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ÃÐÀÔÛ ÁÅÇ ÒÐÅÓÃÎËÜÍÈÊÎÂ

À.À. ÌÀÕÍÅÂ, È.Í. ÁÅËÎÓÑÎÂ, Ä.Â. ÏÀÄÓ×ÈÕ

Abstract. Graph Γi for a distance-regular graph Γ of diameter 3 can
be strongly regular for i = 2 or i = 3. Finding intersection array of
graph Γ by the parameters of Γi is an inverse problem. Earlier direct
and inverse problems have been solved by A.A. Makhnev, M.S. Nirova
for i = 3 and by A.A. Makhnev and D.V. Paduchikh for i = 2. In this
work it is consider the case when graph Γ3 is strongly regular without
triangles and v ≤ 100000.

Keywords: distance regular graph, strongly regular graph without tri-
angles.

Ââåäåíèå

Ìû ðàññìàòðèâàåì íåîðèåíòèðîâàííûå ãðàôû áåç ïåòåëü è êðàòíûõ ðåáåð.
Åñëè a, b � âåðøèíû ãðàôà Γ, òî ÷åðåç d(a, b) îáîçíà÷àåòñÿ ðàññòîÿíèå ìåæäó
a è b, à ÷åðåç Γi(a) � ïîäãðàô ãðàôà Γ, èíäóöèðîâàííûé ìíîæåñòâîì âåð-
øèí, êîòîðûå íàõîäÿòñÿ íà ðàññòîÿíèè i â Γ îò âåðøèíû a. Ïîäãðàô Γ1(a)
íàçûâàåòñÿ îêðåñòíîñòüþ âåðøèíû a è îáîçíà÷àåòñÿ ÷åðåç [a], åñëè ãðàô Γ
ôèêñèðîâàí. Ìíîæåñòâî âåðøèí ãðàôà Γ áóäåì îáîçíà÷àòü V (Γ), à ÷åðåç Γ̄
îáîçíà÷èì äîïîëíåíèå ãðàôà Γ.

Åñëè âåðøèíû u,w íàõîäÿòñÿ íà ðàññòîÿíèè i â Γ, òî ÷åðåç bi(u,w) (÷å-
ðåç ci(u,w)) îáîçíà÷èì ÷èñëî âåðøèí â ïåðåñå÷åíèè Γi+1(u) (â ïåðåñå÷åíèè
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Γi−1(u)) ñ [w]. Ãðàô äèàìåòðà d íàçûâàåòñÿ äèñòàíöèîííî ðåãóëÿðíûì ñ ìàñ-
ñèâîì ïåðåñå÷åíèé {b0, ..., bd−1; c1, ..., cd}, åñëè çíà÷åíèÿ bi(u,w) è ci(u,w) íå çà-
âèñèò îò âûáîðà âåðøèí u,w íà ðàññòîÿíèè i (ñì. [1]). Ïîëîæèì ai = k− bi− ci
è ki = |Γi(u)| (çíà÷åíèå ki íå çàâèñèò îò âûáîðà âåðøèíû u). Äàëåå, ÷åðåç
plij(x, y) îáîçíà÷èì ÷èñëî âåðøèí â ïîäãðàôå Γi(x) ∩ Γj(y) äëÿ âåðøèí x, y,
íàõîäÿùèõñÿ íà ðàññòîÿíèè l â ãðàôå Γ. Â äèñòàíöèîííî ðåãóëÿðíîì ãðàôå
Γ ÷èñëà plij(x, y) íå çàâèñÿò îò âûáîðà âåðøèí x, y, îáîçíà÷àþòñÿ plij è íàçû-
âàþòñÿ ÷èñëàìè ïåðåñå÷åíèé ãðàôà Γ (ñì. [1]). Ãðàôîì Òýéëîðà íàçûâàåòñÿ
äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {k, µ, 1; 1, µ, k}. Ñèëü-
íî ðåãóëÿðíûì ãðàôîì ñ ïàðàìåòðàìè (v, k, λ, µ) íàçûâàåòñÿ ðåãóëÿðíûé ãðàô
ñòåïåíè k íà v âåðøèíàõ, â êîòîðîì äëÿ äâóõ ðàçëè÷íûõ âåðøèí a, b âûïîëíåíî

|V ([a] ∩ [b])| =
{
λ, ïðè a ∈ [b],
µ, ïðè a /∈ [b].

Î÷åâèäíî, ÷òî ñèëüíî ðåãóëÿðíûé ãðàô c µ 6= 0 ÿâëÿåòñÿ äèñòàíöèîííî ðåãó-
ëÿðíûì ñ ìàññèâîì ïåðåñå÷åíèé {k, k − λ− 1; 1, µ}.

Ïóñòü Γ ÿâëÿåòñÿ äèñòàíöèîííî ðåãóëÿðíûì ãðàôîì äèàìåòðà d. Äëÿ i, j ∈
{1, 2, 3, ..., d} ãðàô Γi îïðåäåëåí íà ìíîæåñòâå âåðøèí ãðàôà Γ è äâå âåðøèíû
u,w ñìåæíû â Γi òîãäà è òîëüêî òîãäà, êîãäà dΓ(u,w) = i. Ãðàô Γi,j îïðåäåëåí
íà ìíîæåñòâå âåðøèí ãðàôà Γ è äâå âåðøèíû u,w ñìåæíû â Γi,j òîãäà è òîëüêî
òîãäà, êîãäà dΓ(u,w) ∈ {i, j}.

Àëãåáðîé Áîçå-Ìåñíåðà M äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà Γ ñ ñîáñòâåí-
íûìè çíà÷åíèÿìè θ0 > θ1 > · · · > θd íàçûâàåòñÿ âåùåñòâåííàÿ ìàòðè÷íàÿ àë-
ãåáðà ñ áàçèñîì {Ai | i = 0, . . . , D}, ãäå Ai � ìàòðèöà ñìåæíîñòè ãðàôà Γi ïðè
i ∈ {1, . . . , 10} è A0 � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà |V (Γ)|. Àëãåáðà M èìååò è
äðóãîé áàçèñ, ñîñòîÿùèé èç ïðèìèòèâíûõ èäåìïîòåíòîâ {E0 = 1

vJ,E1, . . . , ED},
ãäå v = |V (Γ)| è Ei � îðòîãîíàëüíàÿ ïðîåêöèÿ íà ñîáñòâåííîå ïîäïðîñòðàí-
ñòâî îòâå÷àþùåå ñîáñòâåííîìó çíà÷åíèþ θi. Ìàòðèöà ïåðåõîäà P îò áàçèñà
(A0, A1, . . . , AD) ê áàçèñó (E0, E1, . . . , ED} íàçûâàåòñÿ ìàòðèöåé ñîáñòâåííûõ
çíà÷åíèé ãðàôà Γ. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô íàçûâàåòñÿ ôîðìàëüíî ñà-
ìîäóàëüíûì, åñëè äëÿ åãî ìàòðèöû ñîáñòâåííûõ çíà÷åíèé âûïîëíÿåòñÿ ðàâåí-
ñòâî P 2 = |V (Γ)|A0.

Îòíîñèòåëüíî ïîêîìïîíåíòíîãî óìíîæåíèÿ ◦ âûïîëíÿþòñÿ ðàâåíñòâà Ei ◦
Ej = 1

v

∑D
i=0 q

k
ijEk. ×èñëà q

k
ij íàçûâàþòñÿ ïàðàìåòðàìè Êðåéíà è ÿâëÿþòñÿ

íåîòðèöàòåëüíûìè ÷èñëàìè [1, òåîðåìà 2.3.2]. Ãðàô Γ íàçûâàåòñÿ Q-ïîëèíî-
ìèàëüíûì, åñëè ñóùåñòâóåò óïîðÿäî÷åíèå ïðèìèòèâíûõ èäåìïîòåíòîâ E0 =
1
vJ,E1, . . . , ED, òàêîå, ÷òî q

k
ij = 0 ïðè |j − k| > 1.

Ñèñòåìà èíöèäåíòíîñòè, ñîñòîÿùàÿ èç òî÷åê è ïðÿìûõ, íàçûâàåòñÿ α-÷àñòè-
÷íîé ãåîìåòðèåé ïîðÿäêà (s, t), åñëè êàæäàÿ ïðÿìàÿ ñîäåðæèò s + 1 òî÷êó,
êàæäàÿ òî÷êà ëåæèò íà t + 1 ïðÿìîé (ïðÿìûå ïåðåñåêàþòñÿ íå áîëåå, ÷åì ïî
îäíîé òî÷êå) è äëÿ ëþáîé òî÷êè a, íå ëåæàùåé íà ïðÿìîé L, íàéäåòñÿ òî÷íî
α ïðÿìûõ, ïðîõîäÿùèõ ÷åðåç a è ïåðåñåêàþùèõ L (îáîçíà÷åíèå pGα(s, t)).

Òî÷å÷íûì ãðàôîì ãåîìåòðèè òî÷åê è ïðÿìûõ íàçûâàåòñÿ ãðàô, âåðøèíàìè
êîòîðîãî ÿâëÿþòñÿ òî÷êè ãåîìåòðèè, è äâå ðàçëè÷íûå âåðøèíû ñìåæíû, åñ-
ëè îíè ëåæàò íà îáùåé ïðÿìîé. Ëåãêî ïîíÿòü, ÷òî òî÷å÷íûé ãðàô ÷àñòè÷íîé
ãåîìåòðèè pGα(s, t) ñèëüíî ðåãóëÿðåí ñ ïàðàìåòðàìè: v = (s + 1)(1 + st/α),
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k = s(t+ 1), λ = (s− 1) + (α− 1)t, µ = α(t+ 1). Ñèëüíî ðåãóëÿðíûé ãðàô, èìå-
þùèé âûøåóêàçàííûå ïàðàìåòðû, íàçûâàåòñÿ ïñåâäîãåîìåòðè÷åñêèì ãðàôîì
äëÿ pGα(s, t).

Ïðÿìîé çàäà÷åé â òåîðèè äèñòàíöèîííî ðåãóëÿðíûõ ãðàôîâ ÿâëÿåòñÿ íà-
õîæäåíèå ïàðàìåòðîâ ñèììåòðè÷íîé ñòðóêòóðû, îòâå÷àþùåé ãðàôó ñ äàííûì
ìàññèâîì ïåðåñå÷åíèé, ïî ýòîìó ìàññèâó. Îáðàòíîé çàäà÷åé ÿâëÿåòñÿ âîññòà-
íîâëåíèå ìàññèâà ïåðåñå÷åíèé äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà ïî ïàðàìåòðàì
îòâå÷àþùåé åìó ñèììåòðè÷íîé ñòðóêòóðû.

