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SOME REMARKS ON MOBIUS STRUCTURES

V.V. ASEEV

ABSTRACT. Some elementary relations between semimetrics in a Mébius
structure allow us to give a correct definition of subspaces of a Mobius
space and obtain the solutions in the problem of junction for Ptolemaic
Moébius spaces as well as the problem of extending the Mobius structure
from a subset to the whole set.
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1. MOBIUS STRUCTURES

Let us remind that a semimetric p(.,.) on a set X is a real non-negative function
on X x X such that p(z,y) = p(y,z) and p(x,y) = 0iff z = y.

The concept of Mdbius structure has been introduced by S.V. Buyalo (see [1])
as a usefull tool in the theory of hyperbolic spaces and has the following definition:

Definition 1. Let the set X contain at least four distinct points. Two semimetrics
p(z,y) and o(z,y) on X are Mobius equivalent to each other iff the equality

plx1, x2)p(w3, 14) _ 0(21,29)0 (73, 24) (11)

p(x1,x3)p(r2,xs)  o(21,23)0 (22, 74) '
holds for each four of distinct points x1,x2,x3,2z4 tn X. The family of all
semimetrics on X falls into the classes of equivalence under the relation of Mdébius
equivalency, and each of them is called Mébius structure on X.

If M is a Mdbius structure on X and p € M, we say that M is generated by p.
And the pair (X, M) will be called Mébus space.
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Proposition 1. Let semimetrics p and o on X be Mébius equivalent, and (a,b) be
a pair of distinct points in X. Then the constant
p(b,c)o(a,c)
k="—"F"7—-—=
pla, ) (b, c)
does not depend on the choise of point ¢ € X \ {a,b}, and the equality
p(x,b) _ ka(m,b) (13)
plz,a)  o(z,a)

(1.2)

holds for every x € X \ {a}.

Proof. Applying the condition of Mobius equivalence (1.1) to distinct points
{z1, 22, 23,24} = {x,b,a,c} we obtain the desired equality (1.3):
p(z,b) _ (p(:v,b)p(a,c)) p(b,c) _ (U(‘TJ))U(G’ C)) p(b;c) _ o(x,b) k
p(x,a)  \p(z,a)p(b,c) ) pla,c)  \o(z,a)o(b,c)/) pla,c)  o(x,a)
for € X \ {a,b,c}. For = ¢ the equality (1.3) follows from (1.2).
Thus (1.3) is valid for all z € X \ {a,b}, and so
_ plx,b)o(z,a)
B p(z,a)o(x,b)
does not depend on z € X \ {a,b}. Besides, (1.3) is true for x = b, for it turns to
0=0. O

The following theorem gives a slightly more convenient definition of M&bius
equivalence.

Theorem 1. Two semimetrics p and o on X are Mébius equivalent if and only if
there exists a positive real function f(x) on X such that

p(z,y) = f(x)f(y)o(z,y) (1.4)

for all x,y € X. Besides, the function f in (1.4) is unique and may be represented
by formula

_ p(z,a) ~o(a,b) L
f(x)ia(m,a) k p(a7b) f 7é )

1 p(a,b)
N 1.
fla) =3 - S (15)
with arbitrarily chosen pair (a,b) of distinct points, where
_ plebolea) (16)

ple,a)a(e,b)
does not depend on c € X \ {a,b}.

Proof. The sufficiency. The immediate calculation shows that (1.4) involves (1.1)
for any four (x1,z9, z3,x4) of distinct points in X, i.e. the M&bius equivalence of o
and p.

The necessity. Let a,b be distinct points in X. By Proposition 1 the number k
in (1.6) does not depend on ¢ € X \ {a, b}, so

k= p(b, m)o(a’ .1‘)

pla 2)a (b, ) .7
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for every x € X \ {a,b}. Then, taking into account (1.7) and M&bius equivalence of
p and o, we have for any distinct z,y € X \ {a, b} the desired equality (1.4) with
function f from (1.5):

v pwa) plya) | (plb)oan)) olab)
1) Woey) = i yﬂ)(@ﬁw&x)( )<m
ol ote.)) - o(r.9)\ ol o
(Geme) = ey = ot
In the case where y = b, x € X \ {a} the equah y (1.4) is also true

f(@)f(b)o(x,b) = )< o(a, b)) plb.a )(b)—p(x’a)-ha(x,b):

pla,
o(z,a) \" pla,b) ) o(b,a) o(z,a)
pla.a) plb2) olar)

o(z,a) p(a,z) o(b, m)"(l'vb) = p(z,0) .

