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REMOVABLE SETS FOR SOBOLEV SPACES WITH
MUCKENHOUPT A;-WEIGHT

V.A. SHLYK

ABSTRACT. Let € be an open set in R", n > 2, and E be a relatively
closed subset of 2. In this paper we obtain a criterion of equality L{,W(Q\
E) = L1 ,(9) in terms of F as an NCj -set in Q with A;-weight w. In
addition, we establish exact characterizations of NC .-sets in terms of
NED; -sets and of the (1,w)-girth condition. In the case w = 1, these
results complete the studies of Vodop’yanov and Gol’dstein on removable
sets for L,(Q), p € (1,+00).

Keywords: Sobolev space, capacity and modulus of condenser, Mucken-
houpt weight, removable set.

1. INTRODUCTION

In [18] Vodop’yanov and Gol’dstein gave a criterion of removable singularities for
Ly (Q), W)(Q) in terms of NCp-sets, 1 < p < 0o. An NCp-set can be considered as a
p-analog of an N ED-set, earlier introduced by Viisila [16] as result of generalizing
the concept of NED-set in R? [1] to R™, n > 2. Also note the definitions of an
NCp-set in Q or an NED-set in R™ are based on condensers whose plates are
the pair of arbitrary disjoint continuums located outside this set in €2 or in R",
respectively.

Latter [6] Dymchenko and Shlyk obtained similar assertions about removable
singularities for the space Lzlz,w () in terms of NC,, ,-sets in (2, where w is a Muck-
enhoupt Ap,-weight, 1 < p < co. Their definition of NC), ,-set in 2 (as well as the
initial definition of N ED-set by Ahlfors—Beurling [1] in R?) is based on condensers
formed by an arbitrary coordinate rectangles II, II C €2, and by any pair of its
opposite facets.
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REMOVABLE SETS FOR SOBOLEV SPACES 137

The main aim of this paper is to define NC ,-sets, NED; -sets in Q with
Muckenhoupt A;-weight, using proper coordinate rectangular condensers, and to
give criteria of equality Li ,(Q\ E) = Lj ,(Q) in terms of E as an NCq ,-set,
NED; ,-set or with the (1,w)-girth condition (see Theorem 3).

Here we note the difficulties in proving the main results of the paper, which are
not present at p > 1. Namely, the equality of (1,w)-modulus and (1,w)-capacity
of the condenser is not known in general, even for w = 1. Similarly, the equality
M, (UTLy) = jligloML“(Fj) is unknown if I'; C T'j1q, j > 1, and My (-) is a

J

(1,w)-modulus of a curve family in R™.

2. PRELIMINARIES

2.1. Some definitions and notations. Throughout the text the symbol ) de-
notes a non-empty open set in Euclidean space R" = {z = (z1,...,2,)}, where

n > 2. Respectively, E denotes a relatively closed subset of €, the norm of a point
n

x = (x1,...2y,) is given by |z| = (Z xf) Weput N={1,2,...}, R = (—o0, +00).
i=1

If F C R"™ then OF, F stand for the boundary and the closure of F in R", respec-
tively. The distance between two sets A, B C R"™ is denoted by dist(A, B). For
an open set U C R"™, we use the notation U € ) in order to indicate that U is
bounded and U C €. The restriction of a function f to a set F is denoted by
flp. Given x € R" and r > 0, let B(z,r) = By(x) ={y € R" : ly—z| <r}. If
a > 0 then aB,(x) = Bgr(z). The symbol H?® stands for the usual s-dimensional
Hausdorff measure in R™; m,, is a Lebesgue measure in R™ and put |F| = m,(F)
for m,,-measurable set ' C R".

Let C*°(§2) be the space of infinitely differentiable functions in ; the space of
functions in C*°(R™) with a compact support in € is denoted by C§° ().

We will use the abbreviation ”a.e.” for ”almost everywhere” with respect to m,,-
measure. Similarly, “measurable” and ”locally integrable” always mean Lebesgue
measurable and locally integrable with respect to m,,-measure.

Let F be a measurable subset of R™, and u is a measurable real-valued function
on F. For 1 <p < oo let

1/p

ey = | [ @) do
F

Assume that u(z) is a measurable function defined on Q. We say that u is locally
integrable to the power p € [1, +00) on §2 (and write u € L, (82, loc)) if [ul[z, (7) < o0
for every compact set F' C 2. The class of all functions u such that ||u]|z,q) < oo
is denoted by L, ().

If QO = R™ we shall often omit {2 in notations of spaces and norm. Integration
without indication of limits extends over R™.

Let C,C4,C5, ... denote positive constants that depend on ”dimensionless” pa-
rameters n, p, m and the like.

We call the quantities a and b equivalent and write a ~ b if Cia < b < Csa.

If « = (ay,...,q,) is an n-tuple of nonnegative integers «;, we call a a multi-

n
index and denote by z® the monomial z7* ...z which has degree |a| = > «.
i=1
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0
Similarly, if D; = 2. then D* = D" ... D& denotes a differential operator of
Zj

order |a|. Note that D9y = « for real-valued functions u. We use the notations
Vi ={D%:|a| =m}, V=Vi.

By a weight we shall mean a locally integrable function w on R™ such that w > 0
for a.e. x € R".

Then for 1 < p < oo we define L, ,,(£2) as the set of measurable functions f on
Q such that p

Iz, = /If\pwda; < oo.
Q

As usual, any two functions f and g in L, () that are equal a.e. on £ will be
identified.

Let F1 be a class of functions given on €2, and F> be another class of functions
given on ', where ' C Q. Below if f € F; then f € F, means f|qo € Fo.

Denote by L, (€2, loc) the class of all measurable functions f on € such that
f € L, () for all open sets Q' € Q.

2.2. A;-weights. Following B. Muckenhoupt [12] a weight w is called an A;-weight,
if there exists a positive constant A such that for every ball B C R™,

1 1
(1) —/wdm esssup —— < A,
|B] veB W()
B
The infimum over all such constants A is called the A;-constant of w. Denote by A
the class of Aj-weights. Throughout the text let m € N, w € A; unless otherwise
stated.

Set
1

Mw(x) =sup ——— / w(y) dy.
(x) SUD B ] ()
Br ()

We mention two assertions concerning A;-weight.

Proposition 1 ([15, Remark 1.2.4],[10, Theorem 2.7]). If w € A; then L1 .,(Q)
is complete space in norm || - ||z, ) and L1,(2) C L1(%loc). In addition,
L1,,(Q) C L1(9Q) in the case of a bounded 2 C R™.

Proposition 2 ([15, Remark 1.2.4, Properties 7 and 8]). Ifw € Ay then there exist

constants C, Cy such that w(x) > At and Mw(z) < Chw(x) for a.e. x € R™.

2.3. Weighted Sobolev spaces. Suppose that v : 2 — R is a function in
L1(9,loc). This function w on Q has a weak derivative of order |a| if there is
a locally integrable function (denoted by D*u) such that

/u - D%pdx = (—1)l* /D‘“u - dx
Q Q

for all p € C§°(Q2). For m € N and any w € Ay, LT} () is the space of functions
u having on Q weak derivatives D®u for all orders |a|, |a| < m, and satisfying

lully, @) = / |Vmulwdr < oo,
Q
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1/2
where |Vul = ( > (Dau)2> . For m =0set LY () = L1,,(Q), Vou = u.
|a]=m
Introduce the spaces

WIL(Q) = L7, () N Liw(Q),  WIRHQ) = () LT, (9),
k=0
equipped with the norms

lullwr, @ = llullp @ + lulle, o)y Ml = D IViullL, @)-
k=0

Next we let P,,—1 be the collection of all polynomials of degree < m — 1. Let
us consider the factor-space LTL(Q) = L7, (Q2)/Pp—1 (with norm || - [y (o))
Elements of the space I/Tw (Q) on each connected component D of the set Q are
classes {u+ Pp} where u € LT, (Q2) and Pp € Py, 1.

In the case w = 1, the weight spaces considered above with the weight w will be
written below without the symbol w.

Note that a number of important properties of spaces W7*(Q), LT",(Q) (in
other notations and with equivalent norms) were obtained in [5, 15]. We use the
following ones below.