Íàïðèìåð, â ãðàôå Òýéëîðà, ñîäåðæàùåì òðåóãîëüíèê, îêðåñòíîñòü êàæäîé
âåðøèíû ÿâëÿåòñÿ ñèëüíî ðåãóëÿðíûì ãðàôîì ñ k = 2µ. Îáðàòíî, äàííîìó
ñèëüíî ðåãóëÿðíîìó ãðàôó ∆ ñ ïàðàìåòðàìè (v, k, λ, µ) è k = 2µ îòâå÷àåò ãðàô
Òýéëîðà ñ ìàññèâîì ïåðåñå÷åíèé {v, v−k−1, 1; 1, v−k−1, v}, â êîòîðîì îêðåñò-
íîñòü íåêîòîðîé âåðøèíû èçîìîðôíà ∆. Â ýòîì ñëó÷àå ïðÿìàÿ è îáðàòíàÿ
çàäà÷è èìåþò ðåøåíèå.

Îáðàòíàÿ çàäà÷à äëÿ äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà Γ äèàìåòðà 3 ñ ñèëü-
íî ðåãóëÿðíûì ãðàôîì Γ3 ðåøàëàñü â [3]. Çàìåòèì, ÷òî â ýòîì ñëó÷àå Γ èìååò
ñîáñòâåííîå çíà÷åíèå ðàâíîå −1 [1, ïðåäëîæåíèå 4.2.17]. Â [3, ëåììà 3] ïîêàçà-
íî, ÷òî â äèñòàíöèîííî ðåãóëÿðíîì ãðàôå Γ äèàìåòðà 3 ñ ñîáñòâåííûì çíà÷å-
íèåì −1 ãðàô Γ̄3 ÿâëÿåòñÿ ïñåâäîãåîìåòðè÷åñêèì äëÿ pGc3(b0, b1/c2). Îáðàòíî
äëÿ ãðàôà Γ̄3, ÿâëÿþùåãîñÿ ïñåâäîãåîìåòðè÷åñêèì äëÿ pGα(b0, t) ãðàô Γ èìååò
ìàññèâ ïåðåñå÷åíèé {b0, tc2, b0 − α+ 1; 1, c2, α}.

Â íàñòîÿùåé ðàáîòå îáðàòíàÿ çàäà÷à òåîðèè ãðàôîâ óòî÷íÿåòñÿ äëÿ ãðàôà
Γ ñ ñèëüíî ðåãóëÿðíûì ãðàôîì Γ3, íå èìåþùåì òðåóãîëüíèêîâ.

Ïðåäëîæåíèå 1. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà 3
è ãðàô Γ3 ÿâëÿåòñÿ ñèëüíî ðåãóëÿðíûì ãðàôîì áåç òðåóãîëüíèêîâ. Òîãäà Γ3

� ãðàô ñ ïàðàìåòðàìè (v, k, 0, µ), íåãëàâíûìè ñîáñòâåííûìè çíà÷åíèÿìè r,
−(µ + r), ïðè÷åì k = (r + 1)µ + r2, r 6= 1 è Γ èìååò ìàññèâ ïåðåñå÷åíèé
{(µ+ r − 1)k/µ, c2r, µ+ r; 1, c2, (µ+ r − 1)(k/µ− 1)}.

Îñíîâíîé ðåçóëüòàò ñòàòüè

Òåîðåìà 1. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà 3 è Γ3 �
ñèëüíî ðåãóëÿðíûé ãðàô áåç òðåóãîëüíèêîâ ñ ïàðàìåòðàìè (v, (r+1)µ+r2, 0, µ),
v ≤ 100000. Òîãäà âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:

(1) åñëè µ = 1 èëè µ = 4, òî ãðàô íå ñóùåñòâóåò;
(2) åñëè µ = 2, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé {111, 90,

7; 1, 18, 105};
(3) åñëè µ = 6, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé {143,

126, 12; 1, 21, 132}, {415, 390, 16; 1, 39, 400}, {1253, 1216, 22; 1, 76, 1232}, {1924,
1881, 25; 1, 99, 1900}, {3509, 3024, 30; 1, 126, 3480}, {3509, 3456, 30; 1, 144, 3480}.

(4) åñëè µ /∈ {1, 2, 4, 6}, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé èç òàáëèöû 1.

Â õîäå äîêàçàòåëüñòâà òåîðåìû 1 âîçíèêëà èäåÿ îïèñàòü ãðàôû, óäîâëåòâî-
ðÿþùèå åå óñëîâèÿì è èìåþùèå íåöåëîå ñîáñòâåííîå çíà÷åíèå.

Òåîðåìà 2. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà 3 ñ íåöåëûì
ñîáñòâåííûì çíà÷åíèåì è Γ3 � ñèëüíî ðåãóëÿðíûé ãðàô áåç òðåóãîëüíèêîâ.
Òîãäà Γ èìååò ìàññèâ ïåðåñå÷åíèé {111, 90, 7; 1, 18, 105} (ñïåêòð 1111,

(1 + 2
√

55)145,−1407, (1− 2
√

55)145), {230, 196, 21; 1, 28, 210} (ñïåêòð 2301,
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Òàáëèöà 1. Äèñòàíöèîííî ðåãóëÿðíûå ãðàôû Γ ñ ñèëüíî ðåãó-
ëÿðíûì Γ3 áåç òðåóãîëüíèêîâ c µ /∈ {1, 2, 4, 6} è ÷èñëîì âåðøèí
íå áîëüøèì 100000

(µ, r, c2) ñðã äðã
(15, 6, 27) (1458, 141, 0, 15) {188, 162, 21; 1, 27, 168}
(14, 7, 28) (2002, 161, 0, 14) {230, 196, 21; 1, 28, 210}
(28, 8, 44) (3872, 316, 0, 28) {395, 352, 36; 1, 44, 360}
(36, 9, 54) (5832, 441, 0, 36) {539, 486, 45; 1, 54, 495}
(45, 10, 65) (8450, 595, 0, 45) {714, 650, 55; 1, 65, 660}
(16, 12, 41) (8075, 352, 0, 16) {594, 492, 28; 1, 41, 567}
(66, 12, 90) (16200, 1002, 0, 66) {1169, 1080, 78; 1, 90, 1092}
(78, 13, 104) (21632, 1261, 0, 78) {1455, 1352, 91; 1, 104, 1365}
(91, 14, 119) (28322, 1561, 0, 91) {1784, 1666, 105; 1, 119, 1680}
(120, 16, 152) (46208, 2296, 0, 120) {2583, 2432, 136; 1, 152, 2448}
(34, 17, 68) (24752, 901, 0, 34) {1325, 1156, 51; 1, 68, 1275}

(136, 17, 170) (57800, 2737, 0, 136) {3059, 2890, 153; 1, 170, 2907}
(153, 18, 189) (71442, 3231, 0, 153) {3590, 3402, 171; 1, 189, 3420}
(90, 21, 134) (67520, 2421, 0, 90) {2959, 2814, 111; 1, 134, 2849}
(40, 25, 105) (70930, 1665, 0, 40) {2664, 2625, 65; 1, 105, 2600}

(5 + 7
√

65)/2253,−11495, (5− 7
√

65)/2253), {335, 297, 21; 1, 33, 315} (ñïåêòð 3351,

(2+3
√

111)536,−12479, (2−3
√

111)536) èëè {2959, 2814, 111; 1, 134, 2849}. (ñïåêòð
29591, (5 + 2

√
4431)5380,−156759, (5− 2

√
4431)5380).

Ñðåäè ãðàôîâ èç çàêëþ÷åíèÿ òåîðåìû 1 âûäåëåíû Q-ïîëèíîìèàëüíûå ãðà-
ôû.

Ñëåäñòâèå 1. Åñëè ãðàô èç çàêëþ÷åíèÿ òåîðåìû 1 ÿâëÿåòñÿ Q-ïîëèíîìèàëü-
íûì, òî îí èìååò ìàññèâ ïåðåñå÷åíèé {35, 27, 6; 1, 9, 30}, {188, 162, 21; 1, 27, 168},
{395, 352,
36; 1, 44, 360}, {539, 486, 45; 1, 54, 495}, {714, 650, 55; 1, 65, 660}, {1169, 1080, 78; 1,
90, 1092}, {1455, 1352, 91; 1, 104, 1365}, {1784, 1666, 105; 1, 119, 1680}, {2583, 2432,
136; 1, 152, 2448}, {3059, 2890, 153; 1, 170, 2907}, {3590, 3402, 171; 1, 189, 3420}.

Èíòåðåñíî, ÷òî ëþáé èç ïåðå÷èñëåííûõ ãðàôîâ Γ ÿâëÿåòñÿ ôîðìàëüíî ñàìî-
äóàëüíûì, â ÷àñòíîñòè, q3

33 = 0, áîëåå òîãî ãðàô Γ2 ñèëüíî ðåãóëÿðåí. Ñëåäóþ-
ùèé ðåçóëüòàò êëàññèôèöèðóåò ôîðìàëüíî ñàìîäóàëüíûå äèñòàíöèîííî ðåãó-
ëÿðíûå ãðàôû Γ, äëÿ êîòîðûõ Γ3 � ñèëüíî ðåãóëÿðíûé ãðàô áåç òðåóãîëüíèêîâ

Ñëåäñòâèå 2. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô Γ ñ ìàññèâîì ïåðåñå÷åíèé {(µ+
r−1)k/µ, c2r, µ+ r; 1, c2, (µ+ r−1)(k/µ−1)}, k = r2 +µ(r+1) ôîðìàëüíî ñàìî-
äóàëåí òîãäà è òîëüêî òîãäà, êîãäà µ = r(r − 1)/2, c2 = (r + 3)r/2 è Γ èìååò
ìàññèâ ïåðåñå÷åíèé

{(r2 + 2r − 1)(r + 2)/2, (r + 3)r2/2, (r + 1)r/2; 1, (r + 3)r/2, (r + 2)(r + 1)r/2},
ãäå r íå ñðàâíèìî ñ 3 ïî ìîäóëþ 4.

