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BLASCHKE PRODUCT IN PRIVALOV CLASSES

F.A. SHAMOYAN, V.A. BEDNAZH, V.A. KUSTOVA

ABsTRACT. In terms of zeros, an exact characterization is given of those
Blaschke products for which the nth-order derivative belongs to the class
of L.I. Privalov in a single circle.
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1. INTRODUCTION

Let C be a complex plane and consider a unit disk D = {z € C: |z| < 1} on C,
by H(D) denote the set of all functions. that are analytic in D.
Given 0 < g < 400, define a Privalov class as follows:
II,={fe HD): sup / (In* |f(rew)\)pd<p < 400}

o<r<1
—T

The case of ¢ > 1 for II, was studied by I.I. Privalov in his monograph [1].

It is clear that the class II; is in fact the class N of functions of bounded type
on the unit disk, i.e. the Nevalinna class for D (see [2]).

In complex analysis, a well-known Bloch-Nevalinna conjecture, which was propo-
sed by R. Nevalinna in 1929 in [2], states that the class N is invariant with respect
to a differential operator. The first example, that confirmed that said conjecture was
wrong was presented by Frostman, who constructed the Blaschke product B(z, zx),
such that its derivative does not belong to IV, while the closure of its zero-set
coincides with the boundary of a circle.

Therefore, a natural question arose: given a Blaschke product B(z, zx), does its
n — th order derivative belong to N7 Interestingly, by considering the problem in
terms of limit points of a zero-set on the unit circle T, it is possible to obtain a
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sufficiently complete characterisation of those products, whose derivative belongs
not only to N but also to II, for all 0 < ¢ < 400,
The following statement holds.

Theorem 1. Let {21 }$° be a sequence of points, inside the unit disk D, that satisfies
the Blaschke condition, i.e.
o0

D (1= |zk]) < +oo, (1)

1

and let E be the set of limit points of the sequence {z;}$° on the unit circle. By
{etreiPr 192, denote o sequence of supplementary arcs of a set E on T. Then, if

o0
By — ayp)In? ——— < 400,
;( ) Br — o
where z, = e, n =1,2,... and the amount of points in every interval (o, Bi),

k=1,2,..., is uniformly bounded, then for any n € N the n-th ordered derivative
of the Blaschke product belongs to the Privalov class 11,.

Conwversely, there ezits a sequence {z}° C D, satisfying the Blaschke condition,
such that if

o0

Z(ﬁk — Oék) In? ; = +00,

— B — o

then B™(z,2;) ¢ T,, n € N, 0 < ¢ < +00.

2. PROOF OF SUPPORTING STATEMENTS

Prior to the proof of the theorem, we will prove some supporting statements. By
p(F, E) denote the distance between sets F' and E.

Lemma 1. Let Z = {r,e?"} be a sequence of points inside the unit disk D, that
satisfies the conditions of Theorem 1, and let E be the set of limit points on the
unit circle T'. Then the following statements are equivalent:

s

2w
q
1)/ln om0 < o (2)
2) /mq 2T 49 < +oc. (3)
p(e??, Z)

—T

Proof. Note that p(e'?,Z) < p(e?’, E), and since E is a set of limit points on the
unit circle, statement 1) immediately follows from 2).

We will now show that 2) follows from 1). For this note that ﬁ > 1 for all
z € D, moreover, it follows from 1) that the linear measure of E equals zero, also

lirlnop(rew, E) = p(e", E) (see [4]) everywhere on (—, ).
r—1—
We will show that, if condition (1) holds, then

T 2T
I = In? ————db .
/ n p(e“ﬂZ) < 400
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Let z, = rpe'» , n=1,2,.... It is clear that
o Bk
-y / It e
k=1

Moreover,

L 2 ‘ ) 9 — 9
0 0 : 2 -2 n
ole Z ]nf 8 —r. e’n — ]nf r 4 sin .

