
S e©MR ISSN 1813-3304

ÑÈÁÈÐÑÊÈÅ ÝËÅÊÒÐÎÍÍÛÅ

ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÈÇÂÅÑÒÈß

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru

Òîì 17, ñòð. 161�178 (2020) ÓÄÊ 517.956.226

DOI 10.33048/semi.2020.17.012 MSC 35J75

ÍÅËÎÊÀËÜÍÛÅ ÊÐÀÅÂÛÅ ÇÀÄÀ×È ÄËß ÒÐÅÕÌÅÐÍÎÃÎ

ÝËËÈÏÒÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß Ñ ÑÈÍÃÓËßÐÍÛÌÈ

ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ Â ÏÎËÓÁÅÑÊÎÍÅ×ÍÎÌ

ÏÀÐÀËËÅËÅÏÈÏÅÄÅ

À.Ê. ÓÐÈÍÎÂ, Ê.Ò. ÊÀÐÈÌÎÂ

Abstract. The investigated two nonlocal problems for an elliptic equati-
on with two singular coe�cients in a semi-in�nite parallelepiped. The
proof of the uniqueness of the solution and its construction is carried
out by the method of spectral analysis. The solution to the problem
is constructed as the sum of the biorthogonal series. In substantiating
the uniform convergence of the constructed series, we used asymptotic
estimates of the Bessel functions of the real and imaginary argument.
Based on them, estimates are obtained for each member of the series,
which made it possible to prove the convergence of the resulting series
and its derivatives to the second order inclusive, as well as the existence
theorem in the class of regular solutions.

Keywords: equations of elliptic type, nonlocal problem, singular coe�ci-
ent, spectral method, biorthogonal series, semi-in�nite parallelepiped.

1. Ââåäåíèå. Ïîñòàíîâêà çàäà÷

Ðàññìîòðèì ñëåäóþùåå òðåõìåðíîå ýëëèïòè÷åñêîå óðàâíåíèå ñ äâóìÿ ñèí-
ãóëÿðíûìè êîýôôèöèåíòàìè

uxx + uyy + uzz +
2β

y
uy +

2γ

z
uz = 0 (1)

â ïîëóáåñêîíå÷íîì ïàðàëëåëåïèïåäå

Ω = {(x, y, z) : x ∈ (0, 1) , y ∈ (0,+∞) , z ∈ (0, 1)} ,
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ãäå β, γ ∈ R, ïðè÷åì β, γ< 1/2; u = u (x, y, z)− íåèçâåñòíàÿ ôóíêöèÿ, è äëÿ
íåãî èññëåäóåì ñëåäóþùèå çàäà÷è.
Çàäà÷à 1. Íàéòè ôóíêöèþ u (x, y, z) , óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â

îáëàñòè Ω è óñëîâèÿì

u (x, y, z) ∈ C
(
Ω̄
)
∩ C1

(
Ω̄ ∩ ({x = 0} ∪ {x = 1})

)
∩ C2 (Ω) , (2)

u (0, y, z) = u (1, y, z) , ux (0, y, z) = 0, y ∈ [0,+∞), z ∈ [0, 1] , (3)

u (x, y, 0) = 0, u (x, y, 1) = 0, x ∈ [0, 1] , y ∈ [ 0,+∞), (4)

lim
y→∞

u (x, y, z) = 0, x ∈ [0, 1] , z ∈ [0, 1] , (5)

u (x, 0, z) = f (x, z) , x ∈ [0, 1] , z ∈ [0, 1] , (6)

ãäå Ω̄ = {(x, y, z) : x ∈ [0, 1] , y ∈ [0,+∞), z ∈ [0, 1]} , à f (x, z)− çàäàííàÿ ôóíê-
öèÿ.
Çàäà÷à 2. Íàéòè ôóíêöèþ u (x, y, z) , óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â

îáëàñòè Ω è óñëîâèÿì (2), (4)-(6) è

ux (0, y, z) = ux (1, y, z) , u (1, y, z) = 0, y ∈ [0,+∞), z ∈ [0, 1] . (7)

Íåëîêàëüíûå êðàåâûå çàäà÷è ïðåäñòàâëÿþò âåñüìà èíòåðåñíîå îáîáùåíèå
êëàññè÷åñêèõ çàäà÷ è, â òî æå âðåìÿ, îíè åñòåñòâåííûì îáðàçîì ïîëó÷àþòñÿ
ïðè ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìîäåëåé ðåàëüíûõ ïðîöåññîâ è ÿâëåíèé â ôè-
çèêå, â èíæåíåðèè è ò.ä. Ñ ýòèìè âîïðîñàìè ìîæíî îçíàêîìèòüñÿ â ðàáîòàõ [1]-
[5]. Çàäà÷è ñ íåëîêàëüíûìè óñëîâèÿìè äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ
èçó÷àëèñü ìíîãèìè àâòîðàìè. Íèæå ïðèâåäåì îáçîð çàäà÷, áëèçêèõ ê çàäà÷àì
1 è 2, êîòîðûå ïîñòàâëåíû è èññëåäîâàíû â äâóìåðíûõ îáëàñòÿõ.

Â 1956 ã. Ô.È. Ôðàíêëü â ðàáîòå [6], ðàññìàòðèâàÿ îáòåêàíèå êîíå÷íîãî ñèì-
ìåòðè÷íîãî ïðîôèëÿ ïîòîêîì äîçâóêîâîé ñêîðîñòè ñî ñâåðõçâóêîâîé çîíîé,
îêàí÷èâàþùåéñÿ ïðÿìûì ñêà÷êîì óïëîòíåíèÿ, ïîñòàâèë çàäà÷ó äëÿ óðàâíå-
íèÿ ×àïëûãèíà â ñìåøàííîé îáëàñòè ñ íåëîêàëüíûì óñëîâèåì âèäà u (0, y) =
u (0,−y) . Ïðè ýòîì äîïîëíèòåëüíî áûëî çàäàíî ëîêàëüíîå óñëîâèå ux (0, y) = 0.
Â ðàáîòå [7] Í.È. Èîíêèí äîêàçàë ñóùåñòâîâàíèå ðåøåíèÿ íåëîêàëüíîé çàäà÷è
ñ óñëîâèÿìè ux (0, y) = ux (1, y) , u (0, y) = 0, 0 ≤ y ≤ T è u (x, 0) = τ (x) , 0 ≤
x ≤ 1, äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ìåòîäîì ñïåêòðàëüíîãî àíàëèçà. Â
[8] îí îáîñíîâàë åäèíñòâåííîñòü ðåøåíèÿ ýòîé çàäà÷è. Òàêîãî ðîäà óñëîâèÿ
âñòðå÷àþòñÿ, íàïðèìåð, ïðè ðåøåíèè çàäà÷, îïèñûâàþùèõ ïðîöåññ äèôôóçèè
÷àñòèö â òóðáóëåíòíîé ïëàçìå, à òàêæå â ïðîöåññàõ ðàñïðîñòðàíåíèÿ òåïëà â
òîíêîì íàãðåòîì ñòåðæíå, åñëè çàäàí çàêîí èçìåíåíèÿ îáùåãî êîëè÷åñòâà òåï-
ëà ñòåðæíÿ. Â ðàáîòå Í.È. Èîíêèíà è Å.È. Ìîèñååâà [9] äîêàçàíà îäíîçíà÷íàÿ
ðàçðåøèìîñòü çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ óñëîâèÿìè

a1ux (0, t) + b1ux (1, t) + a0u (0, t) + b0u (1, t) = 0,

c1ux (0, t) + d1ux (1, t) + c0u (0, t) + d0u (1, t) = 0,

ãäå aj , bj , cj , dj , j = 0, 1− çàäàííûå ïîñòîÿííûå. Ì.Å.Ëåðíåð, Î.À.Ðåïèí [10]
â ïîëóïîëîñå D = {(x, y) : 0 < x < 1, y > 0} èçó÷èëè çàäà÷ó: íàéòè ôóíêöèþ
u (x, y) ñî ñâîéñòâàìè

u (x, y) ∈ C
(
D̄
)
∩ C1 (D ∪ {x = 0}) ∩ C2 (D) ;

ymuxx + uyy = 0, (x, y) ∈ D, m > −1;

u (x, y)→ 0 ïðè y → +∞ ðàâíîìåðíî ïî x ∈ [0, 1] ;

u (0, y)− u (1, y) = ϕ1 (y) , ux (0, y) = ϕ2 (y) , y ≥ 0; u (x, 0) = τ (x) , 0 ≤ x ≤ 1,
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ãäå τ (x) , ϕ1 (y) , ϕ2 (y)− çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ïðè÷åì τ (x)
îðòîãîíàëüíà ñèñòåìå ôóíêöèé 1, cos (2n+ 1)πx, n = 0, 1, 2, .... Òàêæå èññëåäî-
âàíà àíàëîãè÷íàÿ çàäà÷à [11] â ïîëóïîëîñå D äëÿ óðàâíåíèÿ