Proposition 3 ([5, Theorem 4.9]). If Q is an open connected set and w € Ay then
ﬁTw(Q) is a Banach space. In particular, if {u;} is a Cauchy sequence in LT, ()
then there exists ug € LT, () such that Vi, u; — Vug in Ly ,(Q2) as j — oc.

Proposition 4 ([5, Corollary 4.10]). Let Q be an open connected set, let {u;}
be a Cauchy sequence in L7',(Q), and let u be a function in LT, () such that

IV (uj—u)l|L, @ — 0. Then there exists a sequence of polynomials { Pj} C Pry—1
with u; — P; — u in L1 ,(K) for all compact sets K C Q.

Proposition 5 ([5, Theorem 4.2]). Letw € Ay. Ifu € LT, () then

(2) /|D°‘u|w dr < oo
K
for all compact K C 2, 0 < |a| < m.

Definition 1. If the restriction operator 6 : L', (2) — LT",(Q\ E) (Ou = ulo\g)
induces the isometric isomorphism of the normed spaces IJTW(Q) and Z/Tw(Q \ E),
then we write LT, (2) = LT, (Q\ E). In other words, this means that |E| = 0
and for every function v € L{", (2 \ E) there is a function v € LT, (Q) for which
vlo\g = u. In this case, the function v is called an extension of the function u in
LT, () and E is called a removable set for LT, (22).

Similarly we define removable sets for W7 () and Wi, ().

2.4. Mollifications. Let ¢ € C§°(R"™) be nonnegative function such that supp ) C
B1(0) and [ ¢ (z)dz = 1. For any function u € L1(), extended by zero on R\ £,
we define the family of its mollifications

(M) == [ u(y)zzj(y;x) ty= [ u+egu©de 0<e<i.

lgl<1
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The number ¢ shall be called a radius of mollification.
The following result is known.

Proposition 6 ([15, Theorem 2.1.4, Corollary 2.1.5]). Suppose that u € W™1(Q)
and let ' be an open set, ¥ € Q. Then (M.u)(x) € C®°(2) N L1,,() and
for 0 < & < min(dist(Y,00Q),1) the equality D*M.u = M.D%u is true on €,
1 <ol < m; Mou — w in WH(Q') as e — 0. In the case Q = R™ we have
convergence M.u — u in W™(R") as € — 0.

Using Proposition 6 and an approach due to Maz’ya [11, Sec. 1.1.5, Theorem 1]
(see proof of Theorem 2, Sec. 4), we obtain another assertion.

Proposition 7. Let u € L1 ,(Q) and {€;} be some sequence of open sets Q; such
that Q; € Q41 C Q and UQ,; = Q. Then there exists a sequence of bounded

J
functions uj € Lt () N C>(Q), j > 1, such that

1 .
(3) /|u—uj|wdx< 7 j&%"u_uj||Li,w(Q) =0.
2
2.5. (1,w)-modulus and (1,w)-capacity. Let I be a family of locally rectifiable

curves in R™. We denote by admT the set of Borel functions p : R" — [0; 4+o0]
satisfying the condition: for every v € I we have [ pds > 1. In the case I' = () we

5
assume that adm I contains the function p = 0. The (1, w)-modulus of I, denoted
by M ., (T"), is defined as

M, ,(T) = inf/pwdx,
R’IL
where the infimum is taken over all p € admT'. For the basic facts about the (p,w)-
modulus, 1 < p < o0, see [13]. Now let Fy, F; be compact disjoint sets in R™. Then
a triple of sets (Fp, F1, ) is called a condenser in Q. Let I'(Fy, F1, ) be the family
of all locally rectifiable curves connecting Fy N Q and F; N Q in Q. More precisely,
if v € T'(Fy, F1,) then there exists a representation z(s) : I — € of curve v in
terms of arc length (see [13, Sec. 2.1]), where I is an open interval, z(I) N Fy and

z(I) N Fy are both non-empty.

We write My ,(Fo, F1,Q) for the (1,w)-modulus of I'(Fy, F1, ). By definition,
Ml’w(Fo,Fl,Q) = Ml,w(FO N Q,Fl N Q,Q) and MLW(FQ,Fl,Q) = 0 if at least
FronQ=0or F1NQ = 0. The number M ,(Fo, Fi, ) will also be called the
(1,w)-modulus of condenser (Fp, F1, ).

Now let’s define (1, w)-capacity C1 ,,(Fo, F1,2) of the condenser (Fy, Fy,§2). Sup-
pose that Fop U Fy C Q. Then we set Cy ., (Fo, F1,Q) = 0 if, at least, Fy = 0 or
Fy = 0. If Fy and Fy are non-empty sets then

CLW(F(),Fl,Q) :inf/|Vu|wdz,
Q

where the infimum is taken over all real-valued functions u such that u|q satisfies
locally the Lipschitz condition and u = j in some neighborhood of F}, j =0, 1.

Denote the set of all admissible functions of this kind by Adm(Fp, F1,Q). In
general, we define (1,w)-capacity of a condenser (Fy, F1,Q) as Cy . (Fo, F1,Q) =
Cl,w(FO N Q, Fin Q, Q)
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By Rademacher’s theorem, the function v € Adm(Fp, Fy, Q) is differentiable a.e.
on 2. Set for x € Q

L(z,u) = limsup [u@ + k) — u(z)|
h—0 ‘h|

Then L(z,u) is a Borel function on  and |Vu(x)| = L(x,u) at differentiability
points of u. If u is not differentiable at « € Q, we set |Vu(x)| = L(z,u) (see [17,
Theorem 5.1]).

It follows from the Vitali-Carathéodory theorem (see [14, p.37, Theorem 2.24])
that given f : R" — [0,400], f € L., there exists a lower semi-continuous
function g > f with ||g||z, , arbitrarily closed to || f|/z, .. We shall apply below the
following assertion. '

Proposition 8 ([13, Sec. 2.2, p.19]).

M ,(T) = inf {/pwdw : p is lower semi-continuous and p € adml"} .
p
2.6. Removable sets. Here we define three types of sets E in 2 (recall that F is
a relatively closed subset of ) which will be removable singularities for L ().
Let here and further II be any coordinate rectangle

{x:(xl,...,xn):ai<xi<bi,i:1,...,n},

where a;,b; € R. Denote the facets of this rectangle, parallel to the hyperplane
x;=0,byco; C{z:z;=a;}and o1; C{z:2; =b},i=1,...,n. If

(4) Ch,w(00i, 015, 1T\ E) = C1 o (00i,014,1T), t=1,...,n,

for every coordinate rectangle IT with II C Q, then E is called N C1 w-set in €.
Now let m,(E) = 0, and let e C E be an arbitrary compact. Set K;(e,(2) =
{IT : dist(og; Uoij,e) > 0,11 C Q}, j =1,...,n. In addition, for IT € K;(e, Q) put
s ={z=(z1,...,2n) € R" 1 a; < xj < bj,a;+0 < x; < b;— 9,1 # j}, where
C— a

0<d < min
1<i<n

(5) C1 M (005,015,111 \ e) > }%Ml,w(aojvaljvnj(;)

. If, regardless of choice of compact set e C F the estimate

is valid for every coordinate rectangle IT € K;(e,Q) and all j = 1,...,n, then E
is called a NED; ,-set in §2. In the definition C; is a constant from Proposition
2. Observe that in the case w = 1, inequality (5) is equivalent to equality (see
Corollary 1 from Sec. 4)

(6) My(00j,015, 11\ e) = My(0o0j, 015, 11)

for every compact e C E and coordinate rectangle I € C;(e, ), j =1,...,n.

In order to define another type of removable sets for L] (), we introduce the
following concepts.

Let X; be the family of straight lines in R", parallel to the coordinate x;-axis,
i=1,...,n. Index every line | € X; by the point a € I N H;, where H; = {z =
(x1,...,2n) € R™: x; = 0}. Then say that some property holds for m,,_;-almost all
lines in X; (or segments on these lines), whenever the corresponding set of points a
on H; for lines (or their segments) in X; violating this property, is of m,,_1-measure
Zero.
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We shall say that Q does not partitioned locally by E if B\ E is a domain for
all balls B € ). It is easily to see that in this definition the balls B € 2 can be
replaced with coordinate rectangles I € Q.