Ãðàôû ñ ìàññèâàìè ïåðåñå÷åíèé {15, 8, 4; 1, 4, 12} è {20, 10, 6; 1, 5, 15} óäîâëå-
òâîðÿþò óñëîâèÿì òåîðåìû 1, íî íå ñóùåñòâóþò (â îáîèõ ñëó÷àÿõ q1

13 < 0).
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Â [7] áûëî äîêàçàíî, ÷òî äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà 3 ñ ñèëüíî
ðåãóëÿðíûìè ãðàôàìè Γ2 è Γ3, ïðè÷åì Γ3 ãðàô áåç òðåóãîëüíèêîâ ñ µ = 6 èìååò
ìàññèâ ïåðåñå÷åíèé {(r+ 5)((r+ 3)2 − 3)/6, r(r+ 3)(r+ 8)/6, r+ 6; 1, (r+ 3)(r+
8)/6, r(r + 5)(r + 6)/6}, r = 4, 6, 10, 16, 19, 24, 28, 40, 46, 52, 58, 60, 70, 79.

Ïî [8] ãðàôû ñ ìàññèâàìè ïåðåñå÷åíèé {69, 56, 10; 1, 14, 60} è {119, 100, 15; 1,
20, 105} íå ñóùåñòâóþò.

1. Äîêàçàòåëüñòâî ïðåäëîæåíèÿ 1

Âñþäó äàëåå Γ � äèñòàíöèîííî ðåãóëÿðíûé äèàìåòðà ñ Γ3 ÿâëÿþùèìñÿ
ñèëüíî ðåãóëÿðíûì ãðàôîì áåç òðåóãîëüíèêîâ. Ïî [3, ëåììà 3] Γ̄3 � ïñåâäî-
ãåîìåòðè÷åñêèé ãðàô pGα(b0, t), ïðè íåêîòîðûõ íàòóðàëüíûõ α, b0, t, è Γ èìååò
ìàññèâ ïåðåñå÷åíèé {b0, tc2, b0 − α+ 1; 1, c2, α}.

Ïî [4, ãëàâà 8] ãðàô Γ3 ÿâëÿåòñÿ ëèáî
(1) ïîëíûì äâóäîëüíûì ãðàôîì, ëèáî
(2) ãðàôîì ñ 0 < µ < k, èìåþùèì ñîáñòâåííûå çíà÷åíèÿ r, −(µ + r) è

k = (r+ 1)µ+ r2, ïðè÷åì µ äåëèò r2(r2 − 1), µ+ 2r äåëèò r(r+ 1)(r+ 2)(r+ 3).
Ðàññìîòðèì ñëó÷àé 1. Ïðåäïîëîæèì, ÷òî Γ3 � ïîëíûé äâóäîëüíûé ãðàô.

Òîãäà Γ̄3 � îáúåäèíåíèå äâóõ èçîëèðîâàííûõ êëèê, ïðîòèâîðå÷èå ñ òåì, ÷òî Γ3

ñâÿçíûé ãðàô êàê ïñåâäîãåîìåòðè÷åñêèé äëÿ pGα(b0, t). Èòàê, ñëó÷àé 1 íåâîç-
ìîæåí.

Ðàññìîòðèì ñëó÷àé 2. Ïóñòü Γ3 � ñèëüíî ðåãóëÿðíûé ãðàô áåç òðåóãîëüíè-
êîâ ñ ïàðàìåòðàìè (v, k, 0, µ) è ñîáñòâåííûìè çíà÷åíèÿìè k = (r + 1)µ+ r2, r,
−(µ+r). Òîãäà Γ̄3 � ïñåâäîãåîìåòðè÷åñêèé ãðàô äëÿ pGα(b0, r). ×èñëî âåðøèí
âî âòîðîé îêðåñòíîñòè âåðøèíû ãðàôà Γ3 ñ îäíîé ñòîðîíû ðàâíî k(k − 1)/µ,
ñ äðóãîé, ðàâíî ñòåïåíè ãðàôà Γ̄3, ò.å. b0(r + 1). Çíà÷èò, b0 = k(µ + r − 1)/µ.
Äàëåå, èç ðàâåíñòâà µ(Γ̄3) = v− 2k−λ (ñì., íàïðèìåð [1, òåîðåìà 1.3.1]) èìååì
α(r+1) = k(k−1)/mu+k+1−2k è α = (µ+r−1)(k/µ−1). Èç öåëî÷èñëåííîñòè
α ñëåäóåò, ÷òî µ äåëèò r2(r − 1).

Îñòàëîñü ïîêàçàòü, ÷òî r 6= 1. Ïðè r = 1 ãðàô Γ èìååò ìàññèâ {2µ+1, c2, µ+
1; 1, c2, µ + 1) è â ñèëó [1, ïðåäëîæåíèå 4.1.6(i)] ïîëó÷èì c2 = µ + 1. Ñ äðóãîé
ñòîðîíû, ïî [1, òåîðåìà 5.4.1] äîëæíî âûïîëíÿòüñÿ îäíî èç íåðàâåíñòâ: ëèáî
µ+ 1 ≥ 3c2/2, ëèáî µ+ 1 ≥ c2 + b2, ïðîòèâîðå÷èå.

Ïðåäëîæåíèå 1 äîêàçàíî.

2. Äîêàçàòåëüñòâî òåîðåìû 1, ñëó÷àè µ ∈ {1, 2, 4, 6}

Ïî ïðåäëîæåíèþ 1 Gamma èìååò ìàññèâ ïåðåñå÷åíèé {(µ+r−1)k/µ, c2r, µ+
r; 1, c2, (µ + r − 1)(k/µ − 1)}, Γ3 � ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè
(v, k, 0, µ), ãäå v = 1 + k + k(k − 1)/µ, k = (r + 1)µ + r2, µ äåëèò r2(r − 1), ãäå
r > 1 � íàèáîëüøåå íåãëàâíîå ñîáñòâåííîå çíà÷åíèå ãðàôà Γ3.

Äëÿ äèñòàíöèîííî ðåãóëÿðíîãî ãðàôà ñ ìàññèâîì ïåðåñå÷åíèé {b0, b1, b2; c1,
c2, c3} ÷åðåç L1 îáîçíà÷èì òðåõäèàãîíàëüíóþ ìàòðèöó

a0 b0 0 0
c1 a1 b1 0
0 c2 a2 b2
0 0 c3 a3

 ,

è ÷åðåç (u0(θj) = 1, u1(θj) =
θj
b0
, u2(θj), u3(θj)

T � ïðàâûé ñîáñòâåííûé âåêòîð,

îòâå÷àþùèé ñîáñòâåííîìó çíà÷åíèþ θj ìàòðèöû L1. Çàìåòèì, ÷òî ïî [1, 4.1B]
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ñîáñòâåííûå çíà÷åíèÿ ãðàôà Γ ñîâïàäàþò ñ ñîáñòâåííûìè çíà÷åíèÿìè ìàòðè-
öû L1. Èç [1, òåîðåìà 4.1.4 (Áèããñ)] êðàòíîñòè ñîáñòâåííûõ çíà÷åíèé ãðàôà Γ
âû÷èñëÿþòñÿ ïî ôîðìóëå

(1) mj =
v∑3

i=0 kiui(θj)
2
,

ãäå ki = ki−1bi−1/ci � ÷èñëî âåðøèí â i-îé îêðåñòíîñòè âåðøèíû è v = k0 +
k1 + k2 + k3 � ÷èñëî âåðøèí ãðàôà.

Èñïîëüçóÿ ôîðìóëó (1) ïîëó÷àåì êðàòíîñòè íåãëàâíûõ ñîáñòâåííûõ çíà÷å-
íèé ãðàôà Γ:

(2) m1,3 =
2
(
µr + r2 + 2µ+ r

) (
µr + r2 + µ− r

) (
µr + r2 + µ

)
(µ+ r − 1) r

f1 ±
√
zf2

,

(3) m2 =

(
µr + r2 + 2µ+ r

)(
µr + r2 + µ

)
(µ+ r − 1)

(µ+ 2 r)µ
,

ãäå
f1 = c22µ

2r3−2 c2µ
3r3 +µ4r3−4 c2µ

2r4 +4µ3r4−2 c2µr
5 +6µ2r5 +4µr6 +r7 +

3 c22µ
2r2 − 6 c2µ

3r2 + 3µ4r2 − 8 c2µ
2r3 + 8µ3r3 − 2 c2µr

4 + 6µ2r4 − r6 + 3 c22µ
2r−

2 c2µ
3r+ 3µ4r+ 4 c2µ

2r2 + 4µ3r2 + 2 c2µr
3− 2µ2r3− 4µr4− r5 + c22µ

2 + 2 c2µ
3 +

µ4 + 8 c2µ
2r + 2 c2µr

2 − 2µ2r2 + r4,
f2 = c2µr

2 − µ2r2 − 2µr3 − r4 + 2 c2µr − 2µ2r − 2µr2 + c2µ+ µ2 + 4µr + r2,
z = c22µ

2r2 − 2c2µ
3r2 + µ4r2 − 4c2µ

2r3 + 4µ3r3 − 2c2µr
4 + 6µ2r4 + 4µr5 + r6 +

2c22µ
2r−4c2µ

3r+2µ4r−4c2µ
2r2 +4µ3r2−4µr4−2r5 +c22µ

2 +2c2µ
3 +µ4 +8c2µ

2r+
2c2µr

2 − 2µ2r2 + r4.

Ëåììà 2.1. Ïàðàìåòð µ íå ðàâåí 1.

Äîêàçàòåëüñòâî. Ïóñòü µ ðàâíî 1. Òîãäà k = r2 + r + 1. Ñ äðóãîé ñòðîíû Γ3

� ãðàô Ìóðà äèàìåòðà 2 è k ∈ {2, 3, 7, 57} (ñì., íàïðèìåð, [1, òåîðåìà 6.7.1]).
Îòñþäà r ∈ {2, 7}.

Ïóñòü r = 2. Òîãäà Γ3 � ãðàô Õîôìàíà-Ñèíãëòîíà, v = 50 è k = 7. Îòñþäà
Γ̄3 � ïñåâäîãåîìåòðè÷åñêèé ãðàô äëÿ pG12(14, 2) è Γ èìååò ìàññèâ ïåðåñå÷åíèé
{14, 2c2, 3; 1, c2, 12}. Èç öåëî÷èñëåííîñòè êðàòíîñòè m1 ñëåäóåò, ÷òî c2 = 5 è Γ
èìååò ìàññèâ ïåðåñå÷åíèé {14, 10, 3; 1, 5, 12}. Ïðîòèâîðå÷èå ñ [1, òåîðåìà 4.1.5]
äëÿ i = j = 3.

