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QUASIVARIETIES OF NILPOTENT GROUPS OF AXIOMATIC
RANK 4

A.I. BUDKIN

ABSTRACT. We say that the axiomatic rank of a quasivariety K is equal
to n if K can be defined by a system of quasi-identities in n variables
and cannot be defined by any set of quasi-identities in fewer variables. If
there is no such n, then K has an infinite axiomatic rank. We prove that
the set of quasivarieties of nilpotent torsion-free groups of class at most
2 of axiomatic rank 4 is continual.
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1. INTRODUCTION

The axiomatic rank of a quasivariety equals n, if this quasivariety can be defined
by a set of quasi-identities in n variables and cannot be defined by a set of quasi-
identities in fewer number of variables. This paper is devoted to the study of
quasivarieties of nilpotent torsion-free groups of class at most 2 of an axiomatic
rank 4.

The axiomatic rank of a quasivariety is one of its most important characteristics.
Among the papers devoted to this area of studies, we will mention only those, in
which the axiomatic ranks of a number of natural and important objects of group
theory are calculated. The axiomatic rank of a quasivariety generated by a finite
group with nonabelian Sylow subgroup is found in [1], the one of a quasivariety
generated by all finite groups was obtained in [2]. Axiomatic ranks of a wide class
of quasivarieties (quasivarieties generated by a free group, a group with one defining
relation, a free solvable group, a finitely generated nilpotent group) were calculated
in [3, 4, 5, 6].

The set of all quasivarieties having in a given quasivariety A an axiomatic rank
which is at most n, is partially ordered with respect to inclusion and forms a
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lattice denoted by Ly (N). It turned out that in many cases studying of a lattice of
quasivarieties reduces to studying lattices of the form L7 (N\). For example, from
[7] it is known that the lattice L7 (N\) is a homomorphic image of the lattice L,(N)
of quasivarieties lying in A/. Moreover, if A is a locally finite quasivariety, then the
lattice Ly(N) is approximated by the lattices Ly (N). Due to this fact, studying
the lattices L}'(N) can be considered to be a natural approach to studying of the
lattice of quasivarieties Ly(N\).

Lattices of quasivarieties of groups of nilpotency class 2 have quite a complex
structure. The information on the complexity of these lattices can be found in
[4, 8, 9, 10]. Note the articles [4, 9, 10], in which it is established that only one
nonabelian quasivariety of torsion-free nilpotent groups of class 2 and only a finite
set of quasivarieties of groups of nilpotency class 2 and exponent p* with a derived
subgroup of a prime exponent p have a finite lattice of subquasivarieties. On the
other hand, the set of quasivarieties of torsion-free nilpotent groups of class at most
2 and axiomatic rank at most 3 is finite. Those are described in [11].

The goal of this paper is to prove that a set of quasivarieties of torsion-free
nilpotent groups of class at most 2 and axiomatic rank 4 is continual.

2. PRELIMINARY FACTS

Recall some notions and definitions.

By (S) we denote a group generated by a set S, (a) is a cyclic group generated
by an element a. Z(G) is the center of G, G’ is a derived subgroup of the group
G, ker «v is the kernel of a homomorphism «. If x,y are elements of a group, then
[z,y] = 27y~ ay.

We will call every homomorphism ¢ : A — B that is an isomorphism of A onto
»(A) an embedding of a group A into a group B. If there exists an embedding of
A into B, then we say that A is embeddable into B.

We will use the following Dyck’s theorem [12, Ch.5, §11, Theorem 5].

Lemma 1. Suppose that a group G in a given quasivariety N has a representation
G=({a; | iel} | {ry@.....zy) =115 €T}
Assume that H € N and the group H contains a set of elements {g; | i € I},

such that for every j € J the equality 7;(gj,, . .. 7gjl(j)) =1 is true in H. Then the
mapping x; — g; (i € I) extends to a homomorphism of G into H.

