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BLASCHKE PRODUCT IN PRIVALOV CLASSES

F.A. SHAMOYAN, V.A. BEDNAZH, V.A. KUSTOVA

Abstract. In terms of zeros, an exact characterization is given of those
Blaschke products for which the nth-order derivative belongs to the class
of I.I. Privalov in a single circle.
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1. Introduction

Let C be a complex plane and consider a unit disk D = {z ∈ C : |z| < 1} on C,
by H(D) denote the set of all functions. that are analytic in D.

Given 0 < q < +∞, de�ne a Privalov class as follows:

Πq = {f ∈ H(D) : sup
06r<1

π∫
−π

(
ln+ |f(reiϕ)|

)p
dϕ < +∞}.

The case of q > 1 for Πq was studied by I.I. Privalov in his monograph [1].
It is clear that the class Π1 is in fact the class N of functions of bounded type

on the unit disk, i.e. the Nevalinna class for D (see [2]).
In complex analysis, a well-known Bloch-Nevalinna conjecture, which was propo-

sed by R. Nevalinna in 1929 in [2], states that the class N is invariant with respect
to a di�erential operator. The �rst example, that con�rmed that said conjecture was
wrong was presented by Frostman, who constructed the Blaschke product B(z, zk),
such that its derivative does not belong to N , while the closure of its zero-set
coincides with the boundary of a circle.

Therefore, a natural question arose: given a Blaschke product B(z, zk), does its
n − th order derivative belong to N? Interestingly, by considering the problem in
terms of limit points of a zero-set on the unit circle T , it is possible to obtain a
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su�ciently complete characterisation of those products, whose derivative belongs
not only to N but also to Πq for all 0 < q < +∞,

The following statement holds.

Theorem 1. Let {zk}∞1 be a sequence of points, inside the unit disk D, that satis�es
the Blaschke condition, i.e.

∞∑
1

(1− |zk|) < +∞, (1)

and let E be the set of limit points of the sequence {zk}∞1 on the unit circle. By
{eiαkeiβk}∞k=1 denote a sequence of supplementary arcs of a set E on T . Then, if

∞∑
k=1

(βk − αk) lnq
1

βk − αk
< +∞,

where zn = rne
iθn , n = 1, 2, . . . and the amount of points in every interval (αk, βk),

k = 1, 2, . . ., is uniformly bounded, then for any n ∈ N the n-th ordered derivative
of the Blaschke product belongs to the Privalov class Πq.

Conversely, there exits a sequence {zk}∞1 ⊂ D, satisfying the Blaschke condition,
such that if

∞∑
k=1

(βk − αk) lnq
1

βk − αk
= +∞,

then B(n)(z, zk) /∈ Πq, n ∈ N , 0 < q < +∞.

2. Proof of supporting statements

Prior to the proof of the theorem, we will prove some supporting statements. By
ρ(F,E) denote the distance between sets F and E.

Lemma 1. Let Z = {rneiθn} be a sequence of points inside the unit disk D, that
satis�es the conditions of Theorem 1, and let E be the set of limit points on the
unit circle T . Then the following statements are equivalent:

1)

π∫
−π

lnq
2π

ρ(eiθ, E)
dθ < +∞, (2)

2)

π∫
−π

lnq
2π

ρ(eiθ, Z)
dθ < +∞. (3)

Proof. Note that ρ(eiθ, Z) 6 ρ(eiθ, E), and since E is a set of limit points on the
unit circle, statement 1) immediately follows from 2).

We will now show that 2) follows from 1). For this note that 2π
ρ(z,E) > 1 for all

z ∈ D, moreover, it follows from 1) that the linear measure of E equals zero, also
lim

r→1−0
ρ(reiθ, E) = ρ(eiθ, E) (see [4]) everywhere on (−π, π).

We will show that, if condition (1) holds, then

I =

π∫
−π

lnq
2π

ρ(eiθ, Z)
dθ < +∞.
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Let zn = rne
iθn , n = 1, 2, . . .. It is clear that

I =

∞∑
k=1

βk∫
αk

lnq
2π

ρ(ei,θ, Z)
dθ.

Moreover,

ρ(eiθ, Z)2 = inf
n>1
|eiθ − rneiθn |2 = inf

n>1

(
(1− rn)2 + 4rn sin2 θ − θn

2

)
.

It can be seen that

|zn − eiθ|2 > c((1− rn)2 + (θ − θn)2) > c|θ − θn|2. (4)

Therefore,

ρ(eiθ, Z) > c inf
n>1
|θn − θ|.

From this we derive that

βk∫
αk

lnq
2π

ρ(eiθ, Z)
dθ 6

βk∫
αk

sup
n>1

lnq
2π

|θ − θn|
dθ. (5)

Now we �x k and get the boundary on

Ik =

βk∫
αk

sup
n>1

lnq
2π

|θ − θn|
dθ.

