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REMOVABLE SETS FOR SOBOLEV SPACES WITH

MUCKENHOUPT A1-WEIGHT

V.A. SHLYK

Abstract. Let Ω be an open set in Rn, n ≥ 2, and E be a relatively
closed subset of Ω. In this paper we obtain a criterion of equality L1

1,ω(Ω\
E) = L1

1,ω(Ω) in terms of E as an NC1,ω-set in Ω with A1-weight ω. In
addition, we establish exact characterizations of NC1,ω-sets in terms of
NED1,ω-sets and of the (1, ω)-girth condition. In the case ω ≡ 1, these
results complete the studies of Vodop'yanov and Gol'dstein on removable
sets for L1

p(Ω), p ∈ (1,+∞).

Keywords: Sobolev space, capacity and modulus of condenser, Mucken-
houpt weight, removable set.

1. Introduction

In [18] Vodop’yanov and Gol’dstein gave a criterion of removable singularities for
L1
p(Ω), W 1

p (Ω) in terms of NCp-sets, 1 < p <∞. An NCp-set can be considered as a
p-analog of an NED-set, earlier introduced by Väisälä [16] as result of generalizing
the concept of NED-set in R2 [1] to Rn, n ≥ 2. Also note the definitions of an
NCp-set in Ω or an NED-set in Rn are based on condensers whose plates are
the pair of arbitrary disjoint continuums located outside this set in Ω or in Rn,
respectively.

Latter [6] Dymchenko and Shlyk obtained similar assertions about removable
singularities for the space L1

p,ω(Ω) in terms of NCp,ω-sets in Ω, where ω is a Muck-
enhoupt Ap-weight, 1 < p <∞. Their definition of NCp,ω-set in Ω (as well as the
initial definition of NED-set by Ahlfors–Beurling [1] in R2) is based on condensers
formed by an arbitrary coordinate rectangles Π, Π̄ ⊂ Ω, and by any pair of its
opposite facets.
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REMOVABLE SETS FOR SOBOLEV SPACES 137

The main aim of this paper is to define NC1,ω-sets, NED1,ω-sets in Ω with
Muckenhoupt A1-weight, using proper coordinate rectangular condensers, and to
give criteria of equality L1

1,ω(Ω \ E) = L1
1,ω(Ω) in terms of E as an NC1,ω-set,

NED1,ω-set or with the (1, ω)-girth condition (see Theorem 3).
Here we note the difficulties in proving the main results of the paper, which are

not present at p > 1. Namely, the equality of (1, ω)-modulus and (1, ω)-capacity
of the condenser is not known in general, even for ω ≡ 1. Similarly, the equality
M1,ω(

⋃
j

Γj) = lim
j→∞

M1,ω(Γj) is unknown if Γj ⊂ Γj+1, j ≥ 1, and M1,ω(·) is a

(1, ω)-modulus of a curve family in Rn.

2. Preliminaries

2.1. Some definitions and notations. Throughout the text the symbol Ω de-
notes a non-empty open set in Euclidean space Rn = {x = (x1, . . . , xn)}, where
n ≥ 2. Respectively, E denotes a relatively closed subset of Ω, the norm of a point

x = (x1, . . . xn) is given by |x| =
(

n∑
i=1

x2
i

)
. We put N = {1, 2, . . . }, R = (−∞,+∞).

If F ⊂ Rn then ∂F , F̄ stand for the boundary and the closure of F in Rn, respec-
tively. The distance between two sets A,B ⊂ Rn is denoted by dist(A,B). For
an open set U ⊂ Rn, we use the notation U b Ω in order to indicate that U is
bounded and Ū ⊂ Ω. The restriction of a function f to a set F is denoted by
f |F . Given x ∈ Rn and r > 0, let B(x, r) = Br(x) = {y ∈ Rn : |y − x| < r}. If
a > 0 then aBr(x) = Bar(x). The symbol Hs stands for the usual s-dimensional
Hausdorff measure in Rn; mn is a Lebesgue measure in Rn and put |F | = mn(F )
for mn-measurable set F ⊂ Rn.

Let C∞(Ω) be the space of infinitely differentiable functions in Ω; the space of
functions in C∞(Rn) with a compact support in Ω is denoted by C∞0 (Ω).

We will use the abbreviation ”a.e.” for ”almost everywhere” with respect to mn-
measure. Similarly, ”measurable” and ”locally integrable” always mean Lebesgue
measurable and locally integrable with respect to mn-measure.

Let F be a measurable subset of Rn, and u is a measurable real-valued function
on F . For 1 ≤ p <∞ let

‖u‖Lp(F ) =

∫
F

|u(x)|p dx

1/p

.

Assume that u(x) is a measurable function defined on Ω. We say that u is locally
integrable to the power p ∈ [1,+∞) on Ω (and write u ∈ Lp(Ω, loc)) if ‖u‖Lp(F ) <∞
for every compact set F ⊂ Ω. The class of all functions u such that ‖u‖Lp(Ω) <∞
is denoted by Lp(Ω).

If Ω = Rn we shall often omit Ω in notations of spaces and norm. Integration
without indication of limits extends over Rn.

Let C,C1, C2, . . . denote positive constants that depend on ”dimensionless” pa-
rameters n, p,m and the like.

We call the quantities a and b equivalent and write a ∼ b if C1a ≤ b ≤ C2a.
If α = (α1, . . . , αn) is an n-tuple of nonnegative integers αi, we call α a multi-

index and denote by xα the monomial xα1
1 . . . xαnn which has degree |α| =

n∑
i=1

αi.
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Similarly, if Dj =
∂

∂xj
then Dα = Dα1

1 . . . Dαn
n denotes a differential operator of

order |α|. Note that D(0,...,0)u = u for real-valued functions u. We use the notations
∇m = {Dα : |α| = m}, ∇ = ∇1.

By a weight we shall mean a locally integrable function ω on Rn such that ω > 0
for a.e. x ∈ Rn.

Then for 1 ≤ p < ∞ we define Lp,ω(Ω) as the set of measurable functions f on
Ω such that

‖f‖Lp,ω(Ω) =

∫
Ω

|f |p ωdx

1/p

<∞.

As usual, any two functions f and g in Lp,ω(Ω) that are equal a.e. on Ω will be
identified.

Let F1 be a class of functions given on Ω, and F2 be another class of functions
given on Ω′, where Ω′ ⊂ Ω. Below if f ∈ F1 then f ∈ F2 means f |Ω′ ∈ F2.

Denote by Lp,ω(Ω, loc) the class of all measurable functions f on Ω such that
f ∈ Lp,ω(Ω′) for all open sets Ω′ b Ω.

2.2. A1-weights. Following B. Muckenhoupt [12] a weight ω is called an A1-weight,
if there exists a positive constant A such that for every ball B ⊂ Rn,

(1)

 1

|B|

∫
B

ω dx

 ess sup
x∈B

1

ω(x)
≤ A,

The infimum over all such constants A is called the A1-constant of ω. Denote by A1

the class of A1-weights. Throughout the text let m ∈ N, ω ∈ A1 unless otherwise
stated.

Set

Mω(x) = sup
r>0

1

|Br(x)|

∫
Br(x)

ω(y) dy.

We mention two assertions concerning A1-weight.

Proposition 1 ([15, Remark 1.2.4],[10, Theorem 2.7]). If ω ∈ A1 then L1,ω(Ω)
is complete space in norm ‖ · ‖L1,ω(Ω) and L1,ω(Ω) ⊂ L1(Ω, loc). In addition,
L1,ω(Ω) ⊂ L1(Ω) in the case of a bounded Ω ⊂ Rn.

Proposition 2 ([15, Remark 1.2.4, Properties 7 and 8]). If ω ∈ A1 then there exist

constants C,C1 such that ω(x) ≥ C

(1 + |x|)n
and Mω(x) ≤ C1ω(x) for a.e. x ∈ Rn.

2.3. Weighted Sobolev spaces. Suppose that u : Ω → R is a function in
L1(Ω, loc). This function u on Ω has a weak derivative of order |α| if there is
a locally integrable function (denoted by Dαu) such that∫

Ω

u ·Dαϕdx = (−1)|α|
∫
Ω

Dαu · ϕdx

for all ϕ ∈ C∞0 (Ω). For m ∈ N and any ω ∈ A1, Lm1+,ω(Ω) is the space of functions
u having on Ω weak derivatives Dαu for all orders |α|, |α| ≤ m, and satisfying

‖u‖Lm1,ω(Ω) =

∫
Ω

|∇mu|ω dx <∞,
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where |∇mu| =

( ∑
|α|=m

(Dαu)2

)1/2

. For m = 0 set L0
1,ω(Ω) = L1,ω(Ω), ∇0u = u.

Introduce the spaces

Wm
1,ω(Ω) = Lm1,ω(Ω) ∩ L1,ω(Ω), Wm,1

ω (Ω) =

m⋂
k=0

Lk1,ω(Ω),

equipped with the norms

‖u‖Wm
1,ω(Ω) = ‖u‖Lm1,ω(Ω) + ‖u‖L1,ω(Ω), ‖u‖Wm,1

ω (Ω) =

m∑
k=0

‖∇ku‖L1,ω(Ω).

Next we let Pm−1 be the collection of all polynomials of degree ≤ m − 1. Let

us consider the factor-space Ľ
m

1,ω(Ω) = Lm1,ω(Ω)/Pm−1 (with norm ‖ · ‖Lm1,ω(Ω)).

Elements of the space Ľ
m

1,ω(Ω) on each connected component D of the set Ω are
classes {u+ PD} where u ∈ Lm1,ω(Ω) and PD ∈ Pm−1.

In the case ω ≡ 1, the weight spaces considered above with the weight ω will be
written below without the symbol ω.

Note that a number of important properties of spaces Wm,1
ω (Ω), Lm1,ω(Ω) (in

other notations and with equivalent norms) were obtained in [5, 15]. We use the
following ones below.

Proposition 3 ([5, Theorem 4.9]). If Ω is an open connected set and ω ∈ A1 then

Ľ
m

1,ω(Ω) is a Banach space. In particular, if {uj} is a Cauchy sequence in Lm1,ω(Ω)
then there exists u0 ∈ Lm1,ω(Ω) such that ∇muj → ∇mu0 in L1,ω(Ω) as j →∞.