We will often use the following fact: in every group of nilpotency class 2 the
following commutator identities [13, §3.2] hold:

(Vz)(Vy) (V2)([zy, 2] = [, 2][y, 2]), (V) (Vy) (V2)([2, yz] = [z, ][z, 2]),
(Vz)(Vy)([z",y™] = [z,y]™" (m,n are integers).

We designate by G,,(m = 2,3,...) a group that has in the class of nilpotent
groups of class < 2 the representation
Gm = (21,2, 73,74 | [T1,72] = [23,24] = 1, [21, 23]™ = [22, 24], [T1, 74] = [23, T2]).

D, (m =2,3,...) is the following quasi-identity:

D, = (Var) (V) (Vas) (Vo) ([21, x2] = 1&[xs, 24] = 1&[2, 23] = [22, 24]&

&[wl,m] = [1'3,372] — [3?2,.’133] = 1).
It is easy to see that the group G,, has the following properties:
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1) it is torsion-free,

2) the derived subgroup of the group G, is a free Abelian group generated by
the elements [x1, z3], [z2, 23],

3) Z(G) = G,

4) [$1,$4] = [Z‘Q,.Tg]_l, [1‘271‘4] = [xl,l‘g]m, [xl,xg] = 1, [x3,$4] =1.

The necessary information on the group theory can be found in [13], on
quasivarieties theory in [12], on number theory in [14].

3. MAIN RESULT

We say that a pair (m,r) of prime numbers possesses the property (*), when
22+ my? =0 (mod r) if and only if x =0 (mod 7) and y =0 (mod r).

Lemma 2. There exists an infinite set F of primes, such that every pair (m,r)
(m,r € F, m #r) possesses the property (*).

Joxazameavcmso. Note that the pair (m,r) has the property (*) if and only if —m
s a quadratic nonresidue modulo r.

By induction, we will construct a sequence q1, g2, . .. of primes of the form 4k+1,
where every pair possesses the property (*), beginning it with ¢; = 5, ¢go = 13. Let
() be the Legendre symbol. For such numbers, it follows from [14, Proposition
5.1.2] that

(52) = (59 (F) = (CDOV2(R) = (1) () = (7).

Therefore, for primes of the form 4k +1 we have that: —m is a quadratic nonresidue
modulo r if and only if m is a quadratic nonresidue modulo r. From the law of
quadratic reciprocity [14, Ch.5, §2, Theorem 1] for numbers of the form 4k + 1, we

obtain

(%)(%) = (—=1)(m=1/2)((-1)/2 = 1,

Hence, m is a quadratic nonresidue modulo r if and only if v is a quadratic
nonresidue modulo m.

Now assume that g1, 2, ..., qr have been found. Consider the following system
of congruences:

z = g, (mod q1),
r=q (mod g2),

r =g (mod g3),

T = qr—1 (mod gy),
=1 (mod 4).

By Chinese remainder theorem [14, Ch.3, §4, Theorem 1], this system of
congruences has a solution. Let the number x( satisfy this system of congruences.
It is clear that zp # 0 (mod ¢;), zo Z 0 (mod 2). Due to Dirichlet’s theorem [14,
Ch.16, §1, Theorem 1] on infiniteness of the number of primes in an arithmetic
progression, the sequence

2o, To +4q1 - Qiy -, To +4q1 - e

contains an infinite set of primes. We take as gi+1 any of these primes (gxt1 has
the form 4m + 1). We calculate (q’““) As gp41 = ¢; (mod ¢;) for some j (j # 1),

then from [14, Proposition 5.1.2] it follows that () = (&) = 1, that is, gx1 is

a quadratic nonresidue modulo g;. From the above arguments, it follows that every
pair from the sequence ¢1,¢a, ..., qr+1 possesses the property (*). [
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Lemma 3. Let tq,to,t3,t4 be real numbers and t3 + t3 # 0. Then the mapping

T — $§1$§2$§3$Z4,502 — xl_mtzxglx;"t“xjs,xg —> T3,T4 — T4

extends to the embedding oy = a1 (ty1,ta,t3,ts) : Gy — Gu, moreover,

ma m3l‘m4)_ miti—mmala mita+mats milgt+mmats+msz, mita—maots+ma
4 =

oq (x" xy 2y x] xy xy xy c

/
for some c € G,

Zloxazameavcmeo. Using the commutator identities, we obtain

to ts3 —mtg t1 mity —t3

ty ty _ t1(—t3)—ta(—mtz)
(21 @y T3 Ty Ly Lo Xy "Iy | = [z1, 23] )

tl(mt4)—t3(—mt2) [-/L‘]" xzd

~[{E2, x4}t2(*t3)*t4t1 [xQ’ xg}tzmm*tsh _

_ [x17xg]tl(mt4)*t3(*mt2)[m27xg]t1t3ft4mt2 [xl,xB]m(tz(—tg)futl)[x%xg]tzmtrt?,tl —1,

t1 o t3 t4 m mita
[27 25?5’ 2y, s

= @1, 3] [22, x3] ™2,

[y ™2l al " ay) = (w1, 24]) 72w, 24]" = [0, 23] ™2 [y, 23],
[a oot 2] = (21, 24)" (w2, 24)"2 = [20, 23] [21, 23] ™2,
3, a2y ay a0 = (s, ] T2 s, wa] = [, @8] ™ o, 2] T

By Lemma 1, this mapping extends to the homomorphism o, : G, = G,,. We
will show that ker a; = 1.

Suppose that kera; # 1. It is well known (see, for example, [13], Ch. 6, §1,
Theorem 1) that an intersection of every nonunit normal subgroup of a nilpotent
group with the center of this group is nontrivial. Therefore, ker ay N Z(G,,) # 1.
We take an arbitrary element g € ker oy N Z(G,,). The element g can be presented
in the following form: g = [z1, 23]*[x2, 23]™. Then

ai(g) = [er ey e el as] oy ™ ey wy e )" =
_ [mh Ltg]ktl [332, xs]ktg ['7517 xg]fnmtz [57327 $3]nt1 _ [xlv azg]ktlfnmtg [’JIQ, xg]kt2+nt1_

Hence, kt; — nmty = 0,nt; + kty = 0. If k2 + mn? # 0, then ¢; = t; = 0, which
contradicts the assumption. Therefore, k = 0,n = 0, hence, g = 1. Thus, «; is an
embedding.

Now, we only need to calculate oy (2] z52x5 2 xy™).

my Mo M3 M4\ __ t1 , ta, t3 taymq —mta . t1 , mts,  —t3\ma, . m3, mg _
(o ry Pyt r) = (27w zgl )™ (2 Tyl gy )Pyt =

— t1— t t t t t ta— t /
= .1371n1 1—mmsa 23372711 2+ma 11,;711 3+mma 4+m3x211 4—mat3+my (mod Gm)
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Lemma 4. Let t,ty be integers, t3 + t3 # 0. Then the mapping

T1 — T1, %o — To, Tz — xélm?,m — xgmtzxff

extends to the embedding aa = as(ty,ta) : Gy — G, moreover,

ms3 m4) — x’;‘ﬂ, ma

mi ., m2 1 timsg—mtomy toms+timay
()" xy P wy ) Lo Ly

T3 &

/
for some c € G, .

Lloxazameavcmeo. We use the commutator identities again.

[, 25 w2]™ = [w1, @)™ 1, 2] ™ = [y, 23] g, 23] 7,

(w9, 23 ™2 alt] = [, 23) "2 wg, 4] = [wa, w5] T2 [y, )™,

(w1, 2322l ] = [21, 23] "2 (w1, 2] = [0, 23] T2 [0, 5],
(25 w2, wo] = [w3, w2 (w4, 2] = [wa, wa] ™" [my, 23] "2,

t1 tao —mty t171 __
[r5iay, g eyt = 1.

By Lemma 1, this mapping extends to the homomorphism «s : G,,, = G,,. We
will show that ker ag = 1.

Suppose that ker ag # 1. Due to the fact that an intersection of every nonunit
normal subgroup of a nilpotent group with the center of this group is nontrivial, we
have that ker aoNZ(G,,) # 1. We take an arbitrary element g € ker asNZ(G,,). The
element g can be presented in the following form: g = [z, x3]*[z2, 23]". Therefore,

011(9) — [fl, zélxiz]k[:c27 x? xiz]n _ [9317 xg]ktl [Il, x4]kt2 [IQa zg]"tl [x% x4]nt2 —
— [xl’ l,g]kt1+nmt2 [er, x3]7k}i2+’ﬂt1 .

It means that kt; + nmts = 0,nt; — kto = 0, hence, k = 0,n = 0, so g = 1. Thus,
ag is an embedding.
Now, we only need to calculate ay(z7" x5 x5 xy™)

ap(2y" af ey ) = 2" o (o )" (wg ey =

— maq ., M2

tims—mitamy
=T Ty

tomaz+timy /
x5 Xy (mod G,).

O

Lemma 5. Let t1,to,t3 be nonzero integers and t3 be divisible by mto. Then the
mapping

_ 3 _t3
xy = 2w, "y — ablw, P rs — w3, 14 — 1y
extends to the embedding oz = as(t1,ta,t3) : G — G, moreover,

ag(ty, by, t3) (zas) = 25 2c

!
for some c € GJ,.
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Jlokaszameavcmeo. We can see that

_ '3 _t3 t t t: t
(2w, " wyag P = (w1, 23] 172 [, mo) T = [y, ) T [y, g " = 1,
__t3
[xfilx4 e ’x3]m = [xlvxfi]mtlv
t 7%3 t _t3 t
(x5 @3 2 2] = [v2, 04]" [23, 04] %2 = [0, 23]™,
e
[z)' 2, " , 4] = [331,UU4V1 = [5'327903]7“7
_tg
[x3, 2h g 2] = [0, 23] 1.

By Lemma 1, this mapping extends to a homomorphism a3 : G, = G,,. We
will show that ker ag = 1.

Suppose that ker ag # 1. Since an intersection of every nonunit normal subgroup
of a nilpotent group with the center of this group is nontrivial, we have that ker agN
Z(Gy) # 1. We take an arbitrary element g € ker az N Z(G,,). The element g can
be presented in the following form: g = [y, x3]*[z2, 23]". Therefore,

__t3 _t3
az(g) = [z, " @s)Fah ey P, w3]" = [m, 23] [ma, 23]
Hence kt; = 0,nt; = 0, so k = 0,n = 0, which means that ¢ = 1. Thus, a3 is an
embedding.
to _t3 to _t3

Now, we only need to calculate as(t1,t,t3)(z225): as(zz?zs®) =
t

3
(zhay 2) 2zl = 25" (mod G7,)). O

Lemma 6. Let T = z7"xy x5 %2y be a nonunit element from G.,,. Then there

exists an embedding v : G, — G, such that ¥(T) modulo G., has the form: x5,
¢
or x§.

Zloxazameavcmeo. We will construct a sequence of embeddings G,, into G,,.
We agree to consider that (; is an identity mapping if m; = 0, and 51 =
a1 (mmg,mq,1,1) if my # 0. By Lemma 3, 81 (Z) modulo G, equals the element of
the form x3?z53x3".

Consider that (9 is an identity mapping if s4 = 0, and B2 = aa(ss, —s4) if s4 # 0.
By Lemma 4, fs(x5?25%2;*) modulo G}, equals the element of the form x§2x§3. If
ke = 0 or k3 = 0, then the lemma is proved.

Suppose that ky #* 0 and k3 # 0. Consider the embedding (3 =
ag(mky,0). Then Bs(zh2aks) = ab227%2Fs modulo G’,. We can see that
a3 (1, ky, mhoks) (zh223*2ks) = 252 modulo G7,. We get the required. O

Recall that the property (*) has been introduced before Lemma 2.

Lemma 7. Let m,r be distinct primes and

(1) a1z + maszs = asr® tag
(2) —asx1 + a1 = ayr®lay

(3) a1x3 + maosxs = asr’xy
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(4) —asT3 + a1T4 = agrTe

be a system of equations with integer ay,...,ag. Assume that s > 1, r > 3,
GCD(r,a;) = 1(i = 3,4,5,6). We assume that the pair (m,r) possesses the property
(*). Then every integer solution of this system is a zero one.

Joxazameavemso. Let (by,ba, bs, bs) be a solution of this system, where by, ba, b3, by
are integers. We will prove that all b; are divisible by 7, present them in the form
b; = bir, and see that (b}, b5, b5,b},) is again a solution for this system. What has
been said will mean that b; = 0(i = 1,2, 3,4) (moreover, this means that the given
system of linear equations only has a zero solution).

First, assume that b3 + mbj # 0 (mod 7). From (3), (4) it follows that

a1b3 + ma2b4 = a5rsb1,

a1b4 — a2b3 = aﬁ’l“sbg,

hence,
’I‘S(a5b1b3 + ma6b4b2) T’S(faﬁbgbg + a5b1b4)
a1 = 2 2 » A2 = 2 2 :
bs + mbj b3 + mbj

Since b3 +mb3 is not divisible by 7, we can see that a;,az are divisible by 7*. Since
GCD(r,a3) = 1, GCD(r,a4) = 1, from (1), (2) we obtain that bz, by are divisible
by 7. This contradicts the assumption that b3 +mb3 # 0 (mod 7).

Thus, we have proved that b3 + mb3 = 0 (mod r), therefore, by (*), bs = bjr,
by = byr for some integers b5, b,. Now we will show that by, bs are divisible by r.

CAsE 1. a? +ma3 # 0 (mod r). From (1), (2) it follows that

a1b1 + ma2b2 = ag’l’silbg,

—agb1 + a1by = 0,47’8711)4,

hence,
b — ’I"s_l(alagbg — ma2a4b4) by — rs_l(a1a4b4 + a2a3b3)
1= 2 — .
a% + ma% ’ a% + ma%

Therefore, taking into account that a? +ma3 is not divisible by 7, bs, by are divisible
by r, we obtain that b1, by are divisible by r°, as required.

CASE 2. a? + ma3 = 0(mod r). First, assume that b3 + mb3 # 0(mod r). From
(1), (2) it follows that

albl + mQQbQ = a37’sb/3,
albg — a2b1 = CL4T‘SbZL,

hence,
aq = T'S(blagbé — mb2a4bﬁl) g = rs(fb1a4bﬁl + agbgbé)
b? + mb3 ’ b? + mbj
Since b2 +mb2 # 0 (mod r), we can see that ay,as are divisible by r*. From (3), (4)
it now follows that since by, bs are divisible by r, then asr®by, agr®bs are divisible by
r5*1, And because a5, ag are coprime to with r, we conclude that b, by are divisible
by r, which contradicts the fact that b% + mb3 # 0 (mod r). Thus, b3 + mb3 = 0
(mod r), that is, by = bjr, ba = bhr for some integer numbers b}, b.
Now, substituting b)r, byr, bsr, byr into the given system and reducing all the
given equations by r, we can see that (b],b},b%,0}) is a solution of the considered
system of equations, as required. [
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Almost literally repeating the proof of Lemma 7, we obtain the proof of the
following statement.

Corollary 1. Let m,r be distinct primes and
a1 + masgzs = asr® " tag
—aox1 + a129 = ayr® "y
a1x4 + magxs = asr’rs
—QoT4 + a1x3 = agr’ry
be a system of equations with integer aq,...,ag. Suppose that s > 1, r > 3,

GCD(r,a;) = 1(i = 3,4,5,6). We assume that the pair (m,r) possesses the property
(*). Then every integer solution of this system will be a zero one.

Lemma 8. Suppose that m,r are distinct primes and the pair (m,r) possesses the
property (*). Then the quasi-identity ®,. is true in the group G, .

