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ABSTRACT. For a given algebraic curve, we exhibit Kolmogorov differential
systems, and we show that these systems admit precisely the bounded
components of the curve as hyperbolic limit cycles if certain conditions
on the parameters of the system are satisfied.
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1. INTRODUCTION

The aim of the second part of sixteenth problem of Hilbert is to find the maximum
number of limit cycles of the differential system

_dzx

Yy= E = (CC,y),

where P and @) are two polynomials of any degree. Several articles and books have
been published on the analysis of the existence, number and stability of limit cycles
of system(1.1), (see for instance [7, 9, 11, 13, 18]).

Many mathematical models in biology science and population dynamics, frequently
involve the systems of ordinary differential equations having the form

éi‘=d%:mF(x,y),
&
d

(1.2)
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where z(t) and y(¢) represent the population density of two species at time ¢, and
F(x,y), G(z,y) are the capita growth rate of each specie, usually, such systems are
called Kolmogorov systems.

Kolmogorov models are widely used in ecology to describe the interaction between
two populations, and a limit cycle corresponds to an equilibrium state of the system.

In mathematical modeling of ecological systems and population dynamics, more
mathematicians and scientists were attracted to the subject and several articles
have been published, ( see for instance [5, 10, 16] ).

When F(z,y) and G(z,y) are polynomials of degrees > 2, limit cycles can
occur and there is an extensive literature dealing with their existence, number
and stability, (see for instance [12, 14, 15] ).

The exact analytic expressions of the limit cycles for a given kolmogorov system
is still unknown except for specific cases.

This paper is a contribution in the direction of analyzing the existence, determin-
ing the number of limit cycles and giving their explicit form for classes of Kolmogorov
systems.

Motivated by some research papers exhibiting planar polynomial systems with
one or more algebraic limit cycles analytically given (see for instance[l, 2, 4]), and
mainly based on the papers of C.Christopher[6], and S. Benyoucef][3], we will extend
the same concept to Kolmogorov systems, where just by choosing the components
of Kolmogorov system satisfying certain conditions, we can conclude directly the
number and the explicit form of limit cycles.

2. INTRODUCTORY CONCEPTS

Let us recall some useful notions.

For U € R|[xz,y], the algebraic curve U = 0 is called an invariant curve of the
polynomial system(1.2), if for some polynomial K € R [z, y], called the cofactor of
the algebraic curve, we have

oU ou
2.1 F —_— G — = KU.
(2.1) eF(2,y) 5 +yGz,y) 3y
The curve I' = {(z,y) € R?,U(x,y) = 0} is a non-singular of system(1.2), if the
equilibrium points of the system that satisfy

zF(z,y) =0,

(22) yG(z,y) =0,

are not contained on the curve I'.

If the curve I' is non-singular of system(1.2), the equilibrium points of the system
are contained either in its unbounded components or are located on the curve
K(xz,y)=0.

A limit cycle v = {(z(¢),y(¢)),t € [0,T]} is a T—periodic solution isolated
with respect to all other possible periodic solutions of the system.

A T—periodic solution ~ is a hyperbolic limit cycle if fOT div( ~y(t))dt is different
from zero.

3. THE MAIN RESULTS

Let I' = {(x,y) € R U(z,y) = 0} , a curve of degree n.
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We consider a polynomial differential system of degree greater than n

z = (R(z,y)U — y®(z,y)Uy),
y=y (S, yU +z2®(z,y)U,),

where R(z,y), S(z,y), ®(x,y) are polynomial functions.

Our contribution consist to show that the system(3.1) admits all the bounded
components of I" as hyperbolic limit cycles if certain conditions on the parameters
are satisfied.

(3.1)

Theorem 1. Let U, C' function in open subset V = {(:my) ER? >0,y > O} .
If U = 0 is non-singular of polynomial differential system

r=xz((P(y) +ary+b)U—ayl,),

y=y(Q)+cxy+d) U+ azly),

where P(y) and Q(x) are polynomial functions of any degree, «,a,b,c,d are real

numbers satisfying o # 0,a + ¢ # 0, then the system (3.2) admits all the bounded
components of U = 0 as hyperbolic limit cycles.

(3.2)

Proof. Let T the curve of U = 0.

Note that I' is non-singular of system (3.2).

To show that all the bounded components of I' are hyperbolic limit cycles of
system (3.2), we will prove that T is an invariant curve of the system(3.2), and
fOT div(T')dt # 0. (See for instance Perko[17, Pages 216-217]).

i) T' is an invariant curve of the system(3.2):

2 U, (3) +U, (5

U, (& ((P(y) + azy + b) U — ayl,))+U, (y (Q(z) + cay + d) U + aal))
=U (22U, (P(y) + azy + b) + yUy (Q(z) + cxy + d)) ,

where the cofactor is K (z,y) = 2U, (P(y) + axzy + b) + yU, (Q(z) + czy + d) .

i fo div(T')dt is nonzero.