Definition 2. Take a compact set e C R™ with my(e) = 0 so that R™ does not
partitioned locally by e. We say that e satisfies the (1,w)-girth condition respect to
X, if every Borel function p: R™\ e — [0,400), p € L1,,(R™\ e), locally bounded
on R™\ e, satisfies the following e-girth condition for given & > 0:

Let TI be some coordinate rectangle in R™ and e C 1. Let T;(I) = {I NI :
le X;,lNne#0}. Then for my,_1-almost all segments T € T';(I1) we can indicate
a finite sequence of mutually disjoint intervals (cx,dy) C 7 and rectifiable curves
v C I\ e, joining ¢, with di, k =1,..., k1, such that

k1 k1 k1
Z/pds<€, Z/ds<€, U(ck,dk)DTﬂe.
k=17 k=17 k=1

Refer to the last requirement as the e-girth condition on T for the p.

Remark. Let’s denote the family of all such segments T for the function p
by Li(e,Il,e). Take e = +, k € N and set To;(e,1I) = NTy(e, 1L, ), F, = {IN
k

H; : 1 € X, and there exists a segment T € Fi(e,H,%),T cl}y, Fop ={lNnH; :
I € X; and there exists a segment T € To;(e,II), 7 C I}. 1t is easily to see that
Fy C Fiy1 C Fy and myp_1(Fy) = mp_1(Fo) for all k > 1 and p satisfies the
e-girth condition on all 7 € Ty;(e, 1) for any € > 0.

Moreover, the function p satisfies the e-girth condition on any segment [a,b] C T,
7 € Doi(e,II), if a and b ¢ e, for arbitrary € > 0.

Definition 3. If e satisfies the (1,w)-girth condition with respect to X; for all
i=1,...,n, then we say that e satisfies the (1,w)-girth condition in R™.

Definition 4. We say that E, m,(F) = 0 and Q does not partitioned locally by
E, satisfies the (1,w)-girth condition in Q, if any compact set e C E satisfies the
(1,w)-girth condition in R™.

The family of all such sets E C €2 is denoted by G .,(Q?). Further w = 1 we shall
often omit in notations of spaces, norms, families. For example, in the case w =1
we write G, as Gi.

3. ABOUT ONE CLASS OF ADMISSIBLE METRICS

In this section Fy, F; will be compact non-empty sets in Q. Any function
p € admT'(Fp, F1, Q) will also be called an admissible metric for T'(Fp, Fy,Q). If
['(Fy, F1, ) = 0 then, by definition, the admissible metric for T'(Fp, F1,€) is an ar-
bitrary Borel function p : R™ — [0, +00]. We let d : R™ — [0, +00] be the function
defined by d(x) = dist(x, (R \Q)UFyU Fy). Tt is well-known that d(z) satisfies the
Lipschitz condition with the Lipschitz constant Lip(d) < 1. In the case where d(x)
is differentiable at x € Q\ (Fo U Fy), it follows that |Vd| =1 (see [7, Sec. 3.2.34]).
Further we use the following technical results.

Lemma 1. M, (Fo, F1,Q) and C1 o, (Fo, F1,Q) are finite.

Proof. Let Uy and U; be open bounded sets in R" such that Iy C Up, F1 C Un,
Uy NU; = (. In addition, take the ball By = B(0,r) so that Uy UU; C By.
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Set ¢ € C§°(By), 0 < p <1, p=00n Uy and p = 1 on U; (see [8, Chapter
1, Theorem 2.6]). Because of choice of ¢ and Proposition 1 it follows that ¢ €
Adm(Fy, Fy, R™) N Adm(Fy, F1,Q), |Ve| € adm(Fy, Fy, R™) N adm(Fy, F, ) and
J |Volwdz < oo. This implies M ., (Fo, F1,Q) < 0o, Cy o(Fo, F1,Q) < co. The
RTL

Lemma is proved. O

Lemma 2. For every € > 0, there is a function p € adm(Fy, Fy,Q) N Ly ,(2), for
which the following conditions are realized:
(1) p is lower semi-continuous on R";
(2) p is continuous on Q\ (Fo U Fy);
(3) p is a positive function on R™ such that for any compact set K C R"
i%fp >0 and

(7) My (Fy, F1,Q) < / po dz < Oy My o (Fo, Fr, Q) + <,

where the constant Cy does not depend on €. In the case w =1, put in (7)
C,=1.

Proof. For ¢ > 0, by Proposition 8 and Lemma 1, let p; be some admissible metric
for T'(Fo, F1,9), p1 € L1 ,(R™) and p; be a lower semi-continuous on R™ with

My o (Fo, F1,9) < /plw dz < My o (Fo, F1,Q) + %
Rn 1
Here C is the constant from Proposition 2.
Define ps as
1 d(x)
" o) = 1) = Ty / ( "ok ) Y

B(0,1)

where T}, is the averaging operator used in [3] and studied in details in [9, Lemma
4.3]. Due to the known properties of the operator the function py is lower semi-
continuous on R™ and continuous on Q \ (Fy U F}). Here note that to prove these
properties, only local integrability of p; is required in addition.

By integration (8), we get

pa(z)wde = _ 01 x—l—My dy | w(x)dz.
/ / |B(0,1)] 2k

Rn Rn B(0,1)

Interchanging the order of integration gives

) sl = gy [ [ (o ) o) an

B(0,1) R"
d(x)
Define for y € B(0,1), 0,1 : R* — R" by z = 0, 1(xz) = v+ ——y. By construction,

2k
for all x,2" € R™ (see [9, Theorem 2.1])

1 1
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Thus, the mapping 6, 5 is a Lipschitz homeomorphism and 6, (2 \ (Fp U F1)) =
Q\ (Fo U Fy). In addition, Jacobian of the mapping 6, is equal 1 + %Vd(x) a.e.

on R™. Hence [9, Lemma 4.3], by the changing of variables formula with z = 6,
as the mapping function, we obtain in (9)

1 ) / /pl(z)w(z(z))dzdy.

lp2llze € o1
“ T BO,D|(1 - 5
B(0,1) R»

Repeated interchanging of order of integration gives

lealen.. < =5 [ |y [ v | mie)as

2k pn B(0,1)

By Proposition 2 and = z — 5-d(z(2))y, we deduce

m / . (Z N ;cd(m(z))y) dy = WB(Z / w(y)dy <

B(0,1)

(10) Mw(z) < Crw(z)

a.e. on R". Hence
Cl CVl
loallir. < iy [ o) de = sl
i) %)

Here note that for w = 1 we have the equality Mw(z) =1 on R™. In other words,
we can assume C; = 1 for w =1 in (10).

Moreover, using standard arguments (see proofs [9, Lemma 4.3], [4, Theorem
2.1]), we have g = (1 + i) p2 € adm(Fp, F1,Q). This implies

My o (Fo, F1,Q) < /gkwdxg
Rn

N 1
Lw /ledx < C1MM1,W(F0,F179) + 3.
].—ﬂ) (1_ﬂ) 3

Rn
€
Let g(z) be a positive continuous function on R" with [ g(z)w(z)dz < 3 Its
Rn
construction is similar to the construction of a positive function a(z) € C* in [13,
Lemma 2.4.1]. Then it is clear that for large k& € N the function p = gi + g satisfies

the conditions of the Lemma. Thus, the Lemma is proved. O

4. SOME PROPERTIES OF NED; -, NC ,,-SETS

In this section, we will establish a number of properties of sets that will be
removable for Liw (©) and use these properties in proving the main results of our

paper.
Property 1. For any coordinate rectangle Il = {x € R"™ : a; < z; < b;,i =
1,...,n} we have (see (4))

1 .
(11) M, (00,015, 1T) essl_?up - > mp_1(0g;),j =1,...,n.
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Proof. By Lemma 1, it follows that M ., (0¢;,01,,1I) < oo for all j =1,...,n. Fix
j €{1,...,n}. Then for each € > 0 we can find p € adm(oy;, 015, IT) such that

Ml,w(aoj,alﬁﬂ) < /pwdx < Ml,w(UOjuo—lj»H) + €.
R’!L

by
In addition, [ p(z)dz; > 1 for all ', where

aj
ell = {Z‘/ = (3}1,...,$j_1,$j+1,...71‘7L) € R 1 a; < x; < by, 7é ]} This
implies

by
1
/ /pw— dz; | da’ > my,_1(00;).
w
1T a;
Hence, [ pwdz - ess sup% > my_1(00;). Thus, the Property is proved. O
11 II

Set w=1in (11) and let py = on IT and pg = 0 on R™ \ II. By choice,

bj — aj
1
esssup — = 1, po € adm(og;,01;,11) and [ podzr = m,_1(0g;). It follows from
II w R™
(11) another assertion.

