series (5) will be
convergent at v = 1. Now, we can write the series solution in the following form

Un(r) = U(ri 1) = uo(r) + 3 (7).
m=1



In order to construct the m-th order deformation equation, the following vector is defined

7j<r) = {UO(T’),Ul(T’), ...,’LLj(T')} y

By m-times differentiating the Eq. (3) relative to v and then dividing to m! and putting v = 0,
we can find the m-th order deformation equation as

L[um(r) — Xmum,l(r)] = hH(r)Rn (un_;_l(r)), (6)
where . 8m*1N[U( )]
o (i71(7)) = oy g | 7)
and
0, m < 1,
Xm =
1, m > 1.

The j-th order approximate solution can be obtained by Uj;(r) = anzo um(r) and for the
exact solution we have
U(r) = lim u;(r).

j—00
3 Mathematical model of Malaria infection

The aim of this paper is to present the HATM to solve the following non-linear bio-mathematical
model

dl

i mPyfBuSZ — (¢ + pm)l,

dR

% =el +kA— (HmPHﬁHZ + 7+ MH)R,
dA

T OmPyBuRZ — (k+ pu)A, (8)
dy

E = PHﬁZ(I + UA)X - (5 + /‘LU)Ya

dz

LY — 2.

il &Y —p

an infectious mosquito ’Z’, will bite ’S’usceptible hosts and make them ’I'nfected. We know
that infected hosts before reversion to fully susceptible at rate 7’ can have level of tempo-
rary immunity (1 — 6, where 0 < § < 1). However, we should note that hosts can become
"A’symptomatically infected during this 'R’ecovered state. Symptomatic infection is a tempo-
rary condition that may have different transmission potentials to ( sigma) carriers, after which



people return to the improved group at a rate of kappa. In this model, considering that a
fixed human population is assumed, human mortality is compensated by births and we get
S=1—({I+ R+ A). Sensitive (X) vectors begin to become infected after being bitten by an
infected infectious host, but they are not yet infected (Y'), but after the extrinsic incubation pe-
riod (%), become infectious (Z). We apply m to show the ratio of vector-to-hosts which vectors
typically outnumber hosts. Here, a stable vector population is assumed whereby births are set
to balance deaths (u,) and so X =1 — (Y + Z). Parameter values and literature sources are
detailed in Table 1.

Table 1: List of parameters and functions [54].

Parameters Meaning Values
B Transmission coefficient (vectors — hosts) = bite rate x transmission probability 0.1= l} x 0.3
Bu Transmission coefficient (hosts — vectors) = bite rate x transmission probability | 0.007 = é % 0.02
€ Clearance rate of symptomatic infection 21@
H Birth and death rate of humans (i.e., stable population) 21500
k Clearance rate of asymptomatic infection 500
0 Asymptomatic secondary infection rate 0.5
T Full susceptibility reversion rate 10]W
o Adjustment factor for asymptomatic transmissibility to vector 0.25
by Birth (or maturation) and death rate of vectors (i.e., stable population) 0.1
13 Rate of parasite development within vector 0.1

Applying the p-th order Caputo—Fabrizio fractional derivative instead of the first order time
derivative we have

SEDPT = mPyfuSZ — (e + pm)l,
SFDPR =el + kA — (0mPyfuZ + 7 + pu)R,
STDVA = 0mPy Sy RZ — (k + pm) A, (9)

STDPY = PyByr(I +0A)X — (€ + w)Y,

SEDPZ = €Y — pyZ,

where 0 < p <1 and I(0) = Iy, R(0) = Ry, A(0) = Ay, Y (0) =Yy and Z(0) = Zy.



4 Existence of solution

Consider the mathematical model (9) which applying the Losada and Nieto integral operator
[24] we get

2

\

I(t) — 91(t)

R(t) — ga(t)

Z(t) — gs(t)

- (22_<1p)_]\§)(p){mPHﬂHS(t)Z(t) —(e+pa)l(t)}
+(2—ifM(p)/o [mPyBuS(s)Z(s) — (e + pu)I(s)]ds,
- (22_(1p)_Mp)(p){d(t) + kA(t) — (0mPyfuZ(t) + 7+ puu)R(t)}
2p t
+(2_P)M(P)/o [el(s) + kA(s) — (OmPyBuZ(s) + 7+ pw)R(s)]ds,
— M{g P ﬁ R(t)Z(t) _ (k‘—|— )A(t)}
S M T i
(10)
2p t
T =) /O [0mPyBaR(s)Z(s) — (k + pm ) A(s)]ds,
= L PUBAI0) + o AM)X ()~ €+ )Y ()
2p t
b [ IPaBI(s) + oA () ~ (€4 )Y (s,
= e () - w2 (0)

2p t
+(2—p)M(p)/o (€Y (s) — poZ(s)]ds.

By assuming Io(t) = g1(t), Ro(t) = g2(t), Ao(t) = g3(t), Yo(t) = g4(t) and Zy(t) = g5(t), Eq.



