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HAYAJIbHO-TPAHUYHBIE 3AJAYN 1JIA
BBIPO2KTAIOIIINXCS 'MIEPBOJINYECKNX YPABHEHUN

AU. KO2KAHOB

ABSTRACT. The aim of the paper is to study solvability in Sobolev spaces
initial-boundary value problems for differential equations

ue — p(t)Au + c(z, t)u = f(x,t)

in which A is an elliptic operator acting in the spatial variables z1,...,z,
and ¢(t) is a non-negative function on the segment [0,7]. Existence
theorems of regular solutions are proven. Some generalizations of the
results are also described.

Keywords: hyperbolic equations, degeneration, initial - boundary value
problems, regular solutions, existence.

1. BBEJIEHUE

Hacrosiiast paboTa MOCBSIINEHA WCCAETOBAHUIO PA3PEIIMMOCTA B KJIACCAX Pe-
TYJISIPHBIX DPEINIeHnil Ha9aJIbHO—KPAEBBIX 330a4 [JIs JINHEHHBIX BBIPOKIAIOIIAXCS
runepOoJIMUeCcKUX ypaBHEeHUH (Pery/IgpHbIME PENICHUIMU HA3bIBAIOTCS DEIIEHUS,
UMerolle Bce HeoOXxoauMbIe B 331ade 0006uientbie 110 CobosieBy POM3BOIHbIE).

Boipok natorpecst runepOoInYecKue ypaBHeHus U3y YaaIuch MHOTUMEI aBTOPAMHU.
3BHauuTesbHOe Y110 pabor, M., Halpumep, paborst [1]-[11], monorpaduu [12], [13]
U UMEIOIIYIOCsT B HUX OnOJmMOrpaduio, MOCBSIIEHO HCCJIEIOBAHUIO PA3PENTUMOCTH
KPAEBBIX 33149 JJIs BIPOXK JAIONINXCA TUMEPOOINIECKUX YPABHEHUH B XapaKTepu-
CTUYIECKUX U OJUBKUX K HUM OBJACTIX. 3aAMETHUM, 9TO 3a9ACTYI0 U3y YeHUe TeX WU
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MHBIX 339 JJIs BBIPOZKTAIOMIMXCA TUIIEPOOINIECKAX YPABHEHNN OObACHAETCS WX
BaXKHOCTBIO JIJIsi TEOPUU yPABHEHUII CMEIIAaHHOrO Tuia, cM. Monorpaduu [14]-[19].

Teopuu KpaeBbIX 3a/a4 /i BLIPOKIAIONMXCS THIEPOOIMIECKUX yPABHEHNN B
MUJIAHIPUYECKUX 00JIACTAX TaKKe MOCBAIIEHO MHOTO PabOT.

Ormvernm mpesk e Beero paborst [20]-[23], B KOTOpPBIX M3ydagack pa3pernMocTh
KPaEeBbIX 33/a4 JjIsi HEKOTOPBIX CIEIUA/bHBIX KJIACCOB TUNEPOOIMIECKUX ypaBHE-
HUi C BBIPOXKJIEHUEM; UCTIONb3yEMAas B 3THX PaboTax TEXHUKA OCHOBAHA HA MJIEAX,
CBSI3aHHBIX C PA3/IeJIEHHEM MEPEMEHHBIX.

Bouiee obuue ciydyan BoIpOXKAAIOIUXC MUIEPOOIMIeCKUX ypaBHeHuil (a TakxKe
YPABHEHUl CMENMIaHHOrO TUTIA) B [UJINHIPUYIECKUX O0IACTIX U3ydaluch B paboTax
[24]-[29]. Bosee Touno, B 3THX padorax maydanauch auddepeHIaibHble ypaBHe-
HUSL ¢ BBIPOXKIEHHEM Kesbliesckoro Tuma ([30]; cm. takxe [12]), u mpu 3ToM camo
BBIPOXK/JIEHUE MOTJIO IIPOUCXO/IATH KAK B MPOU3BOIBHBIX TOYKAX BPEMEHHOTO IIPOMe-
JKYTKA, TAK M HA MHOKECTBAX HEHyJIEBOH Mepbl. [la paccMarpuBaeMbIX ypaBHEHHH
CTaBUJINCH KPAEBBIE 33JIa9M KaK OOBIYHBLIC, TAK U BUIOU3MEHEHHBIE — C OCBOOOK-
JIEHMEM HAYaJbHBIX MHOrOOOpa3wuii OT 3aJaHWs TIPOU3BOMHON TI0 BPEMEHH, W JO0Ka-
3BIBAJINCH TEOPEMBI CYINECTBOBAHUS W €INHCTBEHHOCTH PETYISPHBIX PEIICHHH.