To see this, note that

T T
(3.3) /0 div(T)dt — /O K (a(t), y(8))dt,

see for instance Giacomini & Grau [8, theo 2].
fT K(l’(t),y(t))d _ f wa(P(y)+azy+b)dy+§ yUy(Q(:L’)+ca:y+d)d

0 amyU —azyUy L
— (P(y)+azy+b) (Q( )+ +d)
- §y oty - g G,

(fr (ax+ P) 4 )dy—ggr (cy—l—@—l—%)dx).
By applying the GREEN formula we obtain
ar + (y)—i— dy — . (ey+ L2 4 d) gy
fl“ r T T
ax+m+ﬁ) Ocy+2) 4 4)
= ffmt(r) ( 5e T Dy dxdy

=/ fmt(l‘) (a + ¢) dzdy,
where int(T") denotes the interior of T'.
Asa+c#0,and a # 0, then fOT K(z(t),y(t))dt is nonzero. O

Example 2. Septic Kolmogorov system with two limit cycles.
Leta=b=c=d=a=1, P(y) =1° Q(z) =

Uy) = (e -2+ -27 1) — @12 (y- 1+ @)y 17,
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The differential system

(3.4)

oo G (@2 4032 -1) - -9 -2 6-3)
—y (4x?y — 1322 — 16zy + 56z + 4y — 36y* + 120y — 156)

J=y (m2+xy+1)(((m—2)2+(y—3)2—1) —(@—-2°%(y—3)+4(x—2)(y—3)

+x (4353 — 2422 + 4xy? — 262y + 862 — 8y? + 56y — 120)
admits two limit cycles represented by the curve
2
((x —2)% 4 (y—3)* - 1) —(z—2)? (y — 3)+4 (z — 2) (y — 3) = 0. See Figure 1.

FiG. 1. The phase portrait in the Poincar disc of the polynomial
differential system (3.4)

Theorem 3. Let U, C' function in open subset V = {(a:,y) €ER? >0,y > O} .
We consider a polynomial differential system
T=z (aU — axy2Uy) ,
y =y (bU + aya®U,) ,
where « # 0 and a + b # 0, then the system(3.5) admits all the bounded
components of U = 0 as hyperbolic limit cycles.

(3.5)

Proof. Let T" the curve of U = 0.
i) T' is an invariant curve:
% =U, (x (aU - aJ;yQUy)) + Uy (y (bU + ameUI))
= (azU, + byU,) U.

The cofactor is K (z,y) = azU, + byU,.

ii) fOT div(T')dt is nonzero.

[ div(T)dt = [ K (x(t),y(t))dt
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= fr a;‘fzg?]m dy + %dﬂc
= fr #gfdy - fr ﬁdw
=J Jinury (nyzagi) + of;:?a((?i)) dzdy
= —“T'H’ ffmt(r) z%yzdxdy.
As a# 0 and a + b # 0 then fOT div(T")dt is nonzero. O

Example 4. A septic Kolmogorov system with three limit cycles.
2
Leta=a=bb=1, U(z,y) = ((x—2)2+(y—2)2—1) —(z—-2%y-2) -
(2 —2)(y - 2)°.
The differential system
(3.6)
2 2 2 2 2
aea| ((@E=2+w-2"-1) -2’ G- -@-2) -2
—xy? (4m2y — 922 — 18zy + 402 + 4> — 24y® + 64y — 68)
2
(-2 + =27 1) =22 -2 - -2y -2
+ya? (423 — 242% 4 dzy? — 18y + 64z — 9y + 40y — 68)
admits three limit cycles represented by the curve

((:E — 2+ (y—2)°— 1)2 —(z—-2%@y—2)— (x—2)(y—2)° = 0. See Figure
2.

y=y

a
¢

FiGc. 2. The phase portrait in the Poincar disc of the polynomial
differential system (3.6)

Now, we consider a differential system

z =g (aU — y®(z,y)Uy),
(3.7) y:y(bU+g¢($75)Um)7
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where ®(z,y) can be non-polynomial.
Theorem 5. Let U and ®, C* functions in open subset

V:{(x,y)ERZ, $>O,y>0},

D(x,y) = Ty + Z—Z, where a,b,c are nonzero reals and a + b # 0. If the curve
D(x,y) = 0 lies outside all bounded components of the non-singular curve U = 0,
then the differential system

z =z (aU — y®U,),

(3.8) =y (bU + 20U,)

admits all the bounded components of U = 0 as hyperbolic limit cycles.

Proof. Let T the curve of U = 0.
i) I is an invariant curve:
U = U, (z (aU — y@Uy)) + Uy (y (WU + 2@U,))
= (azU, + byU,) U.
The cofactor is K (z,y) = azU, + byU,.
i fo dw )dt is nonzero.

fo div(T fo ))dtb y
=4 y(;%UU dy + ¢ IZ@yUy dx
= ey — $r g de
a 1 (%
= [ Sty <y 8m> +2 (az)) dxdy

(z,y) = a+b:z:y + 4 zb
YT (—*Ww - )
+2 (7$by(a+b) (y a® + y®ab + cwb+1y)> =c.

T o C
So [, div(D)dt = — [ fint(F) wrdady.
Asc#£0, fo div(T")dt is nonzero. O

Remark 6. Ifa=0b=1, ®(z,y) = Sxy + £. When U is algebraic the differential
system (8.7) is polynomial and it is writing as

©=aU — ($2%y? + y?) Uy,

(39) y—yU+(Cx2y2+y)U

Example 7. A quintic differential system with one limit cycle
Leta=b=1,c=2, U(z,y) =222 — 10z + 3y* — 12y + 20.
The differential system

& =w (207 — 10z + 3y — 12y + 20) — y? (z* + 1) (6y — 12),

(3.10) y =y (22% — 10z + 3y* — 12y + 20) + y? (2® + 1) (4= — 10)

admits one limit cycle represented by the curve 2z — 10x + 3y? — 12y + 20 = 0.
See Figure 3.
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Fia. 3. The phase portrait in the Poincar disc of the polynomial
differential system (3.10)

4. CONCLUSION

For a choice of algebraic curves of degree n, which present bounded components,
we have proposed classes of Kolmogorov differential systems of degree greater
than n, where it suffices to check certain conditions on the parameters to directly
conclude the existence and the number of limit cycles. In addition we have given
the algebraic expression of these limit cycles. In the future, we hope to extend this
work for non-algebraic limit cycles.

Note: All figures are plotted on the Poincaré disc by using polynomial planar
phase portraits program, see for instance [7, pages 233-257].
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