Let γk = αk+βk

2 be the center of an interval (αk, βk),

∆k = {θ : |θ − γk| < (βk − αk)}.

If θn /∈ ∆k, then, given θ ∈ [αk, βk] |θn − θ| > βk−αk

2 , we have

inf
θn /∈∆k

|θ − θn| >
(βk − αk)

2
.

Therefore,
βk∫
αk

sup
n>1,θn /∈∆k

lnq
2π

|θ − θn|
dθ 6 (βk − αk) lnq

4π

βk − αk
.

Now we will obtain bounds on the same integral, when θn ∈ ∆k. Then the
following cases are possible: θn /∈ [αk, βk] and θn ∈ [αk, βk].

Given the conditions of this Lemma,

Ik =

βk∫
αk

sup
θn∈∆k

lnq
2π

|θn − θ|
dθ =

=

βk∫
αk

lnq
2π

|θn0
− θ|

dθ
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for some n0 (it is assumed that θn0 is positioned to the left of the interval (αk, βk).)
Therefore,

Ik =

βk∫
αk

lnq
2π

|θn0
− θ|

d(θ − θn0).

Using integration by parts, we obtain

Ik = (θ − θn0
) lnq

2π

(θ − θn0
)

∣∣∣∣βk

αk

+

βk∫
αk

(θ − θn0
)q lnq−1 2π

(θ − θn0
)

2π

(θ − θn0
)
dθ =

= (βk − θn0) lnq
2π

βk − θn0

− (αk − θn0) lnq
2π

αk − θn0

+ q

βk∫
αk

lnq−1 2π

θ − θn0

dθ.

From this we get

βk∫
αk

lnq
2π

θ − θn

(
1− 2πq

ln 2π
θ−θn

)
dθ 6 c(βk − αk) lnq

2π

βk − αk
.

Since βk − αk → 0 as k → +∞, one can use the last obtained bound to show that

Ik 6 c(βk − αk) lnq
2π

βk − αk
. (6)

The case θn0
∈ [αk, βk] is checked in a similar way.

Finally, from (5) and (6) we derive

π∫
−π

lnq
2π

ρ(eiθ, Z)
dθ 6 c

π∫
−π

lnq
2π

ρ(eiθ, E)
dθ 6 c

∞∑
k=1

(βk − αk) lnq
2π

βk − αk
,

where c is some positive constant.
The lemma is proved. �

One may be familiar with the statement of the following lemma, but we will give
it for the sake of completeness.

Lemma 2. Let Z = {zk}∞1 be the sequence of points inside the unit disk D, that

satis�es the Blaschke condition. Also let B(z, zk) =
∞∏
k=1

zk−z
1−z̄kz

z̄k
|zk| be the Blaschke

product with Z as its zero-set. Then there exists a positive number C, depending
only on n, such that

|B(n)(z, zk)| 6 C(n)

ρ2n(z, Z)
, z ∈ D.

Proof. We will prove this lemma by induction.
First consider n = 1.
We have that

B(1)(z, zk)

B(z, zk)
=

∞∑
k=1

1− |zk|2

(z − zk)(1− z̄kz)
, z ∈ D.



172 F.A. SHAMOYAN, V.A. BEDNAZH, V.A. KUSTOVA

Let bk(z) = zk−z
1−z̄kz

z̄k
|zk| , Bk = B/bk. Therefore,

B(1)(z) = B(z) ·
∞∑
k=1

1− |zk|2

(z − zk)(1− z̄kz)
.

Since B(z, zk) = Bk(z, zm) z−zk1−z̄kz , we can use the last equality to derive that

B(1)(z, zk) =

∞∑
k=1

Bk(z, zk)(z − |zk|2)

(1− z̄kz)2
, (7)

i.e. |B(1)(z, zk)| 6
∞∑
k=1

(1−|zk|2)
|1−z̄kz|2 . But since |1− z̄kz| > |zk− z|, z, zk ∈ D, we can use

the last bound to show that

|B(1)(eiθ, zk)| 6

∞∑
k=1

(1− |zk|)

ρ(eiθ, Z)2
.

Now, by considering (7) we get that

B(m)(z, zk) =

∞∑
k=1

(1− |zk|2)(Bk(z, zk)× 1

(1− z̄kz)2
)(m−1).

By using the Leibniz formula we obtain the following:

B(m)(z, zk) =

∞∑
k=1

(1 + |zk|)
m−1∑
s=0

Csm−1 ×B
(s)
k (z) ·

z̄m−1−s
k (1 +m− s)!

(1− z̄kz)(m− 1− s)
=

=

∞∑
k=1

(1− |zk|)
m−1∑
s=0

Csm−1B
(s)
k (z) · zm−1−s

k × (1 +m− s)!
(1− z̄kz)1+m−s .