Proposition 4 ([5, Corollary 4.10]). Let Ω be an open connected set, let {uj}
be a Cauchy sequence in Lm1,ω(Ω), and let u be a function in Lm1,ω(Ω) such that
‖∇m(uj−u)‖L1,ω(Ω) → 0. Then there exists a sequence of polynomials {Pj} ⊂ Pm−1

with ui − Pj → u in L1,ω(K) for all compact sets K ⊂ Ω.

Proposition 5 ([5, Theorem 4.2]). Let ω ∈ A1. If u ∈ Lm1,ω(Ω) then

(2)

∫
K

|Dαu|ω dx <∞

for all compact K ⊂ Ω, 0 ≤ |α| ≤ m.

Definition 1. If the restriction operator θ : Lm1,ω(Ω) → Lm1,ω(Ω \ E) (θu = u|Ω\E)

induces the isometric isomorphism of the normed spaces Ľ
m

1,ω(Ω) and Ľ
m

1,ω(Ω \ E),
then we write Lm1,ω(Ω) = Lm1,ω(Ω \ E). In other words, this means that |E| = 0
and for every function u ∈ Lm1,ω(Ω \ E) there is a function v ∈ Lm1,ω(Ω) for which
v|Ω\E = u. In this case, the function v is called an extension of the function u in
Lm1,ω(Ω) and E is called a removable set for Lm1,ω(Ω).

Similarly we define removable sets for Wm,1
ω (Ω) and Wm

1,ω(Ω).

2.4. Mollifications. Let ψ ∈ C∞0 (Rn) be nonnegative function such that suppψ ⊂
B1(0) and

∫
ψ(x)dx = 1. For any function u ∈ L1(Ω), extended by zero on Rn \Ω,

we define the family of its mollifications

(Mεu)(x) = ε−n
∫
u(y)ψ

(
y − x
ε

)
dy =

∫
|ξ|<1

u(x+ εξ)ψ(ξ) dξ, 0 < ε ≤ 1.
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The number ε shall be called a radius of mollification.
The following result is known.

Proposition 6 ([15, Theorem 2.1.4, Corollary 2.1.5]). Suppose that u ∈ Wm,1
ω (Ω)

and let Ω′ be an open set, Ω′ b Ω. Then (Mεu)(x) ∈ C∞(Ω) ∩ L1,ω(Ω) and
for 0 < ε < min(dist(Ω′, ∂Ω), 1) the equality DαMεu = MεD

αu is true on Ω′,
1 ≤ |α| ≤ m; Mεu → u in Wm,1

ω (Ω′) as ε → 0. In the case Ω = Rn we have
convergence Mεu→ u in Wm,1

ω (Rn) as ε→ 0.

Using Proposition 6 and an approach due to Maz’ya [11, Sec. 1.1.5, Theorem 1]
(see proof of Theorem 2, Sec. 4), we obtain another assertion.

Proposition 7. Let u ∈ L1
1,ω(Ω) and {Ωj} be some sequence of open sets Ωj such

that Ωj b Ωj+1 ⊂ Ω and
⋃
j

Ωj = Ω. Then there exists a sequence of bounded

functions uj ∈ L1
1,ω(Ω) ∩ C∞(Ω), j ≥ 1, such that

(3)

∫
Ωj

|u− uj |ω dx <
1

j
, lim

j→∞
‖u− uj‖L1

1,ω(Ω) = 0.

2.5. (1, ω)-modulus and (1, ω)-capacity. Let Γ be a family of locally rectifiable
curves in Rn. We denote by adm Γ the set of Borel functions ρ : Rn → [0; +∞]
satisfying the condition: for every γ ∈ Γ we have

∫
γ

ρ ds ≥ 1. In the case Γ = ∅ we

assume that adm Γ contains the function ρ ≡ 0. The (1, ω)-modulus of Γ, denoted
by M1,ω(Γ), is defined as

M1,ω(Γ) = inf

∫
Rn

ρωdx,

where the infimum is taken over all ρ ∈ adm Γ. For the basic facts about the (p, ω)-
modulus, 1 ≤ p <∞, see [13]. Now let F0, F1 be compact disjoint sets in Rn. Then
a triple of sets (F0, F1,Ω) is called a condenser in Ω. Let Γ(F0, F1,Ω) be the family
of all locally rectifiable curves connecting F0 ∩ Ω̄ and F1 ∩ Ω̄ in Ω. More precisely,
if γ ∈ Γ(F0, F1,Ω) then there exists a representation x(s) : I → Ω of curve γ in

terms of arc length (see [13, Sec. 2.1]), where I is an open interval, x(I) ∩ F0 and

x(I) ∩ F1 are both non-empty.
We write M1,ω(F0, F1,Ω) for the (1, ω)-modulus of Γ(F0, F1,Ω). By definition,

M1,ω(F0, F1,Ω) = M1,ω(F0 ∩ Ω̄, F1 ∩ Ω̄,Ω) and M1,ω(F0, F1,Ω) = 0 if at least
F0 ∩ Ω̄ = ∅ or F1 ∩ Ω̄ = ∅. The number M1,ω(F0, F1,Ω) will also be called the
(1, ω)-modulus of condenser (F0, F1,Ω).

Now let’s define (1, ω)-capacity C1,ω(F0, F1,Ω) of the condenser (F0, F1,Ω). Sup-
pose that F0 ∪ F1 ⊂ Ω̄. Then we set C1,ω(F0, F1,Ω) = 0 if, at least, F0 = ∅ or
F1 = ∅. If F0 and F1 are non-empty sets then

C1,ω(F0, F1,Ω) = inf

∫
Ω

|∇u|ω dx,

where the infimum is taken over all real-valued functions u such that u|Ω satisfies
locally the Lipschitz condition and u = j in some neighborhood of Fj , j = 0, 1.

Denote the set of all admissible functions of this kind by Adm(F0, F1,Ω). In
general, we define (1, ω)-capacity of a condenser (F0, F1,Ω) as C1,ω(F0, F1,Ω) =
C1,ω(F0 ∩ Ω̄, F1 ∩ Ω̄,Ω).
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By Rademacher’s theorem, the function u ∈ Adm(F0, F1,Ω) is differentiable a.e.
on Ω. Set for x ∈ Ω

L(x, u) = lim sup
h→0

|u(x+ h)− u(x)|
|h|

.

Then L(x, u) is a Borel function on Ω and |∇u(x)| = L(x, u) at differentiability
points of u. If u is not differentiable at x ∈ Ω, we set |∇u(x)| = L(x, u) (see [17,
Theorem 5.1]).

It follows from the Vitali-Carathéodory theorem (see [14, p.37, Theorem 2.24])
that given f : Rn → [0,+∞], f ∈ L1,ω, there exists a lower semi-continuous
function g ≥ f with ‖g‖L1,ω arbitrarily closed to ‖f‖L1,ω . We shall apply below the
following assertion.

Proposition 8 ([13, Sec. 2.2, p.19]).

M1,ω(Γ) = inf
ρ

{∫
ρωdx : ρ is lower semi-continuous and ρ ∈ adm Γ

}
.

2.6. Removable sets. Here we define three types of sets E in Ω (recall that E is
a relatively closed subset of Ω) which will be removable singularities for L1

1,ω(Ω).
Let here and further Π be any coordinate rectangle

{x = (x1, . . . , xn) : ai < xi < bi, i = 1, . . . , n},

where ai, bi ∈ R. Denote the facets of this rectangle, parallel to the hyperplane
xi = 0, by σ0i ⊂ {x : xi = ai} and σ1i ⊂ {x : xi = bi}, i = 1, . . . , n. If

(4) C1,ω(σ0i, σ1i,Π \ E) = C1,ω(σ0i, σ1i,Π), i = 1, . . . , n,

for every coordinate rectangle Π with Π̄ ⊂ Ω, then E is called NC1,ω-set in Ω.
Now let mn(E) = 0, and let e ⊂ E be an arbitrary compact. Set Kj(e,Ω) =

{Π : dist(σ0j ∪ σ1j , e) > 0, Π̄ ⊂ Ω}, j = 1, . . . , n. In addition, for Π ∈ Kj(e,Ω) put
Πj,δ = {x = (x1, . . . , xn) ∈ Rn : aj < xj < bj , ai + δ < xi < bi − δ, i 6= j}, where

0 < δ < min
1≤i≤n

bi − ai
2

. If, regardless of choice of compact set e ⊂ E the estimate

(5) C1M1,ω(σ0j , σ1j ,Π \ e) ≥ lim
δ→0

M1,ω(σ0j , σ1j ,Πjδ)

is valid for every coordinate rectangle Π ∈ Kj(e,Ω) and all j = 1, . . . , n, then E
is called a NED1,ω-set in Ω. In the definition C1 is a constant from Proposition
2. Observe that in the case ω ≡ 1, inequality (5) is equivalent to equality (see
Corollary 1 from Sec. 4)

(6) M1(σ0j , σ1j ,Π \ e) = M1(σ0j , σ1j ,Π)

for every compact e ⊂ E and coordinate rectangle Π ∈ Kj(e,Ω), j = 1, . . . , n.
In order to define another type of removable sets for L1

1,ω(Ω), we introduce the
following concepts.

Let Xi be the family of straight lines in Rn, parallel to the coordinate xi-axis,
i = 1, . . . , n. Index every line l ∈ Xi by the point a ∈ l ∩ Hi, where Hi = {x =
(x1, . . . , xn) ∈ Rn : xi = 0}. Then say that some property holds for mn−1-almost all
lines in Xi (or segments on these lines), whenever the corresponding set of points a
on Hi for lines (or their segments) in Xi violating this property, is of mn−1-measure
zero.
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We shall say that Ω does not partitioned locally by E if B \ E is a domain for
all balls B b Ω. It is easily to see that in this definition the balls B b Ω can be
replaced with coordinate rectangles Π b Ω.