Zloxazameavcmeo. Let the left-hand side of the quasi-identity @, be true in G,,
given the interpretation x; — Ty, To — T2, T3 — T3, T4 — T4. We will prove
that the right-hand side of ®, is true given this interpretation. Consider the
embedding v : Gy, — G, from Lemma 6, given which v(Z2) equals z5'%c3, or
x52cs, co,c3 € Gh, are suitable elements. Since «y is an embedding, it suffices to
show that +([T2,Z3]) = 1. There are 3 possible cases.

CASE 1. y(Z2) € G),. Tt is clear that v([T2, T3]) = 1.

CASE 2. y(T2) = 25%¢ca, ma £ 0, c2 € G},. Put

_ ki ks ks k
v(@1) = 2yt x5 w5t wyt en,

A(F3) = e agral s,

— b, la 13, L
V(Ta) = i w3 w5 wy e,

where ¢1,¢c3, ¢4 € G),,. We have that:
1 = @), y(@2)] = [z3,22]"™2 [y, 20]F4™2 = [23,20]7™2 [y, 2g]""ham2,
Therefore, kgms = 0, —mkymso = 0, hence, k3 = 0, ky = 0.

]k1n3—k3n1 [ ]k1n4—k4n1 [ ]k2n3—k3n2[ ]k2n4—k4n2 —

Y(@1),v(T3)] = [x1, 73 T1,T4 T2,T3 T3, T4

]klng—k3n1+m(k2n4—k¢4n2) [ kgng—kgng—(k1n4—k4n1) .

= [21, 73 T, 3]

Y(T2),7(Z4)] = [9627333]7%2[3 [!102,3?4}7”214 = [!102,3?3}7"213 [$1,$3]mm214~

From the equalities k3 = 0, ks = 0, [y(Z1),7(Z3)]" = [7(Z2), 7(Z4)] it follows that

(5) r(kins + mkang) = mmaly,

(6) T(k2n3 — k1n4) = mglg.

We can see that

klla—ksh[ kzls—kglz[ kolyg—kylo —

T2, T4

k1ls—ksl kola—kal kols—kslo—(k1la—kal
3]13 sli+m(kals 42)[$Q,£B3]23 3la—(k1la 41)'

[V(Z1),7(Ta)] = [21, 73] y, mg )M TR [y, 2]

=[z1,x
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—’mzn3[ —ma2ng __ [ —mzng[ —mmang

[V(@3), v(T2)] = [x2, 73] T2, T4 Ta, T3] 21, T3]

From the equalities k3 = 0, ks = 0, [v(Z1),7(Z4)] = [7(T3),7(T2)] it follows that

(7) kils + mkoly = —mmongy,

(8) kzlg - k1l4 = —mons.

First, suppose that ms is not divisible by r. Then by (5), (6), I3,l4 are divisible
by r. From (7), (8), it now follows that ng,ns are divisible by r. We write the
numbers I3, 14, n3,n4 in the following form: I3 = l4r,ly = Ijr,n3 = nir,ng = njr.
We have proved that from the fact that (I3, 14,13, 714) is a solution of the system

r(k1z1 + mkaxo) = mmoxs

T(kQJZl — /{ill‘g) = Moy

kixy + mkoxrs = —mmoaxs

k2$4 — kll'g = —MoXq
it follows that all these numbers are divisible by r, that is, I3 = l5r,ly = ljr,ng =
nsr,ng = njyr and the set of integers (15,14, n%, n}) is again a solution of this system
of equations. Therefore, ng = ny = I3 = 4 = 0. Hence,

—mzns[ —mena _ q

[v(@3),7(T2)] = [w2, 23] T2, T4]

Now let ms be divisible by r. Then mg = m,r® for some s > 1. We can see that

in this case I3, 14, n3, ng satisfy the system from Corollary 1, by which we have that
I3 =14 = n3z =nyg =0. Since

]*m2n3[ }7m2n4

[v(72),7(T3)] = [x2, 23 2,74

then [v(72),7(73)] = 1.
CASE 3. v(T2) = x5 ¢c3, m3 # 0, c3 € G,,,. We assume that v(Z1), 7(T3), v(T4)
are the same as in Case 2.

)

1= [y(Z1),7(T2)] = w2, 23] [x1, 2] ™.

Therefore, komg = 0, mkyms = 0, hence, k; = 0, ky = 0.

kinz—ksny [ king—kang [ k2n3—k3n2[ kang—kang _

To, T4

kang—ksna—(kina—kani)
)

V(@1),7(T3)] = [z1, 73] T, T4] xa, T3]

kinz—ksni+m(kena—kanz) [

= |21, 73] To, T3]

[V(@2), Y(Ta)] = [3, 22 ™ 2wz, 21] ™" = [wa, @3] 2y, @] 70

From the equalities k1 = 0, ks = 0, [v(Z1),v(T3)]" = [v(Z2), 7(ZT4)] it follows that

(9) r(—k3n1 — mk4n2) = —mgll,
(10) r(—ksng + kani) = —mgls.
[7(53)7,)/(52)] — [x%l,g]mgnz [xl, x:ﬂmsnl.

We can see that

(1), ()] = ] 1 R0 g a1 g g 00 g, g et
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k1l37k3l1+m(k2147k4l2) [ k2l37k‘3[27(k1l47k‘4l1)

= [z1, 23] To, x3] .

From the equalities k1 = 0, k2 = 0, [¥(Z1),7v(T4)] = [¥(T3),v(T2)] it follows that

(11) —kgll — mk412 =ma3ny,

(12) 71{3312 + ]{3411 = ms3nsy.

First, we assume that mg is divisible by r. Then ms = m4r® (s > 1) and
ksni + mkyng = mgTSﬁlll,
—kgnq + ksng = mé?“sillg,
ksly + mkyls = —m/ST‘STLl,
—kygly + k3lo = —mgrsng.
Therefore, (n1,n2,11,l2) is a solution of some system of equations from Lemma
7, by Lemma 7, ny = ny =1; =l = 0. Hence,

[v(T2),7(T3)] = [w3, 21| [23, 2] "2 = 1.

Now let m3 be not divisible by 7. Then by (9), (10), l1,l> are divisible by r,
by (11), (12), ny,no are divisible by r. We write the numbers ly,l2,n1,n2 in the
following form: Iy = I{7®,ls = l5r°,ny = n)r®,ny = nhr® (s > 1). We obtain

r(—ksn} — mksnl) = —mgl],
r(—ksny + kan}) = —mglh,
—kglll — mk‘4l’2 = mgn’l,
—k)glé + ki4l/1 = mgné.

Thus, we have proved that if some set of integers (I1,l2,m1,7n2) is a solution of

the system of equations

r(—kszy — mkyxy) = —msxs

T(—kg{tg + k‘41‘1) = —M3x4

—k3$3 — mkz4x4 = Mm3x1

—kszy + kyxs = maza,
then all these numbers are divisible by r, that is, I = ljr,ly = lir,ny = nir,nes =
nhyr and the set of integers (I},15,n],n,) is again a solution of this system of
equations. Hence, n; = ny =11 =l = 0. It means that

]m:s"l[ }m3n2 —

[v(@2), ¥(@3)] = [w3, 21
For all the considered cases it turned out that ~([Z2,Z3]) = 1, therefore, ®,. is
true in the group G,. O

T3, T2

Theorem 1. A set of quasivarieties of torsion-free nilpotent groups of class at most
2 and aziomatic rank 4 is continual.

Zloxazameavcmeo. We fix any infinite set F' of primes, where every pair of distinct
elements possesses the property (*). The existence of such set F has been proved in
Lemma 2. The quasi-identity ®,. is false in the group G,., and by Lemma 8, it is true
in every group G,, with r # m. Therefore, the set of quasi-identities {®,, | m € F'}
is independent in the class of torsion-free nilpotent groups of class 2. In particular,
every proper subset of this set defines its own quasivariety, and there is a continuum
of such quasivarieties. We only need to note that by [11] the set of quasivarieties
of torsion-free nilpotent groups of class at most 2 of axiomatic rank at most 3 is
finite. O
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