B macrosimeit pabore 6yayT H3ydaThCs BEIPOXKIAIONIAECS THIEPOOTNIeCKAE YPaB-
HEHHUsl, XapAKTEP BBIPOXK/IEHUSI B KOTOPBIX COOTBETCTBYET BBIPOXK/IEHUIO B ypaBHE-
nuu Tpuxomu (cm. [12]), U upu T0M CaMO BBIPOXKAECHUE MOXKET LPOUCXOUUTH B
MPOM3BOJIBHBIX TOYKAX BPEMEHHOTO MPOMEXKyTKa. [l yKa3aHHBIX ypaBHEHUH Oy-
IyT JTOKA3aHBI TEOPEMbI CyIIECTBOBAHUS W €IWHCTBEHHOCTH PEryJIsSPHBIX PEIICHHH
€CTeCTBEHHBIX (/j1sl HEBBIPOXK IAMOIIUXC THIePOOIMIECKUX YPABHEHNIT) HAYaIbHO—
KpaeBbIX 3a/ad4. Paree momo0HbIe pe3yabTaThl N3BECTHHI HE ObLIH.

Bcrony B pabore 6ymyT ncrosb3oBarbcs obpraubie npocrpancrsa Jlebera Ly, Co-
6os1eBa W;,, a Takyke mpocrpancTBa L,(0,7T; X). Ounpenenennus u cBOHCTBA ITHX
[POCTPAHCTB MOXKHO HaiiTh B MoHOrpadmusx [31], [32].

2. TIOCTAHOBKA 3AJAY

IMycrs €2 ecrb orpanudennas obsacrsb u3 upocrpancrsa R™ ¢ ruiaukoii (s nupo-
croThl — GeckoreuHo—nnbdepentpyemoii) rpanuneii I', Q ects mumuaap Q2 x (0,7T)
MEPEMEHHBIX Z1, . .., Tn, t KOHeUHOIT BbicOoThl T. asee, mycts ¢(t), c(z,t) u f(x,t)
ecth 3ajannble yHKINN, onpeeennsie ipu o € Q, t € [0,7T], L ects quddepen-
UAJIbHBIN ONEepaTop, JeiCTBre KOTOPOro Ha 3aJaHuoil dyukuuu v(x,t) onpenes-
€TCsl PABEHCTBOM

Lo = vy — o(t)Av + ¢(z, t)v
(A — oneparop Jlammaca mo NEepPeMEHHDBIM X1, . . ., Tp)-

Kpaesas zamaua: natimu gynxyuro u(x,t), aeaaowyrocs 6 yusundpe Q peuwe-

HUEM YPABHEHUA

Lu = f(z,t) (1)

U MAKYI0, YN0 0AA HEE BLUNOAHAIOMCH YCAOBUA
u(2,t)[rx (0,10, (2)
u(z,0) = w(z,0) =0 npu z €. (3)

JlanHast KpaeBasi 3a/1a4a MpeJICTaBIIseT COO0H OOBITHYIO TEPBYIO HAMAIBHO—KPAEBY IO
3a/1ady il HECTAIMOHAPHBIX Aud depeHnnaabHbIX YPABHEHUH BTOPOTO MOPSIKA
110 BpEMEHHO# mnepeMeHHoit. VIMeHHOo 11 9Toit 3amadu OyayT JOKA3aHbI TEOPEMBI
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CYTIIECTBOBAHUS W €JNHCTBEHHOCTH DETYASIPHBIX peleHnii. s BTOpoit u TpeTbeit
HAYAJIbHO—KPAEBbIX 33184 (B €CTECTBEHHBIX [OCTAHOBKAX) HETPYAHO OYIEeT IOJLy-
YUTH AHAJOTHYHBIE PE3YJIbTAThI 00 WX PA3PEIIUMOCTH B KJIACCAX PErYIAPHBIX Pe-
TMeHNIT; BBUIY OYEBUIHOCTH OOCYXKIATH 9T 333U MbI He OyIeM.

3. IIPEABAPUTEJ/IBHBIE PE3YJIBTATHI

HokazaresbcTBO OCHOBHO# TeopeMbl OyeT HPOBEJEHO B CJIEAYIOIEM MyHKTE C
LOMOILBIO TPEX LPEABAPUTEIIbHBIX PE3YJIbTATOB.

Yreepxaenne 1. ITycmb 60noaHAIOMCA YCAOBUA

I o(t) € CH([0,T]), ¢(t) > 0 mpu t € (0,T], (0) = 0; _

II. ¢(z,t) € CHQ), 36, € (0,T): c(z,t) >0, c;(z,t) <O mpuz € Q, 0 <t <y

II1. ¢4 () f(@,) € Lo(0, T; W 3(%2).

Tozda xpaesaa 3adawa (1)-(3) wumeem pewenue u(x,t) maxoe, wmo
(1) € Loo(0, T3 WH(Q) N W A(), unr(w,1) € L(Q).

JoxkazarenbcTBo. Bocmoab3yeMcess METOIOM Peryaspu3aliii.

JI7151 TIOJIOXKUTEIHLHOTO YHCIa € 0603HAUNM depe3 . (t) dbyHkimo ¢(t) + €, uepe3
L. — oneparop, meiicTBHe KOTOPOTO Ha 3ajaHHOil dyHKImMu v(x,t) onpenensercs
DABEHCTBOM

Lov = vy — o (t)Av + c(z, t)v — eAvy.
Kpaesas 3ama4a ¢ yciaosusmu (2) u (3) aua ypaBHeHHs

Leu= f(z,t) (1e)
nmeer perrenne uf(x,t) Takoe, uTo us(x,t) € Lo (0, T; WZ(Q)N V?/%(Q)), uf (z,t) €

La(0, T; W2(Q) N W(Q), us,(2,t) € Lo(Q) — ow. [33]-[35]. Tokaskewm, aro mms
cemeiictBa {uf(x,t)}eso UMEIOT MECTO PABHOMEDHBIE 110 € AITPUOPHBIE OIEHKH.