Definition 2. Take a compact set e ⊂ Rn with mn(e) = 0 so that Rn does not
partitioned locally by e. We say that e satisfies the (1, ω)-girth condition respect to
Xi if every Borel function ρ : Rn \ e → [0,+∞), ρ ∈ L1,ω(Rn \ e), locally bounded
on Rn \ e, satisfies the following ε-girth condition for given ε > 0:

Let Π be some coordinate rectangle in Rn and e ⊂ Π. Let Γi(Π) = {l ∩ Π̄ :
l ∈ Xi, l ∩ e 6= ∅}. Then for mn−1-almost all segments τ ∈ Γi(Π) we can indicate
a finite sequence of mutually disjoint intervals (ck, dk) ⊂ τ and rectifiable curves
γk ⊂ Π \ e, joining ck with dk, k = 1, . . . , k1, such that

k1∑
k=1

∫
γk

ρ ds < ε,

k1∑
k=1

∫
γk

ds < ε,

k1⋃
k=1

(ck, dk) ⊃ τ ∩ e.

Refer to the last requirement as the ε-girth condition on τ for the ρ.

Remark. Let’s denote the family of all such segments τ for the function ρ
by Γi(e,Π, ε). Take ε = 1

k , k ∈ N and set Γ0i(e,Π) =
⋂
k

Γi(e,Π,
1
k ), Fk = {l ∩

Hi : l ∈ Xi and there exists a segment τ ∈ Γi(e,Π,
1
k ), τ ⊂ l}, F0 = {l ∩ Hi :

l ∈ Xi and there exists a segment τ ∈ Γ0i(e,Π), τ ⊂ l}. It is easily to see that
F0 ⊂ Fk+1 ⊂ Fk and mn−1(Fk) = mn−1(F0) for all k ≥ 1 and ρ satisfies the
ε-girth condition on all τ ∈ Γ0i(e,Π) for any ε > 0.

Moreover, the function ρ satisfies the ε-girth condition on any segment [a, b] ⊂ τ ,
τ ∈ Γ0i(e,Π), if a and b /∈ e, for arbitrary ε > 0.

Definition 3. If e satisfies the (1, ω)-girth condition with respect to Xi for all
i = 1, . . . , n, then we say that e satisfies the (1, ω)-girth condition in Rn.

Definition 4. We say that E, mn(E) = 0 and Ω does not partitioned locally by
E, satisfies the (1, ω)-girth condition in Ω, if any compact set e ⊂ E satisfies the
(1, ω)-girth condition in Rn.

The family of all such sets E ⊂ Ω is denoted by G1,ω(Ω). Further ω ≡ 1 we shall
often omit in notations of spaces, norms, families. For example, in the case ω ≡ 1
we write G1,ω as G1.

3. About one class of admissible metrics

In this section F0, F1 will be compact non-empty sets in Ω̄. Any function
ρ ∈ adm Γ(F0, F1,Ω) will also be called an admissible metric for Γ(F0, F1,Ω). If
Γ(F0, F1,Ω) = ∅ then, by definition, the admissible metric for Γ(F0, F1,Ω) is an ar-
bitrary Borel function ρ : Rn → [0,+∞]. We let d : Rn → [0,+∞] be the function
defined by d(x) = dist(x, (Rn \Ω)∪F0∪F1). It is well-known that d(x) satisfies the
Lipschitz condition with the Lipschitz constant Lip(d) ≤ 1. In the case where d(x)
is differentiable at x ∈ Ω \ (F0 ∪ F1), it follows that |∇d| = 1 (see [7, Sec. 3.2.34]).
Further we use the following technical results.

Lemma 1. M1,ω(F0, F1,Ω) and C1,ω(F0, F1,Ω) are finite.

Proof. Let U0 and U1 be open bounded sets in Rn such that F0 ⊂ U0, F1 ⊂ U1,
U0 ∩ U1 = ∅. In addition, take the ball B0 = B(0, r) so that U0 ∪ U1 ⊂ B0.
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Set ϕ ∈ C∞0 (B0), 0 ≤ ϕ ≤ 1, ϕ = 0 on U0 and ϕ = 1 on U1 (see [8, Chapter
1, Theorem 2.6]). Because of choice of ϕ and Proposition 1 it follows that ϕ ∈
Adm(F0, F1, R

n) ∩ Adm(F0, F1,Ω), |∇ϕ| ∈ adm(F0, F1, R
n) ∩ adm(F0, F1,Ω) and∫

Rn
|∇ϕ|ω dx < ∞. This implies M1,ω(F0, F1,Ω) < ∞, C1,ω(F0, F1,Ω) < ∞. The

Lemma is proved. �

Lemma 2. For every ε > 0, there is a function ρ ∈ adm(F0, F1,Ω) ∩ L1,ω(Ω), for
which the following conditions are realized:

(1) ρ is lower semi-continuous on Rn;
(2) ρ is continuous on Ω \ (F0 ∪ F1);
(3) ρ is a positive function on Rn such that for any compact set K ⊂ Rn

inf
K
ρ > 0 and

(7) M1,ω(F0, F1,Ω) ≤
∫
Rn

ρω dx ≤ C1M1,ω(F0, F1,Ω) + ε,

where the constant C1 does not depend on ε. In the case ω ≡ 1, put in (7)
C1 = 1.

Proof. For ε > 0, by Proposition 8 and Lemma 1, let ρ1 be some admissible metric
for Γ(F0, F1,Ω), ρ1 ∈ L1,ω(Rn) and ρ1 be a lower semi-continuous on Rn with

M1,ω(F0, F1,Ω) ≤
∫
Rn

ρ1ω dx < M1,ω(F0, F1,Ω) +
ε

3C1
.

Here C1 is the constant from Proposition 2.
Define ρ2 as

(8) ρ2(x) = Tkρ1(x) =
1

|B(0, 1)|

∫
B(0,1)

ρ1

(
x+

d(x)

2k
y

)
dy,

where Tk is the averaging operator used in [3] and studied in details in [9, Lemma
4.3]. Due to the known properties of the operator the function ρ2 is lower semi-
continuous on Rn and continuous on Ω \ (F0 ∪ F1). Here note that to prove these
properties, only local integrability of ρ1 is required in addition.

By integration (8), we get

∫
Rn

ρ2(x)ωdx =

∫
Rn

 1

|B(0, 1)|

∫
B(0,1)

ρ1

(
x+

d(x)

2k
y

)
dy

ω(x) dx.

Interchanging the order of integration gives

(9) ‖ρ2‖L1,ω =
1

|B(0, 1)

∫
B(0,1)

∫
Rn

ρ1

(
x+

d(x)

2k
y

)
ω(x) dy.

Define for y ∈ B(0, 1), θy,k : Rn → Rn by z = θy,k(x) = x+
d(x)

2k
y. By construction,

for all x, x′ ∈ Rn (see [9, Theorem 2.1])(
1− 1

2k

)
|x− x′| ≤ |θy,k(x)− θy,k(x′)| ≤

(
1 +

1

2k

)
|x− x′|.
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Thus, the mapping θy,k is a Lipschitz homeomorphism and θy,k(Ω \ (F0 ∪ F1)) =

Ω \ (F0 ∪ F1). In addition, Jacobian of the mapping θy,k is equal 1 +
y

2k
∇d(x) a.e.

on Rn. Hence [9, Lemma 4.3], by the changing of variables formula with z = θy,k
as the mapping function, we obtain in (9)

‖ρ2‖L1,ω
≤ 1

|B(0, 1)|(1− 1
2k )

∫
B(0,1)

∫
Rn

ρ1(z)ω(x(z)) dzdy.

Repeated interchanging of order of integration gives

‖ρ2‖L1,ω ≤
1

(1− 1
2k )

∫
Rn

 1

|B(0, 1)|

∫
B(0,1)

w(x(z))dy

 ρ1(z) dz.

By Proposition 2 and x = z − 1
2kd(x(z))y, we deduce

1

|B(0, 1)|

∫
B(0,1)

ω

(
z − 1

2k
d(x(z))y

)
dy =

1

|B
(
z, d(x(z))

2k

)
|

∫
B(z, d(x(z))2k )

ω(y) dy ≤

(10) Mω(z) ≤ C1ω(z)

a.e. on Rn. Hence

‖ρ2‖L1,ω
≤ C1(

1− 1
2k

) ∫
Rn

ρ1(z)ω(z) dz =
C1(

1− 1
2k

)‖ρ1‖L1,ω
.

Here note that for ω ≡ 1 we have the equality Mω(x) = 1 on Rn. In other words,
we can assume C1 = 1 for ω ≡ 1 in (10).

Moreover, using standard arguments (see proofs [9, Lemma 4.3], [4, Theorem
2.1]), we have gk =

(
1 + 1

2k

)
ρ2 ∈ adm(F0, F1,Ω). This implies

M1,ω(F0, F1,Ω) ≤
∫
Rn

gkω dx ≤

C1

(
1 + 1

2k

)(
1− 1

2k

) ∫
Rn

ρ1ω dx ≤ C1

(
1 + 1

2k

)(
1− 1

2k

)M1,ω(F0, F1,Ω) +
ε

3
.

Let g(x) be a positive continuous function on Rn with
∫
Rn

g(x)ω(x) dx <
ε

3
. Its

construction is similar to the construction of a positive function α(x) ∈ C∞ in [13,
Lemma 2.4.1]. Then it is clear that for large k ∈ N the function ρ = gk + g satisfies
the conditions of the Lemma. Thus, the Lemma is proved. �

4. Some properties of NED1,ω-, NC1,ω-sets

In this section, we will establish a number of properties of sets that will be
removable for L1

1,ω(Ω) and use these properties in proving the main results of our
paper.

Property 1. For any coordinate rectangle Π = {x ∈ Rn : ai < xi < bi, i =
1, . . . , n} we have (see (4))

(11) M1,ω(σ0j , σ1j ,Π) ess sup
Π

1

ω
≥ mn−1(σ0j), j = 1, . . . , n.
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Proof. By Lemma 1, it follows that M1,ω(σ0j , σ1j ,Π) <∞ for all j = 1, . . . , n. Fix
j ∈ {1, . . . , n}. Then for each ε > 0 we can find ρ ∈ adm(σ0j , σ1j ,Π) such that

M1,ω(σ0j , σ1j ,Π) ≤
∫
Rn

ρω dx < M1,ω(σ0j , σ1j ,Π) + ε.

