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ÊÎÌÌÓÒÀÒÈÂÍÎÃÎ ÃÐÓÏÏÎÈÄÀ

Â.Ñ. Êàëüíèöêèé, À.Í. Ïåòðîâ

Abstract. We introduced the notion of the degree of non-associativity

of idempotent commutative groupoid and constructed symmetrical idem-

potent ternary operation on the set of ordered partitions of the �nite

set. We have shown that the traditionally used ternary operation on this

set does not have the natural property, but it can be replaced by an

alternative ternary operation that is a symmetrization of a derivative of

the initial binary operation.

Keywords: commutative groupoid, idempotent groupoid, universal algebra,

non-associativity.

1. Ñòåïåíü íåàññîöèàòèâíîñòè

Ïóñòü (G, ◦) � ãðóïïîèä ñ áèíàðíîé îïåðàöèåé ◦ : G × G → G. Ñòðóê-
òóðà êîíå÷íîãî ãðóïïîèäà ïîëíîñòüþ îïðåäåëÿåòñÿ òàáëèöåé Êýëè, â êîòîðîé
ïðåäñòàâëåíû âñå ðåçóëüòàòû îïåðàöèè. Ââåäåì îáîçíà÷åíèÿ îñíîâíûõ çàêîíîâ,
êîòîðûì ìîæåò óäîâëåòâîðÿòü îïåðàöèÿ ◦, äëÿ óäîáñòâà ññûëîê.

A. Äëÿ ëþáûõ a, b, c ∈ G: (a ◦ b) ◦ c = a ◦ (b ◦ c) (àññîöèàòèâíîñòü).
I. Äëÿ ëþáîãî a ∈ G: a ◦ a = a (èäåìïîòåíòíîñòü).
K. Äëÿ ëþáûõ a, b ∈ G: a ◦ b = b ◦ a (êîììóòàòèâíîñòü).
N. Ñóùåñòâóåò o ∈ G, òàêîé, ÷òî äëÿ ëþáîãî a ∈ G: o◦a = a◦o = a (íàëè÷èå

íåéòðàëüíîãî ýëåìåíòà).
O. Äëÿ ëþáîãî a ∈ G ñóùåñòâóåò b ∈ G: b ◦ a = a ◦ b = o (îáðàòèìîñòü).
Ìû áóäåì ïðèäåðæèâàòüñÿ àääèòèâíîé ôîðìû çàïèñè, åñëè ðàññìàòðèâàå-

ìûé íàìè ãðóïïîèä áóäåò êîììóòàòèâíûìè.

Kalnitsky, V.S., Petrov, A.N. On the degree of non-associativity of an idempotent
commutative groupoid.
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Îïðåäåëåíèå 1. Ãðóïïîèä (G,⊕) áóäåì íàçûâàòü
à) IK-ãðóïïîèäîì, åñëè â íåì âûïîëíåíû àêñèîìû I,K;
á) ïàðàãðóïïîé ([1]), åñëè â íåì âûïîëíåíû àêñèîìû N,O;
â) IK-ïàðàãðóïïîé, åñëè â íåì âûïîëíåíû àêñèîìû I,K,N,O.

Ðàññìîòðèì íà ìíîæåñòâå G n-àðíóþ îïåðàöèþ, n > 2, �n : G × · · · × G →
G. Åñëè äëÿ ëþáîãî ýëåìåíòà a ∈ G âûïîëíåíî ðàâåíñòâî �n(a, . . . , a) = a,
òî îïåðàöèÿ íàçûâàåòñÿ èäåìïîòåíòíîé. Åñëè äëÿ ëþáîãî íàáîðà ýëåìåíòîâ
(a1, . . . , an) è äëÿ ëþáîé ïåðåñòàíîâêè σ ∈ Sn âûïîëíåíî ðàâåíñòâî

�n(a1, . . . , an) = �n(aσ(1), . . . , aσ(n)),

òî îïåðàöèÿ íàçûâàåòñÿ ñèììåòðè÷íîé.

Îïðåäåëåíèå 2. Òðîéêó ýëåìåíòîâ (a1, a2, a3) ãðóïïîèäà (G, ◦) íàçîâåì
à) àññîöèàòèâíîé, åñëè âûïîëíåíî ðàâåíñòâî

(a1 ◦ a2) ◦ a3 = a1 ◦ (a2 ◦ a3),

á) ñèììåòðè÷íî-àññîöèàòèâíîé, åñëè îäíîçíà÷íî îïðåäåëåí ýëåìåíò, ðàâ-
íûé ñóììå ýëåìåíòîâ â ëþáîì ïîðÿäêå è ïðè ëþáîé ðàññòàíîâêå ñêîáîê

(a1 ◦ a2) ◦ a3 = a1 ◦ (a2 ◦ a3) = (aσ(1) ◦ aσ(2)) ◦ aσ(3) = aσ(1) ◦ (aσ(2) ◦ aσ(3)).

Öåëüþ íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ ïîñòðîåíèå ïî áèíàðíîé îïåðàöèè ⊕ íà
IK-ãðóïïîèäå ñèììåòðè÷íîé èäåìïîòåíòíîé òåðíàðíîé îïåðàöèè ⊕̂, ñîâïàäàþ-
ùåé ñ ñóììîé òðåõ ýëåìåíòîâ íà ìíîæåñòâåW âñåõ ñèììåòðè÷íî-àññîöèàòèâíûõ
òðîåê.

Îïðåäåëèì íà IK-ãðóïïîèäå (G,⊕) òåðíàðíóþ îïåðàöèþ

[a, b, c] = (a⊕ b)⊕ c.
Ïîëó÷åííûé 3-ãðóïïîèä (G, [ ]) íàçûâàåòñÿ ïðîèçâîäíûì ãðóïïîèäîì ([6], [7]).
Îïåðàöèÿ [ ], âîîáùå ãîâîðÿ íå ñèììåòðè÷íà, íî â ñèëó êîììóòàòèâíîñòè äëÿ
êàæäîé òðîéêè ýëåìåíòîâ (a, b, c) ðàçëè÷íûìè ìîãóò áûòü ëèøü òðè çíà÷åíèÿ
èç øåñòè çíà÷åíèé íà âñåõ ïåðåñòàíîâêàõ.

Îïðåäåëåíèå 3. Ñîïîñòàâëåíèå

S : (a, b, c) 7→ ([a, b, c], [b, c, a], [c, a, b])

áóäåì íàçûâàòü øàãîì ñèììåòðèçàöèè.

Åñëè (a, b, c) ∈W , òî S(a, b, c) = (d, d, d), ãäå d = (a⊕ b)⊕ c.

Îïðåäåëåíèå 4. Íàèìåíüøåå ÷èñëî s òàêîå, ÷òî Ss+1(a, b, c) = (d, d, d) äëÿ
íåêîòîðîãî d, áóäåì íàçûâàòü ñòåïåíüþ íåàññîöèàòèâíîñòè òðîéêè (a, b, c)
IK-ãðóïïîèäà è ïèñàòü s = dna(a, b, c).Åñëè òàêîå ÷èñëî íå îïðåäåëåíî, áó-
äåì ãîâîðèòü, ÷òî ñòåïåíü íåàññîöèàòèâíîñòè òðîéêè áåñêîíå÷íà è òðîéêà
ÿâëÿåòñÿ âïîëíå íåàññîöèàòèâíîé.

Ïî îïðåäåëåíèþ, [Ss(a, b, c)] = d. Ñòåïåíü íåàññîöèàòèâíîñòè ëþáîé òðîéêè
ýëåìåíòîâ èç W ðàâíà 0.

Îïðåäåëåíèå 5. Ñòåïåíüþ íåàññîöèàòèâíîñòè IK-ãðóïïîèäà (G,⊕) áóäåì
íàçûâàòü ñèìâîë

DNA(G) = sup
a,b,c∈G

dna(a, b, c).

Â ñëó÷àå DNA(G) =∞ áóäåì ãîâîðèòü, ÷òî ãðóïïîèä âïîëíå íåàññîöèàòèâåí.
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Ïîíÿòèå ñòåïåíè íåàññîöèàòèâíîñòè îáëàäàåò ñâîéñòâîì ìîíîòîííîñòè: äëÿ
ëþáîãî ïîäãðóïïîèäà kH ⊆ G âåðíî DNA(H) 6 DNA(G). Â ñèëó ìîíîòîííî-
ñòè ïðåäñòàâëÿåò èíòåðåñ âû÷èñëåíèå DNA äëÿ ãðóïïîèäîâ ìàëîãî ïîðÿäêà.

Òðèâèàëüíûé ãðóïïîèä è åäèíñòâåííûé ñ òî÷íîñòüþ äî èçîìîðôèçìà IK-
ãðóïïîèä ïîðÿäêà 2 ÿâëÿþòñÿ ïîëóãðóïïàìè, ò.å. óäîâëåòâîðÿåò çàêîíó A.

Ñóùåñòâóåò ñåìü ñ òî÷íîñòüþ äî èçîìîðôèçìà IK-ãðóïïîèäîâ ïîðÿäêà 3

E1 a b c
a a a a
b a b a
c a a c

E2 a b c
a a a a
b a b b
c a b c

E3 a b c
a a a b
b a b c
c b c c

E4 a b c
a a b b
b b b c
c b c c

E5 a b c
a a b b
b b b a
c b a c

E6 a b c
a a b a
b b b c
c a c c

E7 a b c
a a c b
b c b a
c b a c

Ïðÿìûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî
DNA(E1) = DNA(E2) = 0,
DNA(E3) = DNA(E4) = DNA(E5) = 1,
DNA(E6) = DNA(E7) =∞

Â ãðóïïîèäå E5, íàïðèìåð,

S(a, b, c) = (a, a, b), S(a, a, b) = (b, b, b).

Â ãðóïïîèäå E3: [a, a, c] = b, íî [a, c, a] = a, ò.å. òðîéêà (a, a, c) íå ÿâëÿåòñÿ
ñèììåòðè÷íî-àññîöèàòèâíîé, íî îäèí øàã ñèììåòðèçàöèè ïðèâîäèò ê òðîéêå
(a, a, a).

Ðàâåíñòâî DNA(G) = 0 îçíà÷àåò, ÷òî IK-ãðóïïîèä ÿâëÿåòñÿ ïîëóãðóïïîé,
âåðíî è îáðàòíîå.

Äëÿ IK-ãðóïïîèäà (G,⊕) êîíå÷íîé ñòåïåíè íåàññîöèàòèâíîñòè s çàäàäèì
òåðíàðíóþ îïåðàöèþ

⊕̂(a, b, c) = [Ss(a, b, c)].

Èñõîäÿ èç ïîñòðîåíèÿ, ýòà îïåðàöèÿ ÿâëÿåòñÿ ñèììåòðè÷íîé, èäåìïîòåíòíîé è
íà ìíîæåñòâå âñåõ ñèììåòðè÷íî-àññîöèàòèâíûõ òðîåê îòíîñèòåëüíî áèíàðíîé
îïåðàöèè ⊕ ñîâïàäàåò ñ èõ ñóììîé. Áóäåì íàçûâàòü ⊕̂ ïðîäîëæåíèåì ⊕.

Èç âñåõ IK-ãðóïïîèäîâ ïîðÿäêà òðè òîëüêî øåñòü èìåþò èäåìïîòåíòíûå,
ñèììåòðè÷íûå òåðíàðíûå ïðîäîëæåíèÿ. Îïèøåì èõ ÿâíî â âèäå ñâîäíîé òàá-
ëèöû çíà÷åíèé íà âñåõ êîìáèíàöèÿõ àðãóìåíòîâ (êðîìå òðèâèàëüíûõ)

⊕̂ E1 E2 E3 E4 E5

aab a a a b b
aac a a a b b
bba a a a b b
bbc a b c c b
cca a a c c b
ccb a b c c b
abc a a b c b

Èñõîäÿ èç ïîëó÷åííûõ ðåçóëüòàòîâ, ìû âèäèì, ÷òî òåðíàðíûå îïåðàöèè íà
E1 è E5 ìîãóò áûòü ïîëó÷åíû äðóã èç äðóãà ïåðåèìåíîâàíèåì ýëåìåíòîâ a↔ b.
Òàêèì îáðàçîì, ñóùåñòâóåò òîëüêî ÷åòûðå ñ òî÷íîñòüþ äî èçîìîðôèçìà èäåì-
ïîòåíòíûå, ñèììåòðè÷íûå òåðíàðíûå îïåðàöèè íà ìíîæåñòâå èç òðåõ ýëåìåí-
òîâ, ÿâëÿþùèõñÿ ïðîäîëæåíèÿìè. Ïðè ýòîì, îäíà òåðíàðíàÿ îïåðàöèÿ ìîæåò
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áûòü ïðîäîëæåíèåì äâóõ ðàçëè÷íûõ áèíàðíûõ îïåðàöèé, çàäàþùèõ íåèçî-
ìîðôíûå ãðóïïîèäû.

Â òåðìèíîëîãèè [9] ïîñòðîåííàÿ òåðíàðíàÿ îïåðàöèÿ ÿâëÿåòñÿ áèíàðíî ðàç-
ëîæèìîé. Íàïðèìåð, ïðè DNA(G, [ ]) = 1

⊕̂(a, b, c) = (((a⊕ b)⊕ c)⊕ ((b⊕ c)⊕ a))⊕ ((c⊕ a)⊕ b).
Îïðåäåëåíèå 6. n-àðíàÿ îïåðàöèÿ [ ] íàçûâàåòñÿ àññîöèàòèâíîé, åñëè äëÿ
ëþáîãî íàáîðà ýëåìåíòîâ (a1, . . . , a2n−1) âûïîëíåíà öåïî÷êà ðàâåíñòâ

[[a1, . . . , an], an+1, . . . , a2n−1] =

= [a1, [a2, . . . , an+1], an+2, . . . , a2n−1] = . . .

· · · = [a1, . . . , [an, . . . , a2n−1]].

Ïîñòðîåííîå ïðîäîëæåíèå, âîîáùå ãîâîðÿ, íå ÿâëÿåòñÿ àññîöèàòèâíîé îïåðà-
öèåé. Íàïðèìåð, ïî ðåçóëüòàòàì âû÷èñëåíèÿ ⊕̂ â ãðóïïîèäå E3:

⊕̂(⊕̂(a, b, c), c, a) = ⊕̂(b, c, a) = b,

íî
⊕̂(a, ⊕̂(b, c, c), a) = a.

Åñëè DNA(G,⊕) = 0, òî àññîöèàòèâíîñòü ïðîäîëæåíèÿ ñëåäóåò èç àññîöèà-
òèâíîñòè áèíàðíîé îïåðàöèè.

Îïðåäåëåíèå 7. Ýëåìåíò e n-ãðóïïîèäà (G, [ ]) íàçûâàåòñÿ åäèíèöåé ([8]),
åñëè äëÿ ëþáîãî x ∈ G âûïîëíåíî

[xe . . . e] = [exe . . . e] = · · · = [e . . . ex] = x.

Åäèíèöà e n-ãðóïïîèäà (G, [ ]) çàäàåò ïðîåêöèþ, ò.å. áèíàðíóþ îïåðàöèþ x ∗
y = [xe . . . ey], äëÿ êîòîðîé îíà òàêæå ÿâëÿåòñÿ åäèíèöåé. Åñëè îïåðàöèÿ [ ]
áûëà êîììóòàòèâíîé è èäåìïîòåíòíîé, òî îïåðàöèÿ ∗ ÿâëÿåòñÿ êîììóòàòèâíîé,
íî âîîáùå ãîâîðÿ, íå èäåìïîòåíòíîé.

Îïðåäåëåíèå 8. Ýëåìåíò o n-ãðóïïîèäà (G, [ ]) ñ èäåìïîòåíòíîé ñèììåò-
ðè÷íîé n-àðíîé îïåðàöèåé íàçîâåì ïðîåêòèâíûì, åñëè ïðîåêöèÿ ∗ ÿâëÿåòñÿ
êîììóòàòèâíîé è èäåìïîòåíòíîé.

Ñðåäè îïèñàííûõ íàìè òåðíàðíûõ ïðîäîëæåíèé òîëüêî ó òðåõ åñòü (åäèí-
ñòâåííûé) ïðîåêòèâíûé ýëåìåíò (E2, c), (E3, b), (E4, a). Â ýòèõ 3-ãðóïïîèäàõ
ñóæåíèÿ ïîðîæäàþò ðîâíî òå áèíàðíûå îïåðàöèè, ÷üèìè ïðîäîëæåíèÿìè ÿâ-
ëÿþòñÿ òåðíàðíûå ñóììû. Ýòî ìîòèâèðóåò ñëåäóþùèå îïðåäåëåíèÿ.

Ìíîæåñòâî G ñ íàáîðîì Ω îïåðàöèé íåêîòîðûõ àðíîñòåé íàçûâàåòñÿ Ω-
àëãåáðîé (óíèâåðñàëüíîé àëãåáðîé), íàáîð îïåðàöèé � ñèãíàòóðîé, G � íî-
ñèòåëü ([2]).

Îïðåäåëåíèå 9. Ω-Àëãåáðà (G,⊕2,⊕3) áóäåò íàçûâàòüñÿ åñòåñòâåííîé, åñ-
ëè
1. îïåðàöèÿ ⊕2 ÿâëÿåòñÿ èäåìïîòåíòíîé è êîììóòàòèâíîé;
2. îïåðàöèÿ ⊕3 ÿâëÿåòñÿ èäåìïîòåíòíîé è ñèììåòðè÷íîé;
3. DNA(G,⊕2) <∞ è äëÿ ëþáûõ a, b ∈ G âûïîëíåíî ⊕̂2(a, b, c) = ⊕3(a, b, c);
4. òåðíàðíàÿ îïåðàöèÿ ⊕3 èìååò ïðîåêòèâíûé ýëåìåíò o òàêîé, ÷òî äëÿ
ëþáûõ a, b ∈ G âûïîëíåíî ⊕3(o, a, b) = ⊕2(a, b).

Ñëåäóÿ ýòîìó îïðåäåëåíèþ, òðè îïèñàííûå âûøå Ω-àëãåáðû Ei, i = 2, 3, 4,
ÿâëÿþòñÿ åñòåñòâåííûìè.
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2. Îñíîâíûå ðåçóëüòàòû

Çàôèêñèðóåì íàòóðàëüíîå ÷èñëî n è ðàññìîòðèì ìíîæåñòâî Gn óïîðÿäî-
÷åííûõ ðàçáèåíèé îòðåçêà íàòóðàëüíîãî ðÿäà [1, . . . , n]. Êîëè÷åñòâî ýëåìåíòîâ
ýòîãî ìíîæåñòâà íàçûâàåòñÿ ÷èñëîì Ôóáèíè èëè óïîðÿäî÷åííûì ÷èñëîì Áåë-
ëà [3]. Ñóùåñòâóþò ðàçëè÷íûå èíòåðïðåòàöèè äàííîãî ìíîæåñòâà êàê àëãåáðà-
è÷åñêèå, òàê è ãåîìåòðè÷åñêèå (ñì. ññûëêè â [4]).

Äëÿ êàæäîãî óïîðÿäî÷åííîãî ðàçáèåíèÿ ñîïîñòàâèì ïîñëåäîâàòåëüíîñòü äëè-
íû n ïî ñëåäóþùåìó ïðàâèëó: íà ïåðâîì ìåñòå ñòîèò íîìåð ãðóïïû ïî ïîðÿäêó,
â êîòîðóþ âõîäèò 1, íà âòîðîì íîìåð ãðóïïû, ñîäåðæàùåé 2, è ò.ä. Òàêîå ñî-
ïîñòàâëåíèå ÿâëÿåòñÿ âçàèìíî îäíîçíà÷íûì.

Ìíîæåñòâî Gn åñòåñòâåííûì îáðàçîì ðàçáèâàåòñÿ íà ïîäìíîæåñòâà Gn,k ïî
êîëè÷åñòâó k, k = 1, . . . , n, ãðóïï ðàçáèåíèé èñõîäíîãî îòðåçêà. Êàæäàÿ ãðóïïà
â íàøåé íóìåðàöèè ñîñòîèò âñåõ èç ïîñëåäîâàòåëüíîñòåé äëèíû n, â êîòîðîì
ó÷àñòâóþò ëèøü ÷èñëà 1, . . . , k è êàæäîå íå ìåíåå îäíîãî ðàçà.

Â ïðèëîæåíèÿõ, â êîòîðûõ ýëåìåíòû ìíîæåñòâà G2 èíòåðïðåòèðóþòñÿ êàê
ðàíæèðîâàííûé ñïèñîê ïðåäïî÷òåíèé, ðàññìàòðèâàåòñÿ äåéñòâèå, ñîïîñòàâëÿ-
þùåå íåñêîëüêèì ðàíæèðîâàííûì ñïèñêàì òàê íàçûâàåìûé àãðåãèðîâàííûé
ñïèñîê. Îïèñûâàåìàÿ íèæå ìåòîäèêà ïîëó÷åíèÿ àãðåãèðîâàííîãî ñïèñêà áûëà
ïðåäëîæåíà ôðàíöóçñêèì ìàòåìàòèêîì Æàí-Øàðëåì äå Áîðä�à ([5]).

Îïðåäåëåíèå 10. Àãðåãèðîâàííîé ñóììîé ]s ïîñëåäîâàòåëüíîñòåé èç Gn
íàçûâàåòñÿ ïîñëåäîâàòåëüíîñòü ïîëó÷åííàÿ ïî ñëåäóþùåìó ïðàâèëó: ïîñëåäî-
âàòåëüíîñòè ñêëàäûâàþòñÿ âåêòîðíî, êàæäîìó ÷èñëó â ïîëó÷åííîé ïîñëåäî-
âàòåëüíîñòè ñóìì ïðèñâàèâàåòñÿ åãî íîìåð ïî ïîðÿäêó âîçðàñòàíèÿ, ïðè÷åì
îäèíàêîâûì ñóììàì ïðèñâàèâàåòñÿ îäèíàêîâûé íîìåð.

Íàïðèìåð,

(1, 2, 3, 4) + (2, 1, 3, 4) = (3, 3, 6, 8);

(1, 2, 3, 4) ]2 (2, 1, 3, 4) = (1, 1, 2, 3).

Ïðåäëîæåíèå 1. Ãðóïïîèä (Gn,]2) ÿâëÿåòñÿ IK-ïàðàãðóïïîé. Äëÿ ëþáîãî s
îïåðàöèÿ ]s ÿâëÿåòñÿ ñèììåòðè÷íîé è èäåìïîòåíòíîé s-àðíîé îïåðàöèåé.

Äîêàçàòåëüñòâî. Ïðÿìî ñëåäóåò èç îïðåäåëåíèÿ. Íåéòðàëüíûì ýëåìåíòîì ÿâ-
ëÿåòñÿ íàáîð 1̄ = (1, . . . , 1), îáðàòíûì ê íàáîðó γ = (a1, . . . , an) ∈ Gn,k ÿâëÿåòñÿ
íàáîð γ̄ = (k − a1 + 1, . . . , k − an + 1). �

Ïðÿìîå âû÷èñëåíèå ïîêàçûâàåò, ÷òî DNA(G2,]2) = 1 è ]̂2 = ]3.
Ïðîãðàììíûìè ñðåäñòâàìè óñòàíîâëåíî, ÷òî DNA(G3,]2) = 1, ò.å. àãðåãè-

ðîâàííàÿ ñóììà ïðîäîëæèìà. Îäíàêî, êàê ìû äîêàæåì íèæå, íè äëÿ êàêîãî
n > 3 ïðîäîëæåíèå ]̂2, åñëè îíî ñóùåñòâóåò, íå ñîâïàäàåò ñ òåðíàðíîé àãðåãè-
ðîâàííîé ñóììîé ]3.

Ñðàçó çàìåòèì, ÷òî äëÿ ëþáîãî n, n > 2, íà ìíîæåñòâå Gn óïîðÿäî÷åí-
íûõ ðàçáèåíèé íå ñóùåñòâóåò àññîöèàòèâíîé áèíàðíîé îïåðàöèè, ïîðîæäàþ-
ùåé òåðíàðíóþ àãðåãèðîâàííóþ ñóììó ]3, òàê êàê ïîñëåäíÿÿ íå àññîöèàòèâíà.
×òîáû óáåäèòüñÿ â ýòîì, çàïèøåì äëÿ a 6= 1̄

]3(]3(ā, ā, a), a, a) = ]3(ā, a, a) = a;

]3(ā, ā,]3(a, a, a)) = ]3(ā, ā, a) = ā;
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Òåîðåìà 1. Äëÿ ëþáîãî n, n > 3, íà ìíîæåñòâå Gn óïîðÿäî÷åííûõ ðàçáè-
åíèé íå ñóùåñòâóåò èäåìïîòåíòíîé êîììóòàòèâíîé áèíàðíîé îïåðàöèè ñ
íåéòðàëüíûì ýëåìåíòîì, ïîðîæäàþùåé òåðíàðíóþ àãðåãèðîâàííóþ ñóììó
]3.