Finally, if y = a and = # a we also obtain (1.4):

_ p(a:,a) k'o(a,b) p(a,b) olz.a) = olz.a
f@ﬁ@d%@—d%®¢pw@ ¢hd%w<,> plr,a)

In the case x =y (1.4) is trivially true.

The uniqueness. Now let us assume the existence of some other positive real
function g(x) for which the equality p(z,y) = g(z)g(y)o(x,y) is true for all x,y € X.
Then

pl,y) = f(2)f(Y)o(z,y) = g(x)g(y)o(z,y)
for all z,y € X. For any arbitrarily chosen pair (xo,yo) of distinct points in X we
have o(xo,yp) # 0 and
f@o) _ g(yo)

9(xo)  f(yo)
Then for all x # yo we have o(x,y0) # 0 and

f@) _ 9lwo) _

g(z)  flyo)

Simultaneously, for all x # zy we have o(z,x9) # 0 and

@) _ gle) _ 1
g(x)  flzo) A
It means that A = 1 and f(z) = g(z) for all x € X. Thus the uniqueness of f in
(1.4) is proved. O

Corollary 1. Let the subset X of the set X contain at least four distinct points,
and M be a Mdbius structure on X. Then the family of all restrictions po = p|Xo
of semimetrics p € M is the Mdbius structure on Xg.

Proof. Obviously, for any semimetrics p,oc € M their restrictions pg = p|Xo and
o9 = 0| X to Xy are Mobius equivalent to each other. Let A\ be arbitrarily chosen
semimetric in M and Ag = A|Xo. Let My be Mobius structure on X, generated
by Ag. We have to show that every semimetric ug € My is the restriction to X of
some semimetric p € M.

Since po is Mobius equivalent to Ay there exists (by Theorem 1) a real positive
function fo on Xy for which the equiality po(x,y) = fo(x)fo(y)Ao(x,y) is valid for
all z,y € Xo. Let f(z) be an arbitrarily constructed extension of f from X, to the
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set X. (For example, we may asume f(z) = 1 for z € X \ X.) Then the semimetric
w(x,y) = f(x)f(y)A\(z,y) belongs to M and pp = | Xo. Thus the M&bius structure
M, on X coinsides with the family of all restrictions p| Xy of semimetrics from
M. O

Corollary 1 provides the correctness of the following definition

Definition 2. Let the subset Xy of the set X have at least four distinct points
and M be a Mobius structure on X. Then there exists the unique Mébius structure
My on Xy consisting of all restrictions to Xy of semimetrics from M. This Mdbius
structure is said to be the restriction to Xo of the Mébius structure M, and we shall
use the notation My = M| Xy. In that case the Mobius space (Xo, My) is said to be
the subspace of the Mébius space (X, M).

2. NORMALIZATION OF SEMIMETRICS
We shall consider a special subfamily of semimetrics in a Mdbius structure.

Definition 3. Let (X,M) be a Mdbius space. Given a pair of distinct points (a,b)
in X, the semimetric p € M is called (a,b)—normalized iff

pu(z, a) + p(z,b) =1 (2.1)
for all x € X. In this case, it’s clear that u(a,b) = 1.

The (a,b)—normalization of any semimetric p € M is realized by formula

p(x,y)p(a,b)
z,a) + p(z,b))(p(y,a) + p(y,b))

Since po(z,y) = g(x)g(y)p(z,y) with g(z) = \/p(a,b)/(p(z,a) + p(z,b)), then by
Theorem 1 the semimetric pg is M6bus equivalent to p, i.e (2.2) defines the operator
of (a,b)—normalization p — py on M. For a (a,b)—normalized semimetric py we
have pg(a,b) = 1.

Recall that a semimetric p(z,y) on a set X is called to be Ptolemaic if the
Ptolemy’s Inequality

po(@,y) = T (2.2)

w1, o) p(zs, xa) < plar, x3) (@, xa) + p(xr, za) (2, 3)

is valid for all x1, 9, 23,24 € X. It is easy to check up that if any one of M&bius
equivalent semimetrics is Ptolemaic then each of them is Ptolemaic as well.

A Mobius structure M on X is called Ptolemaic if any one (and then every one)
of p € M is a Ptolemaic semimetric. In that case (X, M) is said to be Ptolemaic
Mobius space.