In addition,
bj∫
aj

ρ(x) dxj ≥ 1 for all x′, where

x′ ∈ Π′ = {x′ = (x1, . . . , xj−1, xj+1, . . . , xn) ∈ Rn−1 : ai < xi < bi, i 6= j}. This
implies ∫

Π′

 bj∫
aj

ρω
1

ω
dxj

 dx′ ≥ mn−1(σ0j).

Hence,
∫
Π

ρω dx · ess sup
Π

1
ω ≥ mn−1(σ0j). Thus, the Property is proved. �

Set ω ≡ 1 in (11) and let ρ0 =
1

bj − aj
on Π and ρ0 = 0 on Rn \ Π. By choice,

ess sup
Π

1

ω
= 1, ρ0 ∈ adm(σ0j , σ1j ,Π) and

∫
Rn

ρ0 dx = mn−1(σ0j). It follows from

(11) another assertion.

Corollary 1. In the case of ω ≡ 1 we see

M1(σ0j , σ1j ,Π) = mn−1(σ0j), j = 1, . . . , n,

and, by (5),

lim
δ→+0

M1(σ0j , σ1j ,Πj,δ) = lim
δ→+0

M1(σ0j ∩Πj,δ, σ1j ∩Πj,δ,Πj,δ) =

lim
δ→+0

mn−1(σ0j ∩Πj,δ) = mn−1(σ0j) = M1(σ0j , σ1j ,Π).

Moreover, in view of Proposition 2, we have also the estimate

(12) M1,ω(σ0j , σ1j ,Π) ≥ C1 ·
1

sup
Π

(1 + |x|)n
mn−1(σ0j)

for all j = 1, . . . , n.

Property 2.

C1,ω(σ0j , σ1j ,Π) ≥M1,ω(σ0j , σ1j ,Π).

Proof. For given ε > 0 we can find uε ∈ Adm(σ0j , σ1j ,Π) such that

C1,ω(σ0j , σ1j ,Π) ≤
∫
Π

|∇uε|ω dx < C1,ω(σ0j , σ1j ,Π) + ε.

In addition, we see

1 ≤

∣∣∣∣∣∣
∫
γ

∂uε
∂s

ds

∣∣∣∣∣∣ ≤
∫
γ

|∇uε| ds
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for all γ ∈ Γ(σ0j , σ1j ,Π). Hence ρ ∈ adm(σ0j , σ1j ,Π) if ρ = |∇uε| on Π and ρ = 0
on Rn \Π. This implies

M1,ω(σ0j , σ1j ,Π) ≤
∫
Π

ρω dx ≤ C1,ω(σ0j , σ1j ,Π) + ε.

The arbitrariness of ε yields the inequality required in the Property. �

Property 3. If E is an NC1,ω-set in Ω then σ0j ∩Π \ E = σ0j, σ1j ∩Π \ E = σ1j

for all j = 1, . . . , n.

Proof. Let j = 1 and let, for example, some x0 ∈ σ01 not to be a boundary point
of Π \E. Hence there exists a ball B(x0, r) such that (B(x0, r)∩ σ01)∩Π \ E = ∅.
Then we will define another coordinate rectangle Π1 ⊂ Π, whose opposite facets
σ1

01, σ1
11, orthogonal to the x1-axis, lie in B(x0, r) ∩ σ01, σ11, respectively.

By definition, σ1
01 ∩Π1 \ E = ∅ and therefore

C1,ω(σ1
01, σ

1
11,Π1 \ E) = C1,ω(σ1

01, σ
1
11,Π1) = 0. This, by Property 2, contradicts

the inequality (12). Thus, σ01 ∩Π \ E = σ01, σ11 ∩Π \ E = σ11.
Similarly, we establish the required equalities for j = 2, . . . , n. This completes

the proof of the Property. �

Property 4. If E is an NC1,ω-set in Ω and uj =
xj − aj
bj − aj

on Π b Ω, then

(13)

∫
Π\E

|∇uj |ω dx ≥ C1,ω(σ0j , σ1j ,Π \ E),

∫
Π

|∇uj |ω dx ≥ C1,ω(σ0j , σ1j ,Π)

for all j = 1, . . . , n.

Proof. As in the proof of Property 3, we derive the inequalities (13) only for j = 1.

Let ε ∈
(

0,
b1 − a1

2

)
and set

u1,ε(x) =


x1 − a1 − ε
b1 − a1 − 2ε

, x1 ∈ [a1 + ε, b1 − ε],

0, x1 < a1 + ε,

1, x1 > b1 − ε

for x = (x1, . . . , xn) ∈ Rn. Obviously, u1,ε ∈ Adm(σ01, σ11,Π) ∩ Adm(σ01, σ11,Π \
E). This implies

C1,ω(σ01, σ11,Π) ≤
∫
Π

|∇u1,ε|ω dx =

∫
Π

|∇u1|ω dx+ o(1),

C1,ω(σ01, σ11,Π \ E) ≤
∫

Π\E

|∇u1,ε|ω dx =

∫
Π\E

|∇u1|ω dx+ o(1),

where o(1)→ 0 as ε→ 0. Hence, taking ε→ 0, we derive the required inequalities
in the Property for j = 1. �

Corollary 2. It is clear that for u1 from the proof of Property 4 we have |∇u1| =
ρ1

b1 − a1
, where ρ1 = 1 on Π \ E and ρ1 = 0 on Π ∩ E. Therefore, if E is an
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NC1,ω-set in Ω then

(14)

∫
Π\E

ρ1

b1 − a1
ω dx ≥ C1,ω(σ01, σ11,Π \ E)

for all Π b Ω.

Property 5. If E is an NC1,ω-set in Ω then mn(E) = 0.

Proof. Suppose that mn(E) > 0. Consider the coordinate rectangle Π = {x =
(x1, . . . , xn) ∈ Rn : ai < xi < bi, i = 1, . . . , n} and mn(E ∩ Π) > 0. Let ρ1 be a
function from Corollary 2. Given two rationals r1 < r2 in (a1, b1), put Π(r1, r2) =
Π ∩ {x ∈ Rn : r1 < x1 < r2}, σ0 = σ0(r1, r2) = Π̄ ∩ {x : x1 = r1} and σ1 =
σ1(r1, r2) = Π̄ ∩ {x : x1 = r2}. It is clear that mn−1(Π′) = mn−1(σ0) = mn−1(σ1),
where Π′ = {x′ = (x2, . . . , xn) : ai < xi < bi, i = 2, . . . , n}. Then from Property 2,
(12) and (14) we deduce easily

(15)

∫
Π′

dx′
r2∫
r1

ρ1ω

r2 − r1
dx1 ≥ C1

1

sup
Π

(1 + |x|)n
·mn−1(Π′) ≥ C2mn−1(Π′),

where C2 = C1
1

sup
Π

(1 + |x|)n
.

Put Φ(x′, r1, r2) =
∫ r2
r1

ρ1ω dx1

r2−r1 . By Fubini’s theorem (see [2]), there exists a set

Π̃′(r1, r2) in Π′ with mn−1(Π̃′(r1, r2)) = mn−1(Π′), all of whose points are Lebesgue
points for Φ(x′, r1, r2) (differentiability points of the integral of this function over

Π′). Put Π̃′ =
⋂

r1<r2

Π̃′(r1, r2). It is obvious that mn−1(Π̃′) = mn−1(Π′). Choose

x′ ∈ Π̃′ so that H1(l(x′) ∩E) > 0 and H1-almost all points on the segment l(x′) =
{(x1, x

′) : a1 ≤ x1 ≤ b1} are Lebesgue points for the function ρ1ω and ω <∞.
From (15) we obtain

(16)
1

r2 − r1

r2∫
r1

ρ1ω dx1 ≥ C2

for mn−1-almost all x′ ∈ Π′.
Since the choice of r1 and r2 in (a1, b1) is arbitrary, the absolute continuity

of the integral enables us to consider r1 and r2 in (16) as real from (a1, b1). By
construction, there exists x0

1 ∈ (a1, b1) and (x0
1, x
′) ∈ E ∩ l(x′) such that (x0

1, x
′) is

a Lebesgue point for ρ1ω with fixed x′.
Putting in (16) r1 = x0

1−δ and r2 = x0
1 +δ with δ > 0, and letting δ → 0, we get

a contradiction to 0 = ρ(x0
1, x
′)ω(x0

1, x
′) ≥ C2. Consequently, mn(E) = 0. Thus

the Property is proved. �

Property 6. If E is an NC1,ω-set in Ω then Π \ E is a domain for arbitrary
coordinate rectangle Π b Ω.

Proof. Suppose that there exists a coordinate rectangle Π b Ω, which is partitioned
by E into two non-empty open sets D0 and D1 (Π \ E = D0 ∪D1, D0 ∩D1 = ∅).
Take two points d0 ∈ D0, d1 ∈ D1 and let B0 = B(d0, r0), B1 = B(d1, r1) be such
that B0 ⊂ D0, B1 ⊂ D1.
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Let L1 = L1(a1, . . . , ak) be a simple polyline in Π composed of straight segments
[ai, ai+1], i = 1, . . . , k − 1, where each segment [ai, ai+1] is parallel to some coor-
dinate axis and a1 = d0, ak = d1. Below, any polyline whose links are parallel
to the coordinate axes, will be called a coordinate polyline. Then it follows that
there exists some segment [a, b] ⊂ Π, parallel to one of the links of L1 and a ∈ D0,
b ∈ D1. Indeed, in the ball B(a2, r2) with 0 < r2 < min(r0, r1,dist(L1, ∂Π)), by
virtue of mn(E) = 0, there is a point a1

2 /∈ E. Consider a parallel translation
Th1 : x→ x+ h1 on Rn, where h1 = a1

2 − a2. By construction, Th1(L1) is a coordi-
nate polyline L2 = L2(a1

1, . . . , a
1
k) with a1

1 = Th1(a1) ∈ D0, a1
2 = Th1(a2) /∈ E, . . . ,

a1
k = Th1

(ak) ∈ B(ak, r1) ⊂ D1. If a1
2 ∈ D1 then we choose [a, b] = [a1

1, a
1
2].