(10) can be written as follows

Lal) = o PP BSul6)20(0) — <+ i) (1)

2p t
+(2—p)]W(,0)/0 [mPHBHS(5)Zn(s) — (€ + pr)In(s)]ds,

Ruiat) = 2B 0+ KAW) — OmPuBnZu(®) + 7+ ) Ral))

+m /0 leln(s) + kAn(s) — (0mPyBrZn(s) + 7 + pm)Ru(s)]ds,

Aust(t) = 2 {Om P R () 20(0) — (k+ )40 (0)

(11)

+(2_p)]\4(’0>/0 [emPHﬁHRn(S)Zn(S) - (k‘ -+ ,LLH)ATL(S)]CZS,

Vo) = o D {PuBa(1a(t) + 0, (0)X0) = (€4 1)¥a(0)

2p t
+m /O [PrBz(In(s) + 0 An(8)) Xn(s) — (€ + pv)Ya(s)]ds,

2(1 - p)

P
) = G )

{fyn (t) — Mo Zn (t) }

2p t
+(2—pW(,0)/0 [€Y0(8) — pvZn(s)]ds.

Applying limitation for series (11) when n approaches infinity, the exact solutions can be

obtained as
lim, 00 I (t) = I(1),

lim,, o0 Rn(t) = R(t),
limy, 00 An(t) = A(t), (12)
lim,, 00 Yo (t) = Y (2),

limy o0 Zn(t) = Z(t).



4.1 Existence of solution by the Picard-Lindelof approach

In order to prove the existence theorem, the Picard—Lindelof approach and the Banach fixed
point theorem are applied. For this aim, the following operators are defined

( gl(t,f) = mPHﬁHSZ — (5 +LLH)I,
g2(t,R) =€l + kA — (OmPyfuZ + 7+ p)R,
93(t,A) = OmPySuRZ — (k+ pm)A, (13)

94(t,Y) = PyBz(I + 0 A)X — (£ + )Y,

95(t, Z) = &Y — p Z.

Assume that

Ly = sup Hgﬂt,[)”,
Cla,c1]

Ly = sup ”gl<t’R)”v
Cla,c2]

L3 = sup Hgl(t?A)H?
Cla,cs] (14)

Ly= sup ”gl(t,Y)H,
Cla,cc]

Ls = sup ”gl(t’Z)Hv

Cla,cc]
where
Cla,cil =t —a,t+a| X |[I —c1, ] +c1| = AxCh,
Cla,co) =t —a,t +a|l X |[R—c2, R+ ca] = A x Cy,
Cla,cs) =t —a,t +a| X |A—c3, A+ c3| = A x Cs, (15)
Cla,ca) = [t —a,t +a|l X |Y —cq,Y +ca| = A x Cy,
Cla,cs] =t —a,t+a| X |Z —¢5,Z 4+ c5] = A x Cs.
Let
[Y(#)llo = sup [Y(B)], (16)
tet—ast+a)

be a uniform norm on Cla, ¢],i =1, ..., 5.

10



Consider the following Picard operator
0:C(A,C1,02,C3,C4,C5) — C(A,C1,C2,C3,C4, Cs), (17)

which is presented as

_ 2(1-p) (s,
OV (1)) = ¥olt) + b GL Y 0 / G(s,Y (s (18)
where Y (t) = {I(t), R(t), A(t), Y (t), Z(t)} and Yo(t) = {(0), R(0), A(0),Y(0), Z(0)} and
G(t,Y(t)) = {gl(tvI)?QZ(taR)vQS(t’A)7g4(taY)’95(ta Z)} (19)

By assuming that the solutions of the problem are bounded within a time period we can
write

1Y ()]|co < max{cy,...,c5} =C. (20)
For L = max{L1, ..., L5} there is ty such that ¢y > ¢, then we get

00 (1) - %0l =l Gy () / G5, Y (5))ds|
2(1—p) N )
< DGV O+ s [ 166yl (2

2(1—p) 2pt
: ((2 — M) T p>M<p>> .

2(1—p) 2pto )

< + L<pL<C, 22
((2 — M) T @ M) (22)

where o
n< o (23)

Also, we get
|0Y1 — OYs|| = Sup [Y1(t) — Ya(t)]. (24)
te

11



Applying the definition of our Picard operator, the following operator can be obtained

_ 2 =p)
[0Y1 = OYa|| = HW{G(@YN@) — G(t,Ya(1))}
/ {G(5,Yi(s)) — G(s, Ya(s))}ds|
2(1—p) B
< G G Yi0) - Gt V)]
/ |G (5, Yi(s)) — Gls, Ya(s)) | ds
(25)
2(1-p) B
< G N - vl
2’“ / IYi(s) — Ya(s)ds
2(1 - p))\ Qp)\to .
((2 R p>M<p>) () = 20|

< pA|Va(t) = Ya(b)||

where A < 1. We know that G is a contraction so uA < 1 and O is a contraction and it shows
that the proof is complete.