Corollary 1. In the case of w =1 we see

I
—

My (005,015,11) = my_1(00;), J
and, by (5),

lim Mi(og;,014,11;5) = lim Mq(og; N1L; 5,01, N1L; 5,11 5) =
Py (005,015, 11;5) vy (00; 3,6, 015 5.0 j.6)

li _ NILis) = _ )= M- i o II).
6_1>Ii10mn 1(00] ],(5) my 1(003) 1(00]701]7 )

Moreover, in view of Proposition 2, we have also the estimate

S — (005)
. Mp—1(00;
sup(1 + [f)n T
I

(12) M ., (00j,015,11) > Cy
forall j=1,...,n.

Property 2.
C1,w(00j,015,11) > My (005,015, 1T).

Proof. For given € > 0 we can find u. € Adm(og;, 01;,1I) such that

Ol,w(00j7aljvn) < /|Vue\wd:c < 0174‘,(0'0]',0'1]'71_[) + €.
II

In addition, we see

1< /3u5d8 §/|Vu5|ds
Js
b

Y
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for all v € I'(0g;, 014, 1I). Hence p € adm(ogj,01;,1I) if p = |Vue| on IT and p =0
on R™\ II. This implies

M, (00, 015,1T) < /deOC < Chrwl(ogj,015,11) + €.
i

The arbitrariness of € yields the inequality required in the Property. O

Property 3. If E is an NC ,-set in Q then og; NII\ E = 0¢j, 01; NI\ E =0y
forallj=1,... n.

Proof. Let j = 1 and let, for example, some xy € 0p; not to be a boundary point
of IT\ E. Hence there exists a ball B(xg,r) such that (B(zg,7) Noe1) NI\ E = 0.
Then we will define another coordinate rectangle II; C II, whose opposite facets
oy, o1y, orthogonal to the xp-axis, lie in B(xq,7) Noo1, 011, respectively.

By definition, o}; N1I; \ E = 0 and therefore
Chw(ody, 011,11 \ E) = Cy 4 (0dy,01;,111) = 0. This, by Property 2, contradicts
the inequality (12). Thus, o1 NI\ E = 0¢1, 011 NI\ E = 071;.

Similarly, we establish the required equalities for j = 2,...,n. This completes
the proof of the Property. O

Property 4. If E is an NC -set in  and uj = Czj — % on Il € Q, then
i~ aj

(13) / |Vuj|wdx Z Cl,w((foﬁdlj,n \ E), /|Vu]|w dx Z Cl,w(o—OjaO—lj;H)
I\E 11
forallj=1,...,n.

Proof. As in the proof of Property 3, we derive the inequalities (13) only for j = 1.

by —
Let € € (O, ! 5 ! and set
xl_al_gy 2716[@1-’-6,[)1—6]7
b1 — a — 2e
Ul,s(x) =30, r1 < ay+e,

1, r1 >by —¢
for x = (#1,...,2,) € R". Obviously, u1, € Adm(oo1,011,II) N Adm(og1, 011,11\
E). This implies

Cy w(oo1, 011, 1I) §/|Vu1,€|wd;v:/|Vu1|wdm—|—o(1)7
II II

Ci (001,011, II\ E) < / [Vug e|lwde = / |[Vui|wdz + o(1),
m\E mE
where o(1) — 0 as € — 0. Hence, taking ¢ — 0, we derive the required inequalities
in the Property for j = 1. O

Corollary 2. It is clear that for uy from the proof of Property 4 we have |Vuq| =

5 il , where p1 = 1 on I\ E and p1 = 0 on IIN E. Therefore, if E is an
1 — a1
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NC -set in § then

(14) / b1 pla wdx Z Cl,w(O'()l,O'll,H\E)
— a1
Im\E

for all 11 € Q2.
Property 5. If E is an NC ,-set in Q then m,(E) = 0.

Proof. Suppose that m,(E) > 0. Consider the coordinate rectangle Il = {z =
(1,...,2n) € R" 1 a; < x; < bt =1,...,n} and m,(ENII) > 0. Let p; be a
function from Corollary 2. Given two rationals m < 79 in (a1, b1), put II(ry,72) =
ONn{z € R* :r; < 21 < 1r3}, 09 = oo(r1,m2) = N{z: 2, =7} and 0 =
o1(r1,re) =N {z : 21 = ry}. Tt is clear that m, 1 (II') = m,_1(00) = mu_1(01),
where I = {2/ = (z2,...,2y,) 1 a; < 2; < b;,i =2,...,n}. Then from Property 2,
(12) and (14) we deduce easily

T2

p1w 1 ) /
15 d / d > C _— — H > C . H ,
(15) / X /7“2—7“1 T > 1sup(1+|x|)" My _1(I1') > Comy, 1 (IT)

11

g r1
1

h Co=0C—mMm—.
WO 2 = M p (1 [y
I1

Put ®(a',71,70) = [/7 29971 By Fubini’s theorem (see [2]), there exists a set
_ noraen
Il (rq, re) in I with my,—1 (IT'(r1, r2)) = my,—1 (IT'), all of whose points are Lebesgue
points for ®(a’,r1,ry) (differentiability points of the integral of this function over

’ m — / : : /) — /
. - ) . n—1 - n— .
IT'). Put I N I'(ry1,r2). It is obvious that m,_1(II') = m,_1(I"). Choose

r1<T2
2’ € I’ so that H1(I(z') N E) > 0 and H!-almost all points on the segment [(z') =
{(z1,2") : a1 < x1 < by} are Lebesgue points for the function pjw and w < oo.
From (15) we obtain

T2

/ledl‘l > Cy

T1

1
T2 —T1

(16)

for m,,_1-almost all o’ € II'.

Since the choice of r1 and r3 in (a1,b1) is arbitrary, the absolute continuity
of the integral enables us to consider 71 and 7o in (16) as real from (ay,b;). By
construction, there exists 2§ € (a1,b1) and (29,2') € ENi(2’) such that (z9,2') is
a Lebesgue point for p;w with fixed z’.

Putting in (16) 11 = 29— and ro = 29 +6 with § > 0, and letting § — 0, we get
a contradiction to 0 = p(29, 2/ )w(29,2’) > Cy. Consequently, m,(E) = 0. Thus
the Property is proved. (Il

Property 6. If E is an NCy-set in Q then II\ E is a domain for arbitrary
coordinate rectangle 11 € €.

Proof. Suppose that there exists a coordinate rectangle II € €2, which is partitioned
by E into two non-empty open sets Dy and Dy (II\ E = DqU Dy, Dg N Dy = 0).
Take two points dy € Dy, di € Dy and let By = B(dy,r9), B1 = B(d1,71) be such
that By C Dy, By C Ds.
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Let Ly = Li(ay, ..., ax) be a simple polyline in IT composed of straight segments
[ai,a;41], @ = 1,...,k — 1, where each segment [a;, a;+1] is parallel to some coor-
dinate axis and a7 = dy, ar = di. Below, any polyline whose links are parallel
to the coordinate axes, will be called a coordinate polyline. Then it follows that
there exists some segment [a, b] C II, parallel to one of the links of L; and a € Dy,
b € D;. Indeed, in the ball B(ag,r2) with 0 < ro < min(rg, 1, dist(L,0II)), by
virtue of m,,(E) = 0, there is a point ai ¢ E. Consider a parallel translation
Ty, : © — o+ hy on R", where hy = a} — as. By construction, T}, (L1) is a coordi-
nate polyline Ly = La(a},...,a}) with al = T),, (a1) € Dy, ab =Ty, (a2) ¢ E, ...,
ay, =Ty, (ax) € B(ax,m1) C D1. If a} € D; then we choose [a,b] = [a}, al].