Åñëè Γ � ãðàô ñ ïàðàìåòðàìè (3250,57,0,1), òî Γ̄3 � ïñåâäîãåîìåòðè÷åñêèé
ãðàô äëÿ pG392(399, 7) è Γ èìååò ìàññèâ ïåðåñå÷åíèé {399, 7c2, 8; 1, c2, 392}.
Ïðîòèâîðå÷èå ñ [1, ëåììà 4.3.1], à èìåííî, k3a3 = 57 · 7 � íå÷åòíîå ÷èñëî. �

Â ëåììàõ 2.2�2.4 ïðåäïîëàãàåòñÿ, ÷òî ÷èñëî v âåðøèí â ãðàôå Γ íå ïðåâîñ-
õîäèò 100000.

Ëåììà 2.2. Åñëè µ = 2, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé {111, 90, 7; 1, 18, 105}.

Äîêàçàòåëüñòâî. Åñëè µ = 2, òî k = (r + 1)2 + 1 è Γ èìååò ìàññèâ ïåðåñå-
÷åíèé {(r + 1)k/2, c2r, 2 + r; 1, c2, (r + 1)(k/2 − 1)}. Òîãäà íåãëàâíûå ñîáñòâåí-
íûå çíà÷åíèÿ ðàâíû θ1 = r3/4 − (c2 − 2)r/2 + 3r2/4 − c2/2 + z/4, θ2 = −1,
θ3 = r3/4− (c2 − 2)r/2 + 3r2/4− c2/2− z/4.
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Èñïîëüçóÿ ôîðìóðû (2) è (3), íàõîäèì êðàòíîñòè íåãëàâíûõ ñîáñòâåííûõ
çíà÷åíèé:
m1 = 2(r2 +3r+4)(r2 +2r+2)(r2 +r+2)r/((r6−4c2r

4 +6r5 +4c22r
2−16c2r

3 +
17r4 + 8c22r − 28c2r

2 + 32r3 + 4c22 + 40r2 + 16c2 + 32r + 16) + (r3 − 2c2r + 3r2 −
2c2 + 4r − 4)

√
z),

m2 = (r2 + 3r + 4)(r2 + 2r + 2)/4,
m3 = 2(r2 +3r+4)(r2 +2r+2)(r2 +r+2)r/((r6−4c2r

4 +6r5 +4c22r
2−16c2r

3 +
17r4 + 8c22r − 28c2r

2 + 32r3 + 4c22 + 40r2 + 16c2 + 32r + 16) − (r3 − 2c2r + 3r2 −
2c2 + 4r−4)

√
z), ãäå z = r6−4c2r

4 + 6r5 + 4c22r
2−16c2r

3 + 17r4 + 8c22r−28c2r
2 +

32r3 + 4c22 + 40r2 + 16c2 + 32r + 16.
Åñëèm1 = m3, òî r

3−2c2r+3r2−2c2+4r−4 = 0 è 2c2(r+1) = r3+3r2+4r−4.
Â ýòîì ñëó÷àå r + 1 äåëèò 6 è r = 1, 2 èëè 5, ñîîòâåòñòâåííî c2 = 1, 2 èëè 18.
Òåïåðü Γ3 èìååò ïàðàìåòðû (16, 5, 0, 2), (56, 10, 0, 2) èëè (704, 37, 0, 2) è Γ èìååò
ìàññèâ ïåðåñå÷åíèé {5, 1, 3; 1, 1, 4}, {15, 4, 4; 1, 2, 12} èëè {111, 90, 7; 1, 18, 105}. Â
ïåðâîì ñëó÷àå ïîëó÷èì ïðîòèâîðå÷èå ñ [1, ëåììà 4.1.6(i)], à âî âòîðîì ñ [1,
ïðåäëîæåíèå 5.4.4.].

Ïóñòü ÷èñëî z ÿâëÿåòñÿ êâàäðàòîì è z = u2 = (2(r + 1)c2 − (r3 + 3r2 + 4r −
4))2 + 16r(r2 + 3r + 4).

Èìåþòñÿ ñëåäóþùèå ðåøåíèÿ u = (4r(r2 + 3r + 4)/t + t) è c2 = [u − 2t +
(r3 + 3r2 + 4r− 4)]/(2(r+ 1)) Ïðè ïîäñòàíîâêå ýòèõ âûðàæåíèé â ôîðìóëû äëÿ
êðàòíîñòåé m1 è m3 ïîëó÷èì m1 = (r2 + 3r+ 4)(r2 + 2r+ 2)(r2 + r+ 2)r/(4r3 +
12r2 + t2 + 16r) è m3 = (r2 + 2r + 2)(r2 + r + 2)t2/(4(4r3 + 12r2 + t2 + 16r)).

Ïåðâûé ìàññèâ, êîòîðûé óäîâëåòâîðÿåò óñëîâèÿì öåëî÷èñëåííîñòè m1,m3

è c2, ðàâåí {578865, 571584, 106; 1, 5496, 578760} (r = 104, c2 = 5496, t = 4576).
Èòàê, Γ èìååò ìàññèâ ïåðåñå÷åíèé {111, 90, 7; 1, 18, 105}. Ëåììà äîêàçàíà. �

Ëåììà 2.3. Ïàðàìåòð µ íå ðàâåí 4.

Äîêàçàòåëüñòâî. Åñëè µ = 4, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé {(r+3)k/4, c2r, 4+
r; 1, c2, (r + 3)(k/4− 1)}. Ïîëîæèì r = 2w è z2 =
4w6 − 8c2w

4 + 28w5 + 4c22w
2 − 32c2w

3 + 81w4 + 4c22w − 46c2w
2 + 128w3 + c22 −

16c2w + 120w2 + 8c2 + 64w + 16. Òîãäà ñîáñòâåííûå çíà÷åíèÿ ðàâíû k = θ0 =
2w3 + 7w2 + 8w + 3, θ1 = w3 − (c2 − 4)w + 7/2w2 − 1/2c2 + 1/2z + 1, θ2 = −1,
θ3 = w3 − (c2 − 4)w + 7/2w2 − 1/2c2 − 1/2z + 1.

Äàëåå, êðàòíîñòè íåãëàâíûõ ñîáñòâåííûõ çíà÷åíèé ðàâíûm1 = 4(2w2+5w+
4)(2w2 + 3w + 2)(2w + 3)(w + 1)2w/(8w7 − 16c2w

5 + 60w6 + 8c22w
3 − 72c2w

4 +
190w5 + 4zw4 + 12c22w

2 − 124c2w
3 + 337w4 − 4zc2w

2 + 16zw3 + 6c22w − 78c2w
2 +

368w3 − 4zc2w + 23zw2 + c22 + 248w2 − zc2 + 8zw + 8c2 + 96w − 4z + 16),
m2 = 1/2(2w2 + 5w + 4)(2w + 3)(w + 1),
m3 = 4(2w2 + 5w+ 4)(2w2 + 3w+ 2)(2w+ 3)(w+ 1)2w/(8w7− 16c2w

5 + 60w6 +
8c22w

3 − 72c2w
4 + 190w5 − 4zw4 + 12c22w

2 − 124c2w
3 + 337w4 + 4zc2w

2 − 16zw3 +
6c22w−78c2w

2+368w3+4zc2w−23zw2+c22+248w2+zc2−8zw+8c2+96w+4z+16).
Åñëè m1 = m3, òî 4zw4−4zc2w

2 +16zw3−4zc2w+23zw2−zc2 +8zw−4z = 0,
ïîýòîìó c2(2w+ 1)2 = 4w4 + 16w3 + 23w2 + 8w− 4 è 2w+ 1 äåëèò 16w2 + 8w− 4,
ïðîòèâîðå÷èå. Çíà÷èò, ÷èñëî 4w6 − 8c2w

4 + 28w5 + 4c22w
2 − 32c2w

3 + 81w4 +
4c22w−46c2w

2 +128w3 +c22−16c2w+120w2 +8c2 +64w+16 ÿâëÿåòñÿ êâàäðàòîì.
Òîãäà èìåþòñÿ ñëåäóþùèå ðåøåíèÿ âèäà (w, c2), [m1,m2,m3]:
(1, 2), [ 77

17 , 55, 280
17 ], (1, 5), [10, 55, 11], (1, 9)[ 154

9 , 55, 35
9 ], (2, 6), [ 264

19 , 231, 2016
19 ],

(2, 10), [ 504
13 , 231, 1056

13 ], (2, 13), [ 1848
25 , 231, 1152

25 ], (3, 12), [ 2146
67 , 666, 25056

67 ],
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(3, 17), [ 696
7 , 666, 2146

7 ], (4, 20), [ 805
13 , 1540, 12650

13 ], (4, 26), [ 6325
31 , 1540, 25760

31 ],

(4, 27), [ 14720
57 , 1540, 44275

57 ], (4, 32), [ 8855
13 , 1540, 4600

13 ], (5, 30), [ 15879
149 , 3081, 313560

149 ],

(5, 37), [ 15678
43 , 3081, 79395

43 ], (6, 37), [ 25760
263 , 5565, 1075158

263 ], (6, 42), [ 17066
101 , 5565, 405720

101 ],

(6, 50), [ 11270
19 , 5565, 68264

19 ], (6, 59), [ 85330
29 , 5565, 36064

29 ], (7, 56), [ 66308
263 , 9316, 1843072

263 ],

(7, 65), [ 65824
73 , 9316, 464156

73 ], (8, 72), [ 29799
83 , 14706, 948024

83 ],

(8, 82), [ 16929
13 , 14706, 136224

13 ], (8, 94), [ 566181
65 , 14706, 199584

65 ],

(9, 78), [ 128925
629 , 22155, 11284280

629 ], (9, 90), [ 201505
409 , 22155, 7219800

409 ],

(9, 101), [ 66850
37 , 22155, 604515

37 ], (10, 110), [ 162052
247 , 32131, 6456560

247 ],

(10, 122), [ 322828
133 , 32131, 3241040

133 ], (10, 137), [ 3727196
181 , 32131, 1122880

181 ],

(11, 103), [ 5817
31 , 45150, 1179189

31 ], (11, 132)[ 500262
587 , 45150, 21938400

587 ],

(11, 141), [ 383922
197 , 45150, 7146600

197 ], (11, 145), [ 498600
157 , 45150, 5502882

157 ],

(11, 153), [ 214398
19 , 45150, 511896

19 ].
Îòñþäà Γ èìååò ìàññèâ ïåðåñå÷åíèé {20, 10, 6; 1, 5, 15} è Γ3 èìååò ïàðàìåòðû

(77,16,0,4). Ïðîòèâîðå÷èå ñ òåì, ÷òî äëÿ ýòîãî ãðàôà q1
13 < 0. �

Ëåììà 2.4. Åñëè µ = 6, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé {143, 126, 12; 1, 21, 132},
{415, 390, 16; 1, 39, 400}, {1253, 1216, 22; 1, 76, 1232},
{1924, 1881, 25; 1, 99, 1900}, {3509, 3024, 30; 1, 126, 3480}, {3509, 3456, 30; 1, 144,
3480}.