5 Special solution via iteration approach

In this section, we can present a special solution of (9). Using the Sumudu transformation for
both sided of (9) we get

ST(FFDII(t)) = ST(mPuBuSt)Z(t) — (¢ + pu)I(t)),
ST(§"DIR(t)) = ST(e1(t) + kA(t) — (0mPuSuZ(t) + 7 + ) R(t)),
ST(§FDPA(t)) = ST(OmPyBuR(t)Z(t) — (k + pw)A(t)), (26)

ST(§ DY (1)) = ST(PuBz(I(t) + o A(t))X — (€ + )Y (#)),

ST(STDLZ(t)) = ST(EY () — poZ(1)).

12



Then we can write

( M(p)

T o0 5o STU) = 1(0) = ST(mPyfrSH)Z(t) — (¢ + nu)I(t)),
—p+pu

T _]\i(i) pu(ST(R(t)) — R(0)) = ST(I(t) + kA(t) — (0mPuBuZ(t) + 7 + um)R(1)),

: —]Wp(i)pu(ST(A(t)) — A(0)) = ST(OmPuBuR()Z(t) — (k + um) A(L)), (27)

M (p)
1—p+pu

(ST(Y (1)) =Y (0)) = ST(Pupz(I(t) + 0 A(t) X — (£ + )Y (1)),

1—p+pu
and we get

([ ST(1() = 1(0) + WST(mPHﬂHS(t)Z(t) — (e + um)I(1)),
ST(R(t)) = R(0) + WST(EI@) FRA() — (OmPuBuZ(E) + 7+ pu) B(E),
g 1—p+pu

T(A®) = A() + ~F L STOmPa B ROZ(E) = (1 + ) A(D). (28)

ST(Y (0) = Y (0) + s PAST(PBz (1) + o AW)X = (€-+ )Y (1)

| ST(Z(0)) = 2(0) + STV (1) = 1, Z(0),

13



Finally, the following iterative relation is received

Lo (t) = L(t) + ST { ! ‘Mp(:)p“ST<mPHﬁHsn<t>zn<t> —(e+ uHﬂn(t))} 7
Rpi1(t) = Ru(t) + ST { 1= + PRST(eLn(t) + kAn(t) — (0mPy B Zn(t) + 7 + ,u,H)Rn(t))} ,
Auir(t) = An(t) + ST {1 DL ST (O Pa G (1) 20(0) — (5 + umAn(t))} ,
Voa(0) = ¥alt) + ST {10 ST (Puia1,(0) + o Au (D)X — (6 + i) Yal0) .
| Zun(t) = Zu(t) + ST { ! _Mp(:)p LST(EY(t) - uvzna))} ,
(29)
and the solution can be obtained using
limy, o0 I (t) = I(1),
lim,, 00 Rp(t) = R(1),
litmy, o0 An(t) = A(t), (30)

limy, o0 V(1) = Y (2),

limy_yo0 Zn(t) = Z(t).

14



5.1 Fixed point theorem for stability analysis of the iteration method

Theorem 5.1. Assume that F' is a self-map which is defined as follows

F(In(0)) = Lnsa(t) = 1n(t) + ST~ { e ST(m Py B S, Zu) — (€ + umfn(t))} ,
F(Ru(t)) = Russ(t) = Ra(t) + ST—l{l_”:)’”‘ST@n(t) FRAL ()

— (OmPyBuZa(t) + 7+ ) Ba(t)) }.
FUA(0) = Ania() = An(0) + ST {20 ELEST Om P B )20(0) - b+ ) An(0) |
FOGL(0) =Y (0 = Yo(0) + ST {EZ 2T LEST (a1, 0) + 04 (0)X — (€4 mVa0) |
FU0) = Zyialt) = Zu(6) + ST { A S ST, 0 - m 20}

(31)
then (31) is F-stable in L'(a,b) if

{1+ mPuBuMsfi(n) + mPyBuMsfa(n) — (e + pm)Msfz(n)} <1,
{14 efa(n) + kfs(n) — OmPy B Ms fo(n) — OmPyaMafr(n) + (74 pm)fs(n)} <1,
{14+ 0mPg B Ms fo(n) + OmPy S Msfio(n) — (k+ pm) fii(n)} <1,

{1+ Py Bz M fi2(n) + PaBz Mz f13(n) + o Ms fi4(n) + oMz fi5(n) — (§ + o) fie(n)} < 1,

( {L+&f1r(n) — o fis(n) ) < 1.