Suppose that a1
2 ∈ D0. Then in B(a1

3, r3) with
0 < r3 < min(dist(a1

2, ∂B(a2, r2) ∪ E),dist(L2,Π),dist(a1
k, ∂B(ak, r1))), as above,

there is a point a2
3 /∈ E. Put L3 = L3(a1

2, . . . , a
1
k) and let Th2 : x → x + h2, where

h2 = a2
3 − a1

3. Hence Th2(L3) is a coordinate polyline L4 = L4(a2
2, . . . , a

2
k) with

a2
2 ∈ D0, a2

3 /∈ E, . . . , a2
k = Th2

(a1
k) ∈ B(d1, r1) ⊂ D1.

If a2
3 ∈ D1 then we choose [a, b] = [a2

2, a
2
3]. If a2

3 ∈ D0 then we continue this
process. Taking into account that, by the choice, Th1

(a1
k) ∈ D1, Th2

(a2
k) ∈ D1 and

so far, at most after k steps we get the required segment [a, b]. Without loss of
generality, we assume that the segment [a, b] os parallel to the x1-axis.

Let’s choose a coordinate rectangle Π1 ⊂ Π so that its opposite facets σ1
01, σ1

11 lie
in D0 and D1, respectively, and are orthogonal to the x1-axis. In addition a ∈ σ1

01

and b ∈ σ1
11.

Set u = 0 on D0 and u = 1 on D1. Then u ∈ Adm(σ1
01, σ

1
11,Π \ E) and∫

Π\E
|∇u|ω dx = 0. This implies C1,ω(σ1

01, σ
1
11,Π \ E) = 0. On the other hand,

by (4),(12) and Property 2, we see that C1,ω(σ1
01, σ

1
11,Π \ E) > 0. The resulting

contradiction completes the proof of this Property. �

Note that in the proof of the Property 6, only the condition mn(E) = 0 was used
to construct the rectangle Π1. And Π1 ∈ K1(e,Ω), where e = Π1 ∩E and K1(e,Ω)
is from definition of NED1,ω-sets in Ω.

It is clear that Γ(σ1
01, σ

1
11,Π1 \ e) = ∅ and hence M1,ω(σ1

01, σ
1
11,Π1 \ e) = 0. On

the other hand, write Π1 = {x = (x1, . . . , xn) : a1
i < xi < b1i , i = 1, . . . , n} and set

Π1,δ = {x = (x1, . . . , xn) : a1
1 < x1 < b11, a

1
i + δ < xi < b1i − δ, i = 2, . . . , n}, where

0 < δ < min
1≤i≤n

bi − ai
2

. Then, applying (5) and (12), we have

C1M1,ω(σ1
01, σ

1
11,Π1 \ e) ≥ lim

δ→0
M1,ω(σ1

01 ∩Π1,δ, σ
1
11 ∩Π1,δ,Π1,δ) ≥

C1

max
Π1

(1 + |x|)n
mn−1(σ1

01) > 0,

that contradicts the condition M1,ω(σ1
01, σ

1
11,Π1 \e) = 0. Thus, we come to another

assertion

Property 7. If E is an NED1,ω-set in Ω then Π \ E is a domain for all Π b Ω.

Property 8. If E is an NC1,ω-set in Ω then E is an NED1,ω-set in Ω.

Proof. Take some compact e ⊂ E, coordinate rectangle Π = {x = (x1, . . . , xn) :
ai < xi < bi, i = 1, . . . , n} and make sure that inequalities (5) are true if j = 1
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and Π ∈ K1(e,Ω). For the remaining j and other coordinate rectangles ∈ Kj(e,Ω),
j = 2, . . . , n and e the proof of this fact is performed in the same way.

Let’s introduce a few notations. Let σ0 = σ01, σ1 = σ11 be opposite facets of Π
such as in (4). Let Π1,δ be such as in (5) and set σ0∩Π1,δ = σ0(δ), σ1∩Π1,δ = σ1(δ).

Fix 0 < δ < min
i

bi − ai
2

.

Since Π ∈ K1(e,Ω), then η = dist(σ0 ∪ σ1, e) > 0. Hence there exist two se-
quences {Ω0,k}, {Ω1,k} of coordinate rectangles Ω0,k,Ω1,k b Ω such that dist(Ω0,k∪
Ω1,k, e) > 0 for all k = 1, . . . ; σ0 ⊂ Ω0,k+1 b Ω0,k,

⋂
k

Ω0,k = σ0; σ1 ⊂ Ω1,k+1 b Ω1,k,⋂
k

Ω1,k = σ1 and Ω0,1 ∩ Ω1,1 = ∅.

Set σk0 = ∂Ω0,k ∩Π1,δ, σ
k
1 = ∂Ω1,k ∩Π1,δ.

Put in Lemma 2 Ω = Π \ e, F0 = σ0, F1 = σ1. Then for a given ε > 0 there is a
metric ρ ∈ adm Γ(σ0, σ1,Π \ e) ∩ L1,ω that satisfies the conditions of Lemma 2. In
particular, ρ is a continuous function on Π \ e,

(17) inf
K
ρ > 0 for all compact set K ⊂ Rn

and

(18) M1,ω(σ0, σ1,Π \ e) ≤
∫
Rn

ρω dx < C1M1,ω(σ0, σ1,Π \ e) + ε.

In addition, the metric ρ is continuous on ∂Π1,δ \ (e ∪ σk0 ∪ σk1 ) for all k = 1, 2, . . .
and

∫
γ

ρ ds ≥ 1 for any locally rectifiable curve γ, connecting σ0(δ) and σ1(δ) in

Π1,δ\(σ0(δ)∪σ1(δ)∪e). Finally, let Πk
1,δ = Π1,δ\Ω0,k ∪ Ω1,k, Γk = Γ(σk0 , σ

k
1 ,Π

k
1,δ\e).

Take β ∈ (0, 1). We shall show that there is k0 = k0(β) ∈ N for which

(19)

∫
γ

ρ ds ≥ 1− β

for all γ ∈ Γk if k ≥ k0. Indeed, admitting the opposite, we obtain a sequence
{γk}∞k=1 such that

∫
γk

ρ ds < 1− β for all k = 1, 2, . . . .

By (17), it is inferred that γk is a rectifiable curve and for any k and j, 1 ≤ j < k,

γk contains points in σj0 and σj1.

Let x0(j, k) (resp. x1(j, k)) be the first (resp. last) point in σj0 (resp. σj1) coming
along γk from σk0 . Choose a subsequence {γkj} of {γk} so that xs(j, kj) converges
to a point xjs ∈ σs, s = 0, 1. Denote this subsequence by {γ1k}.

Since ρ is continuous in some neighborhood of σjs, we can find a closed ball

B1s = B(x1s, r1s) in Π \ e so that
∫
l

ρ ds < β
26 for any segment l in B1s. We may

assume that all γ1k meet B1s, s = 0, 1.
Similarly we find a subsequence {γ2k} of {γ1k} and a closed balls B20, B21 in

Π\e such that
∫
l

ρ ds < β
27 for any segment l ⊂ B20∪B21. We continue this process.

Denote the diagonal subsequence {γkk} by {γk}.
For each k ≥ 1 we modify each γk in every Bjs so that all γk, γk ∩Bjs 6= ∅, pass

through xjs, as follows.
We replace γk ∩ Bjs by two radii, terminating at γk ∩ ∂Bjs and denote the

resulting curve still by γk. Using further standard construction from the proof
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of Lemma 4.10 in [13, p. 138–139], we obtain a curve γ̃, satisfying the following
conditions:

(1)
∫̃
γ

ρ ds < 1− β
8 and therefore, by (17), γ̃ is a rectifiable curve,

(2) γ̃ ∈ Γ(σ0, σ1,Π \ e) and γ̃ ⊂ Π1,δ \ (σ0(δ) ∪ σ1(δ) ∪ e),
(3) xj0 and xj1 ∈ γ̃ for all j = 1, 2, . . .

Hence, by condition 2), we have
∫̃
γ

ρ ds ≥ 1, that contradicts condition 1). Thus,

the inequality (19) is true.

Take k1 > k0(β) and let σk10 ⊂ {x = (x1, . . . , xn) : x1 = a1,k1}, σ
k1
1 ⊂ {x =

(x1, . . . , xn) : x1 = b1,k1}.
Set

ρ1 =

{
0, x1 ≤ a1,k1 ,
ρ

1−β , x1 > a1,k1 , x ∈ Π1,δ \ e,

and let G1 = {x = (x1, . . . , xn) : x1 ≤ a1,k1} ∪ (Π1,δ \ e), u1(x) = 0, if x1 ≤ a1,k1 ,
u1(x) = inf

γx

∫
γx

ρ ds, where γx is arbitrary rectifiable curve in Π1,δ \ (Ω0,k1+1 ∪ e),

connecting σk1+1
0 and x ∈ Π1,δ \ (Ω0,k1+1 ∪ e).

In view of local boundedness ρ1 on G1 and known properties of functions such
as u1 [13, Lemma 5.2], it follows that u1 satisfies the Lipschitz condition in G1,
|∇u1| ≤ ρ1 a.e. on G1, u1 = 0 on {x : x1 ≤ a1,k1}.

Taking the cutting u2 = min(1, u1) on G1, we get

(20)

∫
Π1,δ\e

|∇u2|ω dx ≤
∫

Π1,δ\e

|∇u1|ω dx,

where u2, by properties of the cutting, satisfies the Lipschitz condition on G1 and
u2 = 1 on Π1,δ ∩ Ω1,k1 , u2 = 0 on Ω0,k1 . Set

u3 =

{
u2, x ∈ G1 \ Ω1,k1+1,

1, x ∈ Ω1,k1+1.