uxx + uyy +
2p

y
uy − b2u = 0, p, b ∈ R,

ïðè óñëîâèè ϕ1 (y) ≡ 0 è ϕ2 (y) ≡ 0. Åäèíñòâåííîñòü ðåøåíèÿ ýòîé çàäà÷è
äîêàçàíà íà îñíîâàíèè ïðèíöèïà ýêñòðåìóìà. Èñïîëüçóÿ ìåòîäû ðàçäåëåíèÿ
ïåðåìåííûõ è èíòåãðàëüíûõ ïðåîáðàçîâàíèé, óñòàíîâëåíà ðàçðåøèìîñòü ðàñ-
ñìàòðèâàåìîé çàäà÷è. Â ðàáîòå [12] Å.È.Ìîèñååâ â ïîëóïîëîñå D äëÿ âûðîæäà-
þùåãîñÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ èçó÷èë ñëåäóþùóþ íåëîêàëüíóþ êðàåâóþ
çàäà÷ó

ymuxx + uyy = 0, m > −2;

u (x, 0) = f (x) , 0 ≤ x ≤ 1; u (0, y) = u (1, y) , ux (0, y) = 0, y ≥ 0;

f (x) ∈ C2+α [0, 1] , f (0) = f (1) , f ′ (0) = 0.

Ìåòîäîì ñïåêòðàëüíîãî àíàëèçà äîêàçàíû åäèíñòâåííîñòü è ñóùåñòâîâàíèå
ðåøåíèÿ ýòîé çàäà÷è â êëàññå ôóíêöèé u (x, y) ∈ C

(
D̄
)
∩C2 (D) è ñòðåìÿùèõñÿ

ê íóëþ èëè îãðàíè÷åííûõ íà áåñêîíå÷íîñòè. Ïðè ýòîì ðåøåíèå çàäà÷è ïîñòðî-
åíî â âèäå ñóììû áèîðòîãîíàëüíîãî ðÿäà. Òàêæå ýòè ðåçóëüòàòû ïåðåíåñåíû
íà óðàâíåíèÿ ymuxx + uyy − b2ymu = 0, m, b ∈ R, ïðè÷åì b ≥ 0, m > 0 â [13]. Â
ðàáîòå Þ.Ê.Ñàáèòîâîé [14] äëÿ óðàâíåíèÿ ymuxx − uyy − b2ymu = 0 â ïðÿìî-
óãîëüíîé îáëàñòè {(x, y) : 0 < x < 1, 0 < y < T} , ãäå m > 0, b ≥ 0, T > 0−
çàäàííûå äåéñòâèòåëüíûå ÷èñëà, èçó÷åíû çàäà÷è ñ íà÷àëüíûìè óñëîâèÿìè
u (x, 0) = τ (x) , uy (x, 0) = ν (x) , 0 ≤ x ≤ 1 è íåëîêàëüíûìè ãðàíè÷íûìè óñëî-
âèÿìè u (0, y) = u (1, y) , ux (0, y) = 0 èëè ux (0, y) = ux (1, y) , u (1, y) = 0 ïðè
0 ≤ y ≤ T. Ìåòîäîì ñïåêòðàëüíîãî àíàëèçà äîêàçàíû òåîðåìû åäèíñòâåííîñòè
è ñóùåñòâîâàíèÿ ðåøåíèÿ óêàçàííûõ çàäà÷. À.À. Àáàøêèí [15] äëÿ óðàâíåíèÿ

Lu ≡ uxx + sgny uyy +
2p

|y|
uy + ku = 0, p ≥ 1/2, k ∈ R

â îáëàñòè D = {(x, y) : 0 < x < 1, y < α} , α > 0 èññëåäîâàë ñëåäóþùóþ çàäà÷ó:

u ∈ C
(
D̄
)
∩ C2 (D\ {y = 0}) , Lu = 0;

u (0, y) = u (1, y) , ux (0, y) = 0 ïðè y < α; u (x, α) = ϕ (x) ïðè 0 < x < 1,

ãäå ϕ (x)− çàäàííàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ ϕ (0) = ϕ (1) .
Íåñìîòðÿ íà ïåðå÷èñëåííîå âûøå, íåëîêàëüíûå çàäà÷è äëÿ óðàâíåíèé ñ ñèí-

ãóëÿðíûìè êîýôôèöèåíòàìè â òðåõìåðíûõ îáëàñòÿõ îñòàþòñÿ ìàëîèçó÷åííû-
ìè.

2. Ïîñòðîåíèå ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé çàäà÷è 1

Äëÿ ïîëó÷åíèÿ ðåøåíèÿ çàäà÷è 1, ïðèìåíèì ôîðìàëüíî ìåòîä Ôóðüå [16].
Ñíà÷àëà íàéäåì íåòðèâèàëüíûå ðåøåíèÿ çàäà÷è {(1)-(4)}. Ñ ýòîé öåëüþ, ðàç-
äåëèâ ïåðåìåííûå ïî ôîðìóëå u (x, y, z) = W (x, z)Q (y) , èç óðàâíåíèÿ (1) ïî-
ëó÷èì

Q′′ (y) +
2β

y
Q′ (y)− λQ (y) = 0, y ∈ (0,+∞) ; (8)

Wxx +Wzz +
2γ

z
Wz + λW = 0, 0 < x < 1, 0 < z < 1, (9)

ãäå λ− êîíñòàíòà ðàçäåëåíèÿ.
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Ó÷èòûâàÿ îäíîðîäíûå êðàåâûå óñëîâèÿ (3) è (4), äëÿ óðàâíåíèÿ (9) ïîëó÷èì
çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ â êâàäðàòå Π = {(x, z) : x ∈ (0, 1) , z ∈ (0, 1)}
ñî ñëåäóþùèìè óñëîâèÿìè:

W (0, z) = W (1, z) , Wx (0, z) = 0, z ∈ [0, 1] ; W (x, 0) = 0, W (x, 1) = 0, x ∈ [0, 1] .

Ïóòåì ðàçäåëåíèÿ ïåðåìåííûõ W (x, z) = X (x)Z (z) ýòà çàäà÷à ñâîäèòñÿ ê
äâóì çàäà÷àì íà ñîáñòâåííûå çíà÷åíèÿ:

L0
µX (x) ≡ X ′′ (x) + µX (x) = 0, X (0) = X (1) , X ′ (0) = 0. (10)

Lγλ−µZ (z) ≡ Z ′′ (z) +
2γ

z
Z ′ (z) + (λ− µ)Z (z) = 0, Z (0) = 0, Z (1) = 0, (11)

ãäå µ− êîíñòàíòà ðàçäåëåíèÿ.
Íåòðóäíî óáåäèòüñÿ, ÷òî ïðè µ < 0 çàäà÷à (10) íå èìååò íåòðèâèàëüíûõ ðå-

øåíèé. Ïðè µ = 0 ðåøåíèåì çàäà÷è (10) ÿâëÿåòñÿ ôóíêöèÿ X (x) = d0 (d0 6= 0−
ïîñòîÿííàÿ), à ïðè µ > 0−ôóíêöèÿX (x) = d1 sin

√
µx+d2 cos

√
µx, ãäå d1 è d2−

ïðîèçâîëüíûå ïîñòîÿííûå, ÿâëÿåòñÿ îáùèì ðåøåíèåì óðàâíåíèÿ L0
µX (x) = 0.

Êîíñòàíòû d1 è d2 îïðåäåëèì èç óñëîâèé X (0) = X (1) è X ′ (0) = 0. Èç íåëî-
êàëüíîãî óñëîâèÿ X (0) = X (1) ñëåäóåò, ÷òî d1 sin

√
µ + d2

(
cos
√
µ− 1

)
= 0, à

èç óñëîâèÿ X ′ (0) = 0 èìååì d1
√
µ = 0, ò.å. d1 = 0. Èç ïîñëåäíåãî òðèãîíîìåò-

ðè÷åñêîãî óðàâíåíèÿ, ó÷èòûâàÿ d2
1 + d2

2 6= 0, èìååì cos
√
µ = 1, îòêóäà ñëåäóåò,

÷òî µn = (2πn)
2
, n ∈ N.

Èòàê, çàäà÷à (10) èìååò ñ÷åòíîå ÷èñëî ñîáñòâåííûõ çíà÷åíèé âèäà µn =

(2πn)
2
, n ∈ N ∪ {0} , ïðè÷åì ñîáñòâåííûå ôóíêöèè, ñîîòâåòñòâóþùèå ýòèì

ñîáñòâåííûì çíà÷åíèÿì, èìåþò âèä: X0 (x) = d0, Xn (x) = d2 cos (2πnx) , n ∈ N.
Äëÿ óäîáñòâà äàëüíåéøèõ âû÷èñëåíèé ïîëîæèì d0 = 1, d2 = 1:

X0 (x) = 1, Xn (x) = cos (2πnx) , n ∈ N. (12)

Îòìåòèì, ÷òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé (12) íå ïîëíà è íå îáðàçóåò
áàçèñ â ïðîñòðàíñòâå L2 [0, 1] , ÷òî ïîðîæäàåòñÿ íåñàìîñîïðÿæåííîñòüþ çàäà÷è
(10). Äîïîëíèì ñîáñòâåííûå ôóíêöèè Xn (x) äî ïîëíîé ñèñòåìû ïðèñîåäèíåí-
íûìè ôóíêöèÿìè êðàåâîé çàäà÷è (10). Ôóíäàìåíòàëüíûå ðåçóëüòàòû îòíîñè-
òåëüíî áàçèñíîñòè ñèñòåìû ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé ïîëó÷åíû
â ðàáîòàõ [17], [18].

Ïðèñîåäèíåííóþ ôóíêöèþ X̃n (x) , îòâå÷àþùóþ òîìó æå µn, ÷òî è ñîáñòâåí-
íàÿ ôóíêöèÿ Xn (x) , îïðåäåëèì êàê ðåøåíèå êðàåâîé çàäà÷è

L0
µnX̃n (x) = pnXn (x) , X̃n (0) = X̃n (1) , X̃ ′n (0) = 0, n = 0, 1, ..., (13)

ãäå pn 6= 0− ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Ïðèìåíÿÿ ìåòîä âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ, íàéäåì îáùåå ðåøå-

íèå óðàâíåíèÿ L0
µnX̃n (x) = pnXn (x) â âèäå X̃n (x) = (pn/4πn)x sin (2πnx) +

d̃1 sin (2πnx)+ d̃2 cos (2πnx) , ãäå d̃1, d̃2− ïðîèçâîëüíûå ïîñòîÿííûå. Ïîäñòàâëÿÿ

ýòî ðåøåíèå â óñëîâèÿ X̃n (0) = X̃n (1) è X̃ ′n (0) = 0, èìååì d̃1 = 0. Åñëè ïîëî-

æèòü â îáùåå ðåøåíèå d̃2 = 0 è pn = 4πn, òî ïîëó÷èì ðåøåíèå çàäà÷è (13) â

âèäå X̃n (x) = x sin (2πnx) , n ∈ N.. Íåòðóäíî óáåäèòüñÿ, ÷òî ïðè n = 0 çàäà÷à
(13) íå èìååò ðåøåíèÿ.

Ñèñòåìó ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé çàäà÷è (10) îáîçíà÷èì
ñëåäóþùèì îáðàçîì:

X0 (x) = 1, X2n−1 (x) = x sin (2πnx) , X2n (x) = cos (2πnx) , n ∈ N. (14)
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Êàæäîìó ñîáñòâåííîìó çíà÷åíèþ µn ïðè n ∈ N ñîîòâåòñòâóþò ñîáñòâåííàÿ
ôóíêöèÿ X2n (x) è ïðèñîåäèíåííàÿ X2n−1 (x) .

Çàäà÷à (10) ÿâëÿåòñÿ íåñàìîñîïðÿæåííîé. Ñîïðÿæåííîé åé áóäåò ñëåäóþùàÿ
çàäà÷à:

T ′′ (x) + µ̄T (x) = 0, 0 < x < 1, T (1) = 0, T ′ (0) = T ′ (1) . (15)

Â ñàìîì äåëå,

1∫
0

X ′′ (x)T (x)dx = [X (1) (T ′ (0)− T ′ (1))−X ′ (1)T (1)] +

1∫
0

X (x)T ′′ (x) dx.

Îòñþäà âèäíî, ÷òî âûðàæåíèÿ â êâàäðàòíûõ ñêîáêàõ áóäóò ðàâíû íóëþ ïðè
T ′ (1) = T ′ (0) , T (1) = 0.

Ðåøàÿ çàäà÷ó (15), íàéäåì ñîáñòâåííûå ôóíêöèè

T0 (x) = s0 (1− x) , Tn (x) = sn sin (2πnx) , n ∈ N, (16)

ãäå sn 6= 0− ïðîèçâîëüíûå ïîñòîÿííûå, è ñîáñòâåííûå çíà÷åíèÿ µ̄n = µn =
(2πn)

2
, n = 0, 1, ....

Èç ñîîáðàæåíèé áèîðòîíîðìèðîâêè ïîëîæèì, s0 = 2, sn = 4, n ∈ N.
Ïðèñîåäèíåííûå ôóíêöèè ñîïðÿæåííîé çàäà÷è (15) îïðåäåëÿþòñÿ èç çàäà÷è

T̃ ′′n (x) + µ̄nT̃n (x) = pnTn (x) , T̃n (1) = 0, T̃ ′n (0) = T̃ ′n (1) , n = 0, 1, ... . (17)

Àíàëîãè÷íûì ìåòîäîì, êàê è â çàäà÷å (13), ðåøàåòñÿ çàäà÷à (17). Ïðè n = 0
îíà íå èìååò ðåøåíèÿ, à ïðè n ∈ N åå ðåøåíèÿ èìåþò âèä

T̃n (x) = 4 (1− x) cos (2πnx) .

Ñèñòåìó ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé ñîïðÿæåííîé çàäà÷è îáî-
çíà÷èì ñëåäóþùèì îáðàçîì:

T0 (x) = 2 (1− x) , T2n−1 (x) = 4 sin (2πnx) , T2n (x) = 4 (1− x) cos (2πnx) , n ∈ N.
(18)

Ïðè ýòîì êàæäîìó µn = (2πn)
2
ïðè n ∈ N ñîîòâåòñòâóåò ñîáñòâåííàÿ ôóíêöèÿ

T2n−1 (x) è ïðèñîåäèíåííàÿ T2n (x) .

Ëåììà 1. Ïîñëåäîâàòåëüíîñòè ôóíêöèé (14) è (18) îáðàçóþò áèîðòîãîíàëü-
íóþ íà èíòåðâàëå (0, 1) ñèñòåìó ôóíêöèé, òàêóþ, ÷òî äëÿ ëþáûõ íîìåðîâ i

è j âûïîëíÿåòñÿ ñîîòíîøåíèå (Xi, Tj) =
1∫
0

Xi (x)Tj (x) dx = δij , çäåñü δij−

ñèìâîë Êðîíåêåðà.

Äîêàçàòåëüñòâî ëåììû 1 ïðîâîäèòñÿ íåïîñðåäñòâåííî ñ ïîìîùüþ âû÷èñëå-
íèÿ ñîîòâåòñòâóþùèõ èíòåãðàëîâ.

Â ðàáîòå [12] äîêàçàíî, ÷òî ñèñòåìà ôóíêöèé (14) è (18) ïîëíà â ïðîñòðàí-
ñòâå L2 [0, 1] è îáðàçóåò áàçèñ â ïðîñòðàíñòâå L2 [0, 1] .

Òåïåðü ïåðåéäåì ê èññëåäîâàíèþ çàäà÷è (11). Ïîëàãàÿ â Lγλ−µZ (z) = 0 µ =

µn, n = 0, 1, 2, ..., íåòðóäíî óáåäèòüñÿ, ÷òî åñëè λ ≤ µn, òî çàäà÷à (11) íå èìååò
íåòðèâèàëüíûõ ðåøåíèé. Ïðåäïîëàãàÿ λ > µ = µn, â óðàâíåíèè L

γ
λ−µZ (z) = 0

ïðîèçâåäåì çàìåíó Z (z) =
(
t/
√
λ− µn

)1/2−γ
p (t) , ãäå t =

√
λ− µnz. Â ðåçóëü-

òàòå ïîëó÷èì óðàâíåíèå Áåññåëÿ [19]:

t2p′′ (t) + tp′ (t) +
[
t2 − (1/2− γ)

2
]
p (t) = 0. (19)
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Ïðèíèìàÿ âî âíèìàíèå âèä îáùåãî ðåøåíèÿ [19] óðàâíåíèÿ (19) è ââåäåííûå
îáîçíà÷åíèÿ, ïîëó÷èì îáùåå ðåøåíèå óðàâíåíèÿ Lγλ−µZ (z) = 0 ïðè µ = µn :

Zn (z) = d3nz
1/2−γJ1/2−γ

(√
λ− µnz

)
+

+d4nz
1/2−γY1/2−γ

(√
λ− µnz

)
, n = 0, 1, 2, ... . (20)

çäåñü d3n è d4n− ïðîèçâîëüíûå ïîñòîÿííûå, Jl (x) è Yl (x)− ôóíêöèÿ Áåññåëÿ
ïîðÿäêà l ïåðâîãî è âòîðîãî ðîäà [19]. Èç (20) ñëåäóåò, ÷òî ðåøåíèå óðàâíåíèÿ
Lγλ−µZ (z) = 0, ãäå µ = µn, n = 0, 1, 2, ..., óäîâëåòâîðÿþùåãî óñëîâèþ Z (0) = 0,

ñóùåñòâóåò ïðè γ < 1/2 è îíî îïðåäåëÿåòñÿ ðàâåíñòâîì

Zn (z) = d3nz
1/2−γJ1/2−γ

(√
λ− µnz

)
, n = 0, 1, 2, ... . (21)

Ïîäñòàâëÿÿ (21) â óñëîâèå Z (1) = 0, ïîëó÷èì óñëîâèÿ ñóùåñòâîâàíèÿ íåòðè-
âèàëüíîãî ðåøåíèÿ çàäà÷è (11):

J1/2−γ

(√
λ− µn

)
= 0, n = 0, 1, 2, ... . (22)

Îáîçíà÷àÿ ÷åðåç δkm− m-ûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ (22) ïðè n =
k, ïîëó÷èì òå çíà÷åíèÿ ïàðàìåòðà λ, ïðè êîòîðûõ ñóùåñòâóþò íåòðèâèàëüíûå
ðåøåíèÿ çàäà÷è (11): λnm = µn + δ2

nm, m ∈ N, n = 0, 1, 2, ....
Ïîëàãàÿ â (21) λ = λnm, d3n = 1, ïîëó÷èì íåòðèâèàëüíûå ðåøåíèÿ (ñîá-

ñòâåííûå ôóíêöèè) çàäà÷è (11) â âèäå

Z̃nm (z) = z1/2−γJ1/2−γ (δnmz) , m ∈ N, n = 0, 1, 2.... (23)

Äëÿ óäîáñòâà äàëüíåéøèõ âû÷èñëåíèé íîðìèðóåì ñèñòåìó ôóíêöèé (23):

Znm (z) = Z̃nm (z)

/∥∥∥Z̃nm∥∥∥
L2,ρ(0,1)

=

√
2z1/2−γJ1/2−γ (δnmz)∣∣J3/2−γ (δnm)

∣∣ , (24)

ãäå
∥∥∥Z̃nm∥∥∥

L2,ρ(0,1)
=

(
1∫
0

ρ (z) Z̃2
nm (z) dz

)1/2

=
∣∣J3/2−γ (δnm)

∣∣/√2, ρ (z) = z2γ .

Ñîãëàñíî ðàáîòå [19], ñèñòåìà ñîáñòâåííûõ ôóíêöèé (24) îðòîíîðìàëüíà è
ïîëíà â ïðîñòðàíñòâå L2 [0, 1] ñ âåñîì z2γ .

Îòìåòèì, ÷òî äëÿ ñîáñòâåííûõ çíà÷åíèé δnm ïðè ôèêñèðîâàííûõ n è äîñòà-
òî÷íî áîëüøèõ m ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà [20, ñòð.317]

δnm ≈ δ̃m = πm+
1

2

(
1

2
− γ
)
π − 1

4
π +O

(
m−1

)
= πm− 1

2
γπ +O

(
m−1

)
.

Â ýòîé ôîðìóëå O
(
m−1

)
[20, ñòð.15] îçíà÷àåò òàêóþ âåëè÷èíó, îòíîøåíèå êî-

òîðîé ê m−1 ïðè áåñïðåäåëüíîì âîçðàñòàíèè m îñòàåòñÿ ìåíüøå íåêîòîðîé
ïîñòîÿííîé. Äëÿ âû÷èñëåíèÿ ÷ëåíîâ áîëåå âûñîêîãî ïîðÿäêà ýòîé ïîñëåäîâà-
òåëüíîñòè ïîëîæèì

δnm ≈ πm, λnm ≈ (πm)
2
. (25)

Ïîëàãàÿ â óðàâíåíèè (8) λ = λnm, íàéäåì îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ:

Qnm (y) = anmy
1/2−βI1/2−β

(√
λnmy

)
+

bnmy
1/2−βK1/2−β

(√
λnmy

)
, y ∈ [0,+∞), (26)

çäåñü anm è bnm− ïðîèçâîëüíûå ïîñòîÿííûå, Iω(z) è Kω(z)− ìîäèôèöèðîâàí-
íûå ôóíêöèè Áåññåëÿ ïîðÿäêà ω ïåðâîãî è òðåòüåãî ðîäà [19] ñîîòâåòñòâåííî.
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3. Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è 1

Ïóñòü u (x, y, z)− ðåøåíèå çàäà÷è 1. Ñëåäóÿ ðàáîò [21], ðàññìîòðèì ñëåäóþ-
ùèå ôóíêöèè:

ωnm (y) = 4

1∫
0

1∫
0

u (x, y, z) sin (2πnx) z2γZnm (z) dxdz, m, n ∈ N, (27)

vnm (y) = 4

1∫
0

1∫
0

u (x, y, z) (1− x) cos (2πnx) z2γZnm (z) dxdz, m, n ∈ N, (28)

v0m (y) = 2

1∫
0

1∫
0

u (x, y, z) (1− x) z2γZ0m (z) dxdz, m ∈ N. (29)

Íà îñíîâàíèè (27) ââåäåì ôóíêöèè

ωε1ε2nm (y) = 4

1−ε1∫
ε1

1−ε2∫
ε2

u (x, y, z) sin (2πnx) z2γZnm (z) dxdz, m, n ∈ N, (30)

ãäå ε1 è ε2− äîñòàòî÷íî ìàëîå ïîëîæèòåëüíîå ÷èñëî.
Î÷åâèäíî, ÷òî lim

ε1,ε2→0
ωε1ε2nm (y) = ωnm (y) .

Äèôôåðåíöèðóåì ðàâåíñòâî (30) ïî y ïðè 0 < y < +∞ :

[ωε1ε2nm (y)]
′

= 4

1−ε1∫
ε1

1−ε2∫
ε2

uy (x, y, z) sin (2πnx) z2γZnm (z) dxdz, n,m ∈ N ;

[ωε1ε2nm (y)]
′′

= 4

1−ε1∫
ε1

1−ε2∫
ε2

uyy (x, y, z) sin (2πnx) z2γZnm (z) dxdz, n,m ∈ N.

Ó÷èòûâàÿ óðàâíåíèå (1), èç ïîñëåäíèõ ðàâåíñòâ èìååì

[ωε1ε2nm (y)]
′′

= −4

1−ε1∫
ε1

1−ε2∫
ε2

(
uxx + uzz +

2γ

z
uz +

2β

y
uy

)
sin (2πnx)×

×z2γZnm (z) dxdz = −4

 1−ε2∫
ε2

 1−ε1∫
ε1

uxx sin (2πnx) dx

 z2γZnm (z) dz +

+

1−ε1∫
ε1

 1−ε2∫
ε2

uzzz
2γZnm (z) dz +

1−ε2∫
ε2

2γ

z
uzz

2γZnm (z) dz

 sin (2πnx) dx

−
−2β

y
[ωε1ε2nm (y)]

′
. (31)

Ïðåîáðàçóåì ñëåäóþùèå èíòåãðàëû:

1−ε1∫
ε1

uxx sin (2πnx) dx =
{
ux sin (2πnx)− u [sin (2πnx)]

′}∣∣x=1−ε1
x=ε1

−
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−µn

1−ε1∫
ε1

u (x, y, z) sin (2πnx) dx. (32)

Àíàëîãè÷íî íàõîäèì

1−ε2∫
ε2

uzzz
2γZnm (z) dz +

1−ε2∫
ε2

2γ

z
uzz

2γZnm (z) dz =

=
{

[uzZnm (z)− uZ ′nm (z)] z2γ
}∣∣z=1−ε2
z=ε2

− δ2
nm

1−ε2∫
ε2

uz2γZnm (z) dz. (33)

Ïîñòàâëÿÿ (32) è (33) â ðàâåíñòâî (31), ïîëó÷èì

[ωε1ε2nm (y)]
′′

= −4

 1−ε2∫
ε2

({
ux (x, y, z) sin (2πnx)− u (x, y, z) [sin 2πnx]

′}∣∣x=1−ε1
x=ε1

−

−µn

1−ε1∫
ε1

u (x, y, z) sin (2πnx) dx

 z2γZnm (z) dz+

+

1−ε1∫
ε1

(
[uz (x, y, z)Znm (z)− u (x, y, z)Z ′nm (z)] z2γ

∣∣z=1−ε2
z=ε2

−

−δ2
nm

1−ε2∫
ε2

u (x, y, z) z2γZnm (z) dz

 sin (2πnx) dx

− 2β

y
[ωε1ε2nm (y)]

′
. (34)

Èç (24) ëåãêî ñëåäóåò, ÷òî

lim
z→1

Z ′nm (z) =
√

2δnmJ−1/2−γ (δnm)
/∣∣J3/2−γ (δnm)

∣∣,
lim
z→0

z2γZ ′nm (z) = 21+γ (δnm)
1/2−γ

/[∣∣J3/2−γ (δnm)
∣∣Γ (1/2− γ)

]
.