Therefore,

|B(m)(z, zk)| 6 A(m)

∞∑
k=1

(
m−1∑
s=0

|B(s)
k (zk)|
|z − zk|m

)
× (1− |zk|) 6

6 A1(m)

m−1∑
s=0

1

ρ(z, Z)2s
· 1

ρ(z, Z)m+1−s .

From this, one can immediately derive the bound

|B(m)(z, zk)| 6 C(m)

ρ(z, Z)2m
, z ∈ D, m ∈ N.

The lemma is proved. �

Note. By using the proof of Lemma 2, one can also obtain the following bound:

|B(n)(reiϕ, zk)| 6 C(n)

ρ(eiϕ, Z)2n
, r ∈ [0, 1], (8).
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3. Proof of the main result

Proof of theorem. The �rst part of the theorem follows directly from Lemma 1,
Lemma 2 and (8).

We will now prove the second part, i.e. if

+∞∑
k=1

(βk − αk) lnq
2π

βk − αk
= +∞,

then there exists a sequence {zk}∞1 ⊂ D, such that

+∞∑
k=1

(1− |zk|) < +∞,

at the same time B(n)(z, zk) /∈ Πq for all 0 < q < +∞.
We will �rst prove this statement for n = 1. From (7), we can derive that

B(1)(eiθ, zk) = B(eiθ, zk)e−iθ
+∞∑
k=1

(1− |zk|2)

|eiθ − zk|2
.

Hence

|B(1)(eiθ, zk)| =
+∞∑
k=1

1− |zk|2

|eiθ − zk|2

almost everywhere on the segment [−π, π].
Now we construct the sequence {zk}∞1 . Set zn = (1− εn)eiαn , z̃n = (1− εn)eiβn ,

εn = βn−αn, n = 1, 2, . . .. It is clear that 1−|z̃n| = 1−|zn| = εn, hence the sequences
{zn}∞1 and {z̃n}∞1 satisfy the Blaschke condition. Let w2k−1 = zk, w2k = z̃k. It can
be seen that the sequence {wk}+∞k=1 also satis�es the Blaschke condition.

Let B(z, wk) =
∏∞

1
wk−z
1−w̄kz

w̄k

|wk| , z ∈ D. Then, by considering (7), we obtain that

B(1)(eiθ, wk) = e−iθB(eiθ, wk)

+∞∑
k=1

1− |wk|2

|eiθ − wk|2
,

for almost all θ ∈ [−π, π]. Therefore,

|B(1)(eiθ, wk)| =
+∞∑
k=1

1− |wk|2

|eiθ − wk|2
.

Considering the de�nition of the sequence {wk}∞1 , we can use this equality to derive
that

|B(1)(eiθ, wk)| >
+∞∑
k=1

1− |zk|2

|eiθ − zk|2

θ ∈ [−π, π]

Therefore,
π∫
−π

(
ln+ |B(1)(eiθ, wk)|

)q
dθ >

π∫
−π

(
ln+

(
+∞∑
k=1

(1− |zk|2)

|eiθ − zk|2

))q
dθ, (9)

Now note that zk = (1− εk)eiαk ,

|eiθ − zk|2 = (1− rk)2 + 4rk sin2 θ − αk
2

= ε2
k + 4(1− εk) sin2 θ − αk

2
.
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By the arguments similar to those used in the proof of Lemma 1, we get that
|eiθ − zk|2 > δ(ε2

k + (θ − αk)2) for some positive δ > 0.
Now, turning back to the inequality (9), we obtain

π∫
−π

(
ln+ |B(1)(eiθ, wk)|

)q
dθ >

π∫
−π

(
ln+

(
+∞∑
k=1

εk
(θ − αk)2 + ε2

k

))q
dθ + c. (10)

We will now present the lower bound on the last integral. Set

I =

π∫
−π

(
ln+

(
+∞∑
k=1

εk
(θ − αk)2 + ε2

k

))q
dθ =

=

∞∑
n=1

βn∫
αn

(
ln+

(
+∞∑
k=1

εk
(θ − αk)2 + ε2

k

))q
dθ (11).

Let

In =

βn∫
αn

(
ln+

(
+∞∑
k=1

εk
(θ − αk)2 + ε2

k

))q
dθ.

Set γn = βn+αn
2 , n = 1, 2, . . . Then

In >

γn∫
αn

(
ln+ εn

(θ − αn)2 + ε2
n

)q
dθ >

(
ln+ εn

ε2n
4 + ε2

n

)q
· εn

4
,

therefore,

In > εn

(
ln

4

5εn

)q
, n = 1, 2, . . .

Now, considering (11) and the �nal bound, we get that

π∫
−π

(
ln+ |B(1)(eiθ, wk)|

)q
+ c1 = +∞.

The theorem is proved.
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