
S e©MR ISSN 1813-3304

ÑÈÁÈÐÑÊÈÅ ÝËÅÊÒÐÎÍÍÛÅ

ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÈÇÂÅÑÒÈß

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru

Òîì 17, ñòð. 2068�2083 (2020) ÓÄÊ 517.968

DOI 10.33048/semi.2020.17.138 MSC 45D05

ÑÈÍÃÓËßÐÍÎ ÂÎÇÌÓÙÅÍÍÛÅ ÈÍÒÅÃÐÀËÜÍÛÅ

ÓÐÀÂÍÅÍÈß Ñ ÁÛÑÒÐÎ ÎÑÖÈËËÈÐÓÞÙÈÌÈ

ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Á.T. KÀËÈÌÁÅÒÎÂ, Â.Ô. ÑÀÔÎÍÎÂ, Î.Ä. ÒÓÉ×ÈÅÂ

Abstract. The article considers a singularly perturbed integral equation
with a slowly varying kernel and a rapidly oscillating coe�cient. The
main idea with which the construction of asymptotic solutions of such
problems is carried out is the transition (by di�erentiating the original
system with respect to the independent variable) to an equivalent integro-
di�erential equation and the subsequent application of the S.A. Lomov's
regularization method. In this paper, we have implemented the case of
a singular perturbed integral equation containing (along with a slowly
varying kernel and a slowly varying inhomogeneity) a rapidly varying
coe�cient of an unknown function. Previously, such integral equations
were not considered from the standpoint of the regularization method.
The presence of a rapidly oscillating coe�cient signi�cantly complicates
the structure of the solution space for the corresponding iterative prob-
lems, which contain (in contrast to problems with slowly varying coe�ci-
ents) nonlinear exponents of regu-larizing functions. Therefore, the study
of the solvability of iterative problems must be carried out in the presence
of both nonresonant and resonant spectral relations. All these issues are
re�ected in this work.
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�1. Ïîñòàíîâêà çàäà÷è è ñâåäåíèå óðàâíåíèÿ (1) ê
èíòåãðî-äèôôåðåíöèàëüíîé çàäà÷å

Ðàññìîòðèì ñèíãóëÿðíî âîçìóùåííîå ñåìåéñòâî èíòåãðàëüíûõ óðàâíåíèé

Lεy(t, ε) ≡ εy −
∫ t

t0

K(t, s)y(s, ε)ds− ε2g(t) cos
β(t)

ε
y = h(t), t ∈ [t0, T ] , (1)

ãäå ε > 0 � ìàëûé ïàðàìåòð, h(t), K(t, s) � èçâåñòíûå ôóíêöèè, y (t) � íåèç-
âåñòíàÿ ôóíêöèÿ, à èçâåñòíûå ñêàëÿðíûå ôóíêöèè g(t), β(t) óäîâëåòâîðÿþò
óñëîâèÿì: g(t)|t=t0 = 0, β′(t) > 0 (∀t ∈ [t0, T ]). Íàëè÷èå âòîðîé ñòåïåíè ìà-
ëîãî ïàðàìåòðà ïðè áûñòðî îñöèëëèðóþùåì êîýôôèöèåíòå îáóñëîâëåíî âîç-
ìîæíîñòüþ ðàçðåøèìîñòè èòåðàöèîííûõ çàäà÷ ðàçâèâàåìîãî íèæå àëãîðèòìà
ïîñòðîåíèÿ àñèìïòîòè÷åñêèõ ðåøåíèé óðàâíåíèÿ (1). Ïðè ðàçâèòèè òàêîãî àë-
ãîðèòìà âàæíóþ ðîëü èãðàþò ñóùåñòâåííî îñîáûå ñèíãóëÿðíîñòè â ðåøåíèè
äàííîãî óðàâíåíèÿ. Äëÿ îïèñàíèÿ èõ ïðîäèôôåðåíöèðóåì óðàâíåíèå1 (1) ïî t;
áóäåì èìåòü

Lεy(t, ε) ≡ εy′ −K(t, t)y −
∫ t
t0

∂K(t,s)
∂t y(s, ε)ds− ε2g′(t) cos β(t)

ε y+

+εg(t)β′(t) sin β(t)
ε y = h′(t), y(t0, ε) = h(t0)

ε .
(2)

Îáîçíà÷èì λ1(t) ≡ K(t, t), G(t, s) ≡ ∂K(t,t)
∂t , ÷àñòîòó áûñòðî îñöèëëèðóþùå-

ãî êîñèíóñà � ÷åðåç β′(t). Òîãäà çàäà÷ó (2) ìîæíî ïåðåïèñàòü â ñëåäóþùåì
âèäå:

Lεy(t, ε) ≡ εy′ − λ1(t)y −
∫ t
t0
G(t, s)y(s, ε)ds− ε2g′(t) cos β(t)

ε y+

+εg(t)β′(t) sin β(t)
ε y = h′(t), y(t0, ε) = h(t0)

ε .
(3)

Òàêèì îáðàçîì, óðàâíåíèå (1) ýêâèâàëåíòíî ñèíãóëÿðíî âîçìóùåííîé çà-
äà÷å äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ áûñòðî îñöèëëèðóþùèìè
êîýôôèöèåíòàìè. Èññëåäîâàíèÿ òàêèõ çàäà÷ ïðîâîäèëèñü ìåòîäîì ðåãóëÿðè-
çàöèè [1-3], ìåòîäàì ðàñùåïëåíèÿ [4-8] (äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé). Ñèíãóëÿðíî âîçìóùåííûå èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ
ñ áûñòðî îñöèëëèðóþùèìè êîýôôèöèåíòàìè áûëè èçó÷åíû â ðàáîòàõ [9-15].

Â äàëüíåéøåì ôóíêöèè λ2(t) = −iβ′(t), λ3(t) = +iβ′(t) áóäåì íàçûâàòü
ñïåêòðîì áûñòðî îñöèëëèðóþùåãî êîýôôèöèåíòà, à ñîâîêóïíîñòü ôóíêöèé
{λ1(t), λ2(t), λ3(t)} � ñïåêòðîì çàäà÷è (1).

Çàäà÷ó (3) áóäåì ðàññìàòðèâàòü ïðè ñëåäóþùèõ ïðåäïîëîæåíèÿõ:

1) g(t), β(t), h(t) ∈ C∞
(
[t0, T ] , R1

)
, K(t, s) ∈ C∞

(
t0 ≤ s ≤ t ≤ T, R1

)
;

2) g(t0) = 0, λ1(t) ≡ K (t, t) < 0, β′(t) > 0 ∀t ∈ [t0, T ] .

Ïîñêîëüêó âñå ôóíêöèè, âõîäÿùèå â óðàâíåíèå (3) äåéñòâèòåëüíûå, òî ñïåêòð
{λj (t)} óäîâëåòâîðÿåò òîëüêî ñëåäóþùèì ðåçîíàíñíûì ñîîòíîøåíèÿì (Z+ �

1Â ðàáîòå [17] ñóùåñòâåííî îñîáûå ñèíãóëÿðíîñòè âûäåëÿþòñÿ áåç ïðèìåíåíèÿ îïåðàöèè
äèôôåðåíöèðîâàíèÿ. Îäíàêî â äàííîì ñëó÷àå ïðèìåíåíèå òåõíèêè ýòîé ðàáîòû ïðèâîäèò ê
ñëîæíûì âûêëàäêàì.
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ìíîæåñòâî öåëûõ íåîòðèöàòåëüíûõ ÷èñåë):

3∑
j=1

mjλj (t) ≡ λi (t) , i ∈ {1, 2, 3} ,

3∑
j=1

mjλj (t) ≡ 0,

|m| ≡ m1 +m2 +m3 ≥ 2,mj ∈ Z+

⇔

⇔

 (n+ 1)λ2 (t) + nλ3 (t) = λ2 (t) , nλ2 (t) + (n+ 1)λ3 (t) = λ3 (t) ,
λ1 (t) + nλ2 (t) + nλ3 (t) = λ1 (t) ,

nλ2 (t) + nλ3 (t) = 0 (n ∈ N,∀t ∈ [t0, T ]) ,

ïîýòîìó ìíîæåñòâà ðåçîíàíñíûõ ìóëüòèèíäåêñîâ èìåþò âèä:

Γ1 = {m = (m1,m2,m3) : m = (1, n, n) , n ∈ N} ,
Γ2 = {m = (m1,m2,m3) : m = (0, n+ 1, n) , n ∈ N} ,
Γ3 = {m = (m1,m2,m3) : m = (0, n, n+ 1) , n ∈ N} ,
Γ0 = {m = (m1,m2,m3) : m = (0, n, n) , n ∈ N} .