Wnpexe "e" mpu noJiydeHnN OIEHOK OIIyCTHM.

Bcenencrsue yciosus I cymecTByer MOI0KUTEIBHOE YUCO t, TaKoe, 9To t, < Oy,
¢©'(t) > 0 npu ¢ € [0,.].

Paccmorpum pasercTBO

t t

//71 LsuqusrsdT://i1 furdxdr
@e(T) Pe(T)

0 Q 0 Q

BHadasie 1pu t € [0,¢,]. DTO paBeHCTBO HETPYAHO NPEOOPA30BATH K BUJLY

Q 0 =g
L[ e (2,1)
cp — Crpe o c(xz,t) o
+= U ddeJrf/ u*(x,t) dr+
[ PO
0 Q Q
/ 1
—|—€Z// uiﬂ drdr =
=1 @e(T)
0 Q
t
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Yenosusa 1 u 11 o3nagaior, 9T0 BCe caaraemMble JIeBOi 9aCTH ITOTO PABEHCTBA HEOTPU-
narenbubl. [Ipumenus B npapoii wactu mepaBencTBo FOura, yuurbiBas yciaosue 111
u jajiee ucnouib3ys jgemmy ['poryosia, monyuum, 4o aJis pewenuii u(z, t) Kpaesoii
samaun (1.), (2), (3) BBIMTOJHSIETCST OIEHKA

sosl(t) / ui (@, t) do + Z / 2 (1) dz+

Q i=lq

¢
n
1
+€Z// ul dzdr < Ny (4)
=19 0

ve(T)

¢ mocrostHHON N7, ompenenstomieiics aumb dbyskmmsamu o(t) u f(x,t), a Takxke
qncaom 1.
Paccymorpum paBeHcTBO

t t
—//71 L.ulAu, dedr = —//71 fAu, dedr
906(7_) <PE(T)
0 Q Q

0

(BHOBB 1pm t € [0,t,). Ilocsie mATErpUPOBaHUs 110 YACTAM, MCIIOJb30BAHUS YCJI0-
Buit [-II1, mpumenenus nvepaBencrsa FOura u jemmbr I'poryosia mosryanm, 9T0 Ipu
t € [0,t,] nust perennii u(x,t) kpaesoii 3amaun (1c), (2), (3) BbimonHsieTcst BTOpasi
ampuopHAas OIEHKA

e 1(t) Z/uiit(x’t) dz + /[Au(a:,lt)}2 da+
e =y

Q

t
+5//(Au7)2 dx dr < Na, (5)
0 Q

nocrosinaast No B KOTopoii onpesesnsiercs byukimsavu o(t), c(z, t) n f(x,t), a rakske
qucjgom 1.
ITycts Teneps t € [ti, T)]. AHanu3upys 1mM0CI€I0BATENIBHO PABEHCTBO

t t

//LguquxdT://fquxdT,
Q 0 Q

0
t t

—//LEuAquxdrz—//fAquxdT,
Q

0 Q 0
t t

//LEUUTTdJ?dT://fUTdedT
0 Q 0 Q

— UHTErPUPYS 10 YaCTAM, HCIOJIb3Ys MOJOKNTEIHHOCTh DYHKINN ¢(t) HA OTpe3Ke
[t«, T], yaurbiBast onenku (4) u (5) u npumensis geMmy I'poHyoUIa, TOILYYHM, YTO
Jutst perneruii u(x,t) Kkpaesoit 3anaun (1.), (2), (3) cupaBeayiuBa oneHKa

/uf(m,t) dx + zn:/ui (z,t)dx + /[Au(m,t)]2dx+

Q i=1q Q
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t t
—l—//ufT dwdT—l—e//(AuT)dedTgNg, (6)
00 0 Q

nocrosinaast N3 B KoTopoii onpesesnsiercs byukimsavu ¢(t), c(z, t) n f(x,t), a rakske
qnciaoMm 1.
Ouerkw (6) y¥Ke BIOIHE TOCTATOTHO IS TIPEIETLHOTO Tepexoa B ypasaennn (1.).
Iycrs {&,, }5°_, eCcTh MOCIeI0BATETHEHOCTD MOTOKUTENBHBIX THCEN, CXOTATIAICST
K HYJIO, Uy (2,t) ecTb pemenue kpaesoii 3ajgaun (1e, ), (2), (3). I3 ouenku (6) u
U3 CBOHCTBA PedIEKCHBHOCTH THILGEPTORA, MPOCTPAHCTRA CIELYET, 9TO CYMIECTRY-
I0T MOCTIEAOBATEIBHOCTH {My 50, HATYPAJIBHBIX UUCET, {Um, (,t)}52, permeHuit
kpaesbrx 3a1a4 (1, ), (2), (3), a raicke pynkius u(z,t) rakne, 4o npu k — oo
HUMEIOT MECTO CXOAUMOCTH
U, (2,1) = u(x,t) crabo 6 WE(Q),
Emy A, (2, 1) = 0 caabo 6 La(Q).
U3 3TUX CXOOUMOCTEH OUEBUIHBIM 06PA30M BBITEKAET, UTO MPEIEIbHAS (DYHKITAS
u(x,t) Oyner pemenuem Kpaesoit 3agaun (1)—(3). Iockonbky onenka (6) ¢ € = 0
It npenesibHoil Gynkuuu u(x,t) coxpanurcs, o Gyukuus u(z,t) Gyger upuHa-
JieXKaTh TpeOyeMOMy KJiaccy.
YTBepxKeHne JOKA3AHO.
Yreepxaenue 2. ITycmob 6bMoAHAIOMCA YCAOBUA
IV. o(t) € CH([0, 7)), ¢(t) > 0 nput € [0,T), o(T) = 0;
V.c(x,t) € C%(Q), 36* € [0,T): c(x,t) >0, cy(w,t) <0 mpuax € Q, §* <t<T;