Äîêàçàòåëüñòâî. Åñëè µ = 6, òî k = (r + 3)2 − 3, r − 1 íå äåëèòñÿ íà 4 è Γ
èìååò ìàññèâ ïåðåñå÷åíèé {(r + 5)k/6, c2r, 6 + r; 1, c2, (r + 5)(k/6− 1)}. z2 =
(36c22−12c2k+k2)r2+36c22−60(c2−1)k+25k2+2(36c22−6(6c2−1)k+5k2+108c2)r+
792c2+36. Òîãäà íåãëàâíûå ñîáñòâåííûå çíà÷åíèÿ ðàâíû θ1 = −1/12(6c2−k)r−
1/2c2 + 5/12k + 1/12z − 1/2, θ2 = −1, θ3 = −1/12(6c2 − k)r − 1/2c2 + 5/12k −
1/12z − 1/2.

Äàëåå, èõ êðàòíîñòè ðàâíû m1 = 2(kr+5k+6)(kr+k−6)k(r+5)r/((36c22r
3−

12c2kr
3 + k2r3 + 108c22r

2− 84c2kr
2 + 11k2r2− 6zc2r

2 + zkr2 + 108c22r− 132c2kr+
35k2r+ 216c2r

2 + 12kr2− 12zc2r+ 6zkr+ 36c22− 60c2k+ 25k2 + 1008c2r+ 72kr−
6zc2 + 5zk − 18zr + 792c2 + 60k + 36r − 66z + 36)(k − 6)),
m2 = (kr + k − 6)k(r + 6)(r + 5)/(12(k − 6)(r + 3)),
m3 = 2(kr+ 5k+ 6)(kr+ k− 6)k(r+ 5)r/((36c22r

3− 12c2kr
3 + k2r3 + 108c22r

2−
84c2kr

2 + 11k2r2 + 6zc2r
2 − zkr2 + 108c22r− 132c2kr+ 35k2r+ 216c2r

2 + 12kr2 +
12zc2r−6zkr+ 36c22−60c2k+ 25k2 + 1008c2r+ 72kr+ 6zc2−5zk+ 18zr+ 792c2 +
60k + 36r + 66z + 36)(k − 6)).

Åñëè m1 = m3, òî −6zc2r
2 +zkr2−12zc2r+6zkr−6zc2 +5zk−18zr−66z = 0,

ïîýòîìó 6c2(r+1)2 = kr2 +6kr+5k−18r−66, r+1 äåëèò 48 è 6 äåëèò k(r2 +5).
Ïî [9, ëåììà 4.1] èìååì (a1−c2)(c2 +b1) = 2c2a3, ïîýòîìó ((r+5)k/6−c2(r+

1)− 1)(r + 1) = 2(r + 5) è (r + 5)(k(r + 1)/6− 2) = c2(r + 1)2 + (r + 1). Îòñþäà
r + 1 äåëèò 2(r + 5) è (r + 1) äåëèò 8.

Åñëè r = 3, òî 3k = 4c2+5, Γ èìååò ìàññèâ ïåðåñå÷åíèé {4(4c2+5)/3, 3c2, 9; 1,
c2, 4((4c2 +5)/3−2)}. Â ýòîì ñëó÷àå k = (r+3)2−3 = 33, 8(33·4/6−2) = 16c2 +4
è c2 = (8 · 20− 4)/16, ïðîòèâîðå÷èå

Åñëè r = 7, òî k = 4c2 +2, Γ èìååò ìàññèâ ïåðåñå÷åíèé {8c2 +10, 7c2, 13; 1, c2,
8c2 − 8}. Â ýòîì ñëó÷àå k = (r + 3)2 − 3 = 97, 12(97 · 12/6 − 2) = 64c2 + 8 è
c2 = (12 · 192− 8)/64, ïðîòèâîðå÷èå

Ïóñòü (36c22 − 12c2k + k2)r2 + 36c22 − 60(c2 − 1)k + 25k2 + 2(36c22 − 6(6c2 −
1)k+ 5k2 + 108c2)r+ 792c2 + 36 ÿâëÿåòñÿ êâàäðàòîì. Òîãäà èìåþòñÿ ñëåäóþùèå
ðåøåíèÿ âèäà (r, c2), [m1,m2,m3]:



ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È Â ÒÅÎÐÈÈ ÃÐÀÔÎÂ 35

(1, 6), [ 65
14 ,

65
2 ,

13
7 ], (1, 12), [ 65

11 ,
65
2 ,

13
22 ], (2, 5), [8, 77, 14] (÷èñëî (µ+r−1)k/µ = 7·22/6

íå öåëîå), (2, 7), [ 616
53 , 77, 550

53 ], (3, 6), [ 110
9 , 154, 385

9 ], (3, 7), [ 77
5 , 154, 198

5 ],

(3, 11), [ 770
23 , 154, 495

23 ], (4, 6), [ 138
11 , 276, 1127

11 ], (4, 11), [ 1127
29 , 276, 2208

29 ],

(4, 14), [69, 276, 46], (5, 12), [ 1281
31 , 915

2 , 10675
62 ], (5, 19), [ 1708

11 , 915
2 , 1281

22 ],

(6, 15), [ 1040
17 , 715, 5148

17 ], (6, 17), [ 4212
43 , 715, 11440

43 ], (6, 21), [220, 715, 144],

(7, 7), [ 679
47 , 1067, 26675

47 ], (7, 25), [ 1067
3 , 1067, 679

3 ], (8, 22), [118, 1534, 767] (÷èñëî (µ+

r−1)k/µ = 13·118/6 íå öåëîå), (9, 24), [ 3619
34 , 4277

2 , 20163
17 ], (9, 26), [ 6721

43 , 4277
2 , 97713

86 ],

(9, 34), [ 47047
58 , 4277

2 , 13959
29 ], (10, 24), [ 581

8 , 2905, 14027
8 ], (10, 33), [ 28054

79 , 2905, 116200
79 ],

(10, 39), [1162, 2905, 664], (11, 35), [ 12545
49 , 3860, 110396

49 ], (11, 37), [ 110396
289 , 3860, 614705

289 ],

(12, 40), [ 4144
13 , 5032, 39627

13 ], (12, 43), [ 58275
101 , 5032, 281792

101 ], (12, 49), [ 21312
11 , 5032, 15725

11 ],

(12, 50), [ 4403
2 , 5032, 2331

2 ], (13, 50), [ 9867
10 , 12903

2 , 17204
5 ], (13, 56), [ 5865

2 , 12903
2 , 1495],

(14, 51), [ 13728
29 , 8151, 152152

29 ], (15, 43), [ 2675
23 , 10165, 164673

23 ],

(15, 54), [ 1819
5 , 10165, 34561

5 ], (15, 57), [ 34561
61 , 10165, 409275

61 ],

(15, 69), [ 34561
7 , 10165, 16371

7 ], (16, 54), [ 6265
29 , 12530, 258476

29 ],

(16, 67), [ 64619
51 , 12530, 400960

51 ], (16, 76), [6265, 12530, 2864],

(17, 70), [ 52801
67 , 30569

2 , 1410541
134 ], (18, 51), [ 24090

239 , 18469, 3290840
239 ],

(18, 77)[ 6424
7 , 18469, 90666

7 ], (18, 81), [ 107310
61 , 18469, 738760

61 ],

(18, 91)[ 184690
19 , 18469, 78840

19 ], (19, 99), [11914, 22126, 4921],

(20, 92), [ 23144
19 , 26300, 361625

19 ], (21, 83), [ 39537
134 , 62075

2 , 1599052
67 ],

(21, 89), [ 123004
271 , 62075

2 , 12849525
542 ], (21, 96), [ 57109

66 , 62075
2 , 768775

33 ],

(21, 100), [ 109825
79 , 62075

2 , 3597867
158 ], (21, 108), [ 30751

6 , 62075
2 , 57109

3 ],

(21, 112), [ 399763
37 , 62075

2 , 988425
74 ], (21, 116), [ 1427725

82 , 62075
2 , 276759

41 ],

(22, 85), [ 13684
57 , 36387, 1617200

57 ], (22, 96), [ 36387
76 , 36387, 2138125

76 ],

(22, 113), [ 777500
251 , 36387, 6404112

251 ], (22, 120), [ 44473
4 , 36387, 69975

4 ],

(22, 125), [145548, 254709, 54736], (23, 117), [ 30285
17 , 42399, 541765

17 ],

(24, 126), [2002, 49126, 37323], (24, 131), [ 1146717
289 , 49126, 10218208

289 ],
(24, 144), [29029, 49126, 10296].

Îòñþäà Γ èìååò ìàññèâ ïåðåñå÷åíèé {69, 56, 10; 1, 14, 60}, {(143, 126, 12; 1, 21,
132}, {415, 390, 16; 1, 39, 400}, {1253, 1216, 22; 1, 76, 1232}, {1924, 1881, 25; 1, 99,
1900}, {3509, 3024, 30; 1, 126, 3480}, {3509, 3456, 30; 1, 144, 3480}.

Íî ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {69, 56, 10; 1, 14, 60} íå ñóùåñòâóåò ïî [8].
�

3. Ñèëüíî ðåãóëÿðíûå ãðàôû ñ µ /∈ {1, 2, 4, 6}

Â ýòîì ðàçäåëå ïðåäïîëàãàåòñÿ, ÷òî Γ3 � ãðàô ñ ïàðàìåòðàìè (v, k, 0, µ) è
ñîáñòâåííûìè çíà÷åíèÿìè r, −(µ+r), k = (r+1)µ+r2, ïðè÷åì µ /∈ {1, 2, 4, 6} è
v ≤ 100000. Òîãäà Γ èìååò ìàññèâ ïåðåñå÷åíèé {(µ+r−1)k/µ, c2r, µ+r; 1, c2, (µ+
r − 1)(k/µ− 1)}.

Ëåììà 3.1. Åñëè v ≤ 266, òî ãðàôîâ íåò.

Äîêàçàòåëüñòâî. Åñëè v ≤ 266, òî ââèäó [10] ãðàô Γ3 èìååò ïàðàìåòðû (16, 5, 0,
2), (50, 7, 0, 1), (56, 10, 0, 2), (77, 16, 0, 4), (100, 22, 0, 6), (162, 21, 0, 3), (176, 25, 0,
4), (210, 33, 0, 6) èëè (266, 45, 0, 9).

Â ñëó÷àå (162, 21, 0, 3) ãðàô Γ èìååò ìàññèâ ïåðåñå÷åíèé {35, 27, 6; 1, 9, 30},
ïðîòèâîðå÷èå ñ òåì, ÷òî ÷èñëî ka1 íå÷åòíî.
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Â ñëó÷àå (266, 45, 0, 9) ãðàô Γ èìååò ìàññèâ ïåðåñå÷åíèé {55, 3c2, 12; 1, c2, 44},
ïîýòîìó c2 ÷åòíî è äåëèò r2(r − 1) = 18. Ïðîòèâîðå÷èå ñ òåì, ÷òî êðàòíîñòü
íåêîòîðîãî ñîáñòâåííîãî çíà÷åíèÿ ãðàôà Γ íå öåëàÿ. �

Ëåììà 3.2. Åñëè 267 ≤ v ≤ 650, òî ãðàôîâ íåò.

Äîêàçàòåëüñòâî. Åñëè 267 ≤ v ≤ 650, òî ââèäó [10] ãðàô Γ3 èìååò ïàðàìåòðû
(352, 26, 0, 2), (352, 36, 0, 4), (392, 46, 0, 6), (552, 76, 0, 12), (638, 49, 0, 4), (650, 55, 0,
5).

Â ñëó÷àå (552, 76, 0, 12) ãðàô Γ èìååò ìàññèâ ïåðåñå÷åíèé {95, 4c2, 16; 1, c2, 80},
ïðîòèâîðå÷èå.

Â ñëó÷àå (638, 49, 0, 4) ãðàô Γ èìååò ìàññèâ ïåðåñå÷åíèé {98, 5c2, 9; 1, c2, 90},
ïðîòèâîðå÷èå.

Â ñëó÷àå (650, 55, 0, 5) ãðàô Γ èìååò ìàññèâ ïåðåñå÷åíèé {99, 5c2, 10; 1, c2, 90},
ïðîòèâîðå÷èå. �

Ëåììà 3.3. Åñëè 651 ≤ v ≤ 1300, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé {119, 100,
15; 1, 20, 105}.

Äîêàçàòåëüñòâî. Åñëè 651 ≤ v ≤ 1300, òî ââèäó [10] ãðàô Γ3 èìååò ïàðà-
ìåòðû (667, 96, 0, 16), (704, 37, 0, 2), (784, 116, 0, 20), (800, 85, 0, 10), (1073, 64, 0, 4),
(1080, 78, 0, 6), (1178, 99, 0, 9), (1190, 145, 0, 20), (1276, 50, 0, 2).

Â ñëó÷àå (667, 96, 0, 16) ãðàô Γ èìååò ìàññèâ ïåðåñå÷åíèé {114, 4c2, 20; 1, c2, 95},
ïðîòèâîðå÷èå.

Â ñëó÷àå (784, 116, 0, 20) èìååì r = 4 è µ = 20 íå äåëèò r2(r− 1), ïðîòèâîðå-
÷èå.

Â ñëó÷àå (800, 85, 0, 10) ãðàô Γ èìååò ìàññèâ ïåðåñå÷åíèé {119, 100, 15; 1, 20,
105}.

Â ñëó÷àå (1178, 99, 0, 9) ãðàô Γ èìååò ìàññèâ ïåðåñå÷åíèé {154, 6c2, 15; 1, c2,
140}, ïðîòèâîðå÷èå.

Â ñëó÷àå (1190, 145, 0, 20) ãðàô Γ èìååò ìàññèâ ïåðåñå÷åíèé {174, 5c2, 25; 1, c2,
150}, ïðîòèâîðå÷èå. �

Ïî [8] ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {119, 100, 15; 1, 20, 105} íå ñóùåñòâóåò.

Ëåììà 3.4. Åñëè v ≤ 100000, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé èç òàáëèöû 2.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî v = (rµ+r2+2µ+r)(rµ+r2+µ−r)/µ. Ïîýòîìó
1 ≤ r ≤ 36.

Ñ ïîìîùüþ êîìïüþòåðíîãî ïåðåáîðà ïî r ∈ {2, 3, . . . , 36} è ïî µ, ïðîáåãàþ-
ùåì âñå äåëèòåëè r2(r − 1), µ ≤ r(r + 1) ïîëó÷àåì òàáëèöó 2. �

Äëÿ ãðàôîâ ñ ìàññèâàìè ïåðåñå÷åíèé {35, 27, 6; 1, 9, 30}, {279, 245, 28; 1, 35,
252}, {335, 297, 21; 1, 33, 315}, {377, 297, 27; 1, 33, 351}, {483, 363, 22; 1, 33, 462},
{923, 847, 66; 1, 77, 858}, {935, 885, 36; 1, 59, 900}, {2159, 2025, 120; 1, 135, 2040},
{4179, 3971, 190; 1, 209, 3990}, {1819, 1617, 35; 1, 77, 1785} ÷èñëî ka1 íå÷åòíî. Ïî-
ýòîìó óêàçàííûå ãðàôû íå ñóùåñòâóþò.
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Òàáëèöà 2. Äèñòàíöèîííî ðåãóëÿðíûå ãðàôû Γ ñ ñèëüíî ðå-
ãóëÿðíûì Γ3 áåç òðåóãîëüíèêîâ è ÷èñëîì âåðøèí íå áîëüøèì
100000

(µ, r, c2) ñðã äðã
(1, 2, 5) (50, 7, 0, 1) {14, 10, 3; 1, 5, 12}
(3, 3, 9) (162, 21, 0, 3) {35, 27, 6; 1, 9, 30}
(6, 4, 14) (392, 46, 0, 6) {69, 56, 10; 1, 14, 60}
(2, 5, 18) (704, 37, 0, 2) {111, 90, 7; 1, 18, 105}
(10, 5, 20) (800, 85, 0, 10) {119, 100, 15; 1, 20, 105}
(6, 6, 21) (1080, 78, 0, 6) {143, 126, 12; 1, 21, 132}
(15, 6, 27) (1458, 141, 0, 15) {188, 162, 21; 1, 27, 168}
(14, 7, 28) (2002, 161, 0, 14) {230, 196, 21; 1, 28, 210}
(21, 7, 35) (2450, 217, 0, 21) {279, 245, 28; 1, 35, 252}
(28, 8, 44) (3872, 316, 0, 28) {395, 352, 36; 1, 44, 360}
(12, 9, 33) (3552, 201, 0, 12) {335, 297, 21; 1, 33, 315}
(18, 9, 33) (4032, 261, 0, 18) {377, 297, 27; 1, 33, 351}
(36, 9, 54) (5832, 441, 0, 36) {539, 486, 45; 1, 54, 495}
(6, 10, 39) (4732, 166, 0, 6) {415, 390, 16; 1, 39, 400}
(45, 10, 65) (8450, 595, 0, 45) {714, 650, 55; 1, 65, 660}
(11, 11, 33) (6050, 253, 0, 11) {483, 363, 22; 1, 33, 462}
(55, 11, 77) (11858, 781, 0, 55) {923, 847, 66; 1, 77, 858}
(16, 12, 41) (8075, 352, 0, 16) {594, 492, 28; 1, 41, 567}
(66, 12, 90) (16200, 1002, 0, 66) {1169, 1080, 78; 1, 90, 1092}
(78, 13, 104) (21632, 1261, 0, 78) {1455, 1352, 91; 1, 104, 1365}
(91, 14, 119) (28322, 1561, 0, 91) {1784, 1666, 105; 1, 119, 1680}
(21, 15, 59) (15522, 561, 0, 21) {935, 885, 36; 1, 59, 900}

(105, 15, 135) (36450, 1905, 0, 105) {2159, 2025, 120; 1, 135, 2040}
(6, 16, 76) (21660, 358, 0, 6) {1253, 1216, 22; 1, 76, 1232}

(120, 16, 152) (46208, 2296, 0, 120) {2583, 2432, 136; 1, 152, 2448}
(34, 17, 68) (24752, 901, 0, 34) {1325, 1156, 51; 1, 68, 1275}

(136, 17, 170) (57800, 2737, 0, 136) {3059, 2890, 153; 1, 170, 2907}
(153, 18, 189) (71442, 3231, 0, 153) {3590, 3402, 171; 1, 189, 3420}

(6, 19, 99) (38962, 481, 0, 6) {1924, 1881, 25; 1, 99, 1900}
(171, 19, 209) (87362, 3781, 0, 171) {4179, 3971, 190; 1, 209, 3990}
(14, 21, 77) (40768, 749, 0, 14) {1819, 1617, 35; 1, 77, 1785}
(90, 21, 134) (67520, 2421, 0, 90) {2959, 2814, 111; 1, 134, 2849}
(6, 24, 126) (88452, 726, 0, 6) {3509, 3024, 30; 1, 126, 3480}
(6, 24, 144) (88452, 726, 0, 6) {3509, 3456, 30; 1, 144, 3480}
(40, 25, 105) (70930, 1665, 0, 40) {2664, 2625, 65; 1, 105, 2600}

4. Ãðàôû ñ íåöåëûì ñîáñòâåííûì çíà÷åíèåì

Â ýòîì ðàçäåëå ïðåäïîëàãàåòñÿ, ÷òî Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ
ìàññèâîì ïåðåñå÷åíèé {(µ+r−1)k/µ, c2r, µ+r; 1, c2, (µ+r−1)(k/µ−1)} è îäíî
èç ñîáñòâåííûõ çíà÷åíèé Γ íåöåëîå.

Ëåììà 4.1. Âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:
(1) c2 = µ+(−2µ+2r(r−1)µ+2r(r−1)(r+1)µ+r2(r−1)(r+1))/((µ(r+1)2));
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(2) µ(r + 1) äåëèò −2µ2 + 2r(r − 1)µ, r + 1 äåëèò −2µ + 2r(r − 1) è r + 1
äåëèò 2µ− 4.