Äîêàçàòåëüñòâî ðàçîáú�åì íà íåñêîëüêî øàãîâ.

Ëåììà 1. Åñëè IK-ãðóïïîèä (Gn,⊕), n > 1, ñîäåðæèò íåéòðàëüíûé ýëåìåíò
o è òåðíàðíîå ïðîäîëæåíèå ⊕̂ ñîâïàäàåò ñ òåðíàðíîé îïåðàöèåé ]3, òî äëÿ
ëþáûõ a, b ∈ Gn âûïîëíåíî òîæäåñòâî a⊕ b = ]3(a, b, 1̄).

Äîêàçàòåëüñòâî. Îñóùåñòâèì øàã ñèììåòðèçàöèè äëÿ òðîéêè ýëåìåíòîâ ãðóï-
ïîèäà (1̄, 1̄, o)

[1̄, 1̄, o] = (1̄⊕ 1̄)⊕ o = 1̄⊕ 1̄ = 1̄,

â ñèëó íåéòðàëüíîñòè o, êîììóòàòèâíîñòè è èäåìïîòåíòíîñòè ⊕. Ýòîò æå ýëå-
ìåíò ïîðîæäàåòñÿ è äâóìÿ äðóãèìè öèêëè÷åñêèìè ïåðåñòàíîâêàìè òðîéêè. Òà-
êèì îáðàçîì, ðàññìàòðèâàåìàÿ òðîéêà ÿâëÿåòñÿ ñèììåòðè÷íî-àññîöèàòèâíîé è
ñëåäîâàòåëüíî ⊕̂(1̄, 1̄, o) = 1̄. Ïî óñëîâèþ, ýòîò ýëåìåíò ñîâïàäàåò ñ àãðåãèðî-
âàííîé ñóììîé ]3(1̄, 1̄, o) = o. Ìû ïîëó÷èëè ðàâåíñòâî äâóõ ýëåìåíòîâ o = 1̄.

Äàëåå, äëÿ ëþáûõ a, b ∈ Gn ðàññìîòðèì òðîéêó (a, b, o) è îñóùåñòâèì øàã
ñèììåòðèçàöèè.

[a, b, o] = (a⊕ b)⊕ o = a⊕ b;
[b, o, a] = (b⊕ o)⊕ a = a⊕ b;
[o, a, b] = (o⊕ a)⊕ b = a⊕ b.

Òàêèì îáðàçîì,
]3(a, b, 1̄) = ⊕̂(a, b, o) = a⊕ b.

×òî è òðåáîâàëîñü äîêàçàòü. �

Ëåììà 2. Äëÿ ëþáîãî n, n > 3, òåðíàðíàÿ àãðåãèðîâàííàÿ ñóììà ]3 íå ÿâ-
ëÿåòñÿ ïðîäîëæåíèåì áèíàðíîé àãðåãèðîâàííîé ñóììû ]2.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî ïðåäúÿâèòü òðîéêó ýëåìåí-
òîâ, äëÿ êîòîðîé çíà÷åíèå òåðíàðíîãî ïðîäîëæåíèÿ ]̂2 è òåðíàðíîé àãðåãèðî-
âàííîé ñóììû ]3 íå ñîâïàäàþò. Ðàññìîòðèì òðîéêó

a = b = (1, 2, 3, 4, . . . , n); c = (3, 1, 2, 4, . . . , n).

Ïðè n = 3 ðàññìàòðèâàåì òîëüêî ïåðâûå òðè öèôðû â íàáîðàõ. Âûïîëíèì øàã
ñèììåòðèçàöèè

(a ]2 a) ]2 c = a ]2 c.
(1, 2, 3, . . . ) + (3, 1, 2, . . . ) = (4, 3, 5, . . . );

(1, 2, 3, . . . ) ]2 (3, 1, 2, . . . ) = (2, 1, 3, . . . ) =: d;

(a ]2 c) ]2 a = d ]2 a.
(1, 2, 3, . . . ) + (2, 1, 3, . . . ) = (3, 3, 6, . . . );

(1, 2, 3, . . . ) ]2 (2, 1, 3, . . . ) = (1, 1, 2, . . . ) =: f ;

Ìû ïîëó÷èëè íîâóþ òðîéêó

S(a, b, c) = (d, f, f).

Äàëåå,
d ]2 f = (2, 1, 3, . . . ) ]2 (1, 1, 2, . . . ) = (2, 1, 3, . . . ) = d;
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Ñëåäîâàòåëüíî, ñëåäóþùèé øàã ñèììåòðèçàöèè äàåò òðèâèàëüíûé íàáîð (d, d, d),
ò.å.

]̂2(a, b, c) = d.

Ñ äðóãîé ñòîðîíû

(1, 2, 3, . . . ) + (1, 2, 3, . . . ) + (3, 1, 2, . . . ) = (5, 5, 8, . . . );

]3(a, b, c) = f.

Äîêàçàòåëüñòâî çàâåðøåíî. �

Çàìå÷àíèå. Ïðîãðàììíûìè ñðåäñòâàìè îñóùåñòâëåí ïîëíûé ïåðåáîð òðîåê
äëÿ n = 3. Â Ω-àëãåáðå (G3,]2,]3) ñóùåñòâóåò ðîâíî ÷åòûðå òðîéêè ýëåìåíòîâ
ñ òî÷íîñòüþ äî ïåðåñòàíîâîê öèôð â íàáîðàõ, íà êîòîðûõ îòëè÷àþòñÿ òåðíàð-
íûå îïåðàöèè ]̂2 è ]3.

{(1, 2, 3), (3, 1, 2), (2, 1, 1)}; {(1, 2, 3), (3, 1, 2), (2, 2, 1)};

{(1, 2, 3), (3, 1, 2), (1, 2, 3)}; {(1, 1, 2), (1, 1, 2), (3, 2, 1)}.
Òàêèì îáðàçîì, îòëè÷èå îïåðàöèé íåçíà÷èòåëüíî, òàê êàê ïîðÿäîê ãðóïïîèäà
ðàâåí 13.

Äîêàçàòåëüñòâî òåîðåìû 1. Â óñëîâèÿõ òåîðåìû èç ëåììû 1 ñëåäóåò, ÷òî íåé-
òðàëüíûé ýëåìåíò 1̄ ÿâëÿåòñÿ ïðîåêòèâíûì äëÿ òåðíàðíîé àãðåãèðîâàííîé ñóì-
ìû ]3 è ïîðîæäàåò äàííóþ áèíàðíóþ îïåðàöèþ. Ñ äðóãîé ñòîðîíû, ïðîåêöèÿ
òåðíàðíîé àãðåãèðîâàííîé ñóììû ÿâëÿåòñÿ áèíàðíîé àãðåãèðîâàííîé ñóììîé
]2. Ïî ëåììå 2, òåðíàðíàÿ àãðåãèðîâàííàÿ ñóììà íå ÿâëÿåòñÿ ïðîäîëæåíèåì
áèíàðíîé àãðåãèðîâàííîé ñóììû. Ìû ïîëó÷èëè ïðîòèâîðå÷èå. �

Ñëåäñòâèå 1. Ïðè ëþáîì n, n > 3, Ω-àëãåáðà (Gn,]2,]3) íå ÿâëÿåòñÿ åñòå-
ñòâåííîé.

Â ñèëó òîãî, ÷òî ó òåðíàðíîé àãðåãèðîâàííîé ñóììû ñóùåñòâóåò åäèíñòâåí-
íûé ïðîåêòèâíûé ýëåìåíò 1̄, ïðîåêöèÿ åå ñîâïàäàåò ñ áèíàðíîé àãðåãèðîâàííîé
ñóììîé è ïîòîìó çàìåíà ïîñëåäíåé íà ëþáóþ äðóãóþ áèíàðíóþ îïåðàöèþ íå
ïîðîäèò åñòåñòâåííîé àëãåáðû. Îäíàêî, âîïðîñ î áèíàðíîé ðàçëîæèìîñòè òåð-
íàðíîé ñóììû îñòàåòñÿ îòêðûòûì.

Ñ äðóãîé ñòîðîíû, äëÿ ïðîäîëæåíèÿ ]̂2 ýëåìåíò 1̄ òàêæå ÿâëÿåòñÿ ïðîåê-
òèâíûì è ïîðîæäàåò ]2, ò.å. Ω-àëãåáðà (Gn,]2, ]̂2) ÿâëÿåòñÿ åñòåñòâåííîé.
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