VI f(x,t) € Lo(0, T WE(Q) N W H(©),
Tozda xpaesan 3adawa (1)-(3) wumeem pewenue u(x,t) maxoe, wmo
w(w,1) € Loo(0, T W(QNW 3(9)), w(,1) € Loo (0, T5 WE(@)NW (), () €
Ly(Q).

JokazaTenbcTBO. BHOBL BOCITOB3yeMCS METOAOM PEryISpPU3AIIIH.

IIycth € ecTh MONOKHUTETHHOE THCIIO, EE ecth audhepeHnuaabHbIil oneparop,
JieficTBIe KOTOPOro Ha 3aJaHHol (byHKIMU v(x,t) OUpeensercs PaBeHCTBOM

fev = Lv +eA%y,.

Paccmorpum Kpaepyio 3a1ady: watimu @gyrkyuro uw(z,t), A6AA0WYOCA 6 YuisuHope
Q) pewenuem ypasHeHuA
Leu= f(z,1) (1)
U TAKYI0, %O OAA HEE SLNOAHAIOMNCA Ycarosus (2) u (8), a maxorce yeaosue
Au(z,t)|rx(o,m) = 0. (7)
ITpn dukcupoBaHHOM € W TIpW TMpHHAAIEKHOCTH byHKuNN f(2,t) TPOCTPAHCTBY
Ly (Q) 9T 33,1898, AMeeT pelreHue u(z,t) TaKoe, 9TO
us(2,t) € Loo (0, T; WH)), us(z,t) € La(0, T; WiH(Q)), us, (z,t) € La(Q) — cm. [33]
(HEeTPYIHO 10KA3aTh CYNIECTBOBAHME YKA3AHHOIO DEINEHUS U HENOCPEACTBEHHO —
C TIOMOIIBIO KJIaCCHIecKoro merona lamepkuua ¢ BBIOOPOM CIEIuaIbHOrO Oa3uca
[36]). ITokaxem, uro aua cemeiicrsa {u®(z,t)}eso npu BblIOAHEHHU ycaoBuil IV—
VI nmerorT MecTo paBHOMEpHBIE TIO € ANTPUOPHDLIE OIEHKH.
Wnpexce "e" mpu nosiydeHnn OIEHOK BHOBH OIYCTHUM.
Benencrsue yenosus IV cyriecTByer monoKuTenbHOe 9UCIO t* Takoe, 9ro 6% <
t*<T, ¢ (t)<0nputet*T)].
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ITycrs t € [0,t*]. PaccMoTpuM paBeHCTBO

t t
//LeuquxdT://fquxdT. (8)
0 Q 0 Q

Wurerpupys Mo 9acTsiM, yauThIBasi, 9To ¢ < ¢* BBITIOJHSIETCS HEpABEHCTBO (t) >
ko > 0, a TakxKe npuMeHss jieMMy ['pOHyOJIIa, TOIYyYnM, YTO CJI€JCTBUEM DABEH-
crBa (8) Oyzer olEeHKA

/uf(x, £ da + zn: / W (2,t) dot

Q i=lq

t
+5//(Au7)2 dxdr < Ny
0 Q

¢ nocroauuoil Ny, oupenessioweiics juib Gyukuusamu o(t) u f(x,t), uucaamu t*
nT.
Paccmorpum Tenepsb paBeHcTBO (8) B ciayuae t € [t*, T]. IMeroT MecTo paBeHCTBA

t t* t
//LsuuT dsz://LsuuT dxd’rJr//LsuuT drdr =
0 Q 0 Q  Q
Lo t* 1 t* t*
_ ) 2 2
_—52//<puxida:d7'—§//07u dde—l—a//(AuT) dx dr+
Q