Suppose that a3 € Dg. Then in B(a3,r3) with
0 < 73 < min(dist(a},dB(az,r2) U E), dist(Ls, IT), dist(a},, B(ak, r1))), as above,
there is a point a3 ¢ E. Put Ly = Lz(ad,...,a}) and let Ty, : © — x + ha, where

he = a% — ai. Hence Ty,(L3) is a coordinate polyline Ly = Ly(a3,...,a?) with
a3 €Dy, a} ¢ E, ..., a; =Ty, (a}) € B(dy,m) C Dh.
If a3 € D; then we choose [a,b] = [a3,a3]. If a3 € Dy then we continue this

process. Taking into account that, by the choice, Th, (a},) € D1, Th,(a2) € D; and
so far, at most after k steps we get the required segment [a,b]. Without loss of
generality, we assume that the segment [a, b] os parallel to the x;-axis.

Let’s choose a coordinate rectangle II; C II so that its opposite facets o3y, o1, lie
in Dy and D, respectively, and are orthogonal to the xq-axis. In addition a € o,
and b € o1;.

Set u = 0on Dy and v = 1 on D;. Then v € Adm(od;,01;, 11\ E) and

J |Vulwdz = 0. This implies Ci ., (0d;,01;,1I\ E) = 0. On the other hand,

m\E
by (4),(12) and Property 2, we see that C; ,(c};,01,,I1\ E) > 0. The resulting
contradiction completes the proof of this Property. O

Note that in the proof of the Property 6, only the condition m,,(E) = 0 was used
to construct the rectangle I1;. And I1; € Kq(e,§2), where e = ITI; N E and K; (e, 2)
is from definition of NE D ,-sets in Q.

It is clear that I'(o(y, 011,11 \ €) = 0 and hence M; ,(0d;,011,1; \ €) = 0. On

the other hand, write I} = {z = (21,...,7,) 1 a} <x; <b},i=1,...,n} and set

s ={x=(21,...,7,) 1 a} <21 <bl,al +5 <x; <bl —4,i=2,...,n}, where
bi —a; .

0<d< min a4 Then, applying (5) and (12), we have

1<i<n
1 1 . 1 AT - 1~
C1 M (091,011,111 \ e) > }g% My (o9 Ny, 009 NIl s,y 5) >

Gy

1
— = m._ > 0,
a1+ 20

that contradicts the condition M ., (cd;, 011,11\ e) = 0. Thus, we come to another
assertion

Property 7. If E is an NED; ,-set in Q then II\ E is a domain for all II € Q.
Property 8. If E is an NC -set in Q then E is an NED, ,-set in Q.

Proof. Take some compact ¢ C FE, coordinate rectangle Il = {z = (z1,...,z,) :
a; < x; < bi,i=1,...,n} and make sure that inequalities (5) are true if j = 1
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and II € KCq(e, Q). For the remaining j and other coordinate rectangles € (e, ),
j=2,...,n and e the proof of this fact is performed in the same way.

Let’s introduce a few notations. Let og = 0¢1, 01 = 011 be opposite facets of IT
such as in (4). Let II; 5 be such as in (5) and set ooNIL; 5 = 00(8), o1NIL; 5 = 01(6).

a;

bi —
Fix 0 < 0 < min ——
Since I € K4(e, ), then n = dist(og U o1,e) > 0. Hence there exist two se-

quences {Qo x }, {Q1,x} of coordinate rectangles Qg 1, Q1 1 € Q such that dist(Qg U

Mg, e) >0forallk =1,...500 C Qo g1 € Qoks [ Qok = 005 01 C Qg1 € Qi g,
k

Nk =01 and Qo1 N Q1 = 0.
k

Set 0'(1)~C = 890’]C ﬂm, U{C = 8QI,I€ ﬂm.

Put in Lemma 2 Q = 1T\ e, Fy = 09, F1 = 01. Then for a given £ > 0 there is a
metric p € admI' (o9, 01,11\ €) N Ly, that satisfies the conditions of Lemma 2. In
particular, p is a continuous function on IT \ e,

(17) i%f p > 0 for all compact set K C R"

and

(18) M (00,01, 1T\ €) < /pw dx < C1M (00,01, 1T\ €) + €.
R’VL

In addition, the metric p is continuous on 91l; 5 \ (e Uok Uo}) for all k =1,2,...
and [ pds > 1 for any locally rectifiable curve v, connecting 0¢(d) and 01(d) in
8!
Hl)(;\(O'o((S)Udl((S)Ue). Finally, let H]i& = H1)5\Q07k U Ql,ka Fk = F(O'é:, 0’{67 H’f)(s\e).
Take 8 € (0,1). We shall show that there is kg = ko(3) € N for which

(19) pds>1-3
/

for all v € Ty if & > kg. Indeed, admitting the opposite, we obtain a sequence
{7}, such that [ pds<1—pfforallk=1,2,....
&

By (17), it is infgrred that 7y, is a rectifiable curve and for any k and 5,1 < j < k,
v, contains points in ag and J{.

Let 20(j, k) (resp. x1(j,k)) be the first (resp. last) point in ¢} (resp. o) coming
along ; from of. Choose a subsequence {7x,} of {7} so that z,(j, k;) converges
to a point x5 € 05, s = 0,1. Denote this subsequence by {v1x}

Since p is continuous in some neighborhood of ¢, we can find a closed ball
Bis = B(w1s,715) in IT'\ e so that [ pds < 2% for any segment [ in Bis. We may

1

assume that all 1, meet Big, s =0, 1.
Similarly we find a subsequence {721} of {711} and a closed balls Bag, Ba; in
IT\ e such that f pds < 2% for any segment [ C By U Bs;. We continue this process.
1

Denote the diagonal subsequence {vix} by {vx}.

For each k > 1 we modify each v, in every Bj so that all g, v, N Bjs # 0, pass
through z;,, as follows.

We replace vy, N Bjs by two radii, terminating at v, N 0B, and denote the
resulting curve still by «,. Using further standard construction from the proof
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of Lemma 4.10 in [13, p. 138-139], we obtain a curve 7, satisfying the following
conditions:

(1) jpds <1- g and therefore, by (17), ¥ is a rectifiable curve,
5
(2) 7 € I(00,01,1T\ e) and 7 C II1 5\ (00(d) Uo1(d) Ue),
(3) zjoand z;; € ¥ forall j =1,2,...
Hence, by condition 2), we have f pds > 1, that contradicts condition 1). Thus,
¥

the inequality (19) is true.
Take k1 > ko(B) and let of' C {& = (x1,...,2,) : T1 = a1, }, o' C {z =
(iBl, N ,l'n) X = bl,k1}~

Set
07 1 < A1 ks
p1 = 0

o5 T1>a1k,,T € Mis\e,
and let G1 = {x = (z1,...,2n) 121 < a1, } U (M5 \ ), ui(z) =0, if 21 < ag 4,
ui(z) = inf [ pds, where v, is arbitrary rectifiable curve in II; 5 \ (Q0,k,41 U €),

V2 g

connecting U§1+1 and z € IT; 5 \ (Qo,k, 41 U e).

In view of local boundedness p; on GG; and known properties of functions such
as uy [13, Lemma 5.2], it follows that u; satisfies the Lipschitz condition in Gy,
[Vui| < p1 ae. on Gi, wg =0on {z: 21 < ayk}.

Taking the cutting us = min(1,u;) on Gy, we get

(20) /|Vu2|wdx§ / |Vug |w dz,

Hly(s\e HL,;\E

where ug, by properties of the cutting, satisfies the Lipschitz condition on G; and
ug =1on Il 5 NQ g, ug =0o0n Qg g, . Set

ug, x € Gi\ k11,
Us =
1, HASS Ql,lirl-

It is easily to see that uz € Adm(o(d),01(9), 11 5\e). Then, by (18), (20), Property
2 and the arbitrariness of 3, we have for NC ,-set E

Ml,w(00(5),01(5),1_[1,5) < C1,w(00(5),01(5),ﬂ1,5) = Cl,w(00(5)701(5)7H1,6 \ 6) <

/ |Vuslwdz < / pwdz + o(1) < C1 My ,(00,01,1I\ €) + € + 0o(1),
Hl,g\e Hl,(;\e
where o(1) — 0 as 8 — 0. Hence, taking 8 — 0, § — 0, ¢ — 0, we deduce (5). O
Remark 1. In the proof of Property 8 we aplied the cutting min(1,uy). Similarly
using max(min(1,u),0) to the function u € Adm(Fy, Fy, G), we come the following

definition of the capacity of the condenser. B
Definition. If Fy, Fy are compact disjoint non-empty sets in Q) then

Cy w(Fy, F1,Q) = inf/|Vu|w dx,
Q
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where the infimum is taken over all real-valued bounded functions u such that u|g
satisfies locally ther Lipschitz condition and u = j in some neighborhood of F},
7=0,1.