Äîêàçàòåëüñòâî. Êðàòíîñòü ñîáñòâåííîãî çíà÷åíèÿ θ1 ãðàôà Γ ðàâíà
m1 = 2(µr + r2 + 2µ+ r)(µr + r2 + µ− r)(µr + r2 + µ)(µ+ r − 1)r/(c22µ

2r3 −
2c2µ

3r3 +µ4r3−4c2µ
2r4 +4µ3r4−2c2µr

5 +6µ2r5 +4µr6 +r7 +3c22µ
2r2−6c2µ

3r2 +
3µ4r2−8c2µ

2r3 +8µ3r3−2c2µr
4 +6µ2r4−r6 +3c22µ

2r−2c2µ
3r+3µ4r+4c2µ

2r2 +
4µ3r2+2c2µr

3−2µ2r3−4µr4−r5−zc2µr2+zµ2r2+2zµr3+zr4+c22µ
2+2c2µ

3+µ4+
8c2µ

2r+2c2µr
2−2µ2r2+r4−2zc2µr+2zµ2r+2zµr2−zc2µ−zµ2−4zµr−zr2), ãäå

z = (2(2µ−1)r5 +r6−(2(c2 +2)µ−6µ2−1)r4 +c22µ
2 +2c2µ

3 +µ4−4(c2µ
2−µ3)r3−

(2(c2 − 2)µ3 − µ4 − (c22 − 4c2 − 2)µ2 − 2c2µ)r2 − 2(2c2µ
3 − µ4 − (c22 + 4c2)µ2)r)1/2.

Ïîýòîìó îäíî èç ñîáñòâåííûõ çíà÷åíèé Γ íå öåëîå, òîëüêî â ñëó÷àå êîãäà
−zc2µr2+zµ2r2+2zµr3+zr4−2zc2µr+2zµ2r+2zµr2−zc2µ−zµ2−4zµr−zr2 = 0.

Îòñþäà, c2 = (µ2r2 + 2µr3 + r4 + 2µ2r + 2µr2 − µ2 − 4µr − r2)/((µ(r + 1)2)),
ò.å. c2 = µ+ (−2µ+ 2r(r− 1)µ+ 2r(r− 1)(r+ 1)µ+ r2(r− 1)(r+ 1))/((µ(r+ 1)2)).

Ïîýòîìó µ(r + 1) äåëèò −2µ2 + 2r(r − 1)µ, r + 1 äåëèò −2µ + 2r(r − 1), à
çíà÷èò, r + 1 äåëèò 2µ− 4. �

Ëåììà 4.2. Âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:
(1) µ = (y(r+1)+4)/2 äëÿ íåêîòîðîãî y ∈ N èëè Γ èìååò ìàññèâ ïåðåñå÷åíèé

{111, 90, 7; 1, 18, 105};
(2) r2(r − 1) = µx äëÿ íåêîòîðîãî x ∈ N, 2r2(r − 1) = (y(r + 1) + 4)x è

c2 = µ+ 2(r − 1) + (x− y − 2)/(r + 1);
(3) x ≡ −1 (mod (r+1)/(r+1, 4)), y ≡ −3 (mod (r+1)/(r+1, 4)) è 2r2(r−1) =

((s(r + 1)− 3(r + 1, 4))(r + 1) + 4(r + 1, 4))(t(r + 1)− (r + 1, 4))/(r + 1, 4)2.

Äîêàçàòåëüñòâî. Ïî ëåììå 3.1 èìååì µ = (y(r + 1) + 4)/2 äëÿ íåêîòîðîãî
y ∈ Z. Äàëåå, y > −4/(r + 1), à çíà÷èò, y ≥ −1. Íî ïðè y = −1 èìååì µ = 0,
ïðîòèâîðå÷èå, à ïðè y = 0 ïàðàìåòð µ ðàâåí 2 è ïî ëåììå 2.2 ãðàô Γ èìååò
ìàññèâ ïåðåñå÷åíèé {111, 90, 7; 1, 18, 105}. Äàëåå áóäåì ñ÷èòàòü, ÷òî y ∈ N.

Íàïîìíèì, ÷òî èç öåëî÷èñëåííîñòè c3 ñëåäóåò äåëèìîñòü r2(r − 1) íà µ.
Ïîýòîìó r2(r − 1) = µx äëÿ íåêîòîðîãî x ∈ N è 2r2(r − 1) = (y(r + 1) + 4)x.
Òîãäà c2 = (µ+ (−y(r + 1)− 4 + 2r(r − 1) + 2r(r − 1)(r + 1) + x(r + 1))/(r + 1)2

è c2 = µ+ 2(r − 1) + (x− y − 2)/(r + 1).
Èç ðàâåíñòâà 2r2(r − 1) = (y(r + 1) + 4)x ñëåäóåò, ÷òî x ≡ −1 (mod (r +

1)/(r + 1, 4)), y ≡ −3 (mod (r + 1)/(r + 1, 4)) è 2r2(r − 1) = ((s(r + 1) − 3(r +
1, 4))(r + 1) + 4(r + 1, 4))(t(r + 1)− (r + 1, 4))/(r + 1, 4)2. �

Ëåììà 4.3. Âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:
(1) ÷èñëî r íå÷åòíî;
(2) åñëè r = 4m+ 1, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé: {111, 90, 7; 1, 18, 105},

{335, 297, 21; 1, 33, 315} èëè {2959, 2814, 111; 1, 134, 2849}.

Äîêàçàòåëüñòâî. Ïóñòü r = 2m. Òîãäà 8m2(2m − 1) = ((s(2m + 1) − 3)(2m +
1) + 4)(t(2m+ 1)− 1) è (8st− 16)m3 + (12st− 12t− 4s+ 8)m2 + (6st− 4t− 4s+
6)m+ st+ t− s− 1 = 0

Ïðè st ≥ 2 ëåâàÿ ÷àñòü óðàâíåíèÿ ïîëîæèòåëüíà ïðè m > 0, ïîýòîìó s =
t = 1. Èìååì
−8m3 + 4m2 + 4m = 0,−2m2 + m + 1 = 0,m = 1. Îòñþäà r = 2, x = 2, y =

0, µ = 2 è c2 = 4/3, ïðîòèâîðå÷èå. Óòâåðæäåíèå (1) äîêàçàíî.
Ïóñòü r = 4m+ 1. Òîãäà x = t(2m+ 1)− 1, y = s(2m+ 1)− 3.
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Äàëåå, 4(4m + 1)2m = ((s(2m + 1) − 3)(2m + 1) + 2)(t(2m + 1) − 1), (8st −
64)m3 + (12st − 12t − 4s − 32)m2 + (6st − 8t − 4s + 2)m + st − s − t + 1 = 0 è
8(st−8)m3+((12t−4)(s−1)−36)m2+(2st+4(t−1)(s−2)−6)m+(t−1)(s−1) = 0.

Ïðè st ≥ 8 è s > 1 ëåâàÿ ÷àñòü ðàâåíñòâà ïîëîæèòåëüíà ïðè m > 0. Ïîýòîìó
ëèáî s = 1 ëèáî st < 8.

Ïóñòü s = 1. Òîãäà 4(t − 8)m2 − 18m − (t + 1) = 0, t = 8 + 9/(2m − 1) è
m ∈ {1, 2, 5}.

Ïðè m = 1 èìååì r = 5, x = 50, y = 0, µ = 2, c2 = 18 è Γ èìååò ìàññèâ
ïåðåñå÷åíèé {111, 90, 7; 1, 18, 105} .

Ïðè m = 2 èìååì r = 9, t = 11, x = 54, y = 2, µ = 12, c2 = 33 è Γ èìååò ìàññèâ
ïåðåñå÷åíèé {335, 297, 21; 1, 33, 315}.

Ïðè m = 5 èìååì r = 21, t = 9, x = 98, y = 8, µ = 90, c2 = 134 è Γ èìååò
ìàññèâ ïåðåñå÷åíèé {2959, 2814, 111; 1, 134, 2849}.

Ðàññìîòðèì ñëó÷àé st < 8 è s > 1.
Òîãäà ïàðà (s, t) ïðèíèìàåò îäíî èç ñëåäóþùèõ çíà÷åíèé: (2, 1), (2, 2), (2, 3),

(3, 1), (3, 2), (4, 1), (5, 1), (6, 1), (7, 1).
Óðàâíåíèå 8(st − 8)m3 + ((12t − 4)(s − 1) − 36)m2 + (2st + 4(t − 1)(s − 2) −

6)m+ (t− 1)(s− 1) = 0 èìååò ïîëîæèòåëüíûå öåëûå ðåøåíèÿ òîëüêî â ñëó÷àÿõ
(s, t) = (3, 2) è (7, 1).

Â ñëó÷àå (s, t) = (3, 2) èìååì m = 1, r = 3, x = 5, y = 6 è x− y− 2 íå äåëèòñÿ
íà (r + 1), ïðîòèâîðå÷èå.

Â ñëó÷àå (s, t) = (7, 1) èìååì m = 2, r = 9, x = 4, y = 32, µ = 162, c2 = 175 è
Γ èìååò ìàññèâ ïåðåñå÷åíèé {1785, 1575, 171; 1, 175, 1615}, ïðîòèâîðå÷èå ñ òåì,
÷òî m1 = 987/2. �

Ëåììà 4.4. Åñëè r = 4m− 1, òî âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:
(1) x = tm− 1, y = sm− 3 è (x− y − 2)/(r + 1) = (t− s)/4 � öåëîå ÷èñëî;
(2) (st− 32)m2 + (32− s− 3t)m+ t− 7 = 0.
(3) t ≥ 3 è åñëè m ≤ 2, òî Γ èìååò ìàññèâ ïåðåñå÷åíèé {230, 196, 21; 1, 28,

210}.

Äîêàçàòåëüñòâî. Ïóñòü r = 4m− 1. Òîãäà x = tm− 1, y = sm− 3.
Èç öåëî÷èñëåííîñòè c2 ñëåäóåò, ÷òî (x− y − 2)/(r + 1) = (tm− sm)/(4m) =

(t− s)/4 � öåëîå ÷èñëî.
Èç ðàâåíñòâà 2r2(r − 1) = ((s(r + 1) − 3(r + 1, 4))(r + 1) + 4(r + 1, 4))(t(r +

1)− (r+ 1, 4))/(r+ 1, 4)2 ñëåäóåò 2(4m− 1)2(4m− 2) = ((sm− 3)4m+ 4)(tm− 1).
Ïîýòîìó (4st − 128)m3 + (128 − 4s − 12t)m2 + (4t − 28)m = 0 è (st − 32)m2 +
(32− s− 3t)m+ t− 7 = 0.

Ïóñòü m = 1. Òîãäà st − 32 + 32 − s − 3t + t − 7 = 0, st − s − 2t − 7 = 0,
s(t−1)−2(t−1)−9 = 0, (s−2)(t−1) = 9. Ïîýòîìó (s, t) ∈ {(3, 10), (5, 4), (11, 2)}.
Âî âñåõ ñëó÷àÿõ 4 íå äåëèò t− s.

Ïóñòü t = 1. Òîãäà (s−32)m2+(29−s)m−6 = 0, sm(m−1)−32m2+29(m−1)+
23 = 0, (sm+ 29)(m− 1) = 32m2− 23, m− 1 äåëèò 9 è (s,m) ∈ {(38, 2), (115, 4)}.
Â ëþáîì ñëó÷àå 4 íå äåëèò t− s.

Ïóñòü t = 2. Òîãäà (2s−32)m2+(26−s)m−5 = 0, sm(2m−1)−32m2+13(2m−
1) + 8 = 0, (sm+ 13)(2m− 1) = 8(4m2 − 1), sm+ 13 = 2m+ 1, m(s− 2) = −12 è
(s,m) = (1, 12). Â ýòîì ñëó÷àå 4 íå äåëèò t− s.

Ïóñòüm = 2. Òîãäà 4st−32·4+32·2−2s−6t+t−7 = 0, 2s(2t−1)−3(2t−1)+t−
74 = 0, (2s−3)(2t−1) = 74−t. Ïîýòîìó (s, t) ∈ {(38, 1), (3, 11), (2, 25)}. Â ïåðâîì
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è òðåòüåì ñëó÷àÿõ 4 íå äåëèò t− s. Ïðè (s, t) = (3, 11) èìååì r = 7, x = 21, y =
3, µ = 14, c2 = 28 è Γ èìååò ìàññèâ ïåðåñå÷åíèé {230, 196, 21; 1, 28, 210}. �

Çàâåðøèì äîêàçàòåëüñòâî òåîðåìû 2. Èç ðàâåíñòâàm2st−32m2+32m−ms−
3mt+t−32m2+32m−7 = 0 ñëåäóåòms(mt−1)−3(mt−1)+t−32m2+32m−10 = 0
è (ms− 3)(mt− 1) = 32m2 − 32m+ 10− t.

Åñëè t ÷åòíî, òî ëåâàÿ ÷àñòü ðàâåíñòâà (ms−3)(mt−1) = 32m2−32m+10−t
íå÷åòíà, à ïðàâàÿ ÷åòíà, ïðîòèâîðå÷èå.

Ïóñòü t íå÷åòíî. Åñëè m äåëèòñÿ íà 4, òî èç ðàâåíñòâà (ms − 3)(mt − 1) =
32m2−32m+10−t ñëåäóåò, ÷òî t ñðàâíèìî ñ 3 ïî ìîäóëþ 4. Åñëè æåm ñðàâíèìî
ñ 2 ïî ìîäóëþ 4, òî t + 2s − 1 äåëèòñÿ íà 4, ïîýòîìó ñíîâà t ñðàâíèìî ñ 3 ïî
ìîäóëþ 4. Òåïåðü ëèáî t = 3, s = 11 è m2 + 12m − 4 = 0, ëèáî t = 3, s = 7 è
11m2 − 16m + 4 = 0, ëèáî t = 7, s = 3 è 11m2 − 8m = 0, ëèáî t = 7, s = 7 è
17m2−4m = 0, ëèáî t = 11, s = 3 èm2−4m+4 = 0. Â ëþáîì ñëó÷àå ëèáî èìååì
ïðîòèâîðå÷èå, ëèáî m = 2 è ïî ëåììå 3.4 ãðàô Γ èìååò ìàññèâ ïåðåñå÷åíèé
{230, 196, 21; 1, 28, 210}.

Òåîðåìà 2 äîêàçàíà.

5. Ôîðìàëüíî ñàìîäóàëüíûå ãðàôû

Â ýòîì ðàçäåëå ïðåäïîëàãàåòñÿ, ÷òî Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô
äèàìåòðà 3 è Γ3 � ñèëüíî ðåãóëÿðíûé ãðàô áåç òðåóãîëüíèêîâ.

Ëåììà 5.1. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ è öåëûìè ñîáñòâåí-
íûìè çíà÷åíèÿìè è ìàññèâîì ïåðåñå÷åíèé {(µ+ r− 1)k/µ, c2r, µ+ r; 1, c2, (µ+
r − 1)(k/µ− 1)}, k = r2 + µ(r + 1). Òîãäà

(4) c2 = −(µ2r + 2µr2 + r3 + µ2 − r2 − t)t/((µ2 + 2µr − rt− t)µ)

äëÿ íåêîòîðîãî t ∈ Z/{0}, äåëÿùåãîñÿ íà µ.

Äîêàçàòåëüñòâî. Îäíî èç ñîáñòâåííûõ çíà÷åíèé ãðàôà Γ èìååò âèä

θ = −1/2(c2µr − µ2r − 2µr2 − r3 + c2µ− µ2 + r2 + 2µ−
√
z)/µ,

ãäå z = c22µ
2r2− 2c2µ

3r2 +µ4r2− 4c2µ
2r3 + 4µ3r3− 2c2µr

4 + 6µ2r4 + 4µr5 + r6 +
2c22µ

2r−4c2µ
3r+2µ4r−4c2µ

2r2 +4µ3r2−4µr4−2r5 +c22µ
2 +2c2µ

3 +µ4 +8c2µ
2r+

2c2µr
2 − 2µ2r2 + r4.

Ïðåîáðàçóåì äàííîå âûðàæåíèå µ2(r + 1)2c22 − 2µ(µ2r2 + 2µr3 + r4 + 2µ2r +
2µr2 − µ2 − 4µr − r2)c2 + (µr + r2 + µ− r)2(µ+ r)2.

Çàìåòèì, ÷òî (µr+ r2 +µ− r)(µ+ r)(r+ 1) = µ2r2 + 2µr3 + r4 + 2µ2r+ 2µr2 +
µ2 − r2. Ïîýòîìó
z = (µ(r + 1)c2 − (µr + r2 + µ− r)(µ+ r))2 + 4(µ+ 2r)µ2c2.
Ïî óñëîâèÿ z ÿâëÿåòñÿ êâàäðàòîì öåëîãî ÷èñëà è, ðåøàÿ äèîôàíòîâî óðàâ-

íåíèå x2 − y2 = 4N , èìååì
µ(r + 1)c2 − (µr + r2 + µ − r)(µ + r) = (µ + 2r)µ2c2/t − t äëÿ íåêîòîðîãî

t ∈ Z/{0}.
Îòñþäà

(5) c2 = (µ2r + 2µr2 + r3 + µ2 − r2 + t)t/((µ2 + 2µr + rt+ t)µ)

äëÿ íåêîòîðîãî t ∈ Z/{0}.
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Äàëåå, t2 = uµ äëÿ íåêîòîðîãî öåëîãî ïîëîæèòåëüíîãî ÷èñëà u. Óìíîæèâ
÷èñëèòåëü è çíàìåíàòåëü ïðàâîé ÷àñòè ðàâåíñòâà 5 íà u ïîëó÷èì c2 = (µt2r +
2t2r2 + ur3 + µt2 − ur2 + tu)/((µ2 + 2µr + rt+ t)t).

Íàïîìíèì, ÷òî r2(r− 1) = xµ äëÿ íåêîòîðîãî öåëîãî ïîëîæèòåëüíîãî ÷èñëà
x. Ïîýòîìó c2 = (µtr + 2tr2 + tx + µt + u)/(µ2 + 2µr + rt + t). Îòñþäà t äåëèò
u2 è, c ó÷åòîì ðàâåíñòâà t2 = uµ, èìååì t = yµ è u = y2µ äëÿ íåêîòîðîãî
íàòóðàëüíîãî ÷èñëà y.

�

Ëåììà 5.2. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷å-
íèé {(µ+r−1)k/µ, c2r, µ+r; 1, c2, (µ+r−1)(k/µ−1)}, k = r2+µ(r+1) è öåëûìè
ñîáñòâåííûìè çíà÷åíèÿìè. Åñëè Γ ôîðìàëüíî ñàìîäóàëåí, òî µ = r(r− 1)/2,
c2 = (r + 3)r/2 è Γ èìååò ìàññèâ ïåðåñå÷åíèé

{(r2 + 2r − 1)(r + 2)/2, (r + 3)r2/2, (r + 1)r/2; 1, (r + 3)r/2, (r + 2)(r + 1)r/2},

ãäå r íå ñðàâíèìî ñ 3 ïî ìîäóëþ 4.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî êðàòíîñòü ñîáñòâåííîãî çíà÷åíèÿ θ2 ãðàôà Γ
ðàâíà m2 = (µr + r2 + 2µ + r)(µr + r2 + µ)(µ + r − 1)/((µ + 2r)µ), à k2 =
(µr + r2 + µ)(µ + r − 1)r/µ. Òàê êàê Γ ôîðìàëüíî ñàìîäóàëåí, òî m2 = k2 è
µ = r(r − 1)/2.

Â ñèëó òîãî, ÷òî k1 6= k3 ãðàô Γ èìååò öåëûå ñîáñòâåííûå çíà÷åíèÿ è ïî
ëåììå 5.1 c2 = −2(r5 + 3r4 − r3 − 3r2 − 4t)t/((r4 + 2r3 − 3r2 − 4rt− 4t)(r− 1)r).

Èç ðàâåíñòâà k1 = m1 èìååì t = −(r+3)(r−1)r2/4 èëè (r+3)2(r−1)r2/(4(r+
1)).

Â ïåðâîì ñëó÷àå èìååì c2 = (r + 3)r/2.
Âî âòîðîì ñëó÷àå c2 = (r + 3)2(r − 1)r/(2(r + 1)2), ñëåäîâàòåëüíî (r + 1)2

äåëèò 4(r − 1), ïðîòèâîðå÷èå.
Åñëè r ñðàâíèìî ñ 3 ïî ìîäóëþ 4, òî ÷èñëî b0a1 íå÷åòíî, ïðîòèâîðå÷èå.

Ëåììà äîêàçàíà. �

Ñëåäñòâèå 2 äîêàçàíî.
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