=19 Q 0 Q 0

¢
1 IS
+§/uf(z,t)dx752//<p’uii dx dr+
Q Q

i=1

o(t)
N

t
- 1 1

uz (z,t)de + 3 /c(m,t)uQ(:mt) dx — B //CTU2 dx dr+
=1a Q i 0

7

t t* ¢
+5//(Au7)2dxd7'://fquxdT—l—//fquxdT.
O 00 i Q

B nocneanem paBeHCTBe IEPBbIE TPU CJIATAEMBIX JIEBOH YACTH U HEPBOE CIIATAe-
MO€ mpaBoil B CyMMe JAIOT PABHOMEPHO IO € OrpaHudeHHylo sesuduuy. lasee,
BCE OCTAJIBHBIE CIATAEMBIE JIEBOH IACTH HEOTPUIATENLHBL. VICTOMB3ys HEPABEHCTBO
IOura n nanee mpumensist memmy ['poryosuia, momyamm, 9to juisa pemennii u(z, t)
kpaesoii 3axauu (1¢), (2), (3), (7) upu ¢ € [¢t*,T] BbinOIHAETCS OLEHKA

t
/uf(:c,t) da +e//(AuT>2dxdT < N,
t* Q

Q

nocrosgunas N5 B KOTOpOil onpejensierca quinb dbyuxiusamu o(t), c(z,t) u f(x,t),
a takxke guciaavu t* u T
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ITockoabky t* ecTb (DUKCHMPOBAHHOE HYHCJIO, TO MOJYYaeM, 9TO Ay (PyHKIUU
u(x,t) BBINOJHAETCH HEPABEHCTBO

¢
/uf(x,t) da:—!—e//(AuT)Q dx dr < Ng, (9)
Q 0 Q

B koTopoM ¢ € [0,T], nocrosuuas Ng oupesensiercs auuib dbyuxiuusamu @(t), c(x, t)
u f(z,t), a rakxke uuciaom T
Ha cienyriomem mare paccCMOTPUM PABEHCTBA

t t
—//ZEuAquxdT— —//fAquxdT,
0 Q 0 Q

t
//EEuAQquxdT /fAQUTdZ‘dT,
0 Q

Q
BHOBb KaxkJI0€ W3 HUX BHavaJe mpu ¢ € [0,t*], 3arem — npu ¢ € [t*, T|. Unrerpupys
B 3THX PABEHCTBAX KaK CJI€Ba, TAK W CIPaBa, MOBTOPAA TPEIBIIYIIHE PACCYKIe-
HUsl U MCIOJIb3ys HepaseHcTBO (9), mosyuum, 4rTo jis pemenuit u(z,t) KpaeBoii

I
o

samaan (1), (2), (3), (7) npn Bemommennn yeosmit IV-VI GyayT crpaseimsbt
OLIEHKH

n n 4
> [ xtdx+£2//Aux drdr < Ny, (10)

i=1 Q =1 0

/[Aut(x,t)]de—i—e//(A w)? dz dr < N, (11)
Q 0 Q

B KoTopbix t € [0, T], mocrosinubie Ny u Ny onpegensitorcst byuxuusmu ¢(t), c(x, t)
u f(z,t), a Takxke anciaom 7.
Tlocnenusss ampropHast OIEHKA

// [uZ. + (Au)?] dzdr < Ng (12)
0 Q

¢ nocroauuoii Ny, oupenessowieiics aub byuxkuuamu ©(t), c(z,t) u f(z,t), a
TakKe 9uCaIoM T', OUEBHIHBIM 06PA30M BBITEKACT U3 TIPEIBIIYIIAX.

Ouenok (9)—(12) BuoJiHe 10CTATOYHO JJ1si OPIAHU3AIMH TIPOIIE/ LY PbI IIPEIEILHOIO
nepexosa. BeiOupast mocaes0BaTebHOCTD {€,, }o0_ 1, CXOAMAILYIOCS K HYJIIO, U JaJiee
HCIONMB3Ysl CBOHCTBO PeIEKCUBHOCTH THILOEPTOBA TPOCTPAHCTBA, MOy IAM, UTO
CymecTByeT nmpeaenbHas GyHKIus u(x,t), ABIMOMAACT HCKOMBIM DElICHueM KPa-
eBoii 3amaun (1)—(3).

VTBep:KaeHne T0Ka3aHO.

YrBepxkaenue 3. [lycmo SunoAHAOMCA YCAOBUS

VII. o(t) € C*([0,T)), ¢(t) > 0 npu t € (0,T], p(0) = T = 0;

VIII. c(x,t) € C?(Q), 5., 36*:0 < 6. < * < T:c(x,t) >0, cr(z,t) <0 npu
r€Q, tel0,8,] U6, T);
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IX. f(z,t) € Lo(0,TsWE(Q) N W Q) ¢ 2 (1)f(2.1) € La(0,6.:WE(2) N
W 3(Q)).
Toz0a xpaesaa 3adawa (1)-(3) wumeem pewenue u(x,t) maxoe, wmMo
w(x,t) € Loo (0, T; WE(Q) N W 3(Q)), ug(z,t) € La(Q).