(32)
Proof: We should show that for (n,m) € N x N, F has a fixed point:
F(In(t)) = F(In(1))
— Iy = I+ ST {584 ST(mPy B Su(t) Za(t) = (2 + ) Ta(1)) } (33)

— STV {SE ST (m Py B Sin (1) Zon(8) — ( + i) I (1)) }

15



Using norm for Eq. (33) we have

(F(In) = F (L)l

(34)

< ||In - Im” + ST_l{ 1]/5)&§UST(HmPHﬁHSn(Zn - Zm)” + HmPHBHZm(Sn - Sm)”

1l = (& + ) (I = I }-
Because of the same role of both solutions, we get
{ [ (t) = Im ()| Z ([ Bn(t) = B (8)]| = [| An(t) = Am (D]
1Y(t) = Y (Ol 2 1 Za(t) = Zin D)
Using relations (34) and (35) we can write

1E(In(t)) = F(In @)

< n(t) = ()] + ST { 55204 ST (| Pyt 150 (1) (n(t) — Tn(1))] (36)

+ 1mPruBr Zm (8) (In(t) = Im ()| + 1| = (£ + prr) (In — Im)”)}'

We know that I, R, An, Yn, Z, are bounded because they are convergent sequences, thus
there are My, Ms, Ms, My, M5 for all ¢t such that

[Tl < My, [|Rall < Ma, |An|l < M3, [[Ya|l < My, [|Zn]l < M, [|Sull < Me, [| Xl < Mz, (37)
where (m,n) € N x N. Applying Eqgs. (36) and (37) we can write
{ [F(In(t)) = F (I (2))]l

< {1+ mPyuBuMsfi(n) + mPuBuaMsfa(n) — (€ + pm) Mo f3(n)} [n () — Im ()]

(38)

16



where f; are functions from ST—! { 1;5(;;“ ST(.) } By repeating the process we get
|F(Ba(t) = F(Run(8)| < {14 £1(0) + kf5(n) — 6m Py 81z Ms fo(n) = Om Py By Mo fr ()
+ (7 + ) fs () P Ba®) = Rin(8)]
IF(An() = F(Am()| < {1+ 0mPu B Mafo(n) + 0m Pi B Ms fro(n)
= (b + ) frn(m) Pl An(t) = Am(®)],

IE(Ya(t) = F(Yn @) < {1 + PuBzMifia(n) + PuBz Mz fi3(n) + o Ms fia(n)

+ oM fis (1) = (€ + o) frs (1) HYa(8) = Yo D)1

1E(Zn(t) = F(Zm()| < {1+ &Ef17(n) — pofrs()} | Zn(t) = Zm (D). )

where

{14+ mPyBuaMsfi(n) + mPuBuaMsfa(n) — (e + pu)Msfz(n)} <1,
{1+ efa(n) + kfs(n) — OmPy By Ms fo(n) — OmPy By Mafr(n) + (7 + pm)fs(n)} <1,
{1+ 0mPy B Msfo(n) + O0mPrBaMsfio(n) — (k+ pm)fii(n)} <1,

{1+ PuBzMi fi2(n) + PaBzMzfi13(n) + o M3 f1a(n) + oMz fi5(n) — (§ + 1) fre(n)} < 1,

({1 +Efir(n) — mofrs(m)} < 1.

(40)
Then the F' self-mapping has a fixed point. In addition, we show that F satisfies the conditions
in Theorem 2.1. Suppose that (38) and (39) hold, then we get R = (0,0,0,0,0) and

{14+ mPuBuaMsfi(n) + mPuBuaMsfa(n) — (e + pr)Msfz(n)},
{1 +efa(n) + kfs(n) — OmPy By Msfo(n) — OmPyBuMafr(n) + (7 + pm)fs(m)},
r =4 {1+ 0mPyBuMsfo(n) + 0mPyBrMsfio(n) — (k+ pa)fii(n)},

{1+ PuBzMi fi2(n) + PaBzMzfi13(n) + o M3 f1a(n) + oMz fi5(n) — (§ + po) fie(n)}

{1+ &fir(n) — wofis(n)},
(41)
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and it shows that all conditions of Theorem 2.1 are satisfied. Thus proof is complete.

6 Application of the HATM to solve the model

Applying the Laplace transform for both sides of Eq. (9) we get

and we can write

LGOI = LimPuBuSZ — (¢ + pa)1),

LIST®PR] = Llel + kA — (8mPyBuZ + 7 + pu) R,

LI§TD) Al = LIomPufuRZ — (k + p) Al (42)
LI§™®7Y] = L[PuBz(I + 0 A)X — (€ + w)Y],

LI§TD{Z] = LIEY — poZ),

m = LimPyfBuSZ — (¢ + pm)1,

‘m = Llel + kA — (0mPyBuZ + 7+ pm)R),

m — LI9mPyBuRZ — (k + pum) A, (43)
m = L[PuBz(I+0cA)X — (£ + )Y,

m = L§Y - n.2)

18



Now, we have

(L) - % _ ‘HPS_S)L[mPHﬁHSZ e+ um)) =0,
L(R) - % - HPS_S)L[SI + kA — (8mPyBuZ + 7+ puy)R) =0,
L(A) - % - WL[GmPHﬂHRZ — (k+ ) A = 0, (44)
2y~ 2 PO 4 )X~ (64 mY] =0,
Liz) -2 S ey 7=,

We define the nonlinear operator as follows
Ni(p1(t;p), - 5(tip))

= L(p1(t;p)) — % - WL[mPHﬁHS%(t;p) — (e + pm)ei(t:p)],

Na(p1(t;p), -, p5(t;p))

Ry s+p(1—s)