It is easily to see that u3 ∈ Adm(σ0(δ), σ1(δ),Π1,δ\e). Then, by (18), (20), Property
2 and the arbitrariness of β, we have for NC1,ω-set E

M1,ω(σ0(δ), σ1(δ),Π1,δ) ≤ C1,ω(σ0(δ), σ1(δ),Π1,δ) = C1,ω(σ0(δ), σ1(δ),Π1,δ \ e) ≤∫
Π1,δ\e

|∇u3|ω dx ≤
∫

Π1,δ\e

ρω dx+ o(1) ≤ C1M1,ω(σ0, σ1,Π \ e) + ε+ o(1),

where o(1)→ 0 as β → 0. Hence, taking β → 0, δ → 0, ε→ 0, we deduce (5). �

Remark 1. In the proof of Property 8 we aplied the cutting min(1, u1). Similarly
using max(min(1, u), 0) to the function u ∈ Adm(F0, F1, G), we come the following
definition of the capacity of the condenser.

Definition. If F0, F1 are compact disjoint non-empty sets in Ω̄ then

C1,ω(F0, F1,Ω) = inf
u

∫
Ω

|∇u|ω dx,
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where the infimum is taken over all real-valued bounded functions u such that u|Ω
satisfies locally ther Lipschitz condition and u = j in some neighborhood of Fj,
j = 0, 1.

Remark 2. Let F0, F1 be compact non-empty disjoint sets in Ω. Let {Dj} be a
sequence (maybe finite) of all mutually disjoint connected components Dj of Ω.

Since F0, F1 are compact sets, there exists a finite family of components Dj ∈
{Dj}, having common points with F0 ∪F1. Without loss of generality, suppose that
only D1, . . . , Dj1 intersect F0 ∪ F1. Let there is no component Dj, 1 ≤ j ≤ j1,
such that simultaneously Dj ∩ F0 6= ∅, Dj ∩ F1 6= ∅. This implies Γ(F0, F1,Ω) = ∅.
In addition, assuming u = 0 on Dj if Dj ∩ F0 6= ∅, u = 1 on Dj if Dj ∩ F1 6= ∅,
u = 1 on Dj if j > j1, we get u ∈ Adm(F0, F1,Ω) and

∫
Ω

|∇u|ω dx = 0. it follows

that C1,ω(F0, F1,Ω) = 0.
Otherwise, there is a component Dj, 1 ≤ j ≤ j1, for which Dj ∩ F0 6= ∅,

Dj ∩ F1 6= ∅ and hence Γ(F0, F1,Ω) 6= ∅.

Then using the same arguments from the proof of Property 8 (see also [9, The-
orem 5.5]), we obtain the next assertion.

Theorem 1. If F0, F1 are compact disjoint non-empty sets in Ω then

M1,ω(F0, F1,Ω) ≤ C1,ω(F0, F1,Ω) ≤ C1M1,ω(F0, F1,Ω),

where C1 depends only on ω and C1 = 1 for ω ≡ 1.

5. Removable sets

In this section, we will establish three criteria of removable sets E for L1
1,ω(Ω).

We recall (see Definition 1) that E is a removable set for L1
1,ω(Ω) if E is a relatively

closed subset of Ω, mn(E) = 0 and for every function u ∈ L1
1,ω(Ω \ E) there exists

a function v ∈ L1
1,ω(Ω) such that v|Ω\E = u.

We will need the following two lemmas. Further let Ω =
⋃
j

Dj , where {Dj} is

the sequence (maybe finite) of connected components of Ω from Remark 2.

Lemma 3. If E is a removable set for L1
1,ω(Ω) then Dj \E is a domain for all j.

Proof. Suppose that there exists some component Dj which is partitioned by E
into non-empty sets Q0 and Q1, Dj \ E = Q0 ∪ Q1, Q0 ∩ Q1 = ∅. take two point

q0 ∈ Q0, q1 ∈ Q1 and balls B0 = B(q0, r0), B1 = B(q1, r1) be such that B0 ⊂ Q0,
B1 ⊂ Q1. Let L1 = L1(a1, . . . , ak) be a simple polyline in a domain Dj composed
of straight segments [ai, ai+1], i = 1, . . . , k − 1, where each segment [ai, ai+1] is
parallel to some coordinate axis and a1 = q0, ak = q1. Applying reasoning from
the proof of Property 6, we obtain a coordinate rectangle Π1 with opposite facets
σ0 ⊂ Q0 and σ1 ⊂ Q1. Suppose, for example, that σ0, σ1 are orthogonal to the
x1-axis. Let u0 = 0 on Q0 and u0 = 1 on Q1∩(Ω\Dj). Obviously, u0 ∈ L1

1,ω(Ω\E)

and, by definition of E, there is a function v0 ∈ L1
1,ω(Ω), for which v0|Ω\E = u0.

In view of Proposition 1, v0 ∈W 1,1(Dj , loc) and therefore v0 ∈ L1
1(Π1). Then (see

[11, Sec. 1.1.3, Theorem 1]) function v0 is absolutely continuous on mn−1-almost
all segments l, H1(l ∩ E) = 0, joining the facets σ0, σ1 in Π1 and parallel to the
x1-axis. This implies the existence of a limit point xl ∈ E ∩ l simultaneously for
l∩Q0 and l∩Q1. Hence, v0(xl) = 0 and v0(xl) = 1, that contradicts the definition
of function v0. Thus, Dj \ E is a domain for all j and our Lemma is proved. �
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Lemma 4. Let B = B(a, r) be some ball in an open set G ⊂ Ω and E be a
removable set for L1

1,ω(Ω). Suppose that ϕ ∈ C∞0 (B) and u ∈ L1
1,ω(G \ E). In

addition, assume that u is a bounded and locally satisfying the Lipschitz condition
on G \ E, B1 = B(a, r1) is some ball such that 0 < r1 < r and suppϕ ∈ B1. Then
there exists a function g ∈W 1,1

ω (Rn) for which g = 0 on Rn \B1, g|G\E = uϕ.

Proof. Set E1 = B1 ∩ E and, by Lemma 3, note that B \ E1 is a domain. In
addition, E1 as a closed subset of E is a removable set for L1

1,ω(Ω). Put v = uϕ on

B1 \ E = B1 \ E1 and v = 0 on Rn \B1.
We see that v satisfies locally the Lipschitz condition on (B1 \E1)∩ (Rn \B1). If

x0 ∈ ∂B1\E1 then there is some ball B(x0, r0) such that B(x0, r0) b (B\E)\suppϕ.
This implies v = 0 on B(x0, r0) and hence v satisfies the Lipschitz condition on
B(x0, r0). On account of the arbitrariness of x0 ∈ ∂B1 \ E1 we obtain that v
satisfies locally the Lipschitz condition on Rn \ E and v|G\E = uϕ. Since, u, ϕ,

|∇ϕ| are bounded functions on B1 \ E1, we see that v ∈ W 1,1
ω (Rn \ E1) and hence

v ∈ W 1,1
ω (Ω \ E1). It follows that there exists g ∈ L1

1,ω(Ω) such that g|Ω\E1
= v,

g|G\E = uϕ and g = 0 on Ω \B1. Assuming g = 0 on Rn \Ω we get a function that
satisfies the condition of Lemma. Thus the Lemma is proved. �

Theorem 2. If E is a removable set for L1
1,ω(Ω) then E is an NC1,ω-set in Ω.

Proof. Let Π = {x = (x1, . . . , xn) : ai < xi < bi, i = 1, . . . , n} be a coordinate
rectangle with its facets σ0i, σ1i from definition of NC1,ω-set in (4).

In view of mn(E) = 0, we see that σ0i, σ1i ⊂ ∂(Π \E) for all i = 1, . . . , n. Verify
that the equality (4) is true if j = 1. For the remaining j = 2, . . . , n the proof of
(4) is performed in the same way.

Given ε > 0, by Lemma 1 and Remark 1, we find a bounded function u ∈
Adm(σ01, σ11,Π \ E) ∩ L1

1,ω(Π \ E) such that

(21) C1,ω(σ01, σ11,Π \ E) ≤
∫

Π\E

|∇u|ω dx < C1,ω(σ01, σ11,Π \ E) +
ε

2
.

Let Gs be an open neighborhood of the facets σs1, in which u = s, where Gs b Ω,
s = 0, 1, and dist(G0, G1) > 0. In addition, let G′s be another open neighborhood
of the facets σs1, where G′s b Gs, s = 0, 1.

Set G = G0 ∪ G1 ∪ Π and E1 = (Π ∩ E) \ (G0 ∪ G1). It is easily to see that
u ∈W 1,1

ω (G \ E1) and E1 is a relatively closed subset of G.
Let the sequence {Bk} be a locally finite covering of G by balls Bk = B(ak, rk) b

G, k ≥ 1. Additionally we required that all balls Bk having common points with
G′s be contained in Gs, s = 0, 1. Let {ϕk} be a C∞-partition of unity for G subordi-
nating to the covering {Bk}. We show that there is a function z ∈ Adm(σ01, σ11,Π)
with ‖z‖L1

1,ω(Π) arbitrarily close to ‖u‖L1
1,ω(Π\E).

Indeed, let B′k = B(ak, r
′
k) be a ball such that 0 < r′k < rk and suppϕk ⊂ B′k.

Then, by Lemma 4, there is a function gk ∈W 1,1
ω (Rn) for which gk = 0 on Rn \B′k,

g|G\E1
= uϕk, k ≥ 1. Set uk = uϕk on G \E1, k ≥ 1, and u =

∑
k

uk on G \E1 and

g =
∑
k

gk on G.

On any bounded open set Q b G we have

(22) 1 =
∑
k

ϕk, g =
∑
k

gk
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and on Q \ E1

(23) u =
∑
k

uk,

where the sums in (22), (23) contain a finite number of terms. This implies

(24) ‖g‖W 1,1
ω (Q) ≤ ∞, ‖u− g‖W 1,1

ω (Q\E1) ≤
∑
k

‖uk − gk‖W 1,1
ω (Q\E1) = 0

On account of the arbitrariness of Q we obtain g ∈W 1,1
ω (G) and∫

Π\E

|∇g|ω dx =

∫
Π\E

|∇u|ω dx =

∫
Π

|∇g|ω dx.