JokazarennbctBo. Ilycts t, mw t* ecThb Takme €HCIa, 9YTO BBIIOJTHSIETCS
0 <ty <0u, (() > 0mpu 6* < t* < T, ¢(t) > 0mpu t € [¢t*,T]. dna no-
JIOXKWTEILHOTO YHCIIA € PACCMOTPHUM KDPAeByIO 3aady: wnalimu @ynkyuro u(x,t),
ABAAOUYIOCA 6 yuaundpe () pewenuem YypasHenUus

U — e (t)Au + c(x, t)u + eA%uy = f(z,t)

U MAKY0, WMO 0AA HEE BLINOAHAIOMCA Ycaosusa (2), (3) u (7). dra 3anaqa umeer pe-
menne u®(z,t) Takoe, uTo uS(w,t) € Loo(0,T; Wi (Q)), us(z,t) € La(0,T; Wi (R)),
ug(x,t) € Lo(Q). Ona byukumii u(x,t) UMEOT MeCTO PaBHOMEPHBIE TIO £ allpH-
opuble oneHku (9)—(12) — mpu ¢t € [0,t,] COpaBeIMBOCTh WX YCTAHABIMBAETCS C
HOMOIIBIO paccyKaenuit Yrepxkuenus 1, upu t € [t., T] — ¢ HOMOIIBIO paccyxKie-
Huii YrBepxaeHus 2.

3 onenok (9)—(12) ¢ TOMONIBIO CTAHAAPTHBIX PACCYKIEHUN O BHIOOPE CXOIsI-
Ieficst TI0CIIeI0BATeIbHOCTH M BBITEKAET CYIIECTBOBAHNWE MCKOMOTO DEITIeHNSI.

YV TBep:KIeHne JI0Ka3aHO.

4. OCHOBHASI TEOPEMA

O6o3naunm depe3 FEy MHOXKECTBO, COCTOsINEe M3 KOHEIHOrO Habopa dumcen tg,
oyt makux, ar0 0 < tg <ty < ... < t,, < T. Janee, myctb dy ecTh (HUKCHPO-
BaHHOE MOJIOXKUTEIbHOE Yucio, F(Jp) ecTb MHOXKeCTBO, 06pa30BaHHOE OTPE3KAMU
[tk — do,tk + o], ecm ty, € (0,T), a Takxke orpeskom [0, §gl, ecam tg = 0, m orpes-
koM [T — 69, T), ecn t,,, = T. Byzmem cumraTh, 9T0 9HCIO §y HACTOIHKO MAJO, YTO
BBIIIOJIHsIETCS Baoxkenue F(dy) C [0, 7.

Teopema 1. ITycmb 6uinosna0OmMes Ycaosus
(a) @(t) € CL([0,T)), @(t) > 0 mpu t € [0,T]\ By, ¢(t) = 0 npu t € Eo;
(6) c(a,t) € C2(Q), el t) = 0, c,w,t) <0 npuw € Q, t € E(do);

1

(8) f(2,t) € La(0,T;WE(Q) N W (D), ¢ 2 (1) f(2,8) € La(t, ty + 60; WE() 1

V([)/%(Q)), ecau ty € 0,7), k=0,...,m.
Toz0a xpaesaa 3adawa (1)-(3) wumeem pewenue u(x,t) maxoe, wmo

u(e,t) € Loo(0,Ts W) NI H(Q), un(a,t) € La(Q).
Jlokasameavcmeo. Pacemorpum kpaesyio 3agady (1.), (2), (3), (7). Ecom tg = 0,
TO, TIOBTODSist JIOKAJIbHbBIE DACCY?KIEHNs YTBEPKIACHNSA 1, 3aTeM — yTBEPKICHUS 2,
u Jasiee, ecam HeoOXOAMMO, CHOBA YTBEPKICHUS 1, M T.JI., Oy IMM, 9TO JIst Pere-
Huit u®(x,t) sroif 3ama4n BoioHsA0TCH oneHku (9)-(12). Ecau ¢ > 0, To BHava-
Jie TIOJI3yeMCsT PACCYKIEHUSIMU YTBEPKIEHNUS 2, najiee — yTBepXKaAeHns 1,  T.1.,
BHOBb LIOJly9HM, 4T0 Jyisi pewenuii u(z,t) kpaesoii sagaun (12), (2), (3), (7) ume-
10T MecTo oneHku (9)—(12). 13 onenok (9)—(12) u BBITEKAET BO3ZMOXKHOCTH BHIOODA
MOCTIEZ0BATEIBHOCTH { Uy, (X, 1) }50_,, cxoasieiics K HCKOMOMY DEIIeHHI0 KPAeBOi
zamaan (1)—(3).

Teopema mokazana. O
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5. KOMMEHTAPUU U JOTIOJTHEHMSI

1. Jlist BTOpOIi U TpeTheil HauaIbHO-KPAEeBbIX 3aa4 JIis ypashenus (1) nerpy;i-
HO HOJYYHTh AHAJOTHYHBIC BHIIENPHBEICHHBIM Pe3yIbTATEI O CyIeCTBOBAHAN pPe-
IYJIAPHBIX PEMIeHNn.

2. Tak:Ke HETPYIHO MOJIYYHTh PE3YJIbTATHI O CYIIECTBOBAHUHU PErYJISAPHBLIX pe-
nIeHuii nepBoil, BTOPOil WM TpeTbeil KpaeBblX 3a1ad g 6osiee obmux, dem (1),
BBIPOKIAIOIINXCA THTIEePOOINIeCKNX ypaBHEHN — HaIpuMep, IS ypaBHEHH ¢
3aMeHOli oneparopa Jlaliaca Ha 3JIMITUYeCKUil oneparop A Buja

n a -
Au= D 5 (@ @),

JUls yPABHEHUH C MJIA/IIMME 9/I€HAMY.