= L(pa(t;p)) — ~ Lleg1(t;p) + kos(t;p) — (OmPrBres(t;p) + 7 + i) e2(t; p)),

S

N3(p1(t;p); - 05(t5p))

Ap  s+p(l—s)
s

= Llgs(t:p) = — L[0m Py Brea(t; p)es(t;p) — (k + pm)es(t; p)],

Na(p1(t;p), .., p5(t;p))

S

= L(pa(t;p)) — o P Bz(p1(t;p) + ops(t;p) X — (§ + 1) pa(t; p)],

Ns(p1(t;p), -, 05(t;p))

Zy 8+,0(1—8)L[
S

= L{gs(t:p)) =~ — Eoa(t; p) — mowps(t;p)],

(45)
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and using Eq. (45), the zero order deformation equations can be defined as

( (1 =p)Llpi(t;p) — Lo(t)] = phH () N1(e1(t;p), - 05 (¢ ),
(1 = p)L[pa(t;p) — Ro(t)] = phH (t)No(p1(t; ), -, 5(t; ),
(1 —p)Llps(t;p) — Ao(t)] = phH (t)N3(p1(t;p), ..., ¢5(t; p)),

(1 = p)Llea(t;p) — Yo(t)] = phH (t)Na(1(t; p), .., 05(t; p)),

(1 —p)Lles(t;p) — Zo(t)] = phH (t)N5(01(t; p), - 05(t; D)),

where p € [0,1] is the embedding parameter, i # 0 and H(t) # 0 are the auxiliary parameter
and function and L shows an auxiliary linear operator. Also, ¢;(t;p) for j=1,2,3,4,5 are unknown
functions and Iy(t), Ro(t), Ao(t), Yo(t) and Zy(t) are the initial guesses of I(t), R(t), A(t),Y (t)

and Z(t). By replacing 0,1 instead of p we get

p1(t;0) = Lo(t), pr(t;1) = I(1),
p2(t;0) = Ro(1), pa(t;1) = R(1),
w3(t;0) = Ao(t), pa(t; 1) = A(b),
wa(t;0) = Yo (1), pa(t; 1) = Y (),
5(t;0) = Zo(t), ps(t;1) = Z(1),

(47)

thus clearly we can see that by increasing p from 0 to 1, the solution can be produced from
initial guesses Io(t), Ro(t), Ao(t), Yo(t) and Zy(t) to the solutions I(t), R(t), A(t),Y (t) and Z(¢).

Applying Taylor series we get
p1(t;p) = To+ >y Im(0)p™,

@a(t;p) = Ro+ Y _ro_q R (1),

p3(tip) = Ao+ 21 Am(t)P™, (48)
palt;p) = Yo + 30—y Yim()p™,
L @s(tsp) = Zo+ 2y Zm(t)p™,
where Ip,(t) = L2l g () = L&l 4, 4) = LE&sW oy (1) =
p=0 p=0
%%‘w o and Z,,(t) = %Wg%,ﬁf”’) p:O. By choosing suitable values for auxiliary func-
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tions and parameters, series (48) will be convergent at p = 1 and we have

((I(t) =Io+ 3y Im(D),

R(t) = Ro+ >y Bm(1),

A(t) = Ao + 32—y Aml(1), (49)

Y(t) = Yo+ 2= Ym(0),

L Z(t) =Zo+ > pii Zm(2).
The m-th order deformation equation can be constructed as follows

L{In(t) = XmIm—1(1)] = RH Ry (I;m-1),

L[Bn(t) = xm Bin—1(t)] = hH Ry (Rin—1),

L[Am(t) = XmAm-1(t)] = hHR3 n(Am—1), (50)
LY (t) = XmYm-1()] = hH Ram (Y1),

L[Zm(t) - XmZm—l(t)] = hHR&m(Zm—l)v
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where

- — — — —

Rl,m(Imfl (t), Ryn—1 (t), Am—1 (t)’ Yim—1 (t), Zm-1 (t))

Iy

= L) = 20—y - 2L g

mPrBaSm-1Zm—1 — (€ + prr)Im—1],

s+p(l—ys)

+p(1 -
= L(Amfl) - 7(1 - Xm) - Sp(SS)L[HmPHBHRmIZml - (k + MH)Amfl],

| =220 - 20 ) - T ey )

(51)
Applying inverse Laplace transform for both sides of the m-th order deformation equation
(50) we get
( Im(t) = XmImfl(t) + hHL_l[Rl,m(Imfl)]a
Rm(t) = XmRmfl(t) + hHL_l[RZ,m(Rmfl)]v
Am(t) = XmAm—l(t) + hHL_l[R?),m(Am—l)]a (52)
Ym(t) = XmYm—l(t) + hHL_l[RAL,m(Ym—l)])

Zm(t) = XmZm-1(t) + RHL Y [R5 i (Zm—1)],

and it can help us to find the iterations of the HATM.
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7 CESTAC method-CADNA library

As we know, usual numerical and semi analytical methods for solving mathematical and en-
gineering problems are based on the FPA. But because of the mentioned problems, it will be
better if we replace the FPA by a random arithmetic. For this aim, we apply the DSA which
has many applications and advantages than other arithmetics. Thus, we apply the CESTAC
method and the CADNA library to validate the numerical results. For more information about
this method please see [1, 11].

By collecting all representable values which are produced by computer in set B, we can write
S* € B for s* € R with o mantissa bits of the binary FPA as

S* = s* — p2f2g, (53)

where sign, missing segment of the mantissa and the binary exponent of the result are demon-
strated by p,27%® and F respectively [8, 9, 16, 17]. In order to find the results with single and
double precisions, the value o can be changed to 24 and 53. Let ¢ be a casual variable that
uniformly distributed on [—1, 1], constructing perturbation on last mantissa bit of s*, the mean
(1) and the standard deviation (o) values can be produced for results of S*. Doing the process
for k times, we will have the quasi Gaussian distribution on S},7 = 1,--- ,k and we will have
equality between p and the exact s*. The following algorithm is presented to show the process
step by step, where 75 is the value of T distribution as the confidence interval is 1 — 4, with k—1
freedom degree [18, 50, 51].

Algorithm 1:

Step 1- Make k samples of S* as ® = {S7,55,...,S;} by constructing perturbation
on the last bit of mantissa.

i SE

k « G2
C L (SF—S
Step 3- Compute o2 = le;; i : ) .

Step 4- Find the number of common significant digits between S* and S*, using
Vi |5

Ca oo =10 .
5%, €10 750 )
Step 5- Show S*=@.0 if S* =0, or Cg. g <0.

Step 2- Find S* =

When we want to apply the CESTAC method, instead of using the algorithm directly, we
should apply the CADNA library. The library can implement the algorithm automatically. The
CADNA library should be done on Linux operating system and all codes should be improved
by C, C+4, FORTRAN or ADA codes. So in this method we do not need to apply the usual
mathematical softwares such as Mathematica, Maple and MATLAB. Applying the CESTAC
method and DSA we have some advantages in comparison with the methods based on the FPA.
In order to apply the termination criterion (1) which is based on the FPA we need to have the
exact solution but in the DSA we do not need to the exact solution and stopping condition
(2) is based on two successive approximations [11]. In the FPA, we do not know the optimal
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€ and in the DSA we do not have value e definitely. In the FPA, the extra iterations can be
produced without improving the accuracy, but in the DSA we can find the optimal number of
iterations. In the FPA, the algorithm can be stopped in the first step without producing the
accurate results but in the DSA, the optimal approximation can be identified. In the CESTAC
method, we can produce @.0 which shows the number of common significant digits between two
successive approximations is zero but in the FPA we can not produce this sign. In next, we have
the sample code of the CADNA library:

# include <cadna.h>

cadna_init(-1);

main()

{

double_st Parameter;

do

{

Write the main program here;

printf(" %s ",strp(Parameter));

}

while (u[n]-uln-1]!=0);

cadna_end();

}

Definition 7.1. [11] For two real numbers wi and wa, the number of common significant digits
can be defined as

w1 1

— a5l (,Ul?é(UQ,
W, —wy 2

w1 + wo
2(w1 — we)

Cy wy = logy = logyg

(54)
Cor o = +00.
Theorem 7.1. Let
In(t) = 22550 13(8),  R(t) = 22500 Rj(t), Am(t) = 22520 A; (1),

Yin(t) = 22550 Yi(t),  Zm(t) = 32510 Z5(1),

be the approzimate solution of the mathematical model of Malaria infection (9) which is produced
by the HATM and based on the convergence control parameter h independent of m, then

Cloidinss = Crt +O0(),

ChusBomsr = Cror + O(2),

CipsAmss = Cappoa + O(L), (55)
Con Y1 = Cyviy +O(1),

ClomZmsr = Cnz + O(2),
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Proof: Using Definition 7.1 we have

CIm>Im+1 - CImJ = loglo

= logyg

= logyg

Im + Im+1 . IOg Im +1 ‘
2(Im — Im+1) 0 2(Im — 1)
Im + Im—i—l _ log Im +1 ’
201 ) 0la(1, — 1) (56)
I+ It In—1I
———| +logyg |-
Lo+ 1 | %800

By increasing the iterations number m, we can see in the first term of Eq. (56), the approx-
imate and exact solutions I,,, I are close together and we can neglect that. For the second term

we have ; m ~ 7
logyg - ‘ = logy Zi:o Zﬁzi:o :
Im+1 Im+1
oo
> I
:logl() Zz]m—f—l ?
m+1
logi |1+ > mie RL[H (r)Ri(ui—1)]
10 KL= [H (1) Ron1 ()]

Based on Egs. (6) and (7) we can write

D2 PLT [H(r)Ri(uiz1)]

Zim—f—? hL—l

o' ' N[U(r,v)]
i1

)y

y

ALY [H (r)Rpt1 (wm)]

oM HIN[U(r,w)]
Oym+1

Lt [H(T') )

} hL™! [H(T) (m-1|-2)!

