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ON SOLVABILITY OF SOME CLASSES OF TRANSMISSION
PROBLEMS IN A CYLINDRICAL SPACE DOMAIN

V.A. BELONOGOV, S.G. PYATKOV

ABSTRACT. In the article we examine the questions of regular solvability
in the Sobolev spaces of the transmission problems with transmission
conditions of imperfect contact type for parabolic second order systems
in cylindrical space domains. A solution has all generalized derivatives
occurring in the system summable to some power p € (1,00). At the
interface the limit values of the conormal derivatives are expressed thro-
ugh the limit values of a solution. The problem does not belong to the
class of classical diffraction problems and arises when describing heat-
and-mass transfer processes in layered media. The proof relies on a priori
bounds and the method of continuation in a parameter.
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1. INTRODUCTION

We consider a second order parabolic system of the form
(1) Mu =uy — Lu = f(z,t), (x,t) e Q=G x(0,T),

where u is a vector of length h, Lu = 377", aij (@, t)uz,e; + Y @iz, t)ug, +
ap(z,t)u, G € R™ is a bounded domain with boundary T, a;;,a;,ap are h x h-
matrix-functions, h € N. We assume that G is divided into two open subsets GT
and G~ not necessarily connected such that G+ UG~ = G,GT NG~ = 0. Denote
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g = 0GT NIG~, Sy = Ty x (0,T). The equation (1) is supplemented with the
initial-boundary conditions

(2) Ruls =¢ (S=Tx(0,T)), ule=o=uo(z),
where either Ru = u or Ru = E;’J:l aijyia%‘j +o(x,t)u, with 7 is the unit outward

normal, and the transmission conditions

Out
(3) 8LN(xat) - Oél(ﬂf,t)UJr(Jf,t) - aQ(a:,t)uf(x,t) = g+($7t)v (xat) € SO:
ou~
(4) B—N(x, t) — Br(z, t)ut (z,t) — Bao(z, )u™ (2,t) = g~ (x,t), (x,t) € S,
where
E(w t) = lim z”: Qg vy, Ut = lim u(z,t)
ON VU T heat, amzoelo = R T 2eGE, mozoery )

and v is the unit outward normal to 0G~. The problem is to find a solution to the
equation (1) satisfying (2)-(4). The transmission conditions (3), (4) on the boundary
of two media generalize those known in the heat and mass transfer theory in the
case of an imperfect contact (see settings in [1]). They can be written as follows:
(5) ou™ _ Ou” ou™
ON ls, ONls,” ON
If @ — oo then we arrive at the conventional diffraction problem (see [2, §16, Ch.

+

a(u™ —u7).

So

3]), when the conditions are of the form u* = u~, %‘—;bo = QU |s,. First results
on generalized solvability and the simplest results about differential properties of
solutions to the diffraction problem in the case of G— C G for second order parabolic
and elliptic equations (the Lo theory) were obtained by Ladyzhenskaya O.A. and
Oleinik O.A. (see [3, 4, 6, 7]) and some other authors in 50-60 years. The general
theory of diffraction problems for higher order elliptic equations in the case of
G~ C G can be found in Sheftel’s articles [8, 9], where solvability conditions are
stated for the cases of the Sobolev and Hélder spaces. We can refer also to the
articles [10] and [11] devoted to generalized and classical solvability of the diffraction
type problems for higher order elliptic equations and higher order elliptic systems,
respectively, in the Sobolev and Holder spaces. The diffraction type problems in
the general setting for higher order parabolic systems were examined in [12] in the
Sobolev and Holder spaces as well. Note the monograph [13, §6.5] which contains
some results on solvability of the diffraction problems in the Sobolev-Besov spaces
for second order parabolic operators with coefficients independent on time whose
solutions take values in a Hilbert space (in particular, the usual systems of second
order parabolic equations are included into this class). The problem (1)-(4) is not
a diffraction problem in the classical sense and it does not belong the class of
problems studied in the above-mentioned articles. Under the condition I'¢NOG = 0,
the generalized solvability of the problem (1)-(4) in the case of the quasilinear
operator M written in the divergent form is proven in [14], where actually the theory
of monotone operators is employed and the regular solvability of this problem is
studied in [15]. The results presented in the latter article are quite similar to those
of the present article but the case I'o NG # () which is studied here is much more
difficult. This case is not studied even in case of the classical diffraction problems due
to difficulties connected with regular solvability of parabolic problems in Lipschitz
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domains. Some results connected with the generalized solvability of the problem
(1)-(4) (i. e., a solution u belongs to the class Ly(0,T; Wy (G))) with the conditions
of the form (5) in the linear case are obtained in [16] (see also [17]).

In the present article we consider a particular case of the cylinder G = Q x (0,1)
(Q C Rn_l), Gt = UiGQi, G- = UiGQi_l, Gt = Q x (Zi—l,li), o =0< 11 <
...y < l,, =1 as a space domain. Our problem in this or close statement arises
in applications. In particular, we want to use the results obtained in the study of
solvability questions for inverse problems of recovering the heat transfer coefficients
(the functions ay, B; in (3), (4)). General statements of these problems can be found
in [18] for n = 2 and in [19, §3-7,3-8] for n = 1. Some model statements are exposed
in [20]-[27] and some other articles. Almost all articles deal with numerical solving
the problems, in very simple situations a solution is constructed explicitly.

In contrast to [16, 14], we provide some results on regular solvability of the
problem (1)-(4) in the Sobolev space W,*(Q). We rely on the theorem on regular
solvability of boundary value problems in cylindrical domains. Unfortunately, we do
not find sharp results (there are solvability theorems in weighted classes) and, hence,
its proof is also presented. The foundations of the solvability theory for elliptic and
parabolic equations and systems in nonsmooth domains were laid in Kondrat’ev’s
articles and some other authors. We can refer to the survey [37], where a relevant
bibliography can be found.

2. PRELIMINARIES

Let E be a Banach space. By L,(G; E) (G is a domain R") we mean the space
of strongly measurable functions defined on G with values in F and the finite
norm [|[|u(z)|| £z, (c) [29]. We also employ the spaces C*(G), comprising functions
having in G all derivatives up to and including the order k continuous in G and
admitting continuous extension to G. The notation of the Sobolev spaces W3 (G; E)
and W, (Q; E) are conventional (see [30, 29|). If E'= C or £ = C" then the latter
space is denoted simply by W (Q). Similarly, we use the notations W (G) or Ck(G)
rather than W3 (G; E) or C*(G; E), respectively. Thus, the inclusion u € W3 (G) (or
u € C*(Q)) for a given vector-function u = (uy,us, . .., u;) means that every of the
component u; belongs to W3 (G) (or C*(G)). In this case, the norm of a vector is the
sum of the norms of its coordinates. Given an interval J = (0,T), assign W,;"(Q) =
Wi (J; Ly(G))NLy(J; W5 (G)). Assume that I' is a smooth surface of dimension n—1
and S = (0,7) x I'. In this case, W' (S) = W, (J; Lp(T)) N Lp(J; W (T')). The
definitions of the Hélder spaces C%#(Q) and C*?(S) can be found, for instance,
in |2].

[In] what follows, we assume that 9Q € C? (see the definition, for instance, in [2,
p. 9]). Denote (u,v) = [, u(x)v(z)dz if u and v are scalar functions and
(u,v) = [o{u(z,t),v(x))dr if u and v are vectors of length h. Here the symbol
{-,-) stands for the inner product in C". Introduce the following notations: I' = 9G,
Sap = (,B) xT, Qp = (0,0) X G, Qup = (,3) x G, Q° = (0,T) x Q, [y =
99 % (0,1), So = (0,T) x To, Q% = (0,6) x Q, S§ = (0,¢) x To, G = Q& x (li_1, 1),
Q' = (0,T) x G, Q, = (0,¢) x G', Ty = 00 x (li_1,1;), Sy = (0,¢) x I';, S; =
(0,T) xT';, where ¢ = 1,2,...,m.
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We endow the space W (a, 8; E) (s € (0,1), E is a Banach space) with the norm

B B lla(t1)—q(t2)ll%
||q(t)||WpS(oc,,B;E) = (||q||1£p(a,ﬁ;E)+ <q >€,p)1/p7 <q > f f q‘tll tz|1+2:'pEdt dt .

If E = C, we obtain the usual space W (a, 8). Given s € (O, 1), assign W;( a,B; E) =
{g € Wi(a, B E) = (t —a)™%q(t) € Ly(a,B; E)}. This is a Banach space with
the norm ||q(t)]|% b, If s > 1/p then all

Ve(BiE)

P
functions ¢ in this space possess the property g(a) = 0 and, for s # 1/p, this
norm and the conventional norm || - |lw:(a,;E) are equivalent for functions ¢(t)

such that g(a) = 0 for s > 1/p. Equivalence results from Lemma 1 of Subsect. 3.2.6
[29], for example. The spaces W3 (a, 8; Ly(G)), W3?*(Qa,p) = Wi(a, B; Ly(G)) N
Ly(or, B; W25(G)) for s # 1/p consist of functions v(t,z) in W3 (a, 8; Lp(G)) and
Wg’ZS(Qaﬁ), respectively, such that v(a,z) = 0 whenever s > 1/p. The norms
Il - ”W,f’“(QQ,B)’ I| - ”W;(a,B;Lp(G)) are defined conventionally with the use of the

above norm in W;(a, B; E). We have

p uzt
©) ulgsoq, ,) = / / ol DF gy

ﬁ|uzt u(z, 7)[P 1/p
p
A e e

The spaces W;(m B; L,y(T)), W;”QS(Saﬁ) are defined similarly. In the latter case we
need some explanations. We say that a function v € L,(S4,3) belongs to the class
WPS’QS(Saﬁ) if~v|5O € WPS’QS(SO) and v(t,2’,0),v(t,2,1) € WPS’QS(QO). By the norm
in the space W3**(S,,5) we mean the corresponding sum of the norms.

The next lemma is actually known (see, for instance, Lemma 1 in [31], where
s € (1/p,1), or Prop. 7.1, where p = 2, in [28]). Hence, we omit its proof which
relies on the definitions of the norms in the corresponding spaces and some simple

inequalities. In this lemma, we assume that either S, = S§ and S_1 4 = (—1,¢) x Ty
or Sy =Qy and S_14 = (=1,¢) x Q.

Lemma 1. The exist constants Cy and Co independent of ¢ € (0,T] such that
@ Cillollgsas,) < lolwsees., ) < Callollgsas,) s € (0,1),
for all v e W325(S_y ) such v =0 fort <O0.
Put sp=1/2—1/2p and 57 =1—1/2p.
Lemma 2. There exists a constant C independent of ¢ € (0,T] such that
(8) HUHWSLQSI(SOYQS) < C||UHWI}.2(Q¢), D F# 3/27
v
15 o sy ) < Clellwaaayys 2 #3

for all v € W)2(Qg) such that v(0,2) = 0. Here the symbol 9v designates the
derivative with respect to the outward normal to Sy 4.

Proof. This lemma is a simple consequence of Lemma 1 and the trace theorems
(see, for instance, Theorem 7.3 in [32], or Lemma 3.4 §2, Ch. 2 in [2]). O
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Next, we present an auxiliary result. Consider the problem

n—1 n
9) Mu=u—Lu=f, Lu=apz,, + E QijUzz; — E @ilUy; — Ao,
inj=1 ig=1

where z € G = Q x (0,1) C R", Q is a bounded domain with the boundary of
class C?, a;j,a;, ap are h x h-matrix-functions, a;;(¢t,z) = a;;(t,z) for (t,z) € Q =
(0,T) x G and all 4, j,

(10) RU|S0 =¥, Riu(ﬁlvriﬂt) = @i(x',t), 1=0,1,r0 =0,71 =1, U(SC,O) = UO(x)v
where Ru = u or Ru = ij;ll ai;(z, t)ui[_%fj + o(z,t)u; Rou = u or Rou = —uy, ,

Riu=wor Rju = uy,,. Fix p € (1,00) and assume that

(11) ai € Ly(Q), ag € L.(Q), o € Coteo20t2eo (G j=1,... n,

(12) Qjj € CSO+EO’280+260 (@)a 7’7] = 17 ceey 1
where ¢ > n+2forp <n+2andg=pforp>n+2,r> (n+2)/2forp < (n+2)/2
and r =pforp > (n+2)/2, 9 € (0,1/2) is an arbitrarily small positive parameter.

Lemma 3. Assume that v € W, *(Q;) and u(0,z) = 0. If b € Ly(Q) ¢ ¢ >
(n+2)/2 forp < (n+2)/2 and ¢ = p for p > (n+2)/2 then there exists a constant
¢ > 0 such that

||b“||Lp(Qf) < CTBl””ijJ(QT)v

whereﬂlzlf"Q—"fforq>(n+2)/2 andﬁ1<1f”2—'ff0rq:p>(n+2)/2. If

be L.(Q7) withr >n+2 forp<n+2andr=p forp>n+2 then

bVullz, . < e lullyziq, ),

where 52:1/2—%f0rr>n+2 and By < 1/2 — ("2';2) forr=p>n+2. The

constant ¢ > 0 is independent of T < T and u € Wg’l(QT).

The proof is based on the Holder inequality and the inequalities of Lemma 3.3 in
Ch. 2 of [2], where we take 0 = /7 and use the estimate ||lul|z,q,) < cTllullz,(q,)-
Note that the inequalities of this type and even more general are proven and used
in Ch. 5 of [33], moreover, this lemma is actually obtained and used in the proof of
Theorem 9.1, Ch.4 in [2].

Lemma 4. Assume that the conditions (11), (12) are fulfilled and
g € CPoTE00FE0(Q0) (g4 > 0).
Then there exist constants Cy, C1,Cs independent of ¢ € (0,T] such that
||UOUHW;0’250(Q3)) < OOHUHW;O«?SO(Q(;)y so=1/2—1/2p,
forallv e W;O*QSO (Qg),
(13) ||RU||W;0=250(55) < ClH’UHWI}’Q(Qd))v [Lov 2, (@, < CQHU||W;'2(Q¢)
for all v € W}2(Qg) such that v(x,0) = 0.
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The proof of the first inequality relies on the definition of the norm and theorems
on pointwise multipliers (see, for instance, [34, Theorem 3.3.2, p.198]). The proof of
the second inequality additionally employs Lemma 1. The last estimate (13) (and
even more general estimates) is obtained in the proof of Theorem 5.4 in [33]. It also
follows from the Lemma 3.

Next we describe some conditions ensuring parabolicity of the problem and the
Lopatinskii conditions. Let Ag(t, 7, &) = anné2 + Z?J_:ll a;;(t, x)&&; (€ € R™).

The strong ellipticity condition (see [2, Definition 7, §8, Ch.7]). There exists
a constant dg > 0 such that

(14) Re (Ao(t, z,€)n,m) > S0l > VE € R™, neCh.

The normal strong ellipticity condition. The condition (14) holds and there
exists a constant §; > 0 such that

(15) Re Z (ai; (t, ) (&u + nv), Eu + nv) > 61]Im( u,v)| V(t,x) € Q,
i,j=1
for all u,v € C" &,n € R™ such that (£,1) =0,[¢| = |n| = 1.
The Legengre condition. There exists a constant ds > 0 such that

n h
(16) Re 7 37 i (t,2)el € > 65 Y €, V(tx) €Q
i,k

i,j=1k,r=1

and all symmetric matrices with entries {¢¥}. Here aff are the entries of the matrix
Ajj-

The strong Legendre condition. There exists a constant d3 > 0 such that

(17) Re Y (aij(t,2)&,&) > 62 ) |&[%, V& € T, V(t,z) € Q.

ij=1 i=1
Lemma 5. The following implications are valid: (17) = (16)= (15) = (14). The
parabolicity condition and the Lopatinskii condition on Sy in the case of Ru = u
follows from (14) and in the case of Ru = Z?;zll aij(t,m)w% + o(t,x)u from
(15).

All statements of the lemma can be found in Subsec. 2.5, §6.2, Ch. 6 in [13]) and
in Subsec. 4.3 in [35]. In the case of the Dirichlet condition the fulfilment of the
parabolicity condition and the Lopatiskii condition is stated in [3].

Next, we assume that

(18) wuo(z) € W2 2/P(G), ¢ € Wlo2ko(Sy),
po € WEk1(QO)) o) € Wha2k2(Q0),

where k; = s in the case of the Dirichlet condition on T'y (or on Qo = {(¢,27,0) :
(t,2') € Q°}, or on Q,, = {(t,2',1) : (t,2') € Q"}, respectively) and k; = s
otherwise.

We need the agreement conditions ensuring existence of a function ® € W,*(Q)
satisfying (10). The cases p = 3/2, p = 3 are critical if we treat the agreement
conditions at ¢ = 0. However, the most natural case p = 2 is critical as well
and we need some additional integral agreement conditions. Assume that & €
WQIZ(Q) satisfies (10) and, for example, Ryu = u and Ru # w. By Theorem



182 V.A. BELONOGOV, S.G. PYATKOV

7.3 in [32], if p > 2 and ® € W *(Q) then Ryglaq = ¢(t,2,0); if p = 2 then
this condition is replaced with an integral agreement condition. In this case we
have R®|s, € Ly(0,T; Wi/3(Ty)), Ro®(t,a’,0) € Ly(0,T; Wi'?()). Expose the
complete collection of the agreement conditions. Given ¢(t, ', z,,), put

B 6
= tx. T erdldt
lo(t, 2, ,

a Jo Jon T

where 0 < a < 3 <T.Letn(z') = (n1,...,n,—1) be the unit interior normal to 9
at a’. Assume that ¢ € (0,dp), with §y € (0,1) a constant such that 2’ + rn(z’) € Q
for all ' € 90 and 7 < Jp. In what follows, we fix Jy. Assign Jy, g(p, o) =
SOéﬁ(‘»D(ta a’, T) - R(tv ', O)(po(t, x' + Tn(‘r/)))v Jaﬁ(@? 901) = 0475(90(@ 'l — ™) —
Rlt, ', D (6,07 + @), T 00) = Soaliprlt,,7) + olt,a’ + nla')),
I8 (0, 1) = Sapp-(t, 2,1 — 7) — 1 (t, 2" + 7n(z’)). Here the symbol R(t,’,0)
(R(t,2’,1)) stands for the operator R whose coefficients are taken at the point
Tn =0 (x, =1).

The agreement conditions.

A)if Riu=wu (i =0,1) and Ru = u then ¢;(2',t)|oq = ¢(z',r;,t); if p > 2 and
Riu=u (i =0,1) and Ru # u then R(z',r;,t)pi(2',t)]|oq = @(z',r,t); if p > 2,
Riu = (=1)"tu,, (i =0,1) and Ru = u then (=1)1p, (2/,7;,t) = @i(2',1)|s0;
if Riju =wu (i =0,1) then ug(2’',7;)|q = @i(2',0) for p > 3/2; if Ryu = (—1)"*1u,,
(i = 0,1) then (—1)"ug, (z/,7)|a = ¢i(2/,0) for p > 3; if Ru = u then
uo(x)|r, = ¢(0,2) for p > 3/2; if Ru # u then R(0, z)uo(z)|r, = ¢(0,z) for p > 3;
if p=2 and if Ru # v and Rou = v or Ru # u and Ryu = u then there exists a
constant & € (0,d0) such that Jo7(p,po) < oo or, respectively, JOT (¢, 1) < 0o
if p=2 and Ropu # u and Ru = v or Rju # uw and Ru = u then there exists a
constant § € (0, dg) such that In (¢, o) < 0o or, respectively, I%T (¢, 1) < co. All
agreement conditions except for those integral results from the conventional trace
theorems (see Lemma 3.4 and Theorem 2.3 of Ch. 1 in [2] and Lemma 2). Note
that, for the data satisfying (18), the fulfillment of an integral agreement condition
for some parameter ¢ € (0, dg) implies its fulfillment for all such parameters .

Lemma 6. Assume that the conditions (11), (18), and (12) in the case of Ru # u
hold and there exists a function ® € WQIQ(Q) satisfying (10). If Ru # u and Rou =
u or Riu = u then there ezists a constant § € (0,0¢) such that Jo r(p, po) < 0o or,
respectively, JT (¢, p1) < 00; if Rou # u and Ru = u or Ryu # u and Ru = u then
there exists 6 € (0,00) such that Iy (p,po) < oo or, respectively, 1T (p, 1) < 0o

Proof. First, we note that the second part of the claim follows from Theorem 7.3
in [32]. Moreover, its proof is quite similar to that for the first part. So we omit it.
Demonstrate the former half of the claim. Consider, for example, the expression

(19) So T(<p(t 2,7)— R(t,2',0)po(t, 2’ +n(z'))) =

T
///\Rt Tt 2, T) — R(t,x’,O)@(t,m’+Tn(m’),0)|2dfd77dtS
0 0 oQ
T o
2///|Rta; 0)(t, ', 7) — R(t,z', 0)B(t, 2/ + rn(z'),0))| dFdet+
0 0 00
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T 6
2///|(R(t,x’,7)—R(t,x’,0))<I>(t,x’,7)\2drdidtg
T
0 0

T s _—
// (3 [, (0,07, 7) = @ 1,0+ 7a!), O) 2+ [B(t, ', )~

n—1
d
O(t, 2’ +n(a'),0)?) + o (3 |y, (¢, ', 7)[2 + |@(t, 2/, 7)[2)dl -t
T
=1

(we use the condition that all coefficients of R meet the Holder condition in the
variable z with the exponent 2¢g). To estimate the last summand, we use the
inequality

P n—1
d
| e P + ot ) <
0 i=1

Z [k

1/2 50(05 +||q)H2 1/2 50(05))

and Theorem 7.3 in [32]. We obtain

(20) / // 25"2:|<I> (t, o', 7)* +|®(t, 2, T)\)dI‘ Tt <
0 00

=1

csll®IIZ, 0.1:w2 @ (0.6)))-

Estimate the first summand under the integral sign. We have
. (t,x', 1) — D, (t, 2" + Tn(2’ / D@y, (t, 2" + (1 — En(a), &) dE =
T n—1
/ =Y n®u, (t 2 + (1 — On(a'),€) + Caa, (t.2" + (T — En(2'), £) dE.
0 —

As a result, we obtain the inequality
|y, (L2, 7) — @y, (t, 2" + Tn(2)),0)]* <

”/ D@, (2’ + (1= En(a"), ) dé.
R
Similarly, we derive that

|®(t,2',7) — ®(t, 2" + mn(z’),0)* < Tc/ Z O, (t, 2" + (1 = En(a"), ) dé.
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The last two inequalities imply that

(Z |y, (t, 2, T) — @y, (t, 2" + Tn(2)),0)]* + |O(t, 2, 7)—
®(t, x' + mn(z’) ) < CT/ Z @, (t, 2" + (1 — E)n(a"), &))*+
=1

n
D [ @aa, (80" + (T = n(a"), I de.
ij=1
Denote the integrand by J(¢,z" + (7 — §)n(a’), ). Let z; € 9Q. There exists a
neighborhood U, and the coordinate system y obtained with the help of a rotation
and a translation of the origin such that Uy NQ = {y : w(¥y"”) < yn_1 < w(y”) +
W) < rob Up N 09 = {y : g1 = w(y), || < ro} Biro > 0, 4 =
(y1,Y2, .., Yn—2)); without loss of generality, we can assume that the axis y,_1 is
directed as the normal to 9 at z(. In this case the normal to 92 in the coordinate
system y has the coordinates n, = m(—wyl,...,—wywz, 1) and n(2'(y')) =
xy + An,s, where A is an orthogonal matrix. The boundary 9 can be covered by
finitely many sets of the form Uy N €. In order to estimate the integral (19), in view
of (20) it suffices to establish the estimate for integrals of the form (we employ (21)
and the parametrization ' = z{ + Ay’, ¥’ = (v, w(y")) of the surface Uy N IN)

/T/(S / Z Lt ) — @, (t 2"+ mn(a’),0)|? + |B(t, 2!, T)—
0

=1

T o

ot + rn(a’),0))ar Lt = // / (S@Ii(tm'(y/),ﬂ—

0 0 Jyri<ry =

Oy, (1,2 (y) + (2’ (1)), 0)]* + [@(t, 2" (), 7) — B(t, 2" (y)+

T’Il(m’(y/))’oﬂ ) 1+ |V ”(U( N)‘Qdy”d dt <

T

T 6 5
o / / [ [reaw)+ (= mn' @), maydrn.

In the first two integrals we make the change of variables (v”,7) — 2’ = 2'(v') +

(r —n)n(2'(y')) = =) + Ay, ¥ = v + (T — n)n,. The image of the domain {y" :
ly”| < 1o} x (0,0) under this map 2/ = 2/(y”,7) is contained in Qs = {2/ €
Q: p(, 00N Uy) < 6} (p(x, M) is the distance from a point z to the set M)
for every 1 € (0,5). Moreover, the Jacobian of the transformation 2(Zi:Zn=1) —

o(y",7)
i% is separated from zero and this mapping is one-to-one if the parameter

0 is sufficiently small (as is easily seen). Without loss of generality we assume this
condition to be fulfilled. In this case the right-hand side in (22) is estimated from
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above by the quantity

T é
02/0 /0 /Q J(t7z”n)dz’d77dt < 03||¢||%2(0,T;W22(Q><(076)))'
s

This estimate and the estimate (20) validate the inequality
SOVT(QO(t, gj/, 7) — R(t, x/’ 0)olt, z + Tn(g;/))) < 04||@H%2(O,T;W22(QX(O,6))) < 00,
if § is sufficiently small, where the constant ¢4 is independent of the functions

©, po, ®. The same arguments are used in estimating the integral J%T (p, ). O

Lemma 7. Assume that the conditions (11), (18), A), and (12) in the case of
Ru # wu hold. Then there exists a function ® € WZ}’Q(Q) satisfying the initial
condition, the second and third boundary condition in (10), and such that, for p = 2,
if Rou =u and Ru # u or Riu = u and Ru # u then for some ¢ € (0,00) we have

(23) Jo,r(p — R®,0) < 00, JO" (¢ — R®,0) < oo;

if Rou = —u,, and Ru = u, or Riu = u,, and Ru = u then, for some ¢ € (0,dy),
respectively,

(24) Ior(p—®,0) < oo, or I%"(p—®,0) < oco.

Proof. First, we construct a function vy € W,?(Q) such that vo(x,0) = uo(x).
It suffices to extend the function ug to R™ preserving the class as a compactly
supported function (the existence of this extension follows from Theorem 4.2.3 in
[29]) and to apply Theorem 5.5 in [33] taking a solution to the Cauchy problem
vor — Avg = 0, vg(z,0) = up(x) as vg. By Lemmas 2, 3, the inclusions (18) remains
valid for the new functions p! = p— Rug|s,, 9§ = @o—Rovoqr, ¢1 = p1—Rivglor -
Next, it is easy to find a function v € W2(Q) such that R;v®(a’,r,t) = ¢ (2/,1)
(i = 0,1), v°(z,0) = 0. Indeed, construct extensions of the functions ¢} (z',t) to
some domain Q20 such that Q C QY preserving the class. The extensions are denoted
by the same symbols. Since 92 € C?, we can apply the Hestenes method (see, for
example, Lemma 2.9.1 in [29], where this method is described for the half-space,
in the general case a partition of unity and local straitening of the boundary is
employed (see Subsec. 4.2.2 in [29])). Construct a function 1 (z’) € C§°(Q°) such
that 19 = 1 for 2’ € Q and a domain Gy such that Gy € C?, {(2/,0) : 2’/ €
QY u{(2',1) : 2’ € Q°} C Gy, G C Gy. Define also the function 1 (z,,) € C5°(R)
such that 9(x,) = 1 on (0,1/3), ¢¥1(x,) = 0 for z, > [/2. Take, for example,
Rou = u and Rju = u,,. Define a function ¢y = @gtpo for 2’ € Q°, z,, = 0 and
¢o = 0for x € 0Go\ {(2/,0) : 2’ € Q°} and @1 = plpg for 2’ € Q% z,, =lu @ =0
for z € 9Go \ {(«/,1) : 2’ € Q°}. The first function Gy belongs to W21 (0G, x
(0,7)) (k1 = 1 —1/2p) and the second ¢; to the class W}22%2(0Go x (0,T))
(k2 = 1/2 — 1/2p). Hence, there exist functions v; € W,?(Go x (0,T)) such that
v1]aGex(0,1) = 0, %vgbcox(oj) = 1, where n is the unit exterior normal to 0Gq
and v;(x,0) = 0. As these functions, we can take solutions to the parabolic problems
vit—Av; = 0, vi(,0) = 0, v1]ac,x(0,1) = o and, respectively, 2-va|oc,x (0.1) = $1
(see Theorem 10.4 in [2]). The needed function v? such that * € W,-?(Q) and
RvO(a’ 7, t) = pi(a’,t) (i = 0,1) is written as follows: v° = vyth +va (1 —1)1). We
even have v° € W»*((0,T) x Gp). Similar arguments are used in the case of all other
operators Ry, R;. The function ® = vy +0° is a required function. Consider the case
of p = 2 and show that the condition (23)-(24) are fulfilled. Assume, for example,
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that Rou = —uy,, Ru = u, Ipr(p,¢00) < oo, and ® is the above-constructed
function satisfying the initial condition as well as the second and third boundary
conditions in (10). Since @, (¢,2’,0) = —po(t,z'), we infer

T rd dr
/ / / or(tal,7) — Dy (£ 2/, 7)2a0 Lt <
0 0 o0 T

T 5
2/ / / lor(t, ', 7) + otz + Tn(as’))|2dl“d—7-dt+
o Jo Joa T

T 5
d
2/ / / |D,., (t,2',7) — Py, (t, 2" + Tn(x’),0)|2dF—Tdt.
o Jo Joa T

The last integral is estimated by c||<I>||iQ(O Tw2(ax(0,5y) and the proof coincides
4 WVo 3

with that of the previous lemma. Hence, Iy (¢ — ®,0) < oo. The remaining
inequalities in the claim are validated by the same scheme. O

Corollary 1. Assume that the conditions of Lemma 7 holds and ® is a function
constructed in this lemma. Then, without loss of generality, we can state that there
exists a constant ¢ > 0 such that

(25) ”(I)HWI}’Z(Q) < C[H@O”w{’jhz’cl (Q) + ||301||W:2’2"2 (Q9) + ”uO”Wg*Z/P(G)}'

Moreover, there exists a constant ¢y > 0 such that

Jor(p — R®,0) < c1([|®| L, 0,mswz () + Jo,r(#:¢0))s
9T (o — R®,0) < cr(| @]l py0,mm2(a)) + IO (0.01)),
Ior(p —2,0) < c1([|®l Ly0,msw2(@)) + Lo, (0: ¢0)),
19T (o—®,0) < (@ zyo,mwza)) + 19T (p,¢1)).

The function ® is not determined uniquely and the constant ¢ in (25) changes in
dependence on the method of its construction. However, as it is easy to see from the
proof of Lemma 7, the statement is valid for some fixed method of its construction.

Theorem 1. Assume that the conditions (11), A), (18) hold and f € L,(Q) (p #
3/2,3). In the cases Ru = u and Ru # u, we also assume that the condition (14) and
(15), (12), respectively, take place. Then there exists a unique solution u € WI}’Q (@)
to the problem (9), (10). There is the estimate

(26) Hu||wl}=2(Q) <
C[Hf||Lp(Q)+”(pllwpko‘?ko(so)+||<P0HWI’;”1*2’91(QO)"’H(pl||W§2=2’“2(Q0)+||u0“wj*2/l’(@)])

where, in the case of p = 2, in dependence on the form of the boundary conditions
one or two summands of the form

ar(Jor(p,o)?, aa(J% (0, 00) 2, cllor(e,00)? er(1%7 (0, 1)),
where c1 1s a constant, are added to the right-hand side.

Proof. For example, consider the case of Ru = u. Using Lemma 7, we construct a
function ® and make the change of variables © = v + ®. In this case the function
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v is a solution to the equation (9) with the right-hand side f = f — M® € Ly(Q),
i. e.,

Mv = v — AppVs, 0, — Z QijVg,a; + Zazv@ + agu = f7
7,7=1
satisfying the initial and boundary conditions

U|So = 415 =p - ¢|Sov Ri’U(t,Jfl,Tz‘) =0 (’L = 07 1)7 U|t:0 =0.

First, assume that Rou = —u,,, Riu = u,,. In this case the condition A) implies
that @g, |z,=0 = 0 and @y, |z, = = 0 for p > 2 and the inequalities (24) hold for
p = 2. In any case the function ¢ admits even extensions with respect to the planes
zp, = 0 and z,, = [ to the domains Q_; ¢ and @, respectively, with preservation
of the class WZ?O’%O. The extension (denote it by the same symbol) belong to class
W,fo’?ko((o, T) x 092 x (=1,21)). To prove this fact we employ the definition of the
norm and conventional properties of the Sobolev spaces. In particular, for p # 2,
we have the inequality

(27)

H<‘5||W§°’%0((O,T)><8Q><(—l,2l)) < C(”(‘E”Wﬁ‘”%o((0,T)><89><(—l,0))+

H('ZHWII,CO’%U((O,T)X{)QX(O,Z)) + ||<'5||W;f°’2k°((0,T)><8§2><(l,21))) S C1||95||vv,ﬂ“0*"”“0(so)'

The last inequality follows from the definition of the function ¢, and the previous
inequality from the additivity property of a Sobolev space with respect to partitioning
a domain (see Remark 3, Subsec. 4.4.1 in [29] and the bibliography there). However,
the exponent p = 2 is critical and the last inequality is not valid. We can write out
its analog. We have (ko = 3/4)

~112 _
(28) H‘p||W2ko=2’“0((0,T)><BQ><( 120)

”‘pHL (O.15W2R0 (90 x (—1,20) H‘pHL (0% (—1,20); W0 (0,1))°

The last norm is written as

”‘pHLZ(an( 121) wroor) = ”90”L2 (x (—L0y W 0,7 T

LQ(an(o 1); W50 (0,T)) + H<‘OHL2(OQ><(1 20);WF0(0,7)) <
2
3||50”L2(anx(o,z);w2’°0(o,T))'

We can endow the space W25 (9 x (—1,21)) with the equivalent norm

~112
||¢||W§‘“0(anx(—z,2l)) ”(’OHLQ(BQ w2ko (— lzl))+”@”L2( 1,21W2*0 (902))"

The last summand is estimated as

(29) HSO”L (—1,21; WQkO(é)Q HSOHL (- lOWZkO(E)Q)) + ||S0||L2 OlW2k0(8Q))

H‘pHLz(z 20, W20 (90)) = SHLpHLz(o LW2R0 (00))"
Consider the first summand. The definition yields

||¢H?/V22k0(—l,21)) = ||(15||?/[/21(71,2l))+ < @xn >%/2727

~ 2 @z, (§) = e, (77)‘2
< Pz, > = / d{dn.
1/2:2 (—1,21)2 1€ —nl?
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The first norm is obviously estimated by 3||<,5||€V1(0 . The function ¢ = ¢, can be
(0,

written as the sum of three functions ¢y + 92 + 13, with ¢s = @, for z,, € (0,1)
and 19 = 0 for x,, & (0,1), Y1 = Ya(—xy), ¥3 = ¥2(2] — 2,,). Then the seminorm
< Pu, >1/2,2 is estimated by

3 l l
- N dx - dz
e < hna% el + ool | 1202 T2+ [ 1 2
=1

The last inequality follows from the definition of the seminorm. Similar estimates
are proven in many articles (see, for instance, Proposition 7.1 in [28]). The statement
that the zero extension of ¢ from the interval (0,1) to the whole axis R preserves
the class W,’? if and only if fol |o|* 42 < 0o and fé |p|? {222 < oo, which actually

is used, is known (it follows from the properties of the spaces B(ip in [29, 4.3.2]
or from Proposition 5.11 in [32]). Integrating the inequality obtained and involving
(29), we conclude that

. . P,
(30) ||80||€V22k0(8m(_l72[)) < C3(||90||?/V§"0(anx(o,z)) + ”m”QLQ(GQX(O,Z)))a
where p(z,) = min(z,,! — x,). The relations (28)-(30) yield

Pz,

\/m||%2(50))7

This estimate indicates that, for p = 2, the inequality (27) is replaced with the
inequality

”('DHW;O’%O((0,T)><89><(7l,2l)) < c(‘|SDHW2kO’2kO((O,T)><FO)

+

(31) H@HW;“O'”“O((o,T)xanx(—z,zz))S

C(||Q5||W2ko,2ko(so) + (IO,T(<,570))1/2 + (IO,T(¢70))1/2).

Construct an even function ¥, (x,) € C*>°(R) such that suppiy € (—21/3,21/3),
1 =1 for z,, € [0,1/2]. Define a function ¥s(z,) = 1 — ¢1(x,,) for z,, € (0,1) and
a(xy,) = 0 for 2, < 0 which is even with respect to the plane z,, = I. Construct also
functions «o;(x,) € C*°(R) such that suppay C (—21/3,21/3), suppas C (1/3,51/3),
a1 = 1 on supp and ag = 1 on supp pe. Construct domains G and G such that
G1 D Qx[0,2l/3], Gy € Qx[0,3l/4), Gy D Q x [I/3,1], G2 C Q x [l/4,1], and
the parts of the boundaries dG; and 0Gs lying in the domains z,, > 0 and z,, <,
respectively, belong to the class C2. Denote by G; and G» the even extension of
the domains G; and G5 with respect to the planes x,, = 0 and z,, = [. We have
that G, € C? and Gy € C?. Given a function g € L,(Q). Construct an even
extensions of g with respect to the planes x,, = 0 and x,, = [. Thus, we have
9 0 1), 2, € (0,0)
g(xlvxnat) = g(m I'n,t), Tn € (—Z,O)
g(a’, 2l — xp,t), x, € (1,2])

and g € L,(Q—i2). Extend a;j,a,(i # n) as even functions and a,, as an odd
function with respect to the planes x,, = 0 and x,, = to the domain Q_; ;.
Consider the problem

(32) wi — Lug = gag, (2,t) € Qi = (0,T) x Gy, i =1,2,

(33) ui|(0,T)><8éi = a; = ’Q/Jl@, Ui|t:0 = 0, 1= 17 2.
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By construction, 9G4, G5 € C2. Then referring to [2, Theorem 10.4, Ch. 7] or to
Theorem 2.1 in [30], we can state that the problems (32)-(33) are solvable and the
estimate

B Jullwrey < cllglin@ + laslyzooomoa,) i =12

holds.

The domain G, is symmetric with respect to the plane z,, = 0. In this case a
solution u; possesses the property iy, |.,—0 = 0. Indeed, consider the function
uy(x,t) = uy (2, —xp, t) for x € Gi, 0G1x(0.T) = ay(z,t). We have 4y, =
—Ulg, (xla_$n7t)a alwi = Ulwi(l'/,—.’L'n,t), alwnw" = ulx"wn('r/7_xn7t)7 alwiwj =
Uig,e; (T, —Tp,t). In this case the function @, is a solution to the problem (32)-(33),
since the coefficients are even functions. In view of uniqueness, @, = u;. L. e. uq is
even in the variable z,, and thereby ui(z/,z,,t) = ui (2, —xn, t), uie, (¥, 2y, 1) =
—U1g, (&', —Tn,t), and uyy, (2/,0,¢) = 0. Similarly, we have that wuo,, (2/,1,¢) =0
and wus is an even function in the variable x,, with respect to the point z,, = [.
Construct the function v = w111 + uaths; we have vlg, = @ v|t=o = 0. We look
for a solution to the initial problem in the form v = wuy1; + usts. The function v
satisfies the Dirichlet boundary condition on 92 x (0,1) and the Neumann condition
on the planes z, = 0 and x,, = [. We have vy — Lv = u14tp1 — Luythy — [L,¢1]ug +
'LLQt'(/JQ —LUQ’L/JQ — [L, wQ}/LLQ =g— [L, wl]ul — [L, ’(/JQ]’LLQ, where [L, ’lﬁl]b = L(’lﬁlb) —QZ)ZLb
(vi = v|gi). We look for a function g being a solution to the equation

(35) g=Vi(g)+f, V(g)=I[L,¥1]ur + [L,2]us.

Put u; = Vi(g), ues = Va(g), g € L,(Q). We infer [L, ¢y|ur = L(¢ruy) — rLuy =
20 Vka, Uk, + OnnUkVka,z, — OnVke, Uk (k' =1, 2) Let g1,92 € LP(Q) Consider
V(g1) — V(g2). The functions ug(g2) — ur(g1) = @k are solutions to the problems

(36) e — Lk = g = (91 — g2) ok, Uil (o ryxoq, =0, Ukli=o = 0.
Fix 7 € (0,T)]. The above arguments (see (34)) validate the estimate

(37) ]l 2.y < cllgr = 92ll,0.): Qur = (0,7) x Gy,

where the constant ¢ is independent of 7. Indeed, take the function ¢, = g for
t € (0,7) and g, = 0 for t > 7 as the right-hand side in (36) and solve the
problem (36) whose solution meets the estimate (34), i. e., we have ”ﬂk”W,}'z(Q”k) <

CHQTHLP(Q,C) = cllgllz,(q,)- Moreover, this solution [0, 7] agrees with a solution to
the problem (36) with the old right-hand side. Hence, the constant in the estimate
(37) is independent of 7. Consider the expression [L, ¢x](uk(g1) —ur(g2)) = Ji. We
have
”JkHLp(QT) < 2||annwkxnﬂkxn”Lp(QT) + ||akann¢kwnxn HLP(QT) + ||ﬂkan7f1kxn||Lp(QT)~
Lemma 3 and the estimate (37) imply that there exist constants ¢;, 8 > 0 independent
of 7 such that

1l ey @0y < et lkllwre g,y < ™0 cokllor = g2llL, .-
The estimates obtained yield

(38) IV(g1) = V(g2)llz, @) < comllgr — 9202, (0.

where the constant cg is independent of 7 < T'. Choose a parameter 75 > 0 such that
C()Tg = ¢ < 1. In this case the operator V is a contraction, the equation (35) has a
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unique solution g € L,(Q-) and the function v is a solution to the initial problem

(9), (10) on the segment [0, 7]. Next, we extend a solution. The arguments are similar
v(x,t), t€(0,7)

to those in [33, §21]. Construct a function Vi (z,t) = v(z,27 —t), t € (1,27) .
0, t>271

Make the change of variables v = V4 + V. The initial problem can be rewritten in

the form

Vi— LV = f = LoV, Vs, = & = Vilsy, V=0 =0, Vo, (t,2',7) =0 (k = 1,2).

Note that V' = 0 on [0, 7]. Next, we repeat the arguments on the segment [, 279]
rather than [0, 70]. Without loss of generality, we can assume that all constants ¢;
in the above estimates are the same, and thereby the solvability interval does not
change. Having solvability on [rg, 27¢], we continue the considerations on [27q, 370],
and so on. We prove the claim in a particular case of the boundary operators
Ru = u, Ryu = (—1)""u, . In the remaining cases the arguments are the same.
The only distinction is that in the case of the Dirichlet conditions R;u = u (i = 1,2)
the extension of the right-hand side ¢g and the functions ¢ through the planes z,, =0
or z,, = [ is realized as odd extensions and the corresponding solutions u; are odd
functions of the variable x,,. In the case of mixed boundary conditions, for example,
Rou = uw and Ryu = u,, one of the extensions is an odd function and the second
an even function of z,. The corresponding auxiliary problems (32), (33) are of the
form . B
ug — Lu; = gay, (xvt) €Q;= (OaT) x Gy, i=1,2,
Ruil(o ryxoq, = @i = ¥i®, Uili=0 =0, i=1,2.

The estimate (26) for solutions follows from the estimates (27), (28), (34), and the
estimates for the function g resulting from the arguments of the second part of the
proof. In particular, the estimate (38) and the equalities (35) validate the estimate

1
l9llz,0,m) < li—q(“fHL”(O’TO) +IVO)lz, 7))

The estimates of the norms |g||z ((i—1)ry,ir,) and the corresponding estimates for

the norms of v are obtained step by step. To derive (26), we employ (27), (31), and
Corollary 1. O

As a consequence of Theorem 1, we have the following statement.

Theorem 2. Assume that the conditions (11), (18), and (14) if Ru = u and the
conditions (15) and (12) if Ru # u (p # 3/2,3) are fulfilled, uo = 0, and ¢ € (0,T).
Let also the condition A) hold, where the integral conditions for p = 2 are replaced
with the following conditions: if Rou = u and Ru # u or Riu = u and Ru # u
then Jo 4, ¢0) < 00 or J%(p,¢1) < oo, respectively; if Rou = —u,, and Ru=u
or Riu = u,, and Ru = u then Iy 4(p,p0) < o0 or 1%%(p, 1) < 0o, respectively.
Then on the segment (0, @) there exists a unique solution u to the problem (9), (10)
such that u € W)?(Qy). A solution meets the estimate

||u||Wp1’2(Q¢) <c(lflle,@q) + ||80||W;o=2k0(sg) + H<P0||W;1,2k1(Q25) + \|¢1||W5272k2(Q35))7

where the constant c is independent of ¢ € (0,T] and f,o and in the case of
p = 2 in dependence of the boundary conditions one or two expressions of the form

c1(Jo,s(p: 00)) /%, 1 (T (0, 01)) 2, e1(Lo,p (0, 00) /2, e1 (179 (g, 01))"/?, with ¢y
a constant independent of ¢, are added to the right-hand side.
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Proof. Let p # 2. Extend the functions ¢, g, 1 by zero for ¢ < 0 preserving the
@(tvx)v te (—OO,¢)

similarly. Obviously, we have
G e WPk (So), g0 € Wyt (Qy), @& e Wi»2(Q7).

Construct a function f = f for t < ¢ and f = 0 for t > ¢. Using Theorem 1, we find
a solution to the problem (9)-(10) with functions @, @g, @1, f rather than ¢, ¢q, p1,
and f such that u € W,*(Q). By Theorem 1, we infer

notations and let ¢ = { B The functions @y, ¢ are defined

HUHW}}‘?(Qw) < ||UHW,}’2(Q) =

C(Hf“Lp(Q) + HQEHWI’;‘OvQ’“O(SO) + H‘»Z’OHWT’jlv%l(Qo) + H(:B1||W§2v2’*‘2(Q0))-
Estimate the right-hand side. We have the inequality

||<'5HW§0’2’€0(SO) < H@HW:O’%O((—LT)XFO) <

C(||¢||W§0’2’“0((71’¢)xr0) + H¢||W§0‘2’“0((¢,T)xl“o))

We have used here the additivity of the Sobolev spaces with respect to the partition-
ing the domain (see Remark 3 of Subsec. 4.4.1 in [29]) and the definition of the
norm. In view of Lemma 1, the first summand on the right-hand side is estimated
by 02||<,0||W§0,2k0(35p). After the change of variables in the definition of the norm, we

reduce the estimate of the second summand to Lemma 1 as well and obtain that

||¢||W§0‘21"’0((¢,T)><F0) < C3||90||W;0,2k0(587)a

where c3 is a constant independent of ¢. Similarly we derive that
||950HW,’,€1’%1(Q0) < C4||‘P0HWT’§L2’“1(Q2)7 ||951||W§1*2’91(Q$) < 05”@1”1/?/:2«%2(@3))7

where the constants ¢4 and c; are independent of ¢ as well. Moreover, we have that
Ifllz,@ = Iflz,@,)- The claim is proven. In the case of p = 2, the arguments are
the same but the form of the corresponding inequalities becomes more complicated.

O

3. BASIC RESULTS

As we have already noted, we consider a model case in which G = Qx(0,1), (9 €
C?). Describe the exact statement of the problem and conditions on the data. The
operator L is of the form

n—1

n
Lu = apn(t, 2) Uy, -, + Z aij(t, ) Uz, z; — Zai(t, )y, — ag(t, x)u.
ij=1 i=1

The equation (1) can be written as

(39) Mu =u; — Lu = f.

The equation (39) is furnished with the initial and boundary conditions
(40) Ruls, = ¢,

where either Ru = u or Ru = Z?;il QjjUq, Vi + OU,

(41) uw(0,7) = uo(z) (v € G), Rou(t,z’,0) = o, Ryu(t,z’,1) = o1,
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where either Ryu = w or Rou = —u,, + oou, respectively, either Rju = u or
Riu=wuy, +o1u,
and the transmission conditions

(42) R:ru = (u.Ln - O‘il (ta x’)“)|xn:li+o - Oé?(t, x/)u‘xn:li—o = g;‘r7

(43) Ry = (ua, —B; (t,2")u)|z,=1,~0— B} (t, 2 )ula, =140 = g; , i =1,2,..,m—L.

Write out the conditions on the coefficients. In what follows, &9 € (0,1/2) is a fixed
parameter which can be arbitrarily small. We assume that

(44)  a; € Ly(Q), ap € L. (Q), aij = aji, ai; € C(QF) (i,j =1,...,n),

where ¢ > n+2for p < n+2and ¢ =pforp>n+2 r > (n+2)/2 for
p < (n+2)/2and r = p for p > (n +2)/2, the functions a;;|g+ admits extensions

to continuous functions of the class C(Q¥) (k = 1,...,m). These functions a;; can
have discontinuities of the first kind at the points x,, = ;. We further assume that

(45)  aF(2,t), BF(2,t) € Coote2s0t220(Q0) (K =1,2;i=1,2...,m—1).

(46) o € (sote02s0+2e0 (Si)7

and o|g, admits extensions to functions of the class C0F€0-250+220 (G},

(47) 00,01 € CP0FE0Zs0 220 (0),

(48) ug(x) € ﬂ?;WpQ*Q/p(Gi), pE ﬂ§l1W§0’2k°(Si),
where kg =1 —1/2p if Ru=wu and kg = 1/2 — 1/2p otherwise;
(49) wo € W1 (Q0), ¢y € WF22k2(Q0),

where k1 = 1 —1/2p if Ryu = w and k; = 1/2 — 1/2p otherwise and similarly
ka=1-1/2pif Ryu=wu and ky = 1/2 — 1/2p otherwise. Let

(50) gF e Wt (Q"); i=1,2,...,m—1.
The agreement conditions at ¢ = 0 are of the form
(51) R(va)uobﬁ =¢(0,z),
Ro (0,2 )ug(z’,0) = o(0,2"), R1(0,2" )ug(z’,1) = ¢1(0,2"),

where each of the equalities is fulfilled for p > 3/2 whenever the corresponding
operator R, Ry, or R defines the Dirichlet condition and for p > 3 otherwise;
for p > 3, we assume that

(52) 95 (0,2") = (uoz, — (0,2 )uo)| e, =t,+0 — @ (0, 2" )uoz, =1,~0,
(53) 9: (0,2") = (uoz, — B3 (0,2 o)z, =t,—0 — B; (0, 2" )uo |, 1, +0-
In the case of Ru # u we additionally require that

(54) ijlgr € C0TE020t20(QF) (§ 5 =1,...,n, k=1,...,m)

and the functions a;;|ox admit extensions to functions of the class C'%o+0-2s0+20 (QF).
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Introduce the following additional notations:

Jj((p’gj) = Sho(SDmn (t,:L'/, ll + T) - a}gp(t,x', ll + T)_
afo(t, ' l; — 1) — gf (t, 2" + mn(a'))),
J7(p,97) = Sor(pw, (t, 2" i —7) = Blo(t,a’ ;i —7)—
Bip(t,a' I +7) — g; (t, 2 +7n(2)), i=1,2,...,m—1,
T, 01) = T (0, 01), Jif (0, 00) = Jor (9, %0),
I (0, 00) = So.1(—pu, (t, 2", 7) + oop(t, @', 7) — po(t, 2’ + n(z)))),
1;1(907 501) = SO,T(‘PTEW (tv I/J - T) + Jl@(t, ZL'/,l - 7_) — Y1 (ta I/ + Tn(xl)))

Further, we assume that

B) if Reu = u (¢ = 0,1) and Ru = u then ¢;(t,z")|ogq = w(t,z',1;) (r0 =
0,7 =1);if p>2and Rju=u (i =0,1) and Ru # u then R(t,z',7;)p;i(t,2")]|aq =
o(t, @' r);ifp > 2, Ryu # u (i = 0,1), and Ru = u then R;po(t, z',r;) = vi(t, 2)]oq;
if p> 2 and Ru = u then R ¢ = g (t,2')|an and R ¢ = g; (t,2')|sq; if p = 2,
Rou = u, and Ru # u or Ryu = u and Ru # u then J (p,p0) < o0 or J,. (¢, ¢1) <
oo, respectively; if p = 2 and Ru = u then Jii(ap,gii) < oo (i=1,2,...,m—1)
and if Rou # u or Ryu # u then I (0, ) < oo or respectively, I, (¢, ¢1) < oo for
some 0 € (0, min;({; —1;_1)), § < do.

The main result can be written as follows.

Theorem 3. Assume that p # 3/2,p # 3, the conditions (44)-(53), B), and the
condition (14) if Ru = u and the conditions (15), (54) if Ru # u are fulfilled. Then
there exists a unique solution to the problem (39)-(43) such that u € N~ W2(Q").

Proof. First, we reduce the problem to a problem with the homogeneous initial
condition and the boundary condition on Sy. Construct functions vy; € Wg’l(Qi)
such that vo; (x,0) = ug(x). It suffices to extend the function ug to R™ as a compactly
supported function of the same class (the existence of this extension results from
Theorem 4.2.3 in [29]) and apply Theorem 5.5 in [33] taking a solution to the
Cauchy problem vg;; — Avg; = 0, vo;(z,0) = ug(z) as the function vg;. Define the
function ¢! = ¢ — Rug; € W}o-2k0(S;), we have that ¢'(0,z) = 0 if this trace has
a sense. Extend the function ¢! from S; through the planes x,, = l;_1,2, = [; to
the set S; = 90 x (2l;—1 — 1;,2l; — l;_1) preserving the class with the help of the
Hestenes method. Next, we construct a domain G; € G* = Q x (2li—1—1;, 2l —1;—q)
such that G; D Q x (3li—1/2 —1;/2,3l;/2 — 1;-1/2) and G, € C?. Construct also
extensions f; of f to the domain (0,7) x G, taking f = 0 in G; \ G;. Next, take
a function ’(/)1(l‘n) € Cgo(3li_1/2 — li/Q,SZi/Q — li_1/2) such that wz(.ﬁn) = 1 for
Zn € (li—1,1;). Extend the coefficients of the operator R as well as the coefficients
of L (if Ru # u) to the domain G* as even functions in z,, with respect to the points
Ty =1lj, j =i —1,i. We look for solutions V; € W2((0,T)) x G;) to the problems

(55) Vit = LV; = fi — Mwg;, RV; = ‘lei|(0,T)xaéia Vilt=o = 0.

There exist unique solutions V; from the required class (see Theorem 10.4 in [2] and
Theorem 2.1 in [30]). Let ®(¢,x) = V;(t, z)+voi(t, z) for (t,z) € Q° (i = 1,2,...,m).
By construction, ®(0, ) = ug(x), R®|s, = ¢, and M® = Mvg; + MV; = f in Q".
Since the extension operators and the operator taking the data of the problem into
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a solution V; to the problem (55) are continuous in the corresponding classes then
there exists a constant ¢ > 0 such that

S 1@l 2gey < €D luollyyz-2m gy + lellyroao s,y + 17112, @0):
i=1 i=1

where c is independent of ug, . Make the change of variables u = v + ®. We arrive
at the problem

(56) vy —Lv =0.
(57) Ru|s, =0, v(0,2) =0 (z € G),

(58) RQ’U(t, Z‘/, 0) = ()50 = Yo — Ro(b(t7x/70);

Ruv(t, 2’ 1) = g1 = p1(t,2') — Ri®(t,2',1),
(59)  Riv= (v, — ;@' ,1)0)]s,=t,40 — aF (2, 0)0]s, 1,0 = §; = g;" — R ®;
(60) R;v=(va, — B (&, 0)0)|a,=1,—0 — B (&', )0|w,=1,40 = G =g; — R; ®.

Check that the new data meet the agreement conditions B), (51)-(53). The condition
(51) is fulfilled, since the new functions wug, ¢ vanish and @g(0,2) = ¢o(0,2") —
Ro®(0,2,0) = ¢o(0,2") — Roug(z’,0) = 0 in view of (51), similarly ¢1(0,2") =0
whenever the trace exists (for the corresponding p). For p > 3 in view of (52), (53),
we have
G;7(0,2") = g (0,2") — Rfup =0, g; (0,2') = g; (0,2") — R; up = 0.

The condition B) implies that if R;v =v (i =0,1) and Rv = v then @;(t,z')|aq =
wi(t, 2 )|oa — P(t, 2, 1i)|oa = @i(t, 2" )|oq — @(t, 2, 1) =0 (1o = 0,1 =1); if p > 2,
Riv=wv(i=0,1),and Rv # v then R(t,2’,r;)pi(t,z')|oq = R(t, 2", r:)pi(t, ') |o—
RO(t, 2’ ri)loa = R(t,2',r)pi(t,2")|aa — o(t,2',r;) = 0;if p > 2, Rjv # v
(i = 0,1), and Rv = v then ¢;(t,2')|aq = wi(t,2")|oa — Ri®(t,z',r;) = 0. Let
p = 2. Check that if either Ryv = v and Rv # v or Rjv = v and Rv # v then
Ji (0, 50) < oo or J,(0,41) < oo, respectively; if Rv = v then JE(0,5%) < oo
(i =1,2,...,m —1); if Rov # v or Ryv # v then I (0,$p) < co or respectively,
I.(0,¢1) < oo, for some § € (0, min;(l; —l;—1)), 6 < do.

Consider, for example the case of Ryv = v and Ruv # v. Check that J; (0, $g) <
0o. We have

(61) Jy (0, %0) =
T dr
/ / / |R(t,x",0)(wo(t, 2’ + mn(z')) — ®(t, 2" + mn(a’),0))[2dT —dt <
0o Jo Joa T
T /6 dr
2/ / / |R(t, 2, 0)po(t, 2" + mn(x")) — p(t, 2, 7)|?dl —dt+
o Jo Joo T

T 6
d
2/ / / |R(t, 2", 7)®(t, ', T) —R(t,m’,O)q)(t,x’+Tn($’),0)|2dF—Tdt.
o Jo Joa T

The first integral here is finite in view of the condition B). The second integral is
estimated in the proof of Lemma 6 by the quantity 01”@”%2(0 TW2(G1))" Thus, the
L Wa

condition J; (0, $g) < oo is valid. The proof of the remaining agreement conditions
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for p = 2 is in line with the same scheme and we omit it. Consider the auxiliary
problems

(62) vig — Lv; =0, (t,2) € Q"

(63) Ruils, =0, v;(0,2) =0 (z € GY),

(64) Rmvizg;r_l, Rh—vi:g;, 1=1,2,...,m,

where Rpv = —vln|ggn:li:1 for all i except for i« = 1, in this case if Rpv = v

then Roiv = v zn=0 and Ry;v = vy,
if Ryv = v then Rymv = |z, —i- Using Theorem 2, we can construct a solution
v; € W,*(Q}) to this problem on any segment [0,¢] C [0,7] which satisfies the
estimate

z,=1; for all [ except for [ = m, in this case

(65) ||Ui||wl}’2(Q;) < C(||9;F—1||W51»2k1(Q35) + ||9;||W§2v2k2 (Q9)) + Ji(9)),

where the constant ¢ is independent of ¢ € (0, T] and g and k; = 1/2—1/2p except
for the case of ¢ = 1, in this case if Rpv = v then ky =1—1/2pand k2 =1/2—-1/2p
except for the case of i = m, in this case if Rjv = v then ko =1 —1/2p. If p # 2
then J;(¢) = 0. In the case of p = 2 and Rv = v, if Ryiv = vy, |4, =1, , and
wn=l; (1 =1,2,...,m) then

RUU = an

¢ o dr
‘W):/ / / 9571 (t, 2" + (') [PdD —dt+
0 0 o0 T

¢ o dr
/ / / lg; (t, 2" + mn(a"))|2dT —dt;
o Jo Joo T

if R()l’l) = ’U|£n:0 and Rll’U = vIn|In:ll then

¢ o dr
_ — / 7\ |2 Dl T
J1(6) _/O /0 /{m g7 (40" + () Par Lt

if Romv = =0z, |o,=1,,_, and Rymv = v, —; then

o dr
Im(9) =/ / / lgih 1 (t, 2" + Tn(2)))|?dl —dt.
o Jo Joa T
If p=2 and Rv # v then if i = 1 and Ryv = v then

) )
1(6) = / / / IR(t,2!,0)gg (t, 2" + rn(a’))2dr Tt
0 0 oN T

if © = m and Rjv = v then

b 6
Tn(6) = / / / IR(t,2/,0)gr(t, ' + () Pdr L at;
0 0 o0 T

if none of these conditions are satisfied then J;(¢) = 0. Define an operator X taking
a vector (g4, 97,9 _1,9m) = § into a vector ¥ = (v1,v1, ..., U,) of solutions to
the problems (62)-(64). Thus, ¢ = X (g). Consider the following family of problems
depending on the parameter 7 € [0, 1]:

(66) Ve — Lv = 0,

(67) Ru|s, =0, v(0,2) =0 (zr € G),
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(68) Riv = ¢o; R;,v= ¢,

(69) Riv = (va, — 70 (2, 0)0) o, =t,40 = 707 (&', ) v]e, =1,—0 = 5

(70) RZ_TU = (vwn_Tﬁ’il(x/’t)v)|ln:l'i_0_7-6i2(x/7t)v|$n:li+0 = gz_’ i=1,2,...,m,

where RE;.U = (—vz, + T00V)|z,—0 if Rov # v, otherwise R v = vy, =0 and
R, v = (vg, + TO1V)|g, =1 if Riv # v, otherwise R, v = v\mn_l For 7 =1, the
problem (66)-(70) agrees with the problem (56)-(60). For 7 = 0, the problem has a
unique solution such that v|g: = v;, where v; is a solution to the problem (62)-(64)
with § = (B0, Gy, 05 s+ 01,912 _1,$1)- In this case the equalities (66)-(70) are
rewritten as

(71) ¥ =7XT0+ X3,

where the vector TW has the coordinates (Tw); = —ogv|s,—0 if Rov # v and
(Tw)1 = 0 otherwise, (Tv)2m = —010|z, =0 if R1v # v and (Tw)a2,, = 0 otherwise,
(Tv)2; = B} (2", )0, =1;—0 + BF (2", )0]z, 1,40 and (T0)2i41 = o} (2, 8)0], =140 +
(2! t)vl|e, —1,—0, where i = 1,2,...,m — 1. We identify a function v with the
vector ' whose i-th component is the function v|g:. We expose the proof in the
case of Ryv # v, Riv # v, Rv = v. In the remaining cases the proof is even simpler.
The operator X7 is a bounded linear mapping of the space Hy of functions ¢ =
(v1, 2, 0m) € TTi, Wy (Q)) satisfying (67), where v|gi = v;, into itself. We
endow the space Hy with the norm ||7]/g, = > /", Hvi”W;*Q(%y We now establish

a priori estimates uniform in the parameter 7 € [0, 1] which, in particular, ensure
the boundedness of the operator XT' : Hy — Hy. By Lemma 2, if v; € W, *(Q},)

then v;(t,a',1l;) € VT/Ifl’QSl(Qg) (k=1i—1,i) and
Jout, 2 )l s ) < €1 a2l s

where the constant c¢; is independent of ¢. Let ¥ € Hy be a solution to the
equation (71). Estimate the norm || XT'0| g, In view of the estimates (65), we infer

(72) ‘XT17HH¢ Z ||Ui||Wz}'2(QZs) <
C(”GOUl (t7x170)||v”v;0=250 (@Q9) + ||(71Um(t755/7 l)"w}fO*QSO(Qg)'i'
m—1
> (1Bt vi(t 2’ 1) + BFvisa (2", 1) lyiz0.200 g+
i=1

laivipa (.2, 1) + afvi(t, ' ) gs0.200 gg)) + 1(9));
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where I(¢) = 0 for p # 2 and, for p = 2,

¢ 0 dr
2 _ /
o) = /0 /0 /an logvy (t, 2" + Tn(z"), 0)|2dT — dt+

¢ o dr
/ / / lo1vm (t, 2 +Tn(x’),l))|2df dt+
o Jo Joa

m—1 b B d
Z (/ / / |Bivi(t, 2’ + Tn(2"), L) + Bivia (2" + Tn(a)), lz‘)|2dF*Tdt+
=1 Jo Jo Joq T

6 8
/ / / lodvi1(t, ' + ('), 1) + a2vi(t, 2’ + mn(z)), l)|2dFdet)
0 0 [o19)

Referring to Lemma 4, we can rewrite (72) in the form

m
(73) 1 XT|[n, = Z ||’Ui||W;'2(Q2>) < Cl(”Ul(tvﬂU/,O)”W;Ov?SO(Qg)‘F

=1
m—1
Z (JJvi(t, x’ i) ”WSO ZbU(QO) + lvita (2, a’ l)HWbO 250(Q0))+
=1

ot 2, Dlg000 o) + 1(6)) = e1(T1(6) + 1()).
Next, we have

? Jug|P

' / P _ v
lv; (¢, 2", 1; )|| W20 (0.6) /0 1op dt+

it ', 1) — v (€27, 1) [P -
/ / | | ( )| dtdf < ¢(31 SO)pHUi(t,x/ali)”%}fl(o’@

t— ‘1+50p

and thereby
st 2" )l urizo 0,07 < 020t 2, 1)1 i 0,6

By Lemma 2, the right-hand side is estimated by C'¢'/2||v;(t, x) ”W;*Z(Q;)' Therefore,
we have the inequality

(74) Hvi(tax/ali)”Lp(Q;W;O(o,(p)) < C¢’1/2||Ui||wg«2(Q;)7

with a constant C' independent of ¢. Consider the norms occurring in (73). In view
of (74), we have

(75)  |lvit, 2", 1; )] =

g0 290(Q0
it @' )T o 0.0y it LI (szm(g)) <
03¢p/2||vi”WI}‘2(Qf¢) + C4||Ui(t7x)||Lp(O,¢;WZ}(G'5)) < C5¢ HUZHP 1, 2(@7 )

Here we have used the trace theorem ([29, Theorem 4.7, p. 412]) and the correspon-
ding estimate Hvi||W171/p(Q) < c1l|villw (gi), the interpolation inequality
p

1/2

losllwy e < Cllvillfe lvilli3 60,
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and the inequality ||UiHLp(O,¢;LP(G’5)) < ¢||Uit||Lp(0,¢;Lp(Gi)) (v;(0,2) = 0) which
follows from the Newton-Leibnitz formula. All constants are independent of ¢. Final
estimate of I; is of the form

(76) L() < c60"?||¥|m,

where the constant cg is independent of ¢. Consider the case of p = 2 and estimate
the expression I(¢). Every summand in I is estimated with use of the same scheme.
Consider, for example, the first summand

¢ 5
d
:///|aov1(t,w’+7n(w’),0)|2d1“ Tt <

0 000
; d
//|v1tx+7'n( "),0)dT Tdt
0 90

. We have

C1

> o

We employ the arguments used in Lemma

o1 (t, ' + mn(z’),0)|* =

T n—1
‘ / Z Uiz, (ta l'/ + fn(x/), T = g)nl — Vig, (ta ZL'/ + 5”(27/)7 T = 5) d€|2 =
0 i=1

rn—1
| / Y via (ta’ + (1= m)n(@),mng = vie, (82" + (7 —n)n(a’),n) dnf* <
0 =1

T n
xr [ 3 lous (b’ 4 (5 = min(a') i i
0 ;=1

As in the estimate of the right-hand side in the inequality (22), we derive that
2
(77) Io < colloa (6, 2) 12, 0,.6:w2 (1))
under the condition, that the parameter ¢ > 0 is chosen as in Lemma 6 (or smaller).

Now we use the estimate [|v1 w1 c1) < C’||v1||L Gy ||v1||W2(G1) and the inequality

lvillz, 0,652,y < Pllviellz,0,6:L,(c1y) (v1(0,2) = 0) which is a consequence of
the Newton-Leibnitz formula. Here all constants are independent of ¢. In this case
we obtain that

(78) To < cadlon(t,) By 2

The remaining summands in I(¢) admits similar estimates. Thus, using the inequali-
ty (78) and its analogs for the functions v; (¢, z) and (76), we arrive at the inequality

IXT5) , < c¢'/?||5l|,.

where the constant ¢ is independent of ¢. If ¢ < 7o, 070 = 1/2, then the operator
XT is a contraction for every 7 € [0, 1] and, therefore, a solution to the equation
(71) meets the estimate ||U]|x, < 2| Xdlln,, Y¢ < 7. Next, we demonstrate that
there exists a parameter y; < 79 such that the inequality

(79) (0], < 0
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for solutions to the equation (71) ensures the estimate ||0]|,,,, ., ~ < @2, where
the parameters as and ~; depend on the norms of the data and are independent
of 7 €[0,1] and ¢ € (0,T). Take 1 < 79 and assume that the estimate (79) holds.
Extend the function ¥ by zero for ¢ < 0. Define the vector-function (¢, z) and
the corresponding function vy such that vg|g: = v} as follows: ¥y (¢, z) = ¥(t, z) for
t < ¢ and ¥y(z,t) = F(2¢—t,z) for t € (¢, T). We have that 7y = (v9,...,00) € Hr
and ||¥o | gy < 2|7/ m,. Define a vector ¥ and the corresponding function ¥ which
is a solution to the problem

MW = —Muvy, R¥|s, =0, ¥(0,2) =0, =¥, | _ =@ — R{,vo;

— 5 - _ - - _ =+ +
\I/xn| p1— R, vo, Uy, |gcn=l1_’_0 =g, — R, vy, Yy, |:cn=lqz+0 =g; — R vo.

Tn=l

As is easily seen, all agreement conditions are fulfilled. By Theorem 1, there exists
a unique solution to this problem such that ¥; € W*(Q") (i = 1,2...,m) and

we have the estimate ||[U|| g, < ¢1, where without loss of generality we can assume

that the constant c¢; is independent of 7. Next, we make the change ¥ = 9y + U +@
and thereby v = vg + ¥ + w. The function w is a solution to the problem

Mw =0, Rwlg, =0, Ra'Tw = —700V|p, =0, R wim = —T0m¥|e, =1,
1 2 -
Tp=l;—0 = T(Bi Wlz,=1;—0 + 161 w $n:li+0) + T‘Ili ’

Wa, |on=t;+0 = T(aileEn:li“'O + O‘?w|zn:li—0) + T\I’;“—’

w(0,2) =0, w,,

where U = |, —i 40 + V), —t,—0, Y7 = B} W]y, 1,0 + B} ¥y, =t,40. By
construction, @ = 0 for ¢ € [0,4],z € G. By Lemma 3, Mvy € L,(Q) and there
exists a constant ¢y > 0 such that

[ Mwollz,(q) < collvollmr < 2¢ol|Tolla, < 2coc1,

where the constant ¢y depends of the norms of the coefficients of the equation in
the corresponding classes. By construction,

(80) G =7XT&+71XF,

where f = (—00W|y, —0, ¥, U, ..., U | —6,,0|, —;). Taking the estimates of

m—1
the form (77) into account, we can rewrite the estimate (73) in the form

8D [ XTdlla,,,, <eallen(ta’,0) +

< lirzoao gy, )

m—1

/ /
|l (¢, ,l)||W;0,zso(Qg+71) + E 1 (|ws (t, ’li)”WSO’%O(Q‘;Ml)JF
1=

m
loia (£, 27, li)||w;m250(@g+ﬂ))) 2 Z l[wi (£, 2) | L5 (0,6-4415W (G4))
i=1

where the constants ci,co are independent of ¢ and ~; > 0 is some constant.
Estimate the norm

||Wi(t, ,7;/’ lz) ||€V§O’2SO (Qi’,ﬂl) =

. /1P . I 71\ ||P
H(.Uz(ta X, lz) HLP(O,(;H-’H;WSSO (Q)) + ||Wz(t, Z , l7’)||LP(Q;W;0 (0,¢+’y1))'
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For convenience, we put v(t) = w; (¢, 2’,1;) omitting unessential arguments. We infer

o+

_ @) =@
J = / tsOpdt+/ / |t—7|1+501’ dtdr =
¢
o+ 71| ( |
v v(t
/ O / / U
o+m |v ‘p
/ [ e / / BO s g

Since v = 0 for t < ¢, the second integral can be estimated as follows:

o+ ¢|1) o+
[ M gy [

¢+’Yl 1 1,1 1 [t y(n)p
/ lu(7)[P( - )—dr < — @l T
® (1 —@)sor 7507 50p Sop Jg |7 — @|*oP
+ P + p . .
Similarly, fo P+ % dtdr < o~ j’ m \t‘ﬁ((;?-lop dt. In this case the estimate
for the quantlty J is written as

) o+ o+ potm |v ( )‘
J< (14— ——dt dtdr <
- ( + SOP) /47 |t _ (blsop + / / t _ 7—|1-i-sop

p/2 P
R G L (R

In view of Lemma 2 (to apply this lemma, we should make the change of variables
E=t—¢,n=1—¢), we obtain the estimate

— oy I 1/2
8 [ Td0= ot LI ooy < ol giman ™
where Cy is independent of ¢,y;. We conclude that

(83) st 2" L)l 1 0,490 sw2%0 (2)) =

Hwi(tvx/vl )HL o(6,0+71; Wl UP(Q)) = ClHwi(tax)HLp(¢>,¢+'~/1;W;(G17)) <

1/2
cawi(t, x)HLp<¢,¢+m;Wg(Gi>>H“’i(t’x)”Lp<¢,¢+m;Lp<Gi>> =
1/2
esllws(t D)l .91 mpxan
Here we employ the trace theorem ([29, Theorem 4.7, p.412] (as before in the
derivation of (75)), the corresponding estimate Hw¢||W1 1/;,(9) < Cl”CUiHWPI(Gi), the

interpolation inequality ||w;[lw1(gi) < C’||wz||L (G ||w1||W2(Gl), and the inequality

||leLp(¢,¢+'y1;Lp(G i)) S 'yleltHLp(qﬁ,gﬁ—O—’yl;Lp(G i)) (wl(¢, ) = O) which is a consequence
of the Newton-Leibnitz formula. All constants are independent of ¢. The estimates
(82) and (83) yield

1/2
lwi(t, 2’ 1) o0y, y < esllwi(t. ) lwp2 o pamxanmn’
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Similarly, we obtain that
1/2
[Jews (2, a’, li—1)|‘W;0’250(Q2’+n) < cgllwi(t, x)||W£’2((¢7¢+71)><Gi)71/
As in the proof of (83), we arrive at the estimate
m
1/2
D lwilts @)l o.psmiwi @iy < erllwilt, x)HW;*"’((¢,¢+71)><Gi)'Yl/
i=1

The last three inequalities and (81) imply that

_ N 1/2
IXT& a,,, < csll@ll,,,m

where the constant cg is independent of 71, ¢. The equality (80) implies that

. - - 1/2 oy
ol oty < WX Ty, +IX Flarr < sl m" + 1 X Flar-

Take 75 such that 08721/ 221 /2, then for 1 < 75 the previous inequality implies

the estimate

(84) ||w||H¢+’yl < 2||Xf||HT = Co.

The constant cg depends on the norms of the data and «;. Take ¢ = ~y. The
estimate (84) ensures the corresponding estimate for v on the segment [0,y + 71].
Repeating the arguments we can write out the estimate for v on [0, + 2v1],
[0, 70 + 371], etc. After the finitely many steps we obtain our estimate on the whole
segment [0, 7] and thereby we have

m—1

9) ol < L3I lzpoap + 19 hgoogn) + it

m
||¢||W5072k0(30) + H‘P()”szl’%l(QO) + ”501”1/[/;’)“23‘“2 (Q9) + Zl ”uO”WE_wp(Gi)}
1=
where a constant c is independent of 7 € [0,1]. Next, the method of continuation
in a parameter (see Theorem 3.13 of Ch. 3 in [36]) ensures the solvability of the
equation (71) for all 7 € [0, 1]. A solution satisfies the estimate (85) which provides
uniqueness of solutions. ([

4, POSSIBLE GENERALIZATIONS AND REFINEMENTS OF THE RESULTS.

The first result is a refinement of Theorem 3 in the case of n = 1. This result
is just a consequence of Theorem 3, but the statements of the solvability and
agreement conditions can be simplified.

In our case G = (0,1), G* = (l;_1,l;), Lu = a(t,z)uzs — a1(t, 2)uy — ao(t, v)u.
The equation is rewritten as

(86) Mu =u; — Lu = f.
The initial and boundary conditions are as follows:
(87) R0u|z:0 = QDQ(t), R1u|m:l = (pl(t), u(O,x) = U()(Z) (.I € G),

where R;ju = u or R;u = u, + o;(t)u. The transmission conditions can be written
in the form

(88) Rfu = (uz = o} (t)u) o=t +0 — 0F (D)ulz,—1,-0 = g (¢),
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(89) R u=(uy — B (t)u)|o=ti—0 — B ()tt|o=t,+0 = g; (), i =1,2,....m — L.

Proceed with the conditions on the coefficients. In the conditions below gg > 0 is a
parameter which can be arbitrarily small. We assume that

(90) ai € Ly(Q), ap € L(Q), a € C(Q") (i=1,...,m)

where ¢ > 3 for p < 3 and ¢ = p for p > 3, r > 3/2 for p < 3/2 and r = p for
p > 3/2, and the function a|p: admits an extension to a continuous strictly positive

functions of the class C(Q?) (i = 1,...,m). Next, we assume that

(91) aF(t), pF(t) e ot ([0,T)) (k=1,2; i=1,2...,m —1),
00,01 € CF0([0,T)).

(92) ug(z) € N2 W22/P(GY), 00 € WiH(0,T), @1 € W)(0,T),

where k1 = 1 —1/2p if Rou = u and k; = 1/2 — 1/2p otherwise and, similarly,
ka=1-1/2pif Ryu=wu and ky = 1/2 — 1/2p otherwise. Moreover,

(93) gF e W (0,T), i=1,2,...,m—1.
The agreement conditions at ¢ = 0 are of the form
(94) Rouo(0) = ¢0(0), Riuo(l) = #1(0),

where every of the conditions holds for p > 3/2 whenever the corresponding
operator Ry or Ry defines the Dirichlet condition and p > 3 otherwise;
for p > 3 we assume that

(95) 97 (0) = (uoa,, — i (0)u0)lo=1,+0 — 7 (0)uo|o—1,~0,

(96) 9; (0) = (uos, — B (0)uo0)|u=t,~0 — 57 (0)uo|u=t,+o-
Theorem 3 can be stated in the following form.

Theorem 4. Assume that p # 3/2,p # 3, and the conditions (90)-(96) hold. Then
there exists a unique solution to the problem (86)-(89) such that u € N~ W2(Q").

Next, we present some corollaries from the main results which can be of interest
in their own right. The first generalization refers to the form of the boundary
conditions on Sy of the form Ru|s, = (¢, ), where Ru = u or

n—1
Ru = Z iUz, Vi + OU.
ij=1
Generally speaking, the results are the same if we replace the boundary conditions
of this type by the conditions
n—1
(97) Pouls, = ¢°(t,2), (I — Py)( Z i, Vi + ou) = @' (t, 1),
i,j=1
where Py is a orthoprojection in C" and I is the identity, i. e. for different components
of the vector u we can impose different conditions on Sy. In this case the conditions
on the coefficients are of the same form but the form of the agreement condition
differs. We consider the simplest case when

(98)  [Py,0s] =Pyo; — Py =0 (i =0,1), [PRy,al]=0, [P,BF]=0.
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Introduce the notations
T (@0, 67) = Sor(eq, (82,1 +7)—
at(t, 2! 1 + 7') —af(t, 2’ l; — 1) — Pog (t, 2 + mn(z"))),
I (¢, 97) = Sor(eq, (t.a' 1l — )~
Bie(t, 2 li = 7) = Bie°(t,2',li + 7) = Pog; (t,2" + 7n(a")),
Tm(@' 1) = Sor(@' (82,1 = 7) = (I = Po)R(t, ', D)o (t, 2 + Tn(a"))),
I5 (%, 90) = So.r(— wgn (t, 2, 7) + o0’ (t, ', 7) — Powo(t,z’ + mn(2))),
Jo (¢ 00) = Sor(@' (t, 2, 7) — (I = Po)R(t, &', 0)po(t, 2" + n(a')),
I(% 1) = Sor(ey, (82, 7) + 019’ (L, 2", 7) = Pown (t, 2" + mn(a')).

Below, we assume that

C)if Ru = u (i = 0,1) then Pyp;(t,2")|oq = (t ' ;) (ro = 0, rl = l); if
p > 2and Riu =u (i = 0,1) then (I — Py)R(t,x )gol(t |aq = ot 2, r;);
if p>2 Ru#u(i=0,1) then Rigoo(t,:v’,n) ogoz(t 2")]oq; if p > 2 then
Rf¢" = Pygf and R; ¢° = Pog; (i = 1,2...,m — 1); for p = 2, if Rou = u or
Riu = u then Ji (', p0) < oo or J (@', 1) < oo, respectively; JE(¢°, gF) <
0 (i = 1,2,...,m — 1) and if Ryu # u or Ryu # u then I (¢° ¢p) < oo or
respectively, I (¢, 1) < oo. For p = 2 the conditions must be fulfilled for some
o€ (O,mini(li — li—l))7 6 < dp.

The agreement conditions at t = 0 are of the form:

(99) (I — Py)R(0,x)uplon = gal(O,x), Pyuploa = @O(O,x),
RO(Oa x’)uo(a:’, 0) = 900(07 1‘/), Ry (07 x')uo (xl7 l) = (:01(07 Z‘/),

where an equality is fulfilled for p > 3/2 if the corresponding operator R, Ry, or Ry
defines the Dirichlet condition and for p > 3 otherwise; for p > 3, we assume that

(100) 97 (0,2") = (uoa, — 0} (0,2")u0) |z, =1, 40 — @5 (0, 2" )ugle, —1,—0,

(101)  g; (0,2") = (uow, — B (0,2")uo0)|z,=t;~0 — 57 (0, 2" Yuo |z, =t,+0-
Also suppose that
(102) aijlgi € CooTE0Z0t 0 (QN (j=1,...,m, so=1/2—1/2p)

and a;j|gi admit extensions to continuous functions of class C®oteo.250+220 (1)

(t,7=1,...,n).
The main result is of the form.

Theorem 5. Assume that p # 3/2,p # 3, and the conditions (44), (45)-(50), (98)-
(102), (15), C) hold. Then there exists a unique solution to the problem (39),(41)-
(43), (97) such that u € N2, W,2(Q").

The proof follows the same scheme. Note that the Lopatinskii condition on Sy
is fulfilled for the mixed boundary condition (97) (see Proposition 6.2.13 of Ch. 6
in [13]).

Remark 1. The boundary of 2 can consist of several connectedness components.
In this case different boundary conditions can be posed on different connectedness
components of Sy, for example, the Dirichlet conditions on one component and the
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Neumann conditions on the another component. Theorem 3 remains valid. But the
agreement conditions differ for different connectedness components.

Remark 2. The question arises whether it is possible to tale the general operator
Lu = szzl Qijlg,z; — D 1y Qiliy, —aou in Theorem 3 as L such that the condition
(15) hold, for example. The results are valid (the statement of the problem is the
same) if the norms of the coefficients {a;,}7]' in the space C(Q) are sufficiently
small. Also we can prove Theorem 3 under the condition a;, (¢, 2, ;) = an,;(t,2',1;) =
Oforz’ € 9Q,j=1,2,...,n—1andi=0,1,2..., m. The proof is realized in accord
with the scheme close to that in Theorem 1.
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