3. B 1es10M BIOJIHE AHAJOTUYHO MOYKHO M3YUNTH PA3PENIUMOCTh B KJaccax pe-
IYJSPHBIX PEIIEHNH HAYaJIbHO—KDPAEBBIX 33184 JJISi BBIPOXKJAMOIINXCS YPABHEHWI
¢ 3aMeHoil omeparopa Jlamaaca Ha IPOU3BOJILHBIA JIMOTUIECKUH OmepaTop Io-
psanka 2m. IlpuBesemM COOTBETCTBYIONIYIO TEOPEMY /I HEPBOl HAYATbHO-KPAEBO
3aja4uu 1 Ay oneparopa (—1)™AMqy.

Teopema 2. [Tycmo das dynxuyuu p(t) ewnoansemes yeaosue (a). Kpome mozo,
NYCMb BNOAHANMCA YCAOSUA -
(r) e(z,t) € C*™(Q), c(x,1) 2 0, er(,1) < 0 npu (2,1) € Q;

(1) 972 () f(x,1) € Lo (0, T; WE™(Q) N W 3™ ().
Tozda xpaesas 3adava

u + (=) () A" u + c(z, t)u = f(x,t),
w(z,0) =u(x,0) =0 npu =z €Q,
OFu(z, )
vk I'x(0,T)

umeem pewenue u(x,t) maxoe, wmo u(z,t) € Loo(0,T; W™ (Q) N I/?/gmfl(ﬂ)),
utt(x,t) (S LQ(Q)

Jloxazamenrvcmeo. JloKa3aTeabCTBO 3TOM TeOpeMbl OCHOBAHO HA HCIOJIbL30BAHNN
PEryJisipu30BAHHOTO yPABHEHUS

we + ()" (DA™ u + e(x, thu + A uy = f(a,1)

C COOTBETCTBYIOIIUM JIONOJTHEHUEM KPAEBBIX YCIOBHUI U UCIOJIb30BAHUU PACCY K Ie-
HUM, TPOBEJEHHBIX IPU JOKA3aTeIbCTBE yTBEPKIAeHUN 1—3.

OueBuHO, YTO BMECTO IPUBEJIEHHBIX B JAHHONU TEOPEME KPAEBBIX yCIOBHHA MOXK-
HO 3aJaBaTh W JIpyTHeE YCJIOBUSA — HANPUMep, YCIOBUS

w(z,t)|rxo,r) = Au(,t)|rxor) = - = A" u(@, t)|rx0,1) = 0.

O

4. BaﬂaHI/Ie B U3YyYCHHBIX KPAEBbIX 3aJa9aX TOXKIACCTBEHHO HYJIEBBIX HaYaJIbHBIX
JAHHBIX HE IIPUHIUIINAJIBHO.



52 A.N. KOXKAHOB

REFERENCES

[1] A.V. Bitsadze, A.M. Nakhushev, Theory of degenerate hyperbolic equations in
multidimensional domains, Sov. Math., Dokl., 13 (1972), 807-810. Zbl 0259.35057

[2] V.N. Vragov, The problems of Goursat and Darbouz for a class of hyperbolic equations, Diff.
Uravn., 8:1 (1972), 7-16. Zbl 0235.35060

[3] V.N. Vragov, O Nekotorykh Kraevyh Zadachakh dlya Giperbolo—Parabolicheskikh Uravnenii,
Dinamika Splosh. Sredy, Institut Gidrodinamiki, Novosibirsk, 17 (1974), 5-11.

[4] N.I. Popivanov, A multidimensional analogy to the Darbouz problem for degenerating
hyperbolic equations, Diff. Uravn., 14:1 (1978), 80-93. Zbl 0376.35043

[5] A.M. Nakhushev, Uniqueness criterion for the solution to a Darbouz problem for a certain
degenerate hyperbolic equation of moisture transfer, Diff. Uravn., 16:9 (1980), 1643-1649. Zbl
0449.76080

[6] S.K. Kumykova, A problem with non-local conditions on the characteristics for a hyperbolic
equation degenerating in the interior of the domain, Diff. Uravn., 17:1 (1981), 81-90. Zbl
0452.35077

[7] T.Sh. Kalmenov, O Regulyarnykh Kraevykh Zadachakh dlya Uravnenii Giperbolicheskogo i
Smeshannogo Typov, Avtoref. Dissert. D-ra Fiz.—Mat. Nauk, MGU, Moskva, 1982.

[8] M.S. Salakhitdinov, M. Mirsaburov, O nekotorykh kraevykh zadachakh typa zadachi Bitsadze—
Samarskogo dlya uravneniya giperbolicheskogo typa, vyrozhdayuschegosya na granitse oblasti,
Neklassich. Zadach. Matem. Fiziki, Tashkent, 1985, 3-25.