-1 [ H(r) L, 2N U ()

o™

y

M2 NIU (r,v)]
Oum+2

dvm

L1 [ H (r) L, 2N UG)

Therefore, we get

log

m—+

‘ = logyg

ovm

L1 { H(r) L, 2N U )

1+0(;)‘.
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By repeating the process for other terms we have

logg M‘ = logg 1+O(%) ;
logyg w‘ = logyg 1+O(%) ;
logyo }H/’ = logy 1"‘0(%) 5
logyg Z,an:lZ‘ = logy 1+O(§1)‘-

Since O(%) << 1, then the right hand side of above relation decreases as m increases. Thus,
the proof is complete.[]

Theorem 7.1 is proved for fixed value of convergence control parameter . This theorem
allows us to apply the new termination criterion which is based on two successive approximations
instead of absolute error and it shows the equality between the number of common significant
digits of difference between two successive approximations and difference between exact and
approximate solutions which in the CESTAC method it can be shown by @.0.

8 Numerical Results

In this section, the numerical results of validation of the HATM based on both the SA and the
FPA are presented. We know that HATM is one of flexible methods which this is because of
existence of auxiliary parameters and functions. They are help us to make accurate solutions
with fast convergence rate. Parameter & is to control the convergence region of the HATM. We
know that the obtained solution using the HATM are based on t and A. Thus we will be able
to plot the A-curve to find the convergence region. These area is the parallel part of the h-curve
with axiom z. In Figs. (1) and (2) the convergence region for m = 5,10 are demonstrated.
Based on these figures these region for m =5, p=1and t =1 are

12 < ks < 0.7,
1.2 =2 hrs 2 0.7,
~1.3 < lig5 < —0.6,
11 < hys < 0.7,
—1.1=hzs = —-0.38,

and for m = 10 are
—1.5 =< hy10 = —0.5,
—1.5= ﬁRJQ = —0.5,
—1.4 < hano = —0.5,
—-1.2= hy710 = —0.7,
—1.2 =2 hz10 = —0.7.
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Table 2: The residual error based on the FPA for p =1, h = —1 and m = 5, 10.

m| t I(t) R(t) A(t) Y (t) Z(t)
0.0 | 4.44089 x 10~ 16 | 6.93889 x 1018 | 3.46945 x 10~17 0 0
0.2 | 8.12273 x 10710 | 1.89021 x 10719 | 2.13396 x 10710 | 2.46061 x 102 | 3.39051 x 108
5 | 0.4 ] 2.64273 x 1078 | 6.10971 x 1079 | 6.8897 x 107 | 9.58309 x 10~8 | 1.08496 x 10~
0.6 | 2.03836 x 1077 | 4.68418 x 10~® | 5.27648 x 10~ 8.546 x 107 | 8.23893 x 106
0.8 | 8.71662 x 10~7 | 1.99201 x 107 | 2.2416 x 10~7 | 4.12401 x 10~% | 0.0000347188
1.0 | 2.69711 x 1076 | 6.13229 x 107 | 6.89399 x 10~7 | 0.0000141451 0.000105953
0.0 | 1.26565 x 10~ [ 9.02056 x 1017 | 9.36751 x 10~16 | 4.61853 x 1014 0
0.2 | 1.28786 x 10714 | 1.17961 x 10716 | 1.02002 x 10~1° | 6.75016 x 1014 | 4.17444 x 10~14
10 | 0.4 | 1.22125 x 107 | 1.66533 x 10716 | 1.10328 x 10~% | 2.77112 x 10~13 | 1.33227 x 1013
0.6 | 3.05589 x 10714 | 3.45557 x 10715 | 1.29757 x 10715 | 9.66338 x 1013 | 2.20268 x 10~!3
0.8 | 3.29958 x 10713 | 4.66849 x 1014 | 5.17086 x 10~ | 1.30456 x 10~ | 1.49925 x 10~'2
1.0 | 3.00837 x 10712 | 4.40259 x 10713 | 4.89914 x 10713 | 1.13957 x 10710 | 1.5433 x 10~11

In Fig. (3), the residual error functions based on % for t = 1 and m = 5,10 are plotted.
Using this graph, obviously we can see the regions of convergence for different functions where
form =5 and —1.2 < A < —0.7 we will have accurate results that other regions. Also, for m =5
we have —1.3 < h = —0.5. Fig. (4), shows the residual error functions based on ¢ for A = —1 and
m = 5,10. Completely clear that by increasing number of iterations m from 5 to 10 the HATM
can produce more accurate results. In Table 2, the numerical results of I(t), R(t), A(t), Y (¢) and
Z(t) are presented based on the FPA for m = 5,10 and A = —1. But in these results which are
based on the FPA, the optimal number of iterations and the optimal approximations can not be
identified. Also, we do not know that what is the termination criterion to stop the algorithm
at steps m = 5 and m = 10. Because of the mentioned problems, we use the CESTAC method
and the CADNA library which are based on the SA. Table 3, shows the results applying the
CESTAC method. Thus instead of applying the absolute error or residual error, by finding
difference of two successive approximations we can show the accuracy of the results and the
main theorem 7.1 supports us to do it. Using this technique, not only we do not need to have
the exact solution but also we can find the optimal iteration and the optimal approximations.
Thus, the optimal iteration is m,, = 9 and the optimal approximations are