Ïåðåéäåì ê ðàçðàáîòêå àëãîðèòìà, ïîçâîëÿþùåãî ñòðîèòü ðåãóëÿðèçîâàííûå
[1,2] àñèìïòîòè÷åñêèå ðåøåíèÿ èíòåãðî-äèôôåðåíöèàëüíîé çàäà÷è (3) (à çíà-
÷èò, è èñõîäíîãî óðàâíåíèÿ (1)).
�2. Ðåãóëÿðèçàöèÿ çàäà÷è (3) è ïîñòðîåíèå ðàñøèðåííîé ñèñòåìû

Îáîçíà÷èì ÷åðåç σj = σj(ε), íå çàâèñÿùèå îò t âåëè÷èíû σ1 = e−
i
εβ(t0), σ2 =

= e+ i
εβ(t0). Ââåäåì ðåãóëÿðèçèðóþùèå ïåðåìåííûå:

τi =
1

ε

∫ t

t0

λi(s)ds ≡
ψi(t)

ε
, i = 1, 3,

ïî ñïåêòðó {λj (t)} è âìåñòî çàäà÷è (3) áóäåì ðàññìàòðèâàòü ñëåäóþùóþ çàäà÷ó
äëÿ ôóíêöèè ỹ(t, τ, ε) á�îëüøåãî ÷èñëà ïåðåìåííûõ:

L̃εỹ(t, τ, ε) ≡ ε∂ỹ∂t +
∑3
i=1 λi(t)

∂ỹ
∂τi
− λ1(t)ỹ −

∫ t
t0
G(t, s)ỹ(s, ψ(s)

ε , ε)ds−
−ε2 g

′(t)
2 (eτ2σ1 + eτ3σ2) ỹ + ε g(t)β

′(t)
2i (eτ2σ1 − eτ3σ2) ỹ = h′(t),

ỹ(t0, 0, ε) = h(t0)
ε .

(4)

ãäå τ = (τ1, τ2, τ3), ψ = (ψ1, ψ2, ψ3), ïðè÷åì τ1, τ2, τ3 íàðÿäó t ÿâëÿþòñÿ íåçà-
âèñèìûìè ïåðåìåííûìè. ßñíî, ÷òî åñëè ỹ = ỹ(t, τ, ε) � ðåøåíèå çàäà÷è (4),
òî âåêòîð-ôóíêöèÿ y = ỹ (t, ψ(t)/ε, ε) ÿâëÿåòñÿ òî÷íûì ðåøåíèåì çàäà÷è (3),
ïîýòîìó çàäà÷à (4) ÿâëÿåòñÿ ðàñøèðåííîé ïî îòíîøåíèþ ê çàäà÷å (3). Îäíàêî
åå íåëüçÿ ñ÷èòàòü ïîëíîñòüþ ðåãóëÿðèçîâàííîé, òàê êàê â íåé íå ïðîèçâåäåíà
ðåãóëÿðèçàöèÿ èíòåãðàëüíîãî ÷ëåíà

J
(
ỹ (t, τ, ε) |t=s,τ=,ψ(s)/ε

)
=

t∫
t0

G (t, s)ỹ (s, ψ (s) /ε, ε) ds.

Äëÿ ðåãóëÿðèçàöèè èíòåãðàëüíîãî îïåðàòîðà ââåäåì êëàññ Mε, àñèìïòîòè-
÷åñêè èíâàðèàíòíûé îòíîñèòåëüíî îïåðàòîðà J (ñì. [1], ñòð. 62). Íàïîìíèì
ñîîòâåòñòâóþùåå ïîíÿòèå.
Îïðåäåëåíèå. Ãîâîðÿò, ÷òî êëàññ Mε àñèìïòîòè÷åñêè èíâàðèàíòåí (ïðè

ε→+ 0) îòíîñèòåëüíî îïåðàòîðà P0, åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
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1) Mε ⊂ D(P0) ïðè êàæäîì ôèêñèðîâàííîì ε 6= 0 (D(P0) � îáëàñòü îïðåäå-
ëåíèÿ îïåðàòîðà P0);

2) îáðàç P0g(t, ε) ëþáîãî ýëåìåíòà g(t, ε) ∈Mε ðàçëàãàåòñÿ â ðÿä

P0g(t, ε) =

∞∑
n=0

εngn(t, ε),

ñõîäÿùèéñÿ àñèìïòîòè÷åñêè ïðè ε→ +0 (ðàâíîìåðíî ïî t ∈ [t0, T ]).
Èç ýòîãî îïðåäåëåíèÿ âèäíî, ÷òî êëàññ Mε çàâèñèò îò ïðîñòðàíñòâà U, â

êîòîðîì îïðåäåëåí îïåðàòîð P0. Â íàøåì ñëó÷àå P0 = J. Ââåäåì îáîçíà÷åíèÿ:

(m,λ(t)) ≡ ((m1,m2,m3) , (λ1 (t) , λ2(t), λ3(t)))
∆
=

3∑
j=1

mjλj(t),

(m, τ) ≡ ((m1,m2,m3) , (τ1, τ2, τ3))
∆
=

3∑
j=1

mjτj , |m|
∆
=

3∑
j=1

mj ,

Â êà÷åñòâå ïðîñòðàíñòâà U âîçüì¼ì ïðîñòðàíñòâî ôóíêöèé y(t, τ, σ), ïðåä-
ñòàâèìûõ ñóììàìè2

y(t, τ, σ) = y0(t, σ) +
3∑
i=1

yi(t, σ)eτi+

+
∗∑

2≤|m|≤Ny
ym(t, σ)e(m,τ) +

∗∑
1≤|m|≤Ny

ye1+m(t, σ)e(e1+m,τ),

yi(t, σ), ym(t, σ), ye1+m(t, σ) ∈ C∞
(
[t0, T ] , C1

)
,

(5)

ãäå e1 = (1, 0, 0), σ = (σ1, σ2), à çâåçäî÷êà ∗ íàä çíàêîì ñóììû óêàçûâàåò
íà òî, ÷òî â íåé ñóììèðîâàíèå ïðîèñõîäèò òîëüêî ïî íåðåçîíàíñíûì ìóëü-
òèèíäåêñàì m = (m1,m2,m3) (ò. å. m = (m1,m2,m3) ñ |m| ≥ 2 òàêîâû, ÷òî
m = (m1,m2,m3) /∈ Γj (j = 0, 2, 3) , e1 +m = (m1 + 1,m2,m3) /∈ Γ1).

Îòìåòèì, ÷òî çäåñü ñòåïåíü Nz ìíîãî÷ëåíà y(t, τ, σ) îòíîñèòåëüíî ýêñïîíåíò
eτi çàâèñèò îò ýëåìåíòà y. Êðîìå òîãî, ýëåìåíòû ïðîñòðàíñòâà U çàâèñÿò îò
îãðàíè÷åííûõ ïî ε > 0 ïîñòîÿííûõ σ1 = σ1(ε) è σ2 = σ2(ε), êîòîðûå íå âëèÿþò
íà ðàçðàáîòêó èçëàãàåìîãî íèæå àëãîðèòìà, ïîýòîìó âïðåäü â çàïèñè ýëåìåíòà
(5) ýòîãî ïðîñòðàíñòâà U ðàäè êðàòêîñòè çàâèñèìîñòü îò σ = (σ1, σ2) îïóñêàåì.
Ïðèíÿòà òàêæå ñëåäóþùàÿ òåðìèíîëîãèÿ: ýêñïîíåíòû e(m,τ), e(e1+m,τ) ñ ìóëü-
òèèíäåêñàìè m = (m1,m2,m3), ó÷àñòâóþùèìè â îïðåäåëåíèè ïðîñòðàíñòâà
U, íàçûâàåòñÿ íåðåçîíàíñíûìè, à ýêñïîíåíòû e(m,τ), e(e1+m,τ) ñ ìóëüèèíäåêñà-
ìè m = (m1,m2,m3) òàêèìè, ÷òî m=(m1,m2,m3) ∈ Γj (j = 0, 2, 3) , e1 + m =
= (m1 + 1,m2,m3) ∈ Γ1 � ðåçîíàíñíûìè ýêñïîíåíòàìè.