It was proved in [2] that any (a,b)—normalized Ptolemaic semimetric p on X
satisfies the Triangle Inequality, i.e. is a metric on X. Besides, u(z,y) < 1 for
all z,y € X. Indeed, from (2.1) we have u(a,b) = 1, and u(z,a) < 1, u(z,b)
1 for all z € X. Then Ptolemy’s Inequality gives: po(z,y) = po(z,y)po(a,b)
po(@,a)po(y,b) + po(x,b)po(y,a) < po(z,a) + po(z,b) = 1.

Now we can reformulate the Theorem 1 for the case of (a,b)—normalized
semimetrics.

<
<

Theorem 2. Let a pair of distinct points (a,b) be chosen in a Mdbius space (X, M).
Given (a,b)—normalized semimetrics py and oy in M, the equality

po(z,y) = fo(z)fo(y)oo(z,y) (2.3)
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holds for all x,y € X, where

- Vi
fol@) = oo(x,a) + k- oo(x,b) (2.4)
and the constant
~ po(b,c)oo(a,c) (2.5)

~ pola,c)on(b,c)
does not depend on the choise of a point c € X \ {a,b}.

Proof. By Theorem 1 there exists a unique real positive function fy(x) on X such
that (2.3) holds for all z,y € X, and the function f is

folz) = Ex a;f for x #£ a; fola) =+/1/k (2.6)
with a constant k defined by (2.5).
po(z,b) _, oo(z,b)
po(z,a)  oo(z,a)
is valid on X \ {a}. It means that for all z # a

By Proposition 1 the equality

UO(IJ)) lpr(xva’) 1
k - = = — 17
oo(z,a) po(z,a) po(z,a)
and therefore
1 71+k00(x,b) _oo(x,a) + k- og(x,b)
po(z,a) oo(z,a) oo(z,a) '
The substitution
oo(x,a
po(z,a) = olz,a)

oo(z,a) + k- oo(z,b)
into (2.6) gives the required formula (2.4) for all  # a. In the case where x = a we
obtain the true equality fo(a) = vk/k as well. O

Corollary 2. Given a pair of distinct points (a,b) in a Mébius space (X, M),
if (a,b)—normalized semimetrics py,o0 € M coinside to each other on a triple
{avba C}; ceX \ {aab}’ then Po(fay) = Uo(l',y) on X.

Proof. In that case k = 1 in formula (2.4), and because of the semimetrics pp and
oo being (a,b)—normalized, the function fo(x) in (2.4) is

1
folz) = ooz, a) + ooz, b)

ie. po(z,y) = oo(z,y) for all z,y € X. O

3. DISJUNCTED UNION OF MOBIUS SPACES

Let J be a set of indices, and {(X;, M;)},cs be a collection of M6bius spaces.
Considering the disjoint union X := U;c;X; we are to define a Mobius structure
M on X in order to call (X, M) the disjoint union of a given collection of M&bius
spaces. This problem has two following settings.

Problem 1. To find a Mobius space (X, M) such that M|X; = M, for every
jed.
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Problem 2. To find a M&bius space (X, M) such that for any collection {p;};cs
of semimetrics p; € M, there exists a semimetric p € M such that p|X; = p; for
every j € J.

Besides, in the case where all Mdbius structures M; (j € J) are Ptolemaic, the
MGobius space (X, M) must be Ptolemaic as well.

Proposition 2. The Problems 1 and 2 are equivalent to each other. That is, every
solution (X, M) for any one of these Problems will be the solution of another one.

Proof. Let (X, M) be a solution to Problem 2. For an arbitrarily chosen collection
of semimetrics {p; € M;} e there exists p € M such that p; = p|X; (j € J).
Since both Mobius structures M; and M|X; on X, are generated by semimetric
p; = p|X;, we have M; = M|X. Thus (X, M) is a solution to Problem 1.

Now let (X, M) be a solution to Problem 1 and {p;} be a given collection of
semimetrics p; € M; (j € J). For an arbitrarily chosen semimetric € M we have
oj = o|X; € M|X; = Mj (j € J). By Theorem 1 there exists a real positive
function f; on X; such that p,;(x,y) = f;(x)f;j(y)o(x,y) for all z,y € X; (j € J).
Consider the real positive function f which is defined on X by formula f(z) = f;(x)
as ¢ € X; (j € J). The semimetric p(x,y) := f(z)f(y)o(x,y) is Mbius equivalent
to semimetric 0 € M. Thus we obtain p € M such that p|X; = p; for all j € J. It
means that (X, M) is a solution to Problem 2.

(]

Proposition 3. In the class of Ptolemaic M(no)bis structures, there exists a solution
(not unique) to both Problems 1 and 2.