Iopt(t) = 0.481763160360134E + 001,
Ropi(t) = 0.149853816238038E + 002,
Agpe(t) = 0.100188240700409E + 002,
Yopt () = 0.869982508153463 FE + 002

N

opt(t) = 0.568682257413900F + 002.

sign @.0 in the ninth step shows that the number of common significant digits for two
successive approximations is almost equal to the number of common significant digits for exact
and approximate solutions. But this sign can be produced in the FPA and in the mathematical
methods based on the FPA we need to provide a small positive value €. Since we do not know
the optimal value of € so it can make problem in computations.
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Figure 1: The A-curves for t =1 and m = 5.
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Figure 2: The

h-curves for ¢
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Table 3: The numerical results using the CESTAC method for ¢t =0.5,p =1 and h = —1.

m

Approximate solutions

Difference between two iterations

0.481991099999999E4-001
0.149863450500000E4-002
0.100180841999999E+-002
0.861499999999999E+-002
0.572499999999999E4-002

0.481991099999999E+001
0.149863450500000E+-002
0.100180841999999E+-002
0.861499999999999E4-002
0.572499999999999E+-002

0.481721974999999E4-001
0.149852798900000E4-002
0.100189276124999E+-002
0.870325624999999E+-002
0.568474999999999E+-002

0.269125000000E-002
0.10651599999E-002
0.843412499998E-003
0.8825625000000E+000
0.40250000000000E4-000

0.481764999124999E+-001
0.149853857548750E4-002
0.100188196841249E+-002
0.869973047500000E4-002
0.568689177500000E+4-002

0.43024124999E-003
0.1058648749E-003
0.1079283750E-003
0.352577499999E-001
0.214177500000E-001

0.481763111356249E+-001
0.149853816087687E+-002
0.100188240859124E4-002
0.869982671999999E4-002
0.568682093062500E4-002

0.1887768749E-004
0.414610625E-005
0.440178750E-005
0.9624499999E-003
0.7084437500E-003

(@

0.481763161019062E4-001
0.149853816249481E+-002
0.100188240683186E+002
0.869982507985312E4-002
0.568682260151874E+4-002

0.49662812E-006
0.161793E-007
0.175938E-007
0.16401468E-004
0.167089374E-004

0.481763160369595E4-001
0.149853816238078E4-002
0.100188240700391E+-002
0.869982508141096E+-002
0.568682257392671E+4002

0.649467E-008
0.11402E-008
0.17204E-008
0.15578E-007
0.2759203E-006

0.481763160360170E4-001
0.149853816238027E4-002
0.100188240700421E4-002
0.869982508158002E4-002
0.568682257413493E+-002

0.9425E-010
0.513E-011
0.292E-011
0.16906E-008
0.20821E-008

0.481763160360176E4-001
0.149853816238039E4-002
0.100188240700408E4-002
0.869982508153463E4-002
0.568682257413900E4-002

0.6E-013
0.122E-011
0.12E-011
0.4539E-009
0.407E-010

0.481763160360134E+-001
0.149853816238038E+-002
0.100188240700409E4-002
0.869982508153463E4-002
0.568682257413900E4-002

0.41E-012
0.4E-013
0.4E-013
@.0

@.0
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9 Conclusion

Mathematical models have special roles to predict various phenomena. In this paper, the non-
linear fractional model of Malaria infection was investigated. Using the fractional models we can
produce more accurate results than other usual models. For this aim we applied the Caputo-
Fabrizio fractional derivative. Also, the Picard-Lindelof approach and the Banach fixed point
theorem were used to show the existence of solution and the stability of the method. The HATM
was applied to solve the mentioned model and the DSA was used to validate the results. Using
the CESTAC method and the CADNA library which are based on the DSA, we can find the
optimal iteration and the optimal approximation of the model. So we do not need to apply the
traditional absolute error or residual error to show the accuracy. Instead of them we apply new
termination criterion which is based on two successive approximations. The main theorem of
the CESTAC method was proved which it can support us to use the new termination criterion.
In the numerical results by plotting several fi-curves we showed the convergence regions. Also,
the numerical results based on the FPA and DSA were presented in some tables. According to
the obtained results, we can see the advantages of the DSA than FPA. In the DSA, we do not
need to make more and extra iterations. Also, we can find the optimal iteration and optimal
approximations. But in the FPA, we do not have these abilities. More over in the DSA, the
informatical zero sign @.0 can be produced which shows that the number of common significant
digits for to successive approximations is almost equal to the number of common significant
digits for exact and approximate solutions and the numerical algorithm can be stopped. But
in the FPA, the stopping condition depends on a small positive value £ that we do not have
information about its optimality. Applying the method on the fractional models of HIV infection
and COVID-19 are among our future plans.
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