Remark 2. Let Fy, Fi be compact non-empty disjoint sets in Q. Let {D,} be a
sequence (maybe finite) of all mutually disjoint connected components D; of Q.
Since Fy, F1 are compact sets, there exists a finite family of components D; €
{D,}, having common points with Fy U Fy. Without loss of generality, suppose that
only D1, ..., Dj, intersect Fy U Fy. Let there is no component D;, 1 < j < jy,
such that simultaneously D; N Fy # 0, D; N Fy # 0. This implies T'(Fy, Fy, Q) = 0.
In addition, assuming w =0 on D;j if D; N Fy # 0, u=1 on D; if D; N Fy # 0,
w=1on Dj if j > j1, we get u € Adm(Fy, F1,Q) and [ |Vulwdz = 0. it follows
Q

that Cl,w(FOa Fl, Q) =0.
Otherwise, there is a component Dj, 1 < j < ji, for which D; N Fy # 0,
D;NF, #0 and hence T'(Fy, F1,Q) # 0.

Then using the same arguments from the proof of Property 8 (see also [9, The-
orem 5.5]), we obtain the next assertion.

Theorem 1. If Fy, Fy are compact disjoint non-empty sets in  then
M, o, (Fo, F1,Q) < Cy o (Fo, F1,Q) < C1 My, (Fo, F1,9Q),

where Cy depends only on w and Cy =1 forw =1.

5. REMOVABLE SETS

In this section, we will establish three criteria of removable sets E for L ().
We recall (see Definition 1) that E is a removable set for L () if E is a relatively
closed subset of €, m,(E) = 0 and for every function u € L} ,(Q \ E) there exists
a function v € L1 ,(Q) such that v|g\p = u.

We will need the following two lemmas. Further let Q = (JD;, where {D;} is

J

the sequence (maybe finite) of connected components of 2 from Remark 2.
Lemma 3. If E is a removable set for Ly ,(Q) then D; \ E is a domain for all j.

Proof. Suppose that there exists some component D; which is partitioned by F
into non-empty sets Qo and Q1, D; \ E = Qo U Q1, Qo N Q1 = (. take two point
g0 € Qo, ¢1 € Q1 and balls By = B(qo,70), B1 = B(q1,71) be such that By C Qo,
By C Q. Let L; = Li(ai,...,ax) be a simple polyline in a domain D; composed
of straight segments [a;,a;11], ¢ = 1,...,k — 1, where each segment [a;,a;+1] is
parallel to some coordinate axis and a; = qg, ax = ¢1. Applying reasoning from
the proof of Property 6, we obtain a coordinate rectangle II; with opposite facets
09 C Qo and o7 C Q1. Suppose, for example, that og, o1 are orthogonal to the
x1-axis. Let ug = 0 on Qo and ug = 1 on Q1N (Q\ D;). Obviously, ug € L} ,(Q\ E)
and, by definition of E, there is a function vy € L},W(Q), for which vo|o\g = uo.
In view of Proposition 1, vy € W' (Dj,loc) and therefore vy € L}(Il;). Then (see
[11, Sec. 1.1.3, Theorem 1]) function vy is absolutely continuous on m,,_1-almost
all segments [, H'(I N E) = 0, joining the facets oy, o1 in II; and parallel to the
x1-axis. This implies the existence of a limit point x; € £ N simultaneously for
INQp and INQ;. Hence, vo(x;) = 0 and vg(z;) = 1, that contradicts the definition
of function vo. Thus, D; \ E is a domain for all j and our Lemma is proved. [
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Lemma 4. Let B = B(a,r) be some ball in an open set G C Q and E be a
removable set for L} (). Suppose that ¢ € C§°(B) and v € Ly (G \ E). In
addition, assume that u is a bounded and locally satisfying the Lipschitz condition
on G\ E, By = B(a,r) is some ball such that 0 < ry < r and supp ¢ € By. Then
there exists a function g € WY1(R™) for which g =0 on R"\ By, 9le\e = uwp.

Proof. Set By = B; N E and, by Lemma 3, note that B\ F; is a domain. In
addition, E; as a closed subset of E is a removable set for Li ,(2). Put v = u¢p on
B\ E=DB;\E; andv=0on R"\ By.

We see that v satisfies locally the Lipschitz condition on (B \ Ey) N (R™\ By). If
xo € 0B1\ E; then there is some ball B(zg, ro) such that B(zg,r9) € (B\E)\supp ¢.
This implies v = 0 on B(xg,79) and hence v satisfies the Lipschitz condition on
B(zg,r9). On account of the arbitrariness of zo € dB; \ F; we obtain that v
satisfies locally the Lipschitz condition on R™ \ E and v|q\g = up. Since, u, ¢,
|V¢| are bounded functions on By \ Ey, we see that v € W11(R"\ E;) and hence
v e WLHQ\ Ey). It follows that there exists g € L ,(Q) such that glo\p, = v,
gle\e = up and g = 0 on Q\ B;. Assuming g = 0 on R"™\ Q we get a function that
satisfies the condition of Lemma. Thus the Lemma is proved. O

Theorem 2. If E is a removable set for Ly () then E is an NCi ,-set in Q.

Proof. Let II = {z = (x1,...,2,) : a; < x; < b;,i = 1,...,n} be a coordinate
rectangle with its facets og;, 01, from definition of NC ,,-set in (4).

In view of m,,(E) = 0, we see that 0g;,01; C O(II\ E) for all i = 1,...,n. Verify
that the equality (4) is true if j = 1. For the remaining j = 2,...,n the proof of
(4) is performed in the same way.

Given € > 0, by Lemma 1 and Remark 1, we find a bounded function v €
Adm(001, 011, 1I \ E) n L%,w(H \ E) such that

(21) Cl7w(0017011,H\E) < / |Vu|wd:17<C’Lw(aOl,Ull,H\E)+§.

m\E
Let G be an open neighborhood of the facets 041, in which u = s, where G4 € €,
s =0,1, and dist(Go,G1) > 0. In addition, let G, be another open neighborhood
of the facets 051, where G, € G, s =0, 1.

Set G = Go UGy UIl and E; = (IIN E) \ (Go UGy). It is easily to see that
u € WL (G\ Ey) and E; is a relatively closed subset of G.

Let the sequence { By} be a locally finite covering of G by balls By, = B(ag,rr) €
G, k > 1. Additionally we required that all balls By having common points with
G’, be contained in G, s = 0,1. Let {¢y} be a C*°-partition of unity for G subordi-
nating to the covering { By }. We show that there is a function z € Adm(ogy, 011, IT)
with ”ZHL%,W(H) arbitrarily close to HUHL%M(H\E)'

Indeed, let B}, = B(ak,},) be a ball such that 0 < r, < 7 and supp ¢ C Bj.
Then, by Lemma 4, there is a function g, € W' (R") for which g, = 0 on R" \Bil’g,
glene, = upr, k> 1. Set up = upp on G\ E1, k> 1,and u = ) up on G\ E; and

%

g=> gronG.
k
On any bounded open set Q € G we have

(22) I
% K
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and on Q \ Fy
(23) u = Zu’“
k

where the sums in (22), (23) contain a finite number of terms. This implies

(24) HgHWi,*l(Q) < 09, l[u— 9||ij1(Q\E1) < Z l|ue — gk“Wj»l(Q\El) =0
k

On account of the arbitrariness of @ we obtain g € W11(G) and

/\Vg|wdx: / |Vu\wdw:/\Vg|wdm.

M\E M\E I

Moreover, if @ = Gy then u = 0 on Gy, ||u *QHWJ)J(GO) = 0 and therefore g = 0 on
Gy. Similarly if @ = G1 then u =1= g on G;.
Next we approximate the function g in W!'(G) by smooth functions as follows.
If B.NGy # 0, we set 2z, = g = 0on R™. If BpNG| # 0, we set 2z, = ¢, €
Cs°(R™). In other cases let 25 denote the mollification of g € W11(R") with a
radius 0 < py, < dist(supp ¢, 0By,).

1
We take € (O, 2) and, by Proposition 6, choose py to satisfy

llgr — zk||W$,1(R") < 6k~
By construction, z, € WL1(R") N CS°(R™). Set z = 3" 2z, and on any set Q € G
k

we have

w

lg — Z||W3;1(Q) = Z llge — Zk||W;~1(Rn) = 1— < 2p.
k

=@

Therefore z € L ,(G) N C>(G) and z = 0 on Gf, and z =
z € Adm(og, 01,1I) and

(25) /|Vz|wdx=/|Vg\wdx+0(1),
i I

where o(1) = 0 as § — 0.
Connecting (21), (24) and (25), we derive

on G7. This implies

C1 w(o01,011,1I) < /\Vz|wd1:§ / [Vglwdz + o(1) <
I mE

/ |[Vulwdz 4+ o(1) < C1,u(001,011, 1T\ E) + o(1) + €.
M\E
Sequentially taking 5 — 0, ¢ — 0, we obtain
Ci w(o01,011,I1) = Cy (001,011, 1T\ E).
This is proved our theorem. ([l

Theorem 3. Let E be a relatively closed subset of an open set Q C R™. Then the
following four conditions are equivalent:

(1) E is a removable set for Ly ,(Q);
(2) E is an NCy -set in Q;
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(3) E is an NED1 ,-set in €Q;
(4) E € G1,,(9).

Proof. The implication 1) — 2) is established in Theorem 2 and the implication
2) — 3) is obtained in Proposition 8. So first we get the implication 3) — 4).

Let E be an NED ,,-set in Q and hence m,,(E) = 0, © does not locally parti-
tioned by E. Take a compact set e C E and verify that e satisfies the (1, w)-girth
condition with respect to X; (see Definition 1 in Sec. 2.6) if i = 1. For the re-
maining ¢ = 2,...,n the proof of the (1,w)-girth condition with respect to X; is
performed in the same way.

Let p be a function from Definition 1 with respect to X; and put p =0 on e.

Consider also some coordinate rectangle II = {z = (z1,...,2,) : a; < z; <
bi,i=1,...,n} such that e C II. Put II' = {2/ = (22,...,2p) : a; < z; < b;,i =
2,...,n} and consider 2’ € I’ such that I(2') = {x = (z1,2') € R" 1 a1 <21 < by}
has common points with e.

Verify that e-girth condition holds for p on the m,,_1-almost all segments ().
It suffices to prove this fact for the function p; = p + py, where py = 1 on II and

_ by
po=0on R*"\II. Then [ d2’ [ prwdry = [ prwdz < co.
g ay 11
T2
Put ®(2/,r1,72) = [ pywdz for all rationals 71,72 € [a1,b1], 1 < 2. As in the
ry

proof of Property 5, we verify that there exists a m,_;-measurable set II' C II’
with mn_l(ﬁ’) = my,—1(Il") such that every point 2’ € II' is a Lebesgue point for
the function ®(z’,ry,r2) (a differentiability point of the integral of these functions
over IT'). Choose now x’ = (3, ...,2,) € II' so that H'(I(z)Ne) = 0 (by definition
I(x')yNne#0D).

Cover I(z) N e by the mutually disjoint intervals Uy = (cx,di), k = 1,..., k1,
where ¢, = (rg,2’), dp = (Fx,2’), while r, and 7y are rationals in (aq,b;) with
rr < 7, and

(26) Z Z/,’le dx < —
k=1 k=177,
1
where C' = ——— . For small 6 > 0 put

sup(1 + |z|)"
II

/(5):{9/:(92,ayn) : |y1_$2| <6ai:27"'7n}7

0, (6) = {(z,y) 1 < x1 < T,y €' (6)} CIL
Denote by of = of(8), cx € of, and of = o%(0), di. € ok, the facets of I (6),
parallel to Hy; = {x = (z1,...,2,) : 1 = 0}.

In addition, put Tx(4) = F(ao,al,Hk(é) \ e). It is easily to see that II(d) €
K1(e,II). By (12) and the definition of an NED ,-set,

Mp— 1(015)
sup (1 + [z[)"
k()

Ml’w(og,af,ﬂk@)\e) > C'mnfl(gg)v

where m,,_1 (o) = m,_1(IU'(3)).
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Let Ly(6) = inf{[ p1ds : v € Tx(d)}. Obviously, Ly(d) > 7 — rj for all

2t
k =1,...,ki. Show that Ly(d) is sufficiently small when § > 0 close to zero.

P1
Indeed, € admI'g(d) and
e (3) k(0)

Tk

/ dx’/plwdxl > Li(8)Cmy_1(ck).
I’ (8) Tk

For sufficiently small § > 0, using the differentiability of the integrals, under con-
sideration,

Tk

1 €
< — N
Li(6) < C/,O1wd961 + Sk

Tk
for all k =1,...,k;. By the definition of infimum, there exists a curve 7 € T'y(9)
such that

T
€ 1 5
27 ds < Lg(6) + — < —= d — .
e [rras<n)+ o< [mwdn v
YR Tk
Since p; > 1 on II we have f ds < f p1 ds. Hence 'y,g is a rectifiable curve. By the
gl gl
local boundedness of p; on IT \ e, for sufficiently small 6 > 0 there exist segments
70 C o(8) and 7} C 0}(8) joining the points cx and dy, respectively, with the end
points of ¥ in II; () \ e so that

13
d d —.
/Pl 8+/P1 S<8k1

0 1
Tk Tk

Consequently, there exist simple curves v, C 70 U~2 U7l C II(0) \ e joining the
corresponding points ¢ and dg, k =1,..., k1, and by (26), (27)

k1
Z/pl ds < €.
k=1ly,
This implies
ks ks ks ks
(28) Z/ds<2/p1ds<s, Z/pds<2/p1ds<s.
k=ly, k=13 k=14, k=13

In other words, the e-girth condition holds for p and p; on m,,_;-almost all segments
('), o' € II'.

Let t = (t1,2") € I(z') \ e, where (28) holds for I(z’). It is easy to verify that the
e-girth condition holds for p, p; on I(t1,2") = {(x1,2’) : a1 < x1 <11} (see Remark
to Definition 1) for all such ¢ on I(z"). We will call this property the [t, £]-condition
for the function p on the segment I(z'). So the implication 3) — 4) is true.

Let’s go to the proof of implication 4) — 1) which we will present in two steps.

Step 1. Let E € G;,(Q). By the definition 3, m,(E) = 0 and Q does not
partitioned locally by E. Let u € Li ,(2\ E) N C*(Q\ E) and u be bounded
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function on Q \ E. Then u can extended to a function g € Lj () for which
glo\e = u, as follows.

Next we use constructions from the proof of Theorem 2. Let the sequence {B;}
be a locally finite covering of Q by balls B; = B(a;,7;) € Q, j > 1. Let {p;}
be a C*°-partition of unity, subordinated to the covering {B,}. Besides that let
B} = B(a;,r}) be a ball such that 0 < 7} < r; and supp p; C B}. Set e; = F;ﬂ E
and let v; = up; on B} \ e; and v; =0 on R" \ B’.

It is easily to see (proof of Lemma 4) that v; € W 1(R™\ e;) NC>®(R™ \ e;) and
s0, vjlo\p = ug;, |Vu;| is a continuous function on R™ \ e;.

Take some coordinate rectangle II; such that E C II; and verify that v; can be
extended to a function g; € L} ,(R"), when g|gn\¢, = v;.

Since v; = 0 on R \?g, it suffices to prove that v;|r\., can be extended to
function g; € L} ,(II;). Fix j > 1.

In the implication 3) — 4) proof given above, we will put e = e;, p = |V
52 = 0 on e,
i=1,...,n, and we use notation from the proof of implication 3) — 4).

Show that v; is an absolutely continuous function on m,,_i-almost all segments
(z) = {(z1,2) ra1 <21 < b}, 2 €l = {(xa,...,2pn) : a; < z; < by,i =
2,...,n}, if we define v; properly on e.

By Proposition 1, we also note that | |Vv,|dz < co. This implies

I

on R"\ e, II; = II and p = |Vv;| = 0 on e. In addition, we set

(29) / V| dz1 < oo
I(z")

for m,,_1-almost all [(z’), 2’ € II'. In addition, if [(z’) Ne = () then v; is infinitely
differentiable, and therefore obviously absolutely continuous on [(z').

Thus, we consider only those segments [(z'), 2’ € II', that satisfy the inequality
(29), l(z')NE # 0, H'(I(z') N E) = 0 and on which the e-girth condition holds
for p = |Vu;| for all € > 0 (see Remark to Definition 1). The family of all such
segments [(2') is denoted by I';. Take I(z’) € T'y and given 1 > 0, choose 5 > 0
such that [ |[Vuv;|dzy < for every F C I(z') with H'(F) < S.

F

On the segment /() consider an absolutely continuous function

t1 .
(30) ot 7)) = / Wi e,
a 1

where ¢t = (t1,2") € I(2'). We state that ¢(t) = v;(t) for all t = (t1,2") € I(2") \ e.
By the choice of [(2") and [t,e]-girth condition for |Vuv;| on I(z’) (see proof
of implication 3) — 4) above), there exist intervals Uy = (ck,dx) C l(t1,2') =
k
{(z1,2") a1 < a1 < t1}, k=1,..., k1, with Lj Up D eNnli(ty,«’) and rectifiable

k=1
curves 7y, C IT'\ e joining the endpoints of Uy such that

k}l kl
(31) Z/ds <e, Z/|vvj| ds < e.
k=14, k=13,
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Without loss of generality, let ¢, = (rg,a’), di = (Fx,2'), k=1,...,k1, a1 <711 <
71 <. <1 < T <ty. Set ¢ = (ar,2'), 0 < e <n. Consider a rectifiable curve

vy =le,el] Uy Uldy, co] Uz - [dkd 15 ¢k Uk U [d, ta].
Since v; € C*°(R™\ e) we have [ d; ds = v;(t) —v;(c). On the other hand, due
v

to absolute continuity of the integrals in (30) and (31) we deduce
ty
dvj
vj(t) = vj(c) = dzy + o(1),
a1
where o(1) — 0 as € — 0. Since v;(c) = 0, taking ¢ — 0, we have
t1

vj(t) = / % dry for all t = (t1,2") € I(2') \ e.

ay

Define v;(z1,2’) as f dv; dzl ifx € l(@)Ne, l(z') € Ty, and vj(z) = 0 if
x = (z1,2") €l(a) Ne, l( )géFl.

Hence v;(z) is an absolutely continuous function in R™ on m,,_i-almost all
straight lines [, parallel to the x;-axis.
In addition,using integration by parts and Fubini’s theorem, we obtain

(32) /vja / 9v; L,

R™

for all ¢ € C§°(R™). Now note that in (32) it is possible to redefine the values of

v; agj 0v;
v;, — on e =e¢,. Then we get g; =v,; on R" \ e, g; =0 on e, and = —= on
7 By ) J get gj j \e, g; Oz1 Oz
9; :
R"\e;, =—— =0one;,j=1,...,n.
\ J axl J J
9a.
Similarly, let’s make sure that the function g; has a weak derivative 97 in R"
T

for i = 2,...,n. This implies, by construction, g; € W2'(R"), g; =0 on R" \?g,
g; = up; on Q\ E. Set g =" g; on Q. Using technique from the proof of Theorem

J
2 (see (22)—(24)), we deduce that [[u — gl[y11 g0y = 0 for all open Qe
lu=glles @vm =0, llulley m) = llglle: @)

In other words, g € Lj ,(Q) and g|o\ g = u.

Step 2. Now let u be an arbitrary function in L{ ,(€2\ E) and {D}} be a sequence
(maybe finite) of all mutually disjoint connected components Dy, of Q. Then, by
the definition of E, Dy \ E is the connected component of Q \ E, k > 1, and
Q\ E = J(Dy \ E). By Proposition 7, there exists a sequence of bounded functions

k

uj € Ly ,(Q\ E)NC>®(Q\ E) such that

(33) Jlgglo lu; —ullzy @) =0,
(34) lim |u; —ullp, (@) =0foral Q' € Q\E.

j—o0
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Accordingly to Step 1, we assume that u; € Ly ,(Q) for all j > 1. In view of (33)
and m,(E) = 0 it follows that {u;} is the Cauchy sequence Lj ,(Q). Then, by
Proposition 2, {u;} converges in L ,(Dy) to some function vg, k > 1, as j — oo,

Moreover, from (33) |V(u — vg)| = 0 a.e. on Dy \ e and therefore u = vy + ¢
(see [5, Sec. 1.1.5]) on Dy, \ E. Using (34), it is easily to show that ¢, =0, k > 1.
For all z € Q we set v(x) = vg(x) if € Dy. By construction,

HUHL{M(Q\E) = H’UHL}M(Q)v v(T)|o\e = u(w).

Thus, E is a removable set for L} ,(€2), that completes the proof of the Theorem.
O

A simple modification of the arguments in the proof of Theorem 3 gives another
assertion.

Theorem 4. If E is an NC1 ,-set in Q then LT (Q\ E) = LT",(Q), Wi, (Q\E) =
WL (Q), Wi (Q\ B) = WiH(Q).

6. (1,1, w)-EQUIVALENT DOMAINS IN R"

Following Vodop’yanov and Gol'dstein [8] domains G; and G2 (G1 D Gs) in
R™ will be called (1,1,w)-equivalent, if the restriction operator  : L{ (G1) —
L}, (G2) (fu = u|g, ) is the isomorphism of the vector spaces L{ ,,(G1) and Lj ,(G2).

Theorem 5. Domain G1 and Gy (G1 D G2) are (1,1, w)-equivalent iff the set
E =Gy \ Gg is an NCq ,-set in Gy.

Proof. Necessity. Let the spaces L{ ,(G1) and Li ,(G2) be isomorphic as linear
spaces for the restriction isomorphism u = u|q, and u € Lj ,(G1). Passing to the

factor-spaces Ziw(Gl) and Liw(Gg) (see Sec. 2.3 and Proposition 3, 4) and using
the Banach theorem, we obtain the boundedness of the operator #~!. Let us prove
that m,,(G1\ G2) = 0. Assume the converse. Then the set G \ G has at least one
density point xg, which is also the Lebesgue point for weight w.

1
Let us consider a sequence of open coordinate cubes @,, = @ (a:o, ) with
m

the center xy and the edge of length —. Let us consider the function u,,(xz) =
m

dist(z, R \ Q) on R™. It is known (see [7]) that |Vu,| = 1 a.e. on @Q,, and

Vi, =0 ae. on R\ Qm, |um(z’) — un(x”)] < |2/ — 2”| for any 2/, 2" € R™.

Hence uy, € L1 ,(Qm) N L1, for all m > 1. From the boundedness of the operator

6= we have

/wdm§/|Vum|wdx§ H9_1H/\Vum|wdx§ 6~ / wdx.
G2

Qm, Gl G20Qm,
1 / 160~ /
P wdx < wdzx.
IQmIQ 1Qm|

G2NQm
For m — oo the inequality is not valid. Consequently, m,(G; \ G2) = 0 and
every function v € Lj ,(G2) may be extended to function u € L ,(G1) for which
u|g, =v. Hence E = G \ Gy is a removable set for Li ,(G1), and, by Theorem 3,
E is an NCi ,-set in Gj.

This implies




E

REMOVABLE SETS FOR SOBOLEV SPACES 159

The sufficiency condition in the Theorem follows from the Theorem 3. Indeed, let
= G1\ G2 be an NC ,,-set in G;. By Theorem 3, every function v € L%_’w(Gg) is

extended to the function u € L} ,(G1) such that u|g, = v. In view of m,(E) = 0,
the extension is only one (the functions ui,us € Li,(G1) with m,({z € Gy :

Uy

Li

() # uz(x)}) = 0 will be identified).
Consequently, 6 : L} ,(G1) — Li(G2) is the isomorphism of Lj ,(G1) and
w(G2). The Theorem is proved. O

Remark 3. In the case 1 < p < 0o and w =1 the criterion of (1, p)-equivalence of

do

[1
[2

[3

mains Gy and Go (G1 D Ga) in terms of NCy-sets was established in [18].
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