[9] O.A. Repin, Boundary value problem of Bitsadze-Samarksij type for an equation of moisture
transfer, Vychisl. Prikl. Mat., Kiev, 64 1988, 45-49. Zbl 0678.35072

[10] N.I. Popivanov, M. Schneider, The Darbouz problems in R3 for a class of degenerate
hyperbolic equations, J. Math. Anal. Appl., 175:2 (1993), 573-578. Zbl 0805.35080

[11] A.A. Kilbas, O.A. Repin, M. Saigo, Solution in closed form of boundary value problem
for degenerate equation of hyperbolic type, Kyungpook Math. J., 36:2 (1996), 261-273. Zbl
0873.35053

[12] M.M. Smirnov, Degenerating elliptic and hyperbolic equations, Nauka, Moskva, 1966. Zbl
0152.09404

[13] A.M. Nakhushev, Problems with shifts for partial differential equations, Nauka, Moskva, 2006.
Zbl 1135.35002

[14] A.V. Bitsadze, Bitsadze, Izd. AN SSSR, Moskcow, 1959. Zbl 0087.09403

[15] M.S. Salakhitdinov, Uravneniya Smeshanno—Sostavnogo Typa, FAN, Tashkent, 1974.

[16] T.D. Dzhuraev, Boundary value problems for equations of mized and mized-composite types,
FAN, Tashkent, 1979. Zbl 0487.35068

[17] M.M. Smirnov, Fquations of mized type, Vyssh. Shkola, Moskcow, 1985. MR0806545

[18] O.A. Repin, Boundary value problems with shift for equations of hyperbolic and mized type,
Izd. Saratov. Un-ta, Samara, 1992. Zbl 0867.35002

[19] K.B. Sabitov, K Teorii Uravneniy Smeshannogo Typa, Fizmatlit, Moskva, 2014.

[20] Yu. K. Sabitova, Nonlocal initial-boundary-value problems for a degenerate hyperbolic
equation, Russ. Math., 53:12 (2009), 41-49. Zbl 1180.35368

[21] S.A. Aldashev, The well-posedness of the Dirichlet and Poincaré problems in a cylindric
domain for the multi-dimensional Chaplygin equation, Vladikavkaz. Mat. Zh., 15:2 (2013),
3-11. Zbl 1295.353342

[22] N.V. Zaitseva, Keldysh type problem for B—hyperbolic equation with integral boundary value
condition of the first kind, Lobachevskii J. Math., 38:1 (2017), 162-169. Zbl 1367.35093

[23] K.B. Sabitov, N.V. Zaytseva, The second initial-boundary value problem for a B-hyperbolic
equation, Russ. Math., 63:10 (2019), 66-76. Zbl 07214793

[24] V.N. Vragov, On a mized problem for a class of hyperbolic-parabolic equations, Sov. Math.,
Dokl., 16 (1975), 1179-1183. Zbl 0331.35043

[25] V.N.Vragov, K Teorii Kraevykh Zadach dlya Uravneniy Smeshannogo Typa, Diff. Uravn.,
13:6 (1977), 1098-1105. Zbl 0358.35053

[26] V.N.Vragov, O Postanovkakh i Razreshimosti Kraevykh Zadach dlya Uravneniy Smeshanno—
Sostavnogo Typa, Matem. Analiz i Smezh. Vopr. Matem., Nauka, Novosibirsk, 1978, 5-13.

[27] N.A. Lar’kin, On the linearized equation of non-stationary gas dynamics, Non-classical
equations and equations of mixed type, Collect. sci. Works (1983), Izd. In-ta Matem. SO
AN SSSR, Novosibirsk, 107-118. Zbl 0538.76065



HAYAJIBHO-TPAHUYHBIE 3AJAYU OJI BHIPOXKJIAIOIIMXCHA 53

[28] I1.E. Egorov, Solvability of a boundary-value problem for a high-order equation of mized type,
Differ. Equations, 23:9 (1987), 1075-1081. Zbl 0654.35073

[29] 1.E. Egorov, V.E. Fedorov, Neklassicheskie Uravneniya Matematicheskoy Fiziki Vysokogo
Poryadka, 1zd. Vychisl. Tsetra SO RAN, Novosibirsk,1995.

[30] M.V. Keldysh, O Nekotorykh Sluchayakh Vyrozhdeniya Uravneniy Ellipticheskogo Typa na
Granitse Oblasti, Dokl. AN SSSR, 77:2 (1951), 181-183. Zbl 0043.09504

[31] S.L. Sobolev, Some applications of functional analysis in mathematical physics, Translations
of Mathematical Monographs, 90, AMS, Providence, 1991. Zbl 0732.46001

[32] H. Triebel, Interpolation theory, function spaces, differential operators, North-Holland Publ.,
Amsterdam etc., 1978. Zbl 0387.46032

[33] S.Ya. Yakubov, Linear operator-differential equations and their applications, Ehlm, Baku,
1985. Zbl 0622.34001

[34] P. Aviles, J. Sandefur, Nonlinear second order equations with applications to partial
differential equations, J. Differ. Equations, 58:3 (1985), 404-427. Zbl 0572.34004

[35] A.L. Kozhanov, Composite type equations and inverse problems, VSP, Utrecht, 1999. Zbl
0969.35002

[36] J.L. Lions, Quelques methods de resolution des problems aux limites non lineares, Dunod
Cauthier-Villars, Paris, 1969. Zbl 0189.40603

ALEKSANDR IvanovicH KozHANOV
SOBOLEV INSTITUTE OF M ATHEMATICS,
4, KOPTYUGA AVE.,

NovosiBirsk, 630090, Russia

Email address: kozhanov@math.nsc.ru