Ïðåäïîëàãàÿ, ÷òî

∣∣∣∣ lim
z→1−0

uz (x, y, z)

∣∣∣∣ < +∞,
∣∣∣∣ lim
z→+0

z2γuz (x, y, z)

∣∣∣∣ < +∞, â (34)

ïåðåõîäèì ê ïðåäåëó ïðè ε1 → 0, ε2 → 0. Â ðåçóëüòàòå, ó÷èòûâàÿ ãðàíè÷íûå
óñëîâèÿ (3), (4), Znm (0) = Znm (1) = 0 è ïîñëåäíèå ðàâåíñòâà è íåðàâåíñòâà,
ïîëó÷èì, ÷òî ωnm (y) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ

ω′′nm (y) +
2β

y
ω′nm (y)− λnmωnm (y) = 0, y ∈ (0,+∞) ,

ò.å. óðàâíåíèþ (8). Ñëåäîâàòåëüíî ωnm (y) = Qnm (y) .
Òåïåðü, ó÷èòûâàÿ óñëîâèÿ (5) è (6), èç (27) íàõîäèì lim

y→∞
ωnm (y) è ωnm (0) :

lim
y→+∞

ωnm (y) = 0, (35)

ωnm (0) = 4

1∫
0

1∫
0

f (x, z) sin (2πnx) z2γZnm (z) dxdz = fnm. (36)
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Èç (26) íà îñíîâàíèè àñèìïòîòè÷åñêèõ ïîâåäåíèé ôóíêöèé Iv (z) è Kv (z)
ïðè áîëüøèõ z [19, ñòð.172-173]:

Iν (x) ≈ ex

(2πx)
1/2

, Kν (x) ≈
( π

2x

)1/2

e−x, (37)

ñëåäóåò, ÷òî ðåøåíèå óðàâíåíèÿ (8), óäîâëåòâîðÿþùåå óñëîâèþ (35), îïðåäåëÿ-
åòñÿ ðàâåíñòâîì

Qnm (y) = bnmy
1/2−βK1/2−β

(√
λnmy

)
. (38)

Ó÷èòûâàÿ ωnm (y) = Qnm (y) è ïîäñòàâëÿÿ (38) â óñëîâèå (36), ïîëó÷èì

Qnm (0) = bnm2−1/2−βΓ (1/2− β)
(√
λnm

)β−1/2
= fnm. Îòñþäà íàõîäèì

bnm =
21/2+β

(√
λnm

)1/2−β
Γ (1/2− β)

fnm. (39)

Ïðèíèìàÿ âî âíèìàíèå ðàâåíñòâà (38), (39) è ωnm (y) = Qnm (y) , îêîí÷àòåëüíî
íàõîäèì

ωnm (y) =
21/2+βy1/2−βK1/2−β

(√
λnmy

)(√
λnm

)β−1/2
Γ (1/2− β)

fnm = K̄1/2−β

(√
λnmy

)
fnm, (40)

ãäå K̄ν (z) = 21−νzνKν (z) /Γ (ν) , ν > 0.
Ïîâòîðÿÿ òå æå äåéñòâèÿ íàä ôóíêöèåé vnm (y) , çàäàííîé ôîðìóëîé (28),

÷òî è äëÿ ôóíêöèè ωnm (y) , ïîëó÷èì íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå

v′′nm (y) +
2β

y
v′nm (y)− λnmvnm (y) = −4πnωnm (y) , y ∈ (0,+∞) , (41)

è ñîîòâåòñòâóþùèå óñëîâèÿ

lim
y→∞

vnm (y) = 0, (42)

vnm (0) = 4

1∫
0

1∫
0

f (x, z) (1− x) cos (2πnx) z2γZnm (z) dxdz = f̃nm, (43)

ãäå ωnm (y) îïðåäåëÿåòñÿ ðàâåíñòâîì (40).
Îäíîðîäíîå óðàâíåíèå, ñîîòâåòñòâóþùåå (41), ñîâïàäàåò ñ óðàâíåíèåì (8),

ïîýòîìó åãî îáùåå ðåøåíèå âûðàæàåòñÿ ôîðìóëîé (26).
×àñòíûì ðåøåíèåì íåîäíîðîäíîãî óðàâíåíèÿ (41) áóäåò ôóíêöèÿ

vnm (y) =
πn23/2+βfnm

Γ (1/2− β)
(√
λnm

)1/2+β
y3/2−βK3/2−β

(√
λnmy

)
.

Òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (41) èìååò âèä

vnm (y) = Anmy
1/2−βI1/2−β

(√
λnmy

)
+Bnmy

1/2−βK1/2−β

(√
λnmy

)
+

+
πn23/2+βfnm

Γ (1/2− β)
(√
λnm

)1/2+β
y3/2−βK3/2−β

(√
λnmy

)
, (44)

ãäå Anm, Bnm− ïðîèçâîëüíûå ïîñòîÿííûå.
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×òîáû âûïîëíÿëîñü óñëîâèå (42), â ñèëó àñèìïòîòèêè ôóíêöèé Kν (z) è
Iν (z) (ñì. ôîðìóëó (37)), íåîáõîäèìî ïîëîæèòü Anm = 0. Ó÷èòûâàÿ ýòî è (43),
èç (44) èìååì

Bnm =
21/2+β

(√
λnm

)1/2−β
Γ (1/2− β)

f̃nm −
πn (1− 2β) 21/2+β

(√
λnm

)−3/2−β

Γ (1/2− β)
fnm. (45)

Ñëåäîâàòåëüíî, ôóíêöèÿ vnm (y) èìååò âèä

vnm (y) = K̄1/2−β

(√
λnmy

)(
f̃nm −

πn (1− 2β)

λnm
fnm

)
+

+
2πn (1− 2β)

λnm
K̄3/2−β

(√
λnmy

)
fnm, n,m ∈ N. (46)

Ïî àíàëîãè÷íîé ñõåìå, èñõîäÿ èç ôîðìóëû (29), èñïîëüçóÿ óñëîâèÿ (5) è (6),
íàéäåì

v0m (y) = K̄1/2−β (δ0my) f̃0m,m ∈ N, (47)

ãäå f̃0m = 2
1∫
0

1∫
0

f (x, z) (1− x) z2γZ0m (z) dxdz.

Òåïåðü ìîæåì äîêàçàòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà 1. Åñëè ñóùåñòâóåò ðåøåíèå çàäà÷è 1, òî îíî åäèíñòâåííî.

Äîêàçàòåëüñòâî. Äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü, ÷òî îäíîðîäíàÿ çàäà÷à, ñî-
îòâåòñòâóþùàÿ çàäà÷å 1, èìååò òîëüêî òðèâèàëüíîå ðåøåíèå. Ïóñòü f (x, z) ≡ 0.

Òîãäà fnm = f̃nm = 0 ïðè âñåõ n,m ∈ N è f̃0m = 0 ïðè âñåõ m ∈ N. Â ñèëó
ýòèõ ðàâåíñòâ, èç (40), (46), (47), (27), (28), (29) âûòåêàåò

4

1∫
0

1∫
0

u (x, y, z) sin (2πnx) z2γZnm (z) dxdz = 0, m, n ∈ N,

4

1∫
0

1∫
0

u (x, y, z) (1− x) cos (2πnx) z2γZnm (z) dxdz = 0, m, n ∈ N,

2

1∫
0

1∫
0

u (x, y, z) (1− x) z2γZ0m (z) dxdz = 0, m ∈ N.

Îòñþäà, â ñèëó ïîëíîòû ñèñòåìû ôóíêöèé {Znm (z)}∞m=1 , ïðè âñåõ n = 0, 1, 2, ...
ñ âåñîì z2γ â ïðîñòðàíñòâå L2 [0, 1] ñëåäóåò, ÷òî

4

1∫
0

u (x, y, z) sin (2πnx) dx = 0, 4

1∫
0

u (x, y, z) (1− x) cos (2πnx) dx = 0, n ∈ N,

2

1∫
0

u (x, y, z) (1− x) dx = 0.

Åñëè ó÷åñòü ïîëíîòó ñèñòåìû ôóíêöèé (18) â ïðîñòðàíñòâå L2 [0, 1] , èç ïî-
ñëåäíèõ ðàâåíñòâ ñëåäóåò, ÷òî u (x, y, z) ≡ 0 äëÿ âñåõ x ∈ [0, 1] è ïðè ëþáîì
y ∈ [0, b] , z ∈ [0, 1] . Òåîðåìà 1 äîêàçàíà. �
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4. Ïîñòðîåíèå è îáîñíîâàíèå ðåøåíèÿ çàäà÷è 1

Ðàññìîòðèì òåïåðü âîïðîñ î ñóùåñòâîâàíèè ðåøåíèÿ çàäà÷è 1. Ïðåäïîëî-
æèì, ÷òî ôóíêöèþ u (x, y, z) ïî ïåðåìåííîé z ìîæíî ïðåäñòàâèòü â âèäå ðÿäà
ïî áåññåëåâûì ôóíêöèÿì, à ïî ïåðåìåííîé x− â âèäå áèîðòîãîíàëüíîãî ðÿäà:

u (x, y, z) =

∞∑
m=1

v0m (y)Z0m (z)+

+

∞∑
n=1

∞∑
m=1

[ωnm (y)X2n−1 (x) + vnm (y)X2n (x)]Znm (z).

Ýòîò ðÿä ïðè ïîìîùè ôîðìóë (24), (40), (46) è (47) ìîæíî ïåðåïèñàòü â âèäå

u (x, y, z) = 4

∞∑
m=1

K̄1/2−β (δ0my) Z̃0m (z) F̃0m

/
J2

3/2−γ (δ0m)+

+8

∞∑
n=1

∞∑
m=1

K̄1/2−β

(√
λnmy

)
X2n−1 (x) Z̃nm (z)Fnm

/
J2

3/2−γ (δnm)+

+8

∞∑
n=1

∞∑
m=1

K̄1/2−β

(√
λnmy

)
X2n (x)

Z̃nm (z)

J2
3/2−γ (δnm)

(
F̃nm −

πn (1− 2β)

λnm
Fnm

)
+

+8

∞∑
n=1

∞∑
m=1

K̄3/2−β

(√
λnmy

)
X2n (x)

Z̃nm (z)

J2
3/2−γ (δnm)

2πn (1− 2β)

λnm
Fnm, (48)

ãäå ôóíêöèè X2n (x) , X2n−1 (x) , Z̃nm (z) è êîýôôèöèåíòû Fnm, F̃nm, F̃0m îïðå-
äåëÿþòñÿ ñîîòâåòñòâåííî ôîðìóëàìè (14), (14), (23) è

Fnm =

1∫
0

1∫
0

f (x, z) sin (2πnx) z1/2+γJ1/2−γ (δnmz) dxdz, (49)

F̃nm =

1∫
0

1∫
0

f (x, z) (1− x) cos (2πnx) z1/2+γJ1/2−γ (δnmz) dxdz,

F̃0m =

1∫
0

1∫
0

f (x, z) (1− x) z1/2+γJ1/2−γ (δ0mz) dxdz.

Êàæäûé ÷ëåí ðÿäà (48) óäîâëåòâîðÿåò óñëîâèÿì çàäà÷è 1, êðîìå óñëîâèÿ (2).
Îòìåòèì, ÷òî ïðè β < 1/2 çíàìåíàòåëü êîýôôèöèåíòîâ ðÿäà (48) íå èìååò íó-
ëåé. Åñëè äîêàæåì, ÷òî ðÿä (48) è ðÿäû, ïîëó÷åííûå èç íåãî äèôôåðåíöèðîâà-
íèåì uxx, (uyy + (2β/y)uy) , (uzz + (2γ/z)uz) , ñõîäÿòñÿ ðàâíîìåðíî â îáëàñòè
èõ ðàññìîòðåíèÿ, òî åãî ñóììà áóäåò ðåøåíèåì çàäà÷è 1. Ñ ýòîé öåëüþ íàì
íàäî äîêàçàòü ñëåäóþùèå ëåììû.

Ëåììà 2. Ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

|X2n−1 (x)| ≤ 1, |X2n (x)| ≤ 1, n ∈ N ; (50)∣∣X ′2n−1 (x)
∣∣ ≤ 1 + 2πn < 4πn, |X ′2n (x)| ≤ 2πn, n ∈ N ; (51)∣∣X ′′2n−1 (x)

∣∣ ≤ 4πn (1 + πn) < (4πn)
2
, |X ′′2n (x)| ≤ (2πn)

2
, n ∈ N. (52)

Ñïðàâåäëèâîñòü îöåíêè (50)-(52) ëåãêî ñëåäóåò èç ñâîéñòâà òðèãîíîìåòðè-
÷åñêèõ ôóíêöèé è x ∈ [0, 1] .



172 À.Ê. ÓÐÈÍÎÂ, Ê.Ò. ÊÀÐÈÌÎÂ

Ëåììà 3. Äëÿ âñåõ z ∈ [0, 1] è êàæäîãî n = 0, 1, 2, ... ïðè äîñòàòî÷íî áîëüøèõ
m ñïðàâåäëèâû ñëåäóþùèå îöåíêè:∣∣∣Z̃nm (z)

∣∣∣ ≤ C1, (53)∣∣∣∣z−2γ
[
z2γZ̃ ′nm (z)

]′∣∣∣∣ ≤ C1δ
2
nm, (54)

ãäå C1− íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî Z̃nm (z) îãðàíè÷åíà âáëèçè òî÷êè z = 0 è ïðè
äîñòàòî÷íî áîëüøèõ z ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà [19]

Jν (z) ≈
(

2

πz

)1/2

cos
(
z − νπ

2
− π

4

)
. (55)

Ïîýòîìó ñïðàâåäëèâà îöåíêà (53).
Èñïîëüçóÿ ôîðìóëó [19]

d

dx

[
x±νJν (x)

]
= ±x±νJν∓1 (x) , (56)

èç (23) íàéäåì

z2γZ̃ ′nm (z) = δnmz
1/2+γJ−1/2−γ (δnmz) . (57)

Âû÷èñëèì ïðîèçâîäíóþ ïåðâîãî ïîðÿäêà ôóíêöèé (57), à çàòåì, óìíîæàÿ åå

íà z−2γ , èìååì z−2γ
[
z2γZ ′nm (z)

]′
= −δ2

nmz
1/2−γJ1/2−γ (δnmz) = −δ2

nmZ̃nm (z) .
Îòñþäà, â ñèëó (53), ñëåäóåò ñïðàâåäëèâîñòü îöåíêè (54). �

Ëåììà 4. Äëÿ êàæäîé n ∈ N è äîñòàòî÷íî áîëüøèõ íàòóðàëüíûõ m ñïðà-
âåäëèâà ñëåäóþùàÿ îöåíêà:

J2
3/2−γ (δnm) ≥ 1

πδnm
. (58)

Äîêàçàòåëüñòâî. Òàê êàê δnm åñòü íóëè ôóíêöèè J1/2−γ (x) , òî ñïðàâåäëèâî
ðàâåíñòâî

1∫
0

zJ2
1/2−γ (δnmz) dz =

1

2
J2

3/2−γ (δnm) .

Èç ýòîãî ðàâåíñòâà ñëåäóåò, ÷òî

J2
3/2−γ (δnm) = 2

1∫
0

zJ2
1/2−γ (δnmz) dz =

2

δ2
nm

δnm∫
0

ξJ2
1/2−γ (ξ) dξ. (59)

Â ñèëó ôîðìóëû (55), ñóùåñòâóåò íåêîòîðîå áîëüøîå ÷èñëî C2 > 0 òàêîå,
÷òî ïðè ξ > C2 ñïðàâåäëèâî ðàâåíñòâî ξJ

2
1/2−γ (ξ) ≈ (2/π) sin2 (ξ + γπ/2) .

Òîãäà, åñëè ïðåäïîëîæèòü, ÷òî δnm äîñòàòî÷íî áîëüøîå ÷èñëî è
δnm > 2 (C2 + 1) , òî

δnm∫
0

ξJ2
1/2−γ (ξ) dξ >

δnm∫
C2

ξJ2
1/2−γ (ξ) dξ ≈ 2

π

δnm∫
C2

sin2
(
ξ +

γπ

2

)
dξ =

=
1

π
δnm −

1

π
[C2 + cos (δnm + C2 + γπ) sin (δnm − C2)] ≥ 1

2π
δnm.

Åñëè ó÷åñòü ýòî, òî èç (59) ñëåäóåò îöåíêà (58). �
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Ëåììà 5. Äëÿ ëþáûõ çíà÷åíèé λnm, n = 0, 1, 2, ..., m ∈ N è ∀y ∈ [0,+∞),
ñïðàâåäëèâû îöåíêè ∣∣∣K̄ν

(√
λnmy

)∣∣∣ ≤ 1, (60)

|Gν (λnm, y)| =
∣∣∣∣y2ν−1 d

dy

[
y−2ν+1 d

dy
K̄ν

(√
λnmy

)]∣∣∣∣ ≤ λnm. (61)

Äîêàçàòåëüñòâî. Äëÿ íàõîæäåíèÿ max
x∈[0,∞)

K̄ν (x) , íàäî íàéòè ðåøåíèå äëÿ

óðàâíåíèè K̄ ′ν (x) = −21−νxνKν−1 (x) /Γ (ν) = 0. Èçâåñòíî, ÷òî ôóíêöèÿ Ìàê-
äîíàëüäà Kν−1 (x) , óáûâàþùàÿ ôóíêöèÿ è íå èìååò íóëåé. Ïîýòîìó ðåøåíèå
ïîñëåäíåãî óðàâíåíèÿ, áóäåò x = 0. Ñëåäîâàòåëüíî, ôóíêöèÿ K̄ν (x) äîñòèãàåò
ñâîé ìàêñèìóì â òî÷êå x = 0 è â ýòîé òî÷êå K̄ν (0) = 1. Îòñþäà âûòåêàåò
îöåíêà (60). Àíàëîãè÷íûì ìåòîäîì, êàê è â ëåììå 3, ìîæíî äîêàçàòü ñïðàâåä-
ëèâîñòü îöåíêè (61). Òàê êàê îöåíêè (60) è (61) ñïðàâåäëèâû äëÿ âñåõ ν > 0,
òî îíè âåðíû è äëÿ ν = 1/2− β è ν = 3/2− β. �

Ëåììà 6. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

f (0, z) = f (1, z) , f (x, 0) = f (x, 1) = 0, (62)

∂

∂z

[
z2γfxxz (x, z)

]
∈ C ([0, 1]× [0, 1]) , (63)

f0 (0, z) = f0 (1, z) , f0 (x, 0) = f0 (x, 1) = 0, (64)

∂

∂z

[
z2γf0xxz (x, z)

]
∈ C ([0, 1]× [0, 1]) , (65)

1∫
0

1∫
0

∣∣∣∣z−1/2−γ ∂

∂z

[
z2γf0xxz (x, z)

]∣∣∣∣ dxdz < +∞. (66)

ãäå f0 (x, z) = z−2γ(∂/∂z)
[
z2γfxxz (x, z)

]
.

Òîãäà äëÿ äîñòàòî÷íî áîëüøèõ n è m ñïðàâåäëèâà îöåíêà

|Fnm| ≤
C3

n4+ε4δ4+ε5
nm

, (67)

çäåñü ε4, ε5, C3− íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå.

Äîêàçàòåëüñòâî. Íà îñíîâàíèè ôîðìóëû (56) êîýôôèöèåíòû Fnm, êîòîðûå
çàäàþòñÿ ôîðìóëîé (49), ïðåäñòàâèì â âèäå

Fnm =
1

2πnδnm

1∫
0

1∫
0

f (x, z)
d

dx
[cos (2πnx)]

d

dz

[
z1/2+γJ−1/2−γ (δnmz)

]
dxdz.

Îòñþäà, ïðèìåíÿÿ ïðàâèëî èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ïîëó÷èì

Fnm =
1

2πnδnm

{[(
f (x, z) cos (2πnx)|x=1

x=0

)
z1/2+γJ−1/2−γ (δnmz)

]z=1

z=0
−

−
1∫

0

[
z1/2+γJ−1/2−γ (δnmz) fx (x, z)

]z=1

z=0
cos (2πnx) dx−

−
1∫

0

[cos (2πnx) fz (x, z)]
x=1
x=0 z

1/2+γJ−1/2−γ (δnmz) dz+
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+

1∫
0

1∫
0

cos (2πnx) z1/2+γJ−1/2−γ (δnmz) fxz (x, z) dxdz

 .

Â ñèëó óñëîâèÿ (62), ýòî ðàâåíñòâî óïðîùàåòñÿ è ïðèíèìàåò âèä

Fnm =
1

2πnδnm

1∫
0

1∫
0

cos (2πnx) z1/2+γJ−1/2−γ (δnmz) fxz (x, z) dxdz.

Èç ïîñëåäíåãî, èíòåãðèðóÿ ïî ÷àñòÿì, èìååì

Fnm =
1

(2πn)
2
δ2
nm

{[(
fxz (x, z) sin (2πnx)|x=1

x=0

)
z1/2+γJ1/2−γ (δnmz)

]z=1

z=0
−

−
1∫

0

[
z1/2+γJ1/2−γ (δnmz) fxxz (x, z)

]z=1

z=0
sin (2πnx) dx−

−
1∫

0

[
sin (2πnx)

∂

∂z

[
z2γfxz (x, z)

]]x=1

x=0

z1/2−γJ1/2−γ (δnmz) dz+

+

1∫
0

1∫
0

sin (2πnx) z1/2−γJ1/2−γ (δnmz)
∂

∂z

[
z2γfxxz (x, z)

]
dxdz

 .

Îòñþäà, ó÷èòûâàÿ óñëîâèå (63) è γ < 1/2, à òàêæå ðàâåíñòâà
J1/2−γ (δnm) = 0, èìååì

Fnm =
1

(2πn)
2
δ2
nm

1∫
0

1∫
0

f0 (x, z) sin (2πnx) z1/2+γJ1/2−γ (δnmz) dxdz.

Ñíîâà èíòåãðèðóÿ ïî ÷àñòÿì, èç ïîñëåäíåãî ïîëó÷èì

Fnm =
1

(2πn)
3
δ3
nm

{[(
f0 (x, z) cos (2πnx)|x=1

x=0

)
z1/2+γJ−1/2−γ (δnmz)

]z=1

z=0
−

−
1∫

0

[
z1/2+γJ−1/2−γ (δnmz) f0x (x, z)

]z=1

z=0
cos (2πnx) dx−

−
1∫

0

[cos (2πnx) f0z (x, z)]
x=1
x=0 z

1/2+γJ−1/2−γ (δnmz) dz+

+

1∫
0

1∫
0

cos (2πnx) z1/2+γJ−1/2−γ (δnmz) f0xz (x, z) dxdz

 .

Ó÷èòûâàÿ óñëîâèå (64), èç ïîñëåäíåãî ïîëó÷èì

Fnm =
1

(2πn)
3
δ3
nm

1∫
0

1∫
0

cos (2πnx) z1/2+γJ−1/2−γ (δnmz) f0xz (x, z) dxdz.
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Îòñþäà, èíòåãðèðóÿ ïî ÷àñòÿì åùå ðàç è ïðèíèìàÿ âî âíèìàíèå óñëîâèå
(65) è γ < 1/2, à òàêæå ðàâåíñòâà J1/2−γ (δnm) = 0, èìååì

Fnm =
1

(2πn)
4
δ4
nm

1∫
0

1∫
0

sin (2πnx) z1/2−γJ1/2−γ (δnmz)
∂

∂z

[
z2γf0xxz (x, z)

]
dxdz.

(68)
Èçâåñòíî [22, ñòð. 91], ÷òî åñëè f (x) àáñîëþòíî èíòåãðèðóåìàÿ ôóíêöèÿ íà

[a, b] , òî ñïðàâåäëèâà ðàâåíñòâà

lim
n→∞

b∫
a

f (x) cosnxdx = lim
n→∞

b∫
a

f (x) sinnxdx = 0. (69)

Â êíèãå [22, ñòð. 275], òàêæå ïîëó÷åí àíàëîã ñâîéñòâ èíòåãðàëîâ (69), ò.å.

lim
n→∞

1∫
0

xf (x) Jp (λnx) dx = 0, (70)

çäåñü f (x)− àáñîëþòíî èíòåãðèðóåìàÿ ôóíêöèÿ íà [0, 1] , à λn, n ∈ N− çàíóìå-
ðîâàííûå â ïîðÿäêå âîçðàñòàíèÿ ïîëîæèòåëüíûå íóëè ôóíêöèè Jp(x), p > −1.

Òàê êàê âûïîëíåíî óñëîâèå (66), òî â ñèëó (69)-(70), èìåþò ìåñòî ðàâåíñòâà

lim
n,m→∞

1∫
0

1∫
0

sin (2πnx) z1/2−γ ∂

∂z

[
z2γf0xxz (x, z)

]
J1/2−γ (δnmz) dxdz = 0.

Èç (68), â ñèëó ïîñëåäíåãî, ïðè äîñòàòî÷íî áîëüøèõ n è m ñëåäóåò îöåíêà (67).
Ëåììà 6 äîêàçàíà. �

Àíàëîãè÷íî äîêàçûâàþòñÿ ñëåäóþùèå ëåììû.

Ëåììà 7. Ïóñòü âûïîëíåíû óñëîâèÿ (62)-(66) è

fx (0, z) = 0, f0x (0, z) = 0. (71)

Òîãäà äëÿ äîñòàòî÷íî áîëüøèõ n è m ñïðàâåäëèâà îöåíêà∣∣∣F̃nm∣∣∣ ≤ C4

n4+ε4δ4+ε5
nm

. (72)

Ëåììà 8. Ïóñòü âûïîëíåíû óñëîâèÿ

f (x, 0) = 0, f (x, 1) = 0, z−2γ ∂

∂z

[
z2γfz (x, z)

]∣∣∣∣
z=0

= 0,
∂

∂z

[
z2γfz (x, z)

]∣∣∣∣
z=1

= 0,

1∫
0

1∫
0

∣∣∣∣z−1/2−γ ∂

∂z

{
z2γ ∂

∂z

[
z−2γ ∂

∂z

(
z2γfz (x, z)

)]}∣∣∣∣ dxdz < +∞.