( ’ ) 7L>] | n ‘ ”2 <( ”) Tn 2 >

It can be seen that
120 — €2 = (1 = rp)% 4+ (6 — 6,)%) > ¢l — 6,2 4)
Therefore,

i0 :
> — 0.
p(e”,Z) > Cégﬁ |6, — 6

From this we derive that

Bk 5 Bk 5
™ Y
In————df < Inf? do. 5
/ " p(eva) /igli . |9_9n| ( )
ayg ag

Now we fix k and get the boundary on
B

2T
I, = [ supin? do.
F /n)li |9_9n|

(673

Let 5 = O"”T% be the center of an interval (g, Bk),
Ak = {9 : |(9 — ’yk| < (ﬁk — Ozk)}.
If 0,, ¢ Ay, then, given 0 € [ag, Bi] |6, — 0] > B’G%‘““, we have

inf 0 —0,|> M'
engAk 2
Therefore,
Bk 5 4
T T

su In? ———df < (B — o) In? .
/@1,0 ¢n, 10— 04| (B = ) Br — ag
ag

Now we will obtain bounds on the same integral, when #,, € Aj. Then the
following cases are possible: 0,, ¢ [y, O] and 0, € [ax, Bk].
Given the conditions of this Lemma,

Bk

2T
1, :/ sup In? do =
S I VR ]
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for some ng (it is assumed that 6,,, is positioned to the left of the interval (ay, Ok ).)
Therefore,

B 5
T
I= [ In9————d(6-90,,).
k / n |9n0 _ 0| ( O)
ag
Using integration by parts, we obtain
on | F P P
T T T
Ik:((g—en )hlqi +/<9—9n )qln‘kl db =
’ (ofano) ag ’ (979710) (afano)
ag
2 2 F 2
Y3 Y8 s
= -0, ) In? —uo — —0p, ) In? ——— IS ——— )
(B = ) 52 (o= ) ! T g [t 2
(677

From this we get

B
27 2mq 27
In? 1— do < — In? .
[ 9—0n< mﬁ;ﬂ) W e g

7
Since B — ai — 0 as k — 400, one can use the last obtained bound to show that
2T
. 6
Br — ag (6)
The case 0, € [a, Bx] is checked in a similar way.
Finally, from (5) and (6) we derive

I, < e(Br — ag) In?

™ s

27 21 > 27
In? ———df < c/lnq ———df<c — ay) In? ,
e~ (e gy S e B g
where c is some positive constant.
The lemma is proved. O

One may be familiar with the statement of the following lemma, but we will give
it for the sake of completeness.
Lemma 2. Let Z = {z}3° be the sequence of points inside the unit disk D, that
satisfies the Blaschke condition. Also let B(z,z;) = [[ 2% 2% be the Blaschke
k

1—Zkz |2k
L EY

product with Z as its zero-set. Then there exists a pofsitive number C, depending
only on n, such that
C(n)
B™ < ———r €D.
Brenls ey
Proof. We will prove this lemma by induction.
First consider n = 1.
We have that
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Let by(2) = £45% 5, By, = B/by. Therefore,

—Ziz |z’
B(l i 1- |Zk|2
Pt (z — 2)(1 — zx2)
Since B(z, zx) = Br(2, 2m) 17—, we can use the last equality to derive that
o Br(z2) (2 — |2nl?)
BW = ’ 7
(Z;Zk) ; (1 —ZkZ)Q ) ( )

ie. |IBM(z,2)| < Z (ﬁ_l;’“ZITQ) But since |1 — Ziz| > |2k — 2|, 2, 2 € D, we can use

the last bound to show that

A > (1 Jal)
B 1< S zp
Now, by considering (7) we get that
.- 1
B(m)(z’zk) = Z(l — 21)*)(Br(z, z1) x m (m—1)

k=1
By using the Leibniz formula we obtain the following;:
m—1

S ) S x By A m o)
(2 2x) LTI 2y e 1—z2)m—1—3s)

= (I+m—s)!
= 1 - |Zk| 1B(g) Z}T 1=s X 71 = Nlem—s"

Z Z _ +m—

k=1 s=0 (1 = Zz)tm=s

Therefore,
oo [/m—1 s)
m |B Zk
|B™) (2, z)| E ( g Iz — 2| x (1= |ax]) <
k=1

m—1

1
Z Z Z Z Z)m+1 s’

s=0

From this, one can immediately derive the bound

C(m)

Bm™) < ——7
| (Z7Zk)| p(Z,Z)2m,

zeD, meN.

The lemma, is proved. (I

Note. By using the proof of Lemma 2, one can also obtain the following bound:

C(n)

Sz "€ ().

\B(”)(rei‘/’7zk)\ <
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3. PROOF OF THE MAIN RESULT

Proof of theorem. The first part of the theorem follows directly from Lemma 1,
Lemma 2 and (8).
We will now prove the second part, i.e. if

= 2T
Z(ﬂk — ay) In? B —or +00,

—a
k=1 k

then there exists a sequence {z;}3° C D, such that
—+oo

Z(l — |zx]) < +o0,

k=1

at the same time B(™ (2, z;,) ¢ I, for all 0 < ¢ < +oo.
We will first prove this statement for n = 1. From (7), we can derive that

- 4 (1~ )
(1) ¢,i6 _ —if k
B (ez azk)_ l ' Z 619_2k|2'
Hence
S ik
B(l —
| | Z |619 _ Zk|2

almost everywhere on the segment [—, 7r].

Now we construct the sequence {25}5°. Set z, = (1 —&,)e'®, 7, = (1 —¢g,)en,
€n = Bn—an,n=1,2 ... Ttis clear that 1—|Z,| = 1—|z,| = &5, hence the sequences
{zn}3° and {Z, }5° satisfy the Blaschke condition. Let wag_1 = 2, war = Zk. It can
be seen that the sequence {wy,}} > also satisfies the Blaschke condition.

Let B(z,wy) = [[{° 1222 2= > € D. Then, by considering (7), we obtain that

1 T—wgz [wg]’

“+oo

‘ 1 — |wg|?
(1) ,0 —i6 k
BYW (e wy) = B(e" wy,) E |e’9 m—rl
for almost all § € [—m, 7]. Therefore,
|1BW (e )= +§m el LT
Jwi)| =
F |e’9 — wg)?

Considering the definition of the sequence {wk}1 , we can use this equality to derive
that

1= |a*
B(l)
‘ Z |620 _ Zk|2
0 c [—71',7r]
Therefore,
T g +o00 9 q
; 1—|z[*)
1 + B(l) 0 q 2/ + (
/(n BO(? wy)|) " do In ;w-zm o, (9)

Now note that z; = (1 — Ek)eio‘k,

970(]C

6 —
le?® — 2|? = (1 — %)% + 47y, sin? % = e +4(1 — &) sin? 3
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By the arguments similar to those used in the proof of Lemma 1, we get that
le? — 22 = §(e2 + (0 — u,)?) for some positive § > 0.
Now, turning back to the inequality (9), we obtain

T ™ 400 q
Int [BO (¢ qd9>/ Int & )} ag+e (10
[ (w B, w))) \X gmagrra) ) #re W

We will now present the lower bound on the last integral. Set

T too q
€k
I = Int —_— db =
/ . ;(e—ak)Q—i—az

-7

q

~ Bn too
= In" K df 11).
z/ n ;(9_%)2% (11)

"Zlan
Let
ﬂ"l +OO q
€k
y kz::l (G—Ozk)z-l-ff%
Set v, = w,n =1,2,... Then
Tn q a
€ € €
n /(n (Q_Oén)2+€$7,> n Zi_’_g% 4,

therefore,

4 q
In>sn<ln> , n=12 ...
5en

Now, considering (11) and the final bound, we get that
. q
/ (1n+ |B(1)(6’0,wk)|) + ¢ = +o0.
The theorem is proved.
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