Ïîêàæåì ñíà÷àëà, ÷òî êëàññ Mε = U |τ=ψ(t)/ε àñèìïòîòè÷åñêè èíâàðèàíòåí
îòíîñèòåëüíî îïåðàòîðà J. Îáðàç îïåðàòîðà J íà ýëåìåíòå (5) ïðîñòðàíñòâà U

2Â âûðàæåíèÿõ òèïà ym(t, σ) ÷åðåç m = (m1,m2,m3) îáîçíà÷åí âåðõíèé èíäåêñ;
íå ïóòàòü ñ ïîêàçàòåëåì ñòåïåíè.



2072 Á.T. KÀËÈÌÁÅÒÎÂ, Â.Ô. ÑÀÔÎÍÎÂ, Î.Ä. ÒÓÉ×ÈÅÂ

èìååò âèä

J
(
y (t, τ, σ) |t=s,τ=ψ(s)/ε

)
=

t∫
t0

G (t, s)y (s, ψ (s) /ε, σ) ds =

t∫
t0

G(t, s)y0(s, σ)ds+

+

3∑
i=1

t∫
t0

G(t, s)yi(s, σ)e

1
ε

s∫
t0

λi(θ)dθ

ds+

+
∗∑

2≤|m|≤Ny

t∫
t0

G(t, s)ym(s, σ)e

1
ε

s∫
t0

(m,λ(θ))dθ

ds+

+
∗∑

1≤|m|≤Ny

t∫
t0

G(t, s)ye1+m(s, σ)e

1
ε

s∫
t0

(e1+m,λ(θ))dθ

ds.

Äëÿ êàæäîãî ñëàãàåìîãî ïåðâîé ñóììû áóäåì èìåòü:

Ji(t, ε) ≡
t∫

t0

G(t, s)yi(s, σ)e

1
ε

s∫
t0

λi(θ)dθ

ds = ε

t∫
t0

G(t, s)yi(s, σ)

λi(s)
de

1
ε

s∫
t0

λi(θ)dθ

=

= ε

G(t, s)yi(s, σ)

λi(s)
e

1
ε

s∫
t0

λi(θ)dθ

∣∣∣∣∣∣
s=t

s=t0

− ε
t∫

t0

∂

∂s

(
G(t, s)yi(s, σ)

λi(s)

)
e

1
ε

s∫
t0

λi(θ)dθ

ds =

= ε

G(t,t)yi(t,σ)
λi(t)

e

1
ε

t∫
t0

λi(s))ds

− G(t,t0)yi(t0,σ)
λi(t0)

−
−ε

t∫
t0

∂
∂s

(
G(t,s)yi(s,σ)

λi(s)

)
e

1
ε

s∫
t0

λi(θ)dθ

ds.

Ïðîäîëæàÿ ýòîò ïðîöåññ äàëåå, ïîëó÷èì ðàçëîæåíèå

Ji(t, ε) =
∞∑
ν=0

(−1)νεν+1

(Iνi (G(t, s)yi(s, σ)))s=t e

1
ε

t∫
t0

λi(θ)dθ

−

− (Iνi (G(t, s)yi(s, σ)))s=t0
]
,

ãäå I0
i = 1

λi(s)
·, Iνi = 1

λi(s)
∂
∂sI

ν−1
i (ν ≥ 1, i = 1, 3).

Ïðèìåíÿÿ îïåðàöèþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì ê èíòåãðàëàì

Jm(t, ε) ≡
∫ t

t0

G(t, s)ym(s, σ)e
1
ε

∫ s
t
0

(m,λ(θ))dθ
ds,

Je1+m(t, ε) ≡
∫ t

t0

G(t, s)ye1+m(t, σ)e
1
ε

∫ s
t0

(e1+m,λ(θ))dθ
,

îòìåòèì, ÷òî äëÿ âñåõ íåðåçîíàíñíûõ ìóëüòèèíäåêñîâ m = (m1,m2,m3) âû-
ïîëíÿþòñÿ íåðàâåíñòâà

(m,λ(t)) ≡ m1λ1(t) +m2λ2(t) +m3λ3(t) 6= 0,
(e1 +m,λ(t)) ≡ (m1 + 1)λ1 (t) +m2λ2(t) +m3λ3(t) 6= 0,
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ïîýòîìó èíòåãðèðîâàíèå ïî ÷àñòÿì â èíòåãðàëàõ Jm(t, ε), Je1+m(t, ε) âîçìîæíî.
Âûïîëíÿÿ åãî, áóäåì èìåòü:

Jm(t, ε) =
t∫
t0

G(t, s)ym(s, σ)e

1
ε

s∫
t
0

(m,λ(θ))dθ

ds =

= ε
t∫
t0

G(t,s)ym(s,σ)
(m,λ(s)) de

1
ε

s∫
t
0

(m,λ(θ))dθ

=

= εG(t,s)ym(s,σ)
(m,λ(s)) e

1
ε

s∫
t0

(m,λ(θ))dθ

∣∣∣∣∣∣
s=t

s=t
0

−

−ε
t∫
t0

∂
∂s

(
G(t,s)ym(s,σ)

(m,λ(s))

)
e

1
ε

s∫
t
0

(m,λ(θ))dθ

ds =

= ε

G(t,t)ym(t,σ)
(m,λ(t)) e

1
ε

t∫
t
0

(m,λ(θ))dθ

− G(t,t0)ym(t0,σ)
(m,λ(t0))

−
−ε

t∫
t0

∂
∂s

(
G(t,s)ym(s,σ)

(m,λ(s))

)
e

1
ε

s∫
t
0

(m,λ(θ))dθ

ds.

Ïðîäîëæàÿ ýòîò ïðîöåññ äàëåå, ïîëó÷èì ðàçëîæåíèå

Jm(t, ε) =
∞∑
ν=0

(−1)νεν+1

(Iνm (G(t, s)ym(s, σ)))s=t e

1
ε

t∫
t0

(m,λ(θ))dθ

−

− (Iνm (G(t, s)ym(s, σ)))s=t0
]
,

ãäå I0
m = 1

(m,λ(s)) ·, Iνm = 1
(m,λ(s))

∂
∂sI

ν−1
m (ν ≥ 1, |m| ≥ 2).

Òà æå îïåðàöèÿ ïðèâîäèò ê ñëåäóþùèì âû÷èñëåíèÿì:

Je1+m(t, ε) =
t∫
t0

G(t, s)ye1+m(s, σ)e

1
ε

s∫
t
0

(e1+m,λ(θ))dθ

ds =

= ε
t∫
t0

G(t,s)ye1+m(s,σ)
(e1+m,λ(s)) de

1
ε

s∫
t
0

(e1+m,λ(θ))dθ

=

= ε

G(t,s)ye1+m(s,σ)
(e1+m,λ(s)) e

1
ε

s∫
t0

(e1+m,λ(θ))dθ

∣∣∣∣∣∣
s=t

s=t0

−

−
t∫
t0

∂
∂s

(
G(t,s)ye1+m(s,σ)

(e1+m,λ(s))

)
e

1
ε

s∫
t0

(e1+m,λ(θ))dθ

 =

= ε

G(t, t)ye1+m(t, σ)

(e1 +m,λ(t))
e

1
ε

t∫
t0

(e1+m,λ(θ))dθ

− G(t, t0)ye1+m(t0, σ)

(e1 +m,λ(t0))

−
−ε

t∫
t0

∂

∂s

(
G(t, s)ye1+m(s, σ)

(e1 +m,λ(s))

)
e

1
ε

s∫
t0

(e1+m,λ(θ))dθ

.