Òîãäà äëÿ äîñòàòî÷íî áîëüøèõ m ñïðàâåäëèâà îöåíêà∣∣∣F̃0m

∣∣∣ ≤ C5

δ4+ε5
0m

. (73)
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Â (72) è (73), C4, C5− íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå.
Î÷åâèäíî, ÷òî äëÿ äîñòàòî÷íî áîëüøèõ n è m

1/λnm < 1. (74)

Òåïåðü ïåðåõîäèì ê èññëåäîâàíèþ ñõîäèìîñòè ðÿäîâ. Èç ðÿäà (48) ïî÷ëåí-
íûì äèôôåðåíöèðîâàíèåì ôîðìàëüíî ñîñòàâèì ðÿäû:

uxx = 8

∞∑
n=1

∞∑
m=1

K̄1/2−β

(√
λnmy

)
X ′′2n−1 (x) Z̃nm (z)Fnm

/
J2

3/2−γ (δnm)+

+8

∞∑
n=1

∞∑
m=1

K̄1/2−β

(√
λnmy

)
X ′′2n (x)

Z̃nm (z)

J2
3/2−γ (δnm)

(
F̃nm −

πn (1− 2β)

λnm
Fnm

)
+

+8

∞∑
n=1

∞∑
m=1

K̄3/2−β

(√
λnmy

)
X ′′2n (x) Z̃nm (z)

2πn (1− 2β)

λnmJ2
3/2−γ (δnm)

Fnm, (75)

uyy +
2β

y
uy = 4

∞∑
m=1

G1/2−β (δ0m, y) Z̃0m (z) F̃0m

/
J2

3/2−γ (δ0m)+

+8

∞∑
n=1

∞∑
m=1

G1/2−β (λnm, y)X2n−1 (x) Z̃nm (z)Fnm

/
J2

3/2−γ (δnm)+

+8

∞∑
n=1

∞∑
m=1

G1/2−β (λnm, y)X2n (x)
Z̃nm (z)

J2
3/2−γ (δnm)

(
F̃nm −

πn (1− 2β)

λnm
Fnm

)
+

+8

∞∑
n=1

∞∑
m=1

G3/2−β (λnm, y)X2n (x) Z̃nm (z)
2πn (1− 2β)

λnmJ2
3/2−γ (δnm)

Fnm, (76)

uzz +
2γ

z
uz = 4

∞∑
m=1

K̄1/2−β (δ0my) z−2γ
[
z2γZ̃ ′0m (z)

]′
F̃0m

/
J2

3/2−γ (δ0m)+

+8

∞∑
n=1

∞∑
m=1

K̄1/2−β

(√
λnmy

)
X2n−1 (x) z−2γ

[
z2γZ̃ ′nm (z)

]′
Fnm

/
J2

3/2−γ (δnm)+

+8

∞∑
n=1

∞∑
m=1

K̄1/2−β

(√
λnmy

) X2n (x)
[
z2γZ̃ ′nm (z)

]′
z2γJ2

3/2−γ (δnm)

(
F̃nm −

πn (1− 2β)

λnm
Fnm

)
+

+8

∞∑
n=1

∞∑
m=1

K̄3/2−β

(√
λnmy

)
X2n (x)

[
z2γZ̃ ′nm (z)

]′
2πn (1− 2β)

z2γλnmJ2
3/2−γ (δnm)

Fnm, (77)

Â ñèëó îöåíîê (50), (53), (58), (60), (67), (72), (73), (74) è (25), ðÿä (48) ïðè
ëþáîì (x, y, z) ∈ Ω̄ è äîñòàòî÷íî áîëüøèõ n èm ìàæîðèðóåòñÿ ÷èñëîâûì ðÿäîì

∞∑
m=1

C6

m3+ε5
+

∞∑
n=1

∞∑
m=1

C7

n4+ε4m3+ε5
+

∞∑
n=1

∞∑
m=1

C8

n3+ε4m3+ε5
, (78)

à ðÿäû (75)-(76) íà êàæäîì êîìïàêòå K ⊂ Ω ìàæîðèðóþòñÿ ñîîòâåòñòâåííî
÷èñëîâûìè ðÿäàìè

∞∑
n=1

∞∑
m=1

C9

n2+ε4m3+ε5
+

∞∑
n=1

∞∑
m=1

C10

n1+ε4m3+ε5
, (79)
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∞∑
m=1

C11

m1+ε5
+

∞∑
n=1

∞∑
m=1

C12

n4+ε4m1+ε5
+

∞∑
n=1

∞∑
m=1

C13

n3+ε4m1+ε5
, (80)

ãäå Cj , j = 6, 13− ïîëîæèòåëüíûå ïîñòîÿííûå.
Ðÿä (77), òàêæå ìàæîðèðóåòñÿ ÷èñëîâûì ðÿäîì (80) íà êàæäîì êîìïàêòå

K ⊂ Ω.
Ïîëüçóÿñü ïðèçíàêîì Äàëàìáåðà, íåòðóäíî óáåäèòüñÿ, ÷òî ÷èñëîâûå ðÿäû,

ó÷àñòâóþùèå â (78)-(80), ñõîäÿòñÿ. Òîãäà, ñîãëàñíî ïðèçíàêó Âåéåðøòðàññà,
àáñîëþòíî è ðàâíîìåðíî ñõîäèòñÿ ðÿä (48) â Ω̄, à ðÿäû (75)-(77) íà êàæäîì
êîìïàêòå K ⊂ Ω. Ïîýòîìó ôóíêöèÿ u (x, y, z) , îïðåäåëåííàÿ ðÿäîì (48), óäî-
âëåòâîðÿåò âñåì óñëîâèÿì çàäà÷è 1.

Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 2. Ïóñòü ôóíêöèÿ f (x, z) óäîâëåòâîðÿåò óñëîâèÿì (62)-(66), (71).
Òîãäà ðåøåíèå çàäà÷è 1 ñóùåñòâóåò, åäèíñòâåííî è îïðåäåëÿåòñÿ ôîðìóëîé
(48).

Ýòèì çàâåðøåíî èññëåäîâàíèå çàäà÷è 1.

5. Èññëåäîâàíèå çàäà÷è 2

Â ýòîé çàäà÷å ïîìåíÿåòñÿ ðîëü ñîïðÿæåííûõ çàäà÷. Ïîêàæåì ýòî. Ïîñòàâ-
ëåííàÿ çàäà÷à, ïîñëå ðàçäåëåíèÿ ïåðåìåííûõ ïî ïåðåìåííîé x ñâîäèòñÿ ê ñëå-
äóþùåé çàäà÷å

L0
µX (x) = 0, X ′ (0) = X ′ (1) , X (1) = 0. (81)

Çàäà÷à (81) ñîâïàäàåò ñ çàäà÷åé (15). Èçâåñòíî, ÷òî çàäà÷à (81) ÿâëÿåòñÿ
íåñàìîñîïðÿæåííîé. Ñîïðÿæåííîé åé áóäåò ñëåäóþùàÿ çàäà÷à:

L0
µ̄T (x) = 0, T (0) = T (1) , T ′ (0) = 0. (82)

Â ñàìîì äåëå,

1∫
0

X ′′ (x)T (x)dx = [X (1) (T (1)− T (0))−X (0)T ′ (0)] +

1∫
0

X (x)T ′′ (x) dx.

Îòñþäà âèäíî, ÷òî âûðàæåíèÿ â êâàäðàòíûõ ñêîáêàõ áóäóò ðàâíû íóëþ ïðè
T (0) = T (1) , T ′ (0) = 0.

Çàäà÷à (82) ñîâïàäàåò ñ çàäà÷åé (10).
Òåïåðü, ó÷èòûâàÿ ñêàçàííîå âûøå, ìåòîäîì, ïðèìåíåííûì â çàäà÷å 1, óáåæ-

äàåìñÿ, ÷òî óòâåðæäåíèÿ òåîðåì 1 è 2 ñïðàâåäëèâû è äëÿ çàäà÷è 2.
Çàìå÷àíèå. Ìîæíî ñôîðìóëèðîâàòü è èññëåäîâàòü íåëîêàëüíóþ êðàåâóþ

çàäà÷ó, àíàëîãè÷íóþ çàäà÷å 1, è â òîì ñëó÷àå, êîãäà óñëîâèå (3) çàìåíåíî îäíèì
èç ñëåäóþùèõ óñëîâèé:

1) u (0, y, z) = u (1, y, z) , ux (1, y, z) = 0, y ∈ [0,+∞), z ∈ [0, 1] ,
2) ux (0, y, z) = ux (1, y, z) , u (0, y, z) = 0, y ∈ [0,+∞), z ∈ [0, 1] .
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