Proof. Choose in each X; (j € J) an arbitrary pair (a;,b;) of distinct points and a
(a;,b;)—normalized semimetric p; € M;. Let the semimetric p on X = U;e;X; be
defined by formula: p(z,y) = pj(z,y) as z,y € X;; p(z,y) =l asz € X;, y € X,
i # j. Since each of Mdbius spaces (X;,M;) is Ptolemaic, it suffices to verify the
Ptolemaic inequality

pla,b)p(c,d)
pla,c)p(b,d) + p(a,d)p(b,c) ~
in the case where the points z,z9, 23,24 are distinct and do not belong to the
same X;.
Case 1. Let one of points a,b,c,d is in X; while three other points are in Xj,
i # j. Since

ala,b;e,d) = (3.1)

ala,b;c,d) = alb,a;d, ¢) = ale, d;a,b) = a(d, ¢; b, a) (3.2)

we may assume that a € X; while b,c,d € X;. Since any normalised Ptolemaic
semimetric is metric, we obtain the desired inequality (3.1):

1'pj(cvd)
1pj(b,d)+1p](b,c) -
Case 2.1. Let a,b € X; while ¢ € X;,d € Xj where ¢ # j, i # k. Since any

normalized Ptolemaic semimetric is < 1, we have

pi(a7 b)p(& d)
1+1

ala,b;e,d) =

ala,b;e,d) = <1.
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Case 2.2. Let a,c € X; while b € X, d € X}, where ¢ # j, i # k. Then
1-1 <1
pi(a7c)p(b> d) +1-1
Case 2.3. Let a,d € X; while b € X, c € X}, where ¢ # j, i # k. Then
1-1
ala,b;c,d) = <1
@b d) = T dolb o)

Case 3. If points a, b, ¢, d are in distinct X;, X;, Xj, X, then a(a,b,c,d) =1/2 < 1.
Thus the semimetric p on X is Ptolemaic. Consider the Md&bius structure M on
X generated by p. Since the restriction M|X; is a M&bius structure on X, (by
Corollary 1) and p; € M|X; "M, we have the equality M; = M|X;. So (X, M) is
a desired solution to Problem 1. According to Proposition 2 it is also the solution
to Problem 2. O

ala,bye,d) =

4. THE EXTENSION OF PTOLEMAIC MOBIUS SPACE

Next consider the

Problem 3. Given a Ptolemaic Mobius space (X, M) and a point ¢ € X, to find
a Ptolemaic Mdbius structure M* on X* = X U {¢} such that M = M*|X.

An arbitrary pair (a,b) of distinct points in X being chosen, consider
(a,b)—normalized metric o9 € M and define it’s extension to X* by formula:
oo(z,y) = op(z,y) if 2,y € X and of(x,q) = 1 for all x € X. Since o}|X = oy
is Ptolemaic, we have to check up the Ptolemy’s inequality only for a tetrad
(z1,22,23,q). In that case we have

o5 (w1, 22)00 (23, q) _ oo(xy,72) <1
oy (z1,23)08(x2,q9) + 0§ (x1,q) 08 (w2, w3)  oo(@1,x3) + 00(w2y23) —
since op is a metric on X. So the semimetric o5 on X* is Ptolemaic. Then oj
generate a Ptolemaic Mdbius structure M* on X*, which gives a solution to
Problem 3.

Now we can obtain the extention p* to X* for any semimetric p € M. Since

. _J oplzyy) aszyeX
p(x,y)—{w(x) asre X,y=gq

we are to find a positive function ¢(x) on X which provides that p* € M*.
For = # a, b the equality

p(x,q)p*(a,b) _ oj(x,q)o5(a,b) 1
p*(z,a)p*(b,q) o

gives

The constant
_ p(e,b)oo(c, a)
p(c,a)oo(c,b)
does not depend on ¢ € X \ {a,b}. Then the equality

p*(a,q)p*(c,b)  og(a,q)og(c,b)  ao(c,b)

p*(a,c)p*(ba)  o5(a,c)og(b,q)  oo(c,a)
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e (@ )o(b0) _ )
_ pla,c)og(b,c) (b
w(a) - 90( )p(b,c)ao(a,c) - k .

Thus we obtain the desired extention of p from X to X™*:

C asx=2b
p*(x,q) = p(x)={ Clk asT=a
C. 2= a5 e X\ {a,b}

p(a,b)Uo(a:,a)
where C' > 0 may be arbitrarily chosen.

PS: The author is greatly thankful to Referee for his(her) important amendments
and remarks on the text of this article. In responce to these remarks the text of

the paper has been considerably improved.
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