Moreover, if Q = G0 then u = 0 on G0, ‖u− g‖W 1,1
ω (G0) = 0 and therefore g = 0 on

G0. Similarly if Q = G1 then u = 1 = g on G1.
Next we approximate the function g in W 1,1

ω (G) by smooth functions as follows.
If Bk ∩ G′0 6= ∅, we set zk = gk = 0 on Rn. If Bk ∩ G′1 6= ∅, we set zk = ϕk ∈

C∞0 (Rn). In other cases let zk denote the mollification of gk ∈ W 1,1
ω (Rn) with a

radius 0 < ρk < dist(suppϕk, ∂B
′
k).

We take β ∈
(

0,
1

2

)
and, by Proposition 6, choose ρk to satisfy

‖gk − zk‖W 1,1
ω (Rn) < βk.

By construction, zk ∈ W 1,1
ω (Rn) ∩ C∞0 (Rn). Set z =

∑
k

zk and on any set Q b G

we have

‖g − z‖W 1,1
ω (Ω) ≤

∑
k

‖gk − zk‖W 1,1
ω (Rn) ≤

β

1− β
≤ 2β.

Therefore z ∈ L1
1,ω(G) ∩ C∞(G) and z = 0 on G′0 and z = 1 on G′1. This implies

z ∈ Adm(σ0, σ1,Π) and

(25)

∫
Π

|∇z|ω dx =

∫
Π

|∇g|ω dx+ o(1),

where o(1)→ 0 as β → 0.
Connecting (21), (24) and (25), we derive

C1,ω(σ01, σ11,Π) ≤
∫
Π

|∇z|ω dx ≤
∫

Π\E

|∇g|ω dx+ o(1) ≤

∫
Π\E

|∇u|ω dx+ o(1) ≤ C1,ω(σ01, σ11,Π \ E) + o(1) + ε.

Sequentially taking β → 0, ε→ 0, we obtain

C1,ω(σ01, σ11,Π) = C1,ω(σ01, σ11,Π \ E).

This is proved our theorem. �

Theorem 3. Let E be a relatively closed subset of an open set Ω ⊂ Rn. Then the
following four conditions are equivalent:

(1) E is a removable set for L1
1,ω(Ω);

(2) E is an NC1,ω-set in Ω;
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(3) E is an NED1,ω-set in Ω;
(4) E ∈ G1,ω(Ω).

Proof. The implication 1) → 2) is established in Theorem 2 and the implication
2)→ 3) is obtained in Proposition 8. So first we get the implication 3)→ 4).

Let E be an NED1,ω-set in Ω and hence mn(E) = 0, Ω does not locally parti-
tioned by E. Take a compact set e ⊂ E and verify that e satisfies the (1, ω)-girth
condition with respect to Xi (see Definition 1 in Sec. 2.6) if i = 1. For the re-
maining i = 2, . . . , n the proof of the (1, ω)-girth condition with respect to Xi is
performed in the same way.

Let ρ be a function from Definition 1 with respect to X1 and put ρ = 0 on e.
Consider also some coordinate rectangle Π = {x = (x1, . . . , xn) : ai < xi <

bi, i = 1, . . . , n} such that e ⊂ Π. Put Π′ = {x′ = (x2, . . . , xn) : ai < xi < bi, i =
2, . . . , n} and consider x′ ∈ Π′ such that l(x′) = {x = (x1, x

′) ∈ Rn : a1 ≤ x1 ≤ b1}
has common points with e.

Verify that ε-girth condition holds for ρ on the mn−1-almost all segments l(x′).
It suffices to prove this fact for the function ρ1 = ρ + ρ0, where ρ0 = 1 on Π̄ and

ρ0 = 0 on Rn \ Π̄. Then
∫
Π′
dx′

b1∫
a1

ρ1ω dx1 =
∫
Π

ρ1ω dx <∞.

Put Φ(x′, r1, r2) =
r2∫
r1

ρ1ω dx for all rationals r1, r2 ∈ [a1, b1], r1 < r2. As in the

proof of Property 5, we verify that there exists a mn−1-measurable set Π̃′ ⊂ Π′

with mn−1(Π̃′) = mn−1(Π′) such that every point x′ ∈ Π̃′ is a Lebesgue point for
the function Φ(x′, r1, r2) (a differentiability point of the integral of these functions

over Π′). Choose now x′ = (x2, . . . , xn) ∈ Π̃′ so that H1(l(x)∩e) = 0 (by definition
l(x′) ∩ e 6= ∅).

Cover l(x′) ∩ e by the mutually disjoint intervals Uk = (ck, dk), k = 1, . . . , k1,
where ck = (rk, x

′), dk = (r̃k, x
′), while rk and r̃k are rationals in (a1, b1) with

rk < r̃k and

(26)

k1∑
k=1

H1(Uk) < ε,

k1∑
k=1

∫
Uk

ρ1ω dx <
εC

8
,

where C =
1

sup
Π

(1 + |x|)n
. For small δ > 0 put

Π′(δ) = {y′ = (y2, . . . , yn) : |yi − xi| < δ, i = 2, . . . , n},

Πk(δ) = {(x, y′) : rk < x1 < r̃k, y
′ ∈ Π′(δ)} ⊂ Π.

Denote by σk0 = σk0 (δ), ck ∈ σk0 , and σk1 = σk1 (δ), dk ∈ σk1 , the facets of Πk(δ),
parallel to H1 = {x = (x1, . . . , xn) : x1 = 0}.

In addition, put Γk(δ) = Γ(σk0 , σ
k
1 ,Πk(δ) \ e). It is easily to see that Πk(δ) ∈

K1(e,Π). By (12) and the definition of an NED1,ω-set,

M1,ω(σk0 , σ
k
1 ,Πk(δ) \ e) ≥ mn−1(σk0 )

sup
Πk(δ)

(1 + |x|)n
≥ C ·mn−1(σk0 ),

where mn−1(σk0 ) = mn−1(Π′(δ)).
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Let Lk(δ) = inf{
∫
γ

ρ1 ds : γ ∈ Γk(δ)}. Obviously, Lk(δ) ≥ r̃k − rk for all

k = 1, . . . , k1. Show that Lk(δ) is sufficiently small when δ > 0 close to zero.

Indeed,
ρ1

Lk(δ)
∈ adm Γk(δ) and

∫
Π′(δ)

dx′
r̃k∫
rk

ρ1ω dx1 ≥ Lk(δ)Cmn−1(σk0 ).

For sufficiently small δ > 0, using the differentiability of the integrals, under con-
sideration,

Lk(δ) ≤ 1

C

r̃k∫
rk

ρ1ω dx1 +
ε

8k1

for all k = 1, . . . , k1. By the definition of infimum, there exists a curve γ0
k ∈ Γk(δ)

such that

(27)

∫
γ0
k

ρ1 ds ≤ Lk(δ) +
ε

8k1
≤ 1

C

r̃k∫
rk

ρ1ω dx1 +
ε

4k1
.

Since ρ1 ≥ 1 on Π we have
∫
γ0
k

ds ≤
∫
γ0
k

ρ1 ds. Hence γ0
k is a rectifiable curve. By the

local boundedness of ρ1 on Π \ e, for sufficiently small δ > 0 there exist segments
τ0
k ⊂ σ0

k(δ) and τ1
k ⊂ σ1

k(δ) joining the points ck and dk, respectively, with the end

points of γ0
k in Πk(δ) \ e so that∫

τ0
k

ρ1 ds+

∫
τ1
k

ρ1 ds <
ε

8k1
.

Consequently, there exist simple curves γk ⊂ τ0
k ∪ γ0

k ∪ τ1
k ⊂ Πk(δ) \ e joining the

corresponding points ck and dk, k = 1, . . . , k1, and by (26), (27)

k1∑
k=1

∫
γk

ρ1 ds < ε.

This implies

(28)

k1∑
k=1

∫
γk

ds <

k1∑
k=1

∫
γk

ρ1 ds < ε,

k1∑
k=1

∫
γk

ρ ds <

k1∑
k=1

∫
γk

ρ1 ds < ε.

In other words, the ε-girth condition holds for ρ and ρ1 on mn−1-almost all segments

l(x′), x′ ∈ Π̃′.
Let t = (t1, x

′) ∈ l(x′) \ e, where (28) holds for l(x′). It is easy to verify that the
ε-girth condition holds for ρ, ρ1 on l(t1, x

′) = {(x1, x
′) : a1 ≤ x1 ≤ t1} (see Remark

to Definition 1) for all such t on l(x′). We will call this property the [t, ε]-condition
for the function ρ on the segment l(x′). So the implication 3)→ 4) is true.

Let’s go to the proof of implication 4)→ 1) which we will present in two steps.
Step 1. Let E ∈ G1,ω(Ω). By the definition 3, mn(E) = 0 and Ω does not

partitioned locally by E. Let u ∈ L1
1,ω(Ω \ E) ∩ C∞(Ω \ E) and u be bounded
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function on Ω \ E. Then u can extended to a function g ∈ L1
1,ω(Ω) for which

g|Ω\E = u, as follows.
Next we use constructions from the proof of Theorem 2. Let the sequence {Bj}

be a locally finite covering of Ω by balls Bj = B(aj , rj) b Ω, j ≥ 1. Let {ϕj}
be a C∞-partition of unity, subordinated to the covering {Bj}. Besides that let

B′j = B(aj , r
′
j) be a ball such that 0 < r′j < rj and suppϕj ⊂ B′j . Set ej = B′j ∩E

and let vj = uϕj on B′j \ ej and vj = 0 on Rn \B′j .
It is easily to see (proof of Lemma 4) that vj ∈W 1,1

ω (Rn \ ej)∩C∞(Rn \ ej) and
so, vj |Ω\E = uϕj , |∇vj | is a continuous function on Rn \ ej .

Take some coordinate rectangle Πj such that Bj ⊂ Πj and verify that vj can be
extended to a function gj ∈ L1

1,ω(Rn), when g|Rn\ej = vj .

Since vj = 0 on Rn \ B′j , it suffices to prove that vj |Πj\ej can be extended to

function gj ∈ L1
1,ω(Πj). Fix j ≥ 1.

In the implication 3) → 4) proof given above, we will put e = ej , ρ = |∇vj |

on Rn \ e, Πj = Π and ρ = |∇vj | = 0 on e. In addition, we set
∂vj
∂xi

= 0 on e,

i = 1, . . . , n, and we use notation from the proof of implication 3)→ 4).
Show that vj is an absolutely continuous function on mn−1-almost all segments

l(x′) = {(x1, x
′) : a1 ≤ x1 ≤ b1} , x′ ∈ Π′ = {(x2, . . . , xn) : ai < xi < bi, i =

2, . . . , n}, if we define vj properly on e.
By Proposition 1, we also note that

∫
Π

|∇vj | dx <∞. This implies

(29)

∫
l(x′)

|∇vj | dx1 <∞

for mn−1-almost all l(x′), x′ ∈ Π′. In addition, if l(x′) ∩ e = ∅ then vj is infinitely
differentiable, and therefore obviously absolutely continuous on l(x′).

Thus, we consider only those segments l(x′), x′ ∈ Π′, that satisfy the inequality
(29), l(x′) ∩ E 6= ∅, H1(l(x′) ∩ E) = 0 and on which the ε-girth condition holds
for ρ = |∇vj | for all ε > 0 (see Remark to Definition 1). The family of all such
segments l(x′) is denoted by Γ1. Take l(x′) ∈ Γ1 and given η > 0, choose β > 0
such that

∫
F

|∇vj | dx1 < η for every F ⊂ l(x′) with H1(F ) < β.

On the segment l(x′) consider an absolutely continuous function

(30) q(t1, x
′) =

∫ t1

a1

dvj
dx1

dx1,

where t = (t1, x
′) ∈ l(x′). We state that q(t) = vj(t) for all t = (t1, x

′) ∈ l(x′) \ e.
By the choice of l(x′) and [t, ε]-girth condition for |∇vj | on l(x′) (see proof

of implication 3) → 4) above), there exist intervals Uk = (ck, dk) ⊂ l(t1, x
′) =

{(x1, x
′) : a1 ≤ x1 ≤ t1}, k = 1, . . . , k1, with

k1⋃
k=1

Uk ⊃ e ∩ l(t1, x′) and rectifiable

curves γk ⊂ Π \ e joining the endpoints of Uk such that

(31)

k1∑
k=1

∫
γk

ds < ε,

k1∑
k=1

∫
γk

|∇vj | ds < ε.
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Without loss of generality, let ck = (rk, x
′), dk = (r̃k, x

′), k = 1, . . . , k1, a1 < r1 <
r̃1 < · · · < rk < r̃k < t1. Set c = (a1, x

′), 0 < ε < η. Consider a rectifiable curve
γ = [c, c1] ∪ γ1 ∪ [d1, c2] ∪ γ2 · · · ∪ [dk−1, ck] ∪ γk ∪ [dk, t1].

Since vj ∈ C∞(Rn \ e) we have
∫
γ

dvj
ds

ds = vj(t)− vj(c). On the other hand, due

to absolute continuity of the integrals in (30) and (31) we deduce

vj(t)− vj(c) =

t1∫
a1

dvj
dx1

dx1 + o(1),

where o(1)→ 0 as ε→ 0. Since vj(c) = 0, taking ε→ 0, we have

vj(t) =

t1∫
a1

dvj
dx1

dx1 for all t = (t1, x
′) ∈ l(x′) \ e.

Define vj(x1, x
′) as

x1∫
a1

dvj
dx1

dx1 if x ∈ l(x′) ∩ e, l(x′) ∈ Γ1, and vj(x) = 0 if

x = (x1, x
′) ∈ l(x′) ∩ e, l(x′) /∈ Γ1.

Hence vj(x) is an absolutely continuous function in Rn on mn−1-almost all
straight lines l, parallel to the x1-axis.

In addition,using integration by parts and Fubini’s theorem, we obtain

(32)

∫
Rn

vj
∂ϕ

∂x1
dx1 = −

∫
Rn

ϕ
∂vj
∂x1

dx1

for all ϕ ∈ C∞0 (Rn). Now note that in (32) it is possible to redefine the values of

vj ,
∂vj
∂x1

on e = ej . Then we get gj = vj on Rn \ e, gj = 0 on e, and
∂gj
∂x1

=
∂vj
∂x1

on

Rn \ ej ,
∂gj
∂x1

= 0 on ej , j = 1, . . . , n.

Similarly, let’s make sure that the function gj has a weak derivative
∂gj
∂xi

in Rn

for i = 2, . . . , n. This implies, by construction, gj ∈ W 1,1
ω (Rn), gj = 0 on Rn \ B′j ,

gj = uϕj on Ω\E. Set g =
∑
j

gj on Ω. Using technique from the proof of Theorem

2 (see (22)–(24)), we deduce that ‖u − g‖W 1,1
ω (Ω′\E) = 0 for all open Ω′ b Ω,

‖u− g‖L1
1,ω(Ω\E) = 0, ‖u‖L1

1,ω(Ω\E) = ‖g‖L1
1,ω(Ω).

In other words, g ∈ L1
1,ω(Ω) and g|Ω\E = u.

Step 2. Now let u be an arbitrary function in L1
1,ω(Ω\E) and {Dk} be a sequence

(maybe finite) of all mutually disjoint connected components Dk of Ω. Then, by
the definition of E, Dk \ E is the connected component of Ω \ E, k ≥ 1, and
Ω\E =

⋃
k

(Dk \E). By Proposition 7, there exists a sequence of bounded functions

uj ∈ L1
1,ω(Ω \ E) ∩ C∞(Ω \ E) such that

(33) lim
j→∞

‖uj − u‖L1
1,ω(Ω\E) = 0,

(34) lim
j→∞

‖uj − u‖L1,ω(Ω′) = 0 for all Ω′ b Ω \ E.
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Accordingly to Step 1, we assume that uj ∈ L1
1,ω(Ω) for all j ≥ 1. In view of (33)

and mn(E) = 0 it follows that {uj} is the Cauchy sequence L1
1,ω(Ω). Then, by

Proposition 2, {uj} converges in L1
1,ω(Dk) to some function vk, k ≥ 1, as j →∞.

Moreover, from (33) |∇(u − vk)| = 0 a.e. on Dk \ e and therefore u = vk + ck
(see [5, Sec. 1.1.5]) on Dk \ E. Using (34), it is easily to show that ck = 0, k ≥ 1.
For all x ∈ Ω we set v(x) = vk(x) if x ∈ Dk. By construction,

‖u‖L1
1,ω(Ω\E) = ‖v‖L1

1,ω(Ω), v(x)|Ω\E = u(x).

Thus, E is a removable set for L1
1,ω(Ω), that completes the proof of the Theorem.

�

A simple modification of the arguments in the proof of Theorem 3 gives another
assertion.

Theorem 4. If E is an NC1,ω-set in Ω then Lm1,ω(Ω\E) = Lm1,ω(Ω), Wm
1,ω(Ω\E) =

Wm
1,ω(Ω), Wm,1

ω (Ω \ E) = Wm,1
ω (Ω).

6. (1, 1, ω)-equivalent domains in Rn

Following Vodop’yanov and Gol’dstein [8] domains G1 and G2 (G1 ⊃ G2) in
Rn will be called (1, 1, ω)-equivalent, if the restriction operator θ : L1

1,ω(G1) →
L1

1,ω(G2) (θu = u|G2) is the isomorphism of the vector spaces L1
1,ω(G1) and L1

1,ω(G2).

Theorem 5. Domain G1 and G2 (G1 ⊃ G2) are (1, 1, ω)-equivalent iff the set
E = G1 \G2 is an NC1,ω-set in G1.

Proof. Necessity. Let the spaces L1
1,ω(G1) and L1

1,ω(G2) be isomorphic as linear

spaces for the restriction isomorphism θu = u|G2
and u ∈ L1

1,ω(G1). Passing to the

factor-spaces Ľ
1

1,ω(G1) and Ľ
1

1,ω(G2) (see Sec. 2.3 and Proposition 3, 4) and using

the Banach theorem, we obtain the boundedness of the operator θ−1. Let us prove
that mn(G1 \G2) = 0. Assume the converse. Then the set G1 \G2 has at least one
density point x0, which is also the Lebesgue point for weight ω.

Let us consider a sequence of open coordinate cubes Qm = Q

(
x0,

1

m

)
with

the center x0 and the edge of length
1

m
. Let us consider the function um(x) =

dist(x,Rn \ Qm) on Rn. It is known (see [7]) that |∇um| = 1 a.e. on Qm and
|∇um| = 0 a.e. on Rn \ Qm, |um(x′) − um(x′′)| ≤ |x′ − x′′| for any x′, x′′ ∈ Rn.
Hence um ∈ L1

1,ω(Qm)∩L1
1,ω for all m ≥ 1. From the boundedness of the operator

θ−1 we have∫
Qm

ω dx ≤
∫
G1

|∇um|ω dx ≤ ‖θ−1‖
∫
G2

|∇um|ω dx ≤ ‖θ−1‖
∫

G2∩Qm

ω dx.

This implies
1

|Qm|

∫
Qm

ω dx ≤ ‖θ
−1‖
|Qm|

∫
G2∩Qm

ω dx.

For m → ∞ the inequality is not valid. Consequently, mn(G1 \ G2) = 0 and
every function v ∈ L1

1,ω(G2) may be extended to function u ∈ L1
1,ω(G1) for which

u|G2 = v. Hence E = G1 \G2 is a removable set for L1
1,ω(G1), and, by Theorem 3,

E is an NC1,ω-set in G1.
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The sufficiency condition in the Theorem follows from the Theorem 3. Indeed, let
E = G1 \G2 be an NC1,ω-set in G1. By Theorem 3, every function v ∈ L1

1,ω(G2) is

extended to the function u ∈ L1
1,ω(G1) such that u|G2

= v. In view of mn(E) = 0,

the extension is only one (the functions u1, u2 ∈ L1
1,ω(G1) with mn({x ∈ G1 :

u1(x) 6= u2(x)}) = 0 will be identified).
Consequently, θ : L1

1,ω(G1) → L1
1,ω(G2) is the isomorphism of L1

1,ω(G1) and

L1
1,ω(G2). The Theorem is proved. �

Remark 3. In the case 1 < p <∞ and ω ≡ 1 the criterion of (1, p)-equivalence of
domains G1 and G2 (G1 ⊃ G2) in terms of NCp-sets was established in [18].
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