2074 Á.T. KÀËÈÌÁÅÒÎÂ, Â.Ô. ÑÀÔÎÍÎÂ, Î.Ä. ÒÓÉ×ÈÅÂ

Ïðîäîëæàÿ ýòîò ïðîöåññ äàëåå, ïîëó÷èì ðàçëîæåíèå

Je1+m(t, ε) =

∞∑
ν=0

(−1)νεν+1

[(
Iνm

(
G(t, s)y

e1+m

(s, σ)
))

s=t
e

1
ε

∫ t
t0

(e1+m,λ(θ))dθ−

−
(
Iνm

(
G(t, s)y

e1+m

(s, σ)
))

s=t0

]
,

ãäå I0
e1+m = 1

(e1+m,λ(s)) ·, Iνm = 1
(e1+m,λ(s))

∂
∂sI

ν−1
e1+m(ν ≥ 1, |m| ≥ 1),

Çíà÷èò, îáðàç îïåðàòîðà J íà ýëåìåíòå (5) ïðîñòðàíñòâà U ïðåäñòàâëÿåòñÿ
â âèäå ðÿäà

J
(
y(t, τ, σ)|t=s,τ=ψ(s)/ε

)
=

t∫
t0

G(t, s)y0(s, σ)ds+

+
3∑
i=1

∞∑
ν=0

(−1)νεν+1

(Iνi (G(t, s)yi(s, σ)))s=t e

1
ε

t∫
t0

λi(θ))dθ

−

− (Iνi (G(t, s)yi(s, σ)))s=t0
]

+

+
∗∑

2≤|m|≤Ny

∞∑
ν=0

(−1)νεν+1

(Iνm (G(t, s)ym(s, σ)))s=t e

1
ε

t∫
t0

(m,λ(θ))dθ

−

− (Iνm (G(t, s)ym(s, σ)))s=t0
]

+

+
∗∑

1≤|m|≤Ny

∞∑
ν=0

(−1)νεν+1

(Iνe1+m (G(t, s)ye1+m(s, σ))
)
s=t

e

1
ε

t∫
t0

(e1+m,λ(θ))dθ

−

−
(
Iνe1+m (G(t, s)ye1+m(s, σ))

)
s=t0

]
.

Íåòðóäíî ïîêàçàòü (ñì., íàïðèìåð, [16], còð. 291�294), ÷òî ýòîò ðÿä ñõîäèòñÿ
àñèìïòîòè÷åñêè ïðè ε→ +0 (ðàâíîìåðíî ïî t ∈ [t0, T ]). Ýòî îçíà÷àåò, ÷òî êëàññ
Mε àñèìïòîòè÷åñêè èíâàðèàíòåí (ïðè ε→ +0) îòíîñèòåëüíî îïåðàòîðà J.

Ââåäåì îïåðàòîðûRν : U → U, äåéñòâóþùèå íà êàæäûé ýëåìåíò y(t, τ, σ) ∈
∈ U âèäà (5) ïî çàêîíó:

R0y(t, τ, σ) =

∫ t

t0

G(t, s)y0(s, σ)ds, (60)

R1y(t, τ, σ) =

3∑
i=1

[(
I0
i (G(t, s)yi(s, σ))

)
s=t

eτi −
(
I0
i (G(t, s)yi(s, σ))

)
s=t0

]
+

+

∗∑
2≤|m|≤Ny

[(
I0
m (G(t, s)ym(s, σ))

)
s=t

e(m,τ) −
(
I0
m (G(t, s)ym(s, σ))

)
s=t0

]
+ (61)

+
∗∑

1≤|m|≤Ny

[(
I0
e1+m (G(t, s)ye1+m(s, σ))

)
s=t

e(
e1+m,τ)−

−
(
I0
e1+m (G(t, s)ye1+m(s, σ))

)
s=t0

]
,

Rν+1y(t, τ, σ) =
3∑

i=1

(−1)νεν+1
[
(Iνi (G(t, s)yi(s, σ)))s=t e

τi−

− (Iνi (G(t, s)yi(s, σ)))s=t0
]

+
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+
∗∑

2≤|m|≤Ny
(−1)νεν+1

[
(Iνm (G(t, s)ym(s, σ)))s=t e

(m,τ)−

− (Iνm (G(t, s)ym(s, σ)))s=t0
]

+

(6ν+1)

+
∗∑

1≤|m|≤Ny

∞∑
ν=0

(−1)νεν+1
[(
Iνe1+m (G(t, s)ye1+m(s, σ))

)
s=t

e(e1+m,τ)−

−
(
Iνe1+m (G(t, s)ye1+m(s, σ))

)
s=t0

]
.

Îïåðàòîðû Rν : U → U, íàçûâàåòñÿ îïåðàòîðàìè ïîðÿäêà ïî òîé ïðè÷èíå, ÷òî
îíè â âûðàæåíèè Jy(t, τ, σ) âûäåëÿþò ñóììó ÷ëåíîâ ïîðÿäêà ν îòíîñèòåëüíî
ïàðàìåòðà ε.

Ïóñòü òåïåðü ỹ(t, τ, ε) � ïðîèçâîëüíàÿ íåïðåðûâíàÿ ïî (t, τ) ∈ [t0, T ] ×
×
{
τ : Reτj ≤ 0, j = 1, 3

}
ôóíêöèÿ, èìåþùàÿ àñèìïòîòè÷åñêîå ðàçëîæåíèå

ỹ(t, τ, ε) =

∞∑
k=−1

εkyk(t, τ), yk(t, τ) ∈ U, (7)

ñõîäÿùååñÿ ïðè ε→ +0 (ðàâíîìåðíî ïî (t, τ) ∈ [t0, T ]×
{
τ : Re τj ≤ 0, j = 1, 3

}
).

Ýòî îçíà÷àåò, ÷òî äëÿ ëþáîãî ôèêñèðîâàííîãî N = −1, 0, 1, . . . íàéäåòñÿ
ïîñòîÿííàÿ CN > 0, íå çàâèñÿùàÿ îò ε, t, τ è ïîñòîÿííàÿ δN > 0 òàêèå, ÷òî ïðè
0 < |ε− ε0| < δN èìååò ìåñòî íåðàâåíñòâî∥∥∥∥∥ỹ (t, τ, ε)−

N∑
k=−1

εkyk (t, τ)

∥∥∥∥∥
C[0,T ]

≤ CNεN+1

(δN > 0 � äîñòàòî÷íî ìàë�o). Òîãäà îáðàç Jỹ ýòîé ôóíêöèè ðàçëàãàåòñÿ â
àñèìïòîòè÷åñêèé ðÿä

J
(
ỹ(t, τ, ε)|τ=ψ(t)/ε

)
=

∞∑
k=−1

εkJ
(
yk(t, τ)|τ=ψ(t)/ε

)
=

=

∞∑
r=−1

εr
r∑

s=−1

Rr−sys(t, τ)|τ=ψ(t)/ε.

Ýòî ðàâåíñòâî ÿâëÿåòñÿ îñíîâàíèåì äëÿ ââåäåíèÿ ðàñøèðåíèÿ îïåðàòîðà J íà
ðÿäàõ âèäà (7):

J̃ ỹ(t, τ, ε) ≡ J̃

( ∞∑
k=−1

εkyk(t, τ)

)
,

∞∑
r=−1

εr
r∑

s=−1

Rr−sys(t, τ).

Õîòÿ îïåðàòîð J̃ îïðåäåëåí ôîðìàëüíî, åãî ïîëåçíîñòü î÷åâèäíà, òàê êàê íà
ïðàêòèêå îáû÷íî ñòðîÿò N�å ïðèáëèæåíèå àñèìïòîòè÷åñêîãî ðåøåíèÿ óðàâíå-
íèÿ (3), â êîòîðîì áóäóò ó÷àñòâîâàòü ëèøü N�e ÷àñòè÷íûå ñóììû ðÿäà (7),
èìåþùèå íå ôîðìàëüíûé, à èñòèííûé ñìûñë. Òåïåðü ìîæíî çàïèñàòü çàäà÷ó,
ïîëíîñòüþ ðåãóëÿðèçîâàííóþ ïî îòíîøåíèþ ê èñõîäíîìó óðàâíåíèþ (2):

L̃εỹ(t, τ, ε) ≡ ε∂ỹ∂t +
3∑
i=1

λi(t)
∂ỹ
∂τi
− λ1(t)ỹ − J̃ ỹ(t, τ, ε)− ε2 g

′(t)
2 (eτ2σ1+

+eτ3σ2) ỹ + ε g(t)β
′(t)

2i (eτ2σ1 − eτ3σ2) ỹ = h′(t), y(t0, 0, ε) = h(t0)
ε .

(8)

�3. Èòåðàöèîííûå çàäà÷è è èõ ðàçðåøèìîñòü â ïðîñòðàíñòâå U.
Òåîðåìà îá îöåíêå îñòàòî÷íîãî ÷ëåíà
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Áóäåì îïðåäåëÿòü ðåøåíèå çàäà÷è (8) â âèäå ðÿäà (7). Ïîñëå ïðèðàâíèâàÿ
êîýôôèöèåíòîâ ïðè îäèíàêîâûõ ñòåïåíÿõ ε (ñ ó÷åòîì ôîðìóë (60), (61), . . . , (6ν)
ïîëó÷èì ñëåäóþùèå èòåðàöèîííûå çàäà÷è:

L0y−1(t, τ, σ) ≡
3∑
i=1

λi(t)
∂y−1

∂τi
− λ1(t)y−1−

−
t∫
t0

G(t, s) y
(−1)
0 ( s, σ)ds = 0, y−1(t0, 0) = h(t0);

(9−1)

L0y0(t, τ, σ) = −∂y−1

∂t +R1y−1 − g(t)β′(t)
2i (eτ2σ1 − eτ3σ2) y−1+

+h′ (t) , y0(t0, 0) = 0;
(90)

L0y1(t, τ, σ) = −∂y0∂t +R1y0 +R2y−1 − g(t)β′(t)
2i (eτ2σ1 − eτ3σ2) y0+

+ g′(t)
2 (eτ2σ1 + eτ3σ2) y−1, y1(t0, 0) = 0;

(91)

L0yk(t, τ, σ) = −∂yk−1

∂t +R1yk−1 + ...+Rk+1y−1 − g(t)β′(t)
2i ×

× (eτ2σ1 − eτ3σ2) yk−1 + g′(t)
2 (eτ2σ1 + eτ2σ2) yk−2, yk(t0, 0) = 0.

(9k)

Êàæäàÿ èç èòåðàöèîííûõ çàäà÷ (9k) èìååò âèä

L0y(t, τ, σ) ≡
3∑
i=1

λi(t)
∂y
∂τi
− λ1(t)y −

t∫
t0

G(t, s) y0( s, σ)ds =

= H (t, τ) , y(t0, 0) = y∗,

(9)

ãäå y∗ � èçâåñòíîå ÷èñëî, H (t, τ) � èçâåñòíàÿ ôóíêöèÿ êëàññà V, ýëåìåíòàìè
êîòîðîãî ÿâëÿþòñÿ ñóììû

H(t, τ, σ) = H0(t, σ) +
∑3
i=1Hi(t, σ)eτi +

∑
2≤|m|≤Ny H

m(t, σ)e(m,τ)+

+
∑

1≤|m|≤Ny H
e1+m(t, σ)e(e1+m,τ),

Hi(t, σ), Hm(t, σ), He1+m(t, σ) ∈ C∞
(
[t0, T ] , C1

)
,

(5a)

êîòîðûå ìîãóò ñîäåðæàòü ðåçîíàíñíûå ýêñïîíåíòû, òàê êàê òàêèå ýêñïîíåíòû
ìîãóò ïîÿâèòüñÿ â ðåçóëüòàòå äåéñòâèÿ îïåðàòîðîâ óìíîæåíèÿ

L1 =
g(t)β′ (t)

2i
(eτ2σ1 − eτ3σ2) , L2 =

g′(t)β (t)

2
(eτ2σ1 + eτ3σ2) ,

íàõîäÿùèõñÿ â ïðàâûõ ÷àñòÿõ èòåðàöèîííûõ çàäà÷ (9k). Äåéñòâèòåëüíî, ïðè-
ìåíÿÿ, íàïðèìåð, îïåðàòîð L1 ê êàæäîìó ñëàãàåìîìó ñóììû (5), áóäåì èìåòü
(çàâèñèìîñòü îò σ â êîýôôèöèåíòàõ îïóñêàåì):

g(t)β′(t)

2i
[y0 (t) + y1 (t) eτ1 + y2 (t) eτ2 + y3 (t) eτ3+

+ym (t) em1τ1+m2τ2+m3τ3 + ye1+m (t) em1τ1+τ1+m2τ2+m3τ3 ] · (eτ2σ1 − eτ3σ2) =

=
g(t)β′(t)

2i
[y0 (t) eτ2σ1 − y0 (t) eτ3σ2 + y1 (t) eτ1+τ2σ1−

−y1 (t) eτ1+τ3 − y2 (t) e2τ2σ1 + y3 (t) e2τ3σ2+ (9a)

+y2 (t) eτ2+τ3σ2 + y3 (t) eτ3+τ2σ1 + ym (t) em1τ1+(m2+1)τ2+m3τ3σ
1
−

−ym (t) (t) em2τ2+(m3+1)τ3σ2 + ye1+m (t) em1τ1+τ1+(m2+1)τ2+m3τ3σ1−

−ye1+m (t) em1τ1+τ1+m2τ2+(m3+1)τ3σ2].
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Çäåñü ïîä÷åðêíóòûå ñëàãàåìûå èìåþò ýêñïîíåíòû ñ ðåçîíàíñíûìè ìóëüòèèí-
äåêñàìè m = (0,m2,m3) è m = (1,m2,m3) :

m = (0, 1, 1) ∈ Γ0,

m = (0,m2 + 1,m3) ∈ Γ2 (åñëè m2 = m3 ≥ 1 èëè m3 = 2,m2 = 0) ,

m = (0,m2,m3 + 1) ∈ Γ3 (åñëè m2 = m3 ≥ 1 èëè m3 = 0,m2 = 2) ,

m = (0,m2 + 1,m3) ∈ Γ0 (åñëè m2 + 1 = m3 ≥ 1) ,

m = (0,m2,m3 + 1) ∈ Γ0 (åñëè m3 + 1 = m2 ≥ 1) ,

m = (1,m2 + 1,m3) ∈ Γ1 (åñëè m2 + 1 = m3 ≥ 1) ,

m = (1,m2,m3 + 1) ∈ Γ2 (åñëè m3 + 1 = m2 ≥ 1) .

Îòñþäà âèäíî, ÷òî ÷ëåíû y2 (t) eτ2 , y3 (t) eτ3 è y(0,2,0) (t) e2τ2 , y(0,0,2) (t) e2τ3 ñóì-
ìû (5) ïåðåõîäÿò â ÷ëåíû ñ ðåçîíàíñíûìè ýêñïîíåíòàìè (ïðè äåéñòâèè íà íèõ
îïåðàòîðà L1). Ýòî îçíà÷àåò, ÷òî èòåðàöèîííàÿ çàäà÷à (9) ìîæåò íå èìåòü ðå-
øåíèÿ â ïðîñòðàíñòâå U. Ïîýòîìó íàäî âèäîèçìåíèòü ýòè çàäà÷è òàê, ÷òîáû
áûëî âîçìîæíûì èñêàòü èõ ðåøåíèÿ â ïðîñòðàíñòâå U. Âîñïîëüçóåìñÿ äëÿ
ýòîãî èäåÿìè ðàáîòû [1].

Áóäåì îáîçíà÷àòü ÷åðåç V ïðîñòðàíñòâî ñóìì

z (t, τ) =
∑

0≤|m|≤Nz

zm (t) e(m,τ)
(
zm (t) ∈ C∞

(
[t0, T ] ,C1

))
,

êîòîðûå ìîãóò ñîäåðæàòü ÷ëåíû ñ ðåçîíàíñíûìè ýêñïîíåíòàìè. Îïåðàöèþ ∧ :
z (t, τ) → ẑ (t, τ) , ñîïîñòàâëÿþùóþ êàæäîìó ýëåìåíòó z (t, τ) ïðîñòðàíñòâà V
ýëåìåíò ẑ (t, τ) ïðîñòðàíñòâà U òàêîé, ÷òî ẑ (t, τ) |

τ=
ψ(t)
ε
≡ z (t, τ) |

τ=
ψ(t)
ε

, íà-

çûâàþò îïåðàöèåé âëîæåíèÿ (ñì. [1]) ïðîñòðàíñòâà V â ïðîñòðàíñòâî U. Íà-

ïðèìåð,
(
z(0,1,1) (t) eτ2+τ3

)∧
= z(0,1,1) (t) e0 = z(0,1,1) (t) (ìóëüòèèíäåêñ m =

(0, 1, 1) ∈ Γ0, òàê êàê 0 · λ1 + 1 · λ2 (t) + 1 · λ3 (t) ≡ 0).
Âëîæèì ïðàâûå ÷àñòè âñåõ èòåðàöèîííûõ çàäà÷ (9k) â ïðîñòðàíñòâî U , ò. å.

çàìåíèì çàäà÷è (9k) íà çàäà÷è3

L0y−1(t, τ) ≡
∑3
i=1 λi(t)

∂y−1

∂τi
− λ1(t)y−1 −

∫ t
t0
G(t, s) y

(−1)
0 ( s)ds = 0,

y−1(t0, 0) = h(t0);
(9̄−1)

. . .

L0yk(t, τ) = −∂yk−1

∂t +R1yk−1 + ...+Rk+1y−1 −
[
g(t)β′(t)

2i (eτ2σ1−

−eτ3σ2) yk−1]
∧

+
[
g′(t)

2 (eτ2σ1 + eτ2σ2) yk−2

]∧
, yk(t0, 0) = 0, k ≥ 0.

(9̄k)

Íà ïîñòðîåíèå àñèìïòîòè÷åñêîãî ðåøåíèÿ èñõîäíîé çàäà÷è (1) òàêàÿ çàìåíà íå

ïîâëèÿåò, òàê íà ñóæåíèè τ = ψ(t)
ε ñåðèÿ çàäà÷ (9k) áóäåò ñîâïàäàòü ñ ñåðèåé

çàäà÷ (9̄k) (ñì. [1], c. 167-169]).
Òàêèì îáðàçîì, äëÿ îáîñíîâàíèÿ ðàçðåøèìîñòè èòåðàöèîííûõ çàäà÷ (9̄k)

íàäî âìåñòî çàäà÷è (9) ðàññìîòðåòü îáùóþ èòåðàöèîííóþ çàäà÷ó âèäà

L0y(t, τ) ≡
3∑
i=1

λi(t)
∂y
∂τi
− λ1(t)y −

t∫
t0

G(t, s) y0( s)ds =

= Ĥ (t, τ) , y(t0, 0) = y∗,

(10)

3Âåçäå äàëåå çàâèñèìîñòü yk îò σ îïóñêàåì.
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ãäå Ĥ (t, τ) = H0 (t)+
3∑
i=1

Hi (t) eτi+
∗∑

2≤|m|≤NH
Hm (t) e(m,τ)+

∗∑
1≤|m|≤NH

He1+m (t)×

×e(e1+m,τ) ∈ U.
Ââåäåì ñêàëÿðíîå (ïðè êàæäîì t ∈ [t0, T ] ) ïðîèçâåäåíèå â ïðîñòðàíñòâå U :

< z,w >≡< z0 (t) +
3∑
i=1

zi (t) eτi+
∗∑

2≤|m|≤Nz
zm (t) e(m,τ) +

∗∑
1≤|m|≤Nz

ze1+m (t)×

×e(e1+m,τ), w0 (t) +
3∑
i=1

wi (t) eτi +
∗∑

2≤|m|≤Nw
wm (t) e(m,τ)+

+

∗∑
1≤|m|≤Nw

we1+m (t) e(e1+m,τ) >
∆
= z0 (t)w0 (t) +

3∑
i=1

zi (t)wi (t)+

+

∗∑
2≤|m|≤min(Nz,Nw)

zm (t)wm (t)+

∗∑
1≤|m|≤min(Nz,Nw)

ze1+m (t)wej+m (t),

ãäå ÷åðòà íàä ôóíêöèåé w (t) îçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå â C1. Äîêàæåì
ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ 1) è 2) è ïðàâàÿ ÷àñòü Ĥ (t, τ) =

= H0 (t)+
3∑
i=1

Hi (t) eτi+
∗∑

2≤|m|≤Nz
Hm (t) e(m,τ)+

∗∑
1≤|m|≤NH

He1+m (t)e(e1+m,τ) ñèñ-

òåìû (10) ïðèíàäëåæèò ïðîñòðàíñòâó U. Òîãäà äëÿ ðàçðåøèìîñòè ñèñòåìû
(10) â U íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû èìåëî ìåñòî òîæäåñòâî

< Ĥ (t, τ) , eτ1 >≡ 0, ∀t ∈ [t0, T ] . (11)

Äîêàçàòåëüñòâî. Áóäåì îïðåäåëÿòü ðåøåíèå ñèñòåìû (10) â âèäå ýëåìåíòà
(5) ïðîñòðàíñòâà U :

z (t, τ) = z0 (t) +

3∑
i=1

zi (t) eτi +

∗∑
2≤|m|≤Nz

zm (t) e(m,τ)+

+

∗∑
1≤|m|≤NH

ze1+m (t)e(e1+m,τ) ≡ z0 (t) +

3∑
i=1

zi (t) eτi+ (12)

+

∗∑
2≤|m|≤Nz

zm (t) e(m,τ) +

∗∑
2≤|mk|≤NH

zm
1

(t) e(m
1,τ),

ãäå ðàäè óäîáñòâà ââåäåíû ìóëüòèèíäåêñû

m1 = e1 +m ≡ (m1 + 1,m2,m3) ,
∣∣m1

∣∣ = m1 + 1 +m2 +m3 ≥ 2,

m1,m2 è m3 � öåëûå íåîòðèöàòåëüíûå ÷èñëà. Ïîäñòàâëÿÿ (12) â ñèñòåìó (10),
áóäåì èìåòü

3∑
i=1

[λi (t)− λ1 (t)] zi (t) eτi+

∗∑
2≤|m|≤Nz

[(m,λ (t))− λ1 (t)] zm (t) e(m,τ)+

+
∗∑

2≤|m1|≤NH

[(
mk, λ (t)

)
− λ1 (t)

]
zm

1

(t) e(m
1,τ) − λ1 (t) z0 (t)−

−
t∫
t0

G (t, s)z0 (s) ds = H0 (t) +
3∑
i=1

Hi (t) eτi+

(13)
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+

∗∑
2≤|m|≤Nz

Hm (t) e(m,τ) +

∗∑
2≤|m1|≤NH

Hm1

(t) e(m
1,τ).

Ïðèðàâíèâàÿ çäåñü îòäåëüíî ñâîáîäíûå ÷ëåíû è êîýôôèöèåíòû ïðè îäè-
íàêîâûõ ýêñïîíåíòàõ, ïîëó÷èì ñëåäóþùèå ñèñòåìû óðàâíåíèé (ó÷åñòü, ÷òî â
ïðîñòðàíñòâå U îòñóòñòâóþò ðåçîíàíñíûå ýêñïîíåíòû):

−λ1 (t) z0 (t)−
∫ t

t0

G (t, s) z0 (s) ds = H0 (t) , (14)

[λi (t)− λ1 (t)] zi (t) = Hi (t) , i = 1, 3; (14i)

[(m,λ (t))− λ1 (t)] zm (t) = Hm (t) , m = (m1,m2,m3), 2 ≤ |m| ≤ NH ; (14m)[(
m1, λ (t)

)
− λ1 (t)

]
zm

1

(t) = Hm1

(t) , m1 = (m1 + 1,m2,m3), 2 ≤
∣∣m1

∣∣ ≤ NH .
(15)

Òàê êàê ôóíêöèÿ λ1 (t) < 0 (∀t ∈ [t0, T ]) , òî óðàâíåíèå (14) ìîæíî çàïèñàòü
â âèäå

z0 (t) =

∫ t

t0

(
−λ−1

1 (t)G (t, s)
)
z0 (s) ds− λ−1

1 (t)H0 (t) . (150)

Â ñèëó ãëàäêîñòè ÿäðà −λ−1
1 (t)K (t, s) è íåîäíîðîäíîñòè −λ−1

1 (t)H0 (t) ýòà èí-
òåãðàëüíàÿ ñèñòåìà Âîëüòåððà èìååò åäèíñòâåííîå ðåøåíèå z0 (t) ∈ C∞ ([t0, T ] ,
C1
)
. Óðàâíåíèÿ (142) è (143) òàêæå èìåþò åäèíñòâåííûå ðåøåíèÿ

zi (t) = [λi (t)− λ1 (t)]
−1
Hi (t) ∈ C∞

(
[t0, T ] , C1

)
, i = 2, 3,

òàê êàê λ2 (t) è λ3 (t) íå ñîâïàäàþò ñ λ1 (t) ïðè âñåõ t ∈ [t0, T ] . Óðàâíåíèå (141)
ðàçðåøèìî â ïðîñòðàíñòâå C∞

(
[t0, T ] , C1

)
òîãäà è òîëüêî òîãäà, êîãäà èìåþò

ìåñòî òîæäåñòâà H1 (t) ≡ 0⇔ 〈H1 (t) , eτ1〉 ≡ 0 ∀t ∈ [t0, T ] , i = 1, 2.
Äàëåå, òàê êàê â ïðîñòðàíñòâå U îòñóòñòâóþò ðåçîíàíñû, ïîýòîìó m /∈ Γ1,

òî óðàâíåíèÿ (14m) èìåþò åäèíñòâåííûå ðåøåíèÿ

zm (t) = [(m,λ (t))− λ1 (t)]
−1
Hm (t) , 2 ≤ |m| ≤ NH ∈ C∞

(
[t0, T ] , C1

)
.

Òàêîå æå óòâåðæäåíèå èìååò ìåñòî è äëÿ óðàâíåíèé (15). Òàê êàê ìóëüòèèíäåêñ
m1 = (m1 + 1,m2,m3),

∣∣m1
∣∣ ≥ 2 íå ÿâëÿåòñÿ ðåçîíàíñíûì, òî

(
m1, λ (t)

)
6=

6= λ1 (t) , ïîýòîìó óðàâíåíèÿ (15) èìåþò åäèíñòâåííûå ðåøåíèÿ â êëàññå
C∞

(
[t0, T ] , C1

)
:

zm
1

(t) =
[(
m1, λ (t)

)
− λ1 (t)

]−1
Hm1

(t) , 2 ≤
∣∣m1

∣∣ ≤ NH .
Òàêèì îáðàçîì, óñëîâèå (11) ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ðàçðå-
øèìîñòè óðàâíåíèÿ (10) â ïðîñòðàíñòâå U. Òåîðåìà äîêàçàíà.
Çàìå÷àíèå 1. Åñëè âûïîëíåíî òîæäåñòâî (11), òî ïðè óñëîâèÿõ 1) è 2)

óðàâíåíèå (10) èìååò ñëåäóþùåå ðåøåíèå â ïðîñòðàíñòâå U :

z (t, τ) = z0 (t) + α1 (t) eτ1 + H2(t)
λ2(t)−λ1(t)e

τ2 + H3(t)
λ3(t)−λ1(t)e

τ3+

+
∗∑

2≤|m|≤NH

Hm(t)
(m,λ(t))−λ1(t)e

(m,τ)+
∗∑

1≤|m|≤NH

He1+m(t)
(e1+m,λ(t))−λ1(t)e

(e1+m,τ),
(16)

ãäå α1 (t) ∈ C∞
(
[t0, T ] , C1

)
� ïðîèçâîëüíàÿ ôóíêöèÿ, z0 (t) � ðåøåíèå èíòå-

ãðàëüíîãî óðàâíåíèÿ (150). Íå áóäåì ôîðìóëèðîâàòü òåîðåìó îá îäíîçíà÷íîé
ðàçðåøèìîñòè çàäà÷è (10). Ïîêàæåì, ÷òî ïðèìåíåíèå òåîðåìû 1 ê äâóì ïî-
ñëåäîâàòåëüíûì èòåðàöèîííûì çàäà÷àì (9̄k) è (9̄k+1) ïîçâîëÿåò îïðåäåëèòü
ðåøåíèå ïåðâîé èç íèõ îäíîçíà÷íî â êëàññå U. Íà÷íåì ñ ïåðâîé èòåðàöèîííîé
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çàäà÷è (9̄−1) . Ïðàâàÿ ÷àñòü Ĥ (t, τ) = Ĥ(−1) (t, τ) ≡ 0 ýòîé çàäà÷è óäîâëåòâî-
ðÿåò óñëîâèþ ðàçðåøèìîñòè (11), ïîýòîìó óðàâíåíèå (9̄−1) èìååò ðåøåíèå â
ïðîñòðàíñòâå U â âèäå ôóíêöèè (ñì. (16))

y−1(t, τ) = y
(−1)
0 (t) + α

(−1)
1 (t)eτ1 ,

ãäå ôóíêöèÿ y
(−1)
0 (t) óäîâëåòâîðÿåò îäíîðîäíîìó èíòåãðàëüíîìó óðàâíåíèþ

y
(−1)
0 (t) =

t∫
t0

(
−λ−1

1 (t)G (t, s)
)
y

(−1)
0 (s) ds,

êîòîðîå èìååò åäèíñòâåííîå íóëåâîå ðåøåíèå y
(−1)
0 (t) ≡ 0. Çíà÷èò, y−1(t, τ) =

= α
(−1)
1 (t)eτ1 , ãäå α

(−1)
1 (t) ∈ C∞ ([t0, T ] , C1

)
� ïîêà ïðîèçâîëüíàÿ ôóíê-

öèÿ. Ïîä÷èíÿÿ åå íà÷àëüíîìó óñëîâèþ y−1 (t0, 0) = h (t0) , íàéäåì çíà÷åíèå

α
(−1)
1 (0) = h (t0) . Äëÿ îêîí÷àòåëüíîãî âû÷èñëåíèÿ ôóíêöèè α

(−1)
1 (t) ïåðåõî-

äèì ê ñëåäóþùåé èòåðàöèîííîé çàäà÷å:

L0y0 = −∂y−1

∂t +R1y−1 −
(
g(t)β′(t)

2i (eτ2σ1 − eτ3σ2) y−1

)∧
+

+h′ (t) , y0 (t0, 0) = 0.
(9̄0)

Ó÷èòûâàÿ âèä (61) îïåðàòîðà R1, çàïèøåì ïðàâóþ ÷àñòü çàäà÷è (9̄0):

Ĥ (t, τ) = Ĥ(0) (t, τ) ≡ −α̇(−1)
1 (t) eτ1 +R1

(
α

(−1)
1 (t) eτ1

)
−

−
(
g (t)β′ (t)

2i
(eτ2σ1 − eτ3σ2)α

(−1)
1 (t) eτ1

)∧
= −α̇(−1)

1 (t) eτ1+

+
G (t, t)α

(−1)
1 (t)

λ1 (t)
eτ1 − G (t, t0)α

(−1)
1 (t0)

λ1 (t0)
−

− g (t)β′ (t)

2i
α

(−1)
1 (t)

(
eτ1+τ2σ1 − eτ1+τ3σ1

)
+ h′ (t)

(çäåñü ó÷òåíî, ÷òî ýêñïîíåíòû eτ1+τ2 , eτ1+τ3 íå ÿâëÿþòñÿ ðåçîíàíñíûìè). Óñëî-
âèå ðàçðåøèìîñòè (11) ýòîãî óðàâíåíèÿ â ïðîñòðàíñòâå U ïðèâîäèò ê äèô-

ôåðåíöèàëüíîìó óðàâíåíèþ −α̇(−1)
1 (t) + G(t,t)

λ1(t) α
(−1)
1 (t) = 0. Ïîä÷èíÿÿ åãî íà-

÷àëüíîìó óñëîâèþ α
(−1)
1 (0) = h (t0) , íàéäåì îäíîçíà÷íî ôóíêöèþ α

(−1)
1 (t) =

= h (t0) e

t∫
t0

G(θ,θ)dθ
λ1(θ)

, à çíà÷èò, âû÷èñëèì ðåøåíèå

y−1(t, τ) = h (t0) e

t∫
t0

G(θ,θ)dθ
λ1(θ)

+τ1

(17)

çàäà÷è (9̄−1) â ïðîñòðàíñòâå U åäèíñòâåííûì îáðàçîì. Ïðè ýòîì çàäà÷à (9̄0)
ïðèíèìàåò âèä

L0y0 = − g(t)β
′(t)

2i α
(−1)
1 (t) (eτ1+τ2σ1 − eτ1+τ3σ1)−

−G(t,t0)α
(−1)
1 (t0)

λ1(t0) + h′ (t) , y (t0, 0) = 0.

Ïî òåîðåìå 1 (ñì. ôîðìóëó (16)) îíà èìååò ñëåäóþùåå ðåøåíèå â ïðîñòðàíñòâå
U :

y0 (t, τ) = y
(0)
0 (t) + α

(0)
1 (t) eτ1 + P

(1,1,0)
0 (t) eτ1+τ2 + P

(1,0,1)
0 (t) eτ1+τ3 , (18)
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ãäå α
(0)
1 (t) ∈ C∞

(
[t0, T ] , C1

)
� ïðîèçâîëüíàÿ ôóíêöèÿ, P

(1,1,0)
0 (t)≡− g(t)β

′(t)σ1

2λ2(t)i ×
× α(−1)

1 (t) , P
(1,0,1)
0 (t) ≡ g(t)β′(t)σ2

2λ3(t)i α
(−1)
1 (t) , à y

(0)
0 (t) � ðåøåíèå èíòåãðàëüíîãî

óðàâíåíèÿ

y
(0)
0 (t) =

∫ t

t0

(
−G (t, s)

λ1 (t)

)
y

(0)
0 (s) ds− 1

λ1 (t)

(
−G (t, t0)α

(−1)
1 (t0)

λ1 (t0)
+ h′ (t)

)
. (19)

Ïîä÷èíÿÿ ðåøåíèå (18) íà÷àëüíîìó óñëîâèþ y0 (t0, 0) = 0, íàéäåì íà÷àëü-

íîå çíà÷åíèå α
(0)
1 (t0) = α0

10. Äëÿ ïîëíîãî âû÷èñëåíèÿ ôóíêöèè α
(0)
1 (t) íàäî

ïåðåéòè ê ñëåäóþùåé èòåðàöèîííîé çàäà÷å (9̄1) è çàïèñàòü äëÿ íåå óñëîâèÿ
ðàçðåøèìîñòè (11). Îíè ïðèâåäóò ê íåîäíîðîäíîìó äèôôåðåíöèàëüíîìó óðàâ-

íåíèþ −α̇(0)
1 (t) + G(t,t)

λ1(t) α
(0)
1 (t) = l (t) , êîòîðîå âìåñòå ñ íà÷àëüíûì óñëîâèåì

α
(0)
1 (t0) = α0

10 ïîçâîëèò íàéòè ôóíêöèþ α
(0)
1 (t) åäèíñòâåííûì îáðàçîì, à çíà-

÷èò, è âû÷èñëèòü îäíîçíà÷íî ðåøåíèå (18) çàäà÷è (9̄0) â ïðîñòðàíñòâå U. È
àíàëîãè÷íî, ïðèìåíÿÿ òåîðåìó 1 ê ñåðèè ñëåäóþùèõ èòåðàöèîííûõ çàäà÷ (9̄k),
íàéäåì îäíîçíà÷íî èõ ðåøåíèÿ â ïðîñòðàíñòâå U è ïîñòðîèì ðÿä (7). Òàê æå,
êàê â ðàáîòå [16], äîêàæåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü äëÿ óðàâíåíèÿ (3) âûïîëíåíû óñëîâèÿ 1)�2). Òîãäà ïðè
ε ∈ (0, ε0] (ε0 > 0 � äîñòàòî÷íî ìàë�î) óðàâíåíèÿ (3) èìååò åäèíñòâåííîå
ðåøåíèå y(t, ε) ∈ C1([t0, T ],C); ïðè ýòîì èìååò ìåñòî îöåíêà

||y(t, ε)− yεN (t)||C[t0,T ] ≤ cNεN+1, N = −1, 0, 1, ...,

ãäå yεN (t) � ñóæåíèå (ïðè τ = ψ(t)
ε ) N− îé ÷àñòè÷íîé ñóììû ðÿäà (7 ) (ñ êî-

ýôôèöèåíòàìè yk(t, τ) ∈ U, óäîâëåòâîðÿþùèìè èòåðàöèîííûì çàäà÷àì (9̄k)),
à ïîñòîÿííàÿ cN > 0 íå çàâèñèò îò ε ïðè ε ∈ (0, ε0].

Çàïèøåì ãëàâíûé ÷ëåí àñèìïòîòèêè ðåøåíèÿ çàäà÷è (3) (à çíà÷èò, è èñõîä-
íîé çàäà÷è (1)) :

yε0 (t) = ε−1y−1

(
t, ψ(t)

ε

)
+ y0

(
t, ψ(t)

ε

)
=

= ε−1h (t0) e

t∫
t0

G(θ,θ)dθ
λ1(θ)

+ 1
ε

t∫
t0

λ1(θ)dθ

+ y
(0)
0 (t) + α

(0)
1 (t) e

1
ε

t∫
t0

λ1(θ)dθ

+

+P
(1,1,0)
0 (t) e

1
ε

t∫
t0

(λ1(θ)+λ2(θ))dθ

+ P
(1,0,1)
0 (t) e

1
ε

t∫
t0

(λ1(θ)+λ3(θ))dθ,

è ïðîàíàëèçèðóåì åãî. Åñëè h (t0) 6= 0, òî òî÷íîå ðåøåíèå y(t, ε) çàäà÷è (1) ïðè
ε→ +0 ñòðåìèòñÿ ê áåñêîíå÷íîñòè â òî÷êå t = t0, à ïðè t > t0 îíî ñòðåìèòñÿ ê
íóëþ. Îäíàêî åñëè h (t0) = 0, òî ðåøåíèå y(t, ε) ïðè ε→ +0 ñòðåìèòñÿ (ðàâíî-

ìåðíî ïî t ∈ [δ0, T ] , δ0 ∈ (0, T )) ê ðåøåíèþ y
(0)
0 (t) èíòåãðàëüíîãî óðàâíåíèÿ

y
(0)
0 (t) =

∫ t

t0

(
−G (t, s)

λ1 (t)

)
y

(0)
0 (s) ds− h′ (t)

λ1 (t)
,

ïîëó÷åííîãî èç (19) ñ ó÷åòîì òîãî, ÷òî α
(−1)
1 (0) = h (t0) = 0. Íåòðóäíî âèäåòü,

÷òî ýòî óðàâíåíèå ïîëó÷åíî èç âûðîæäåííîãî (ïî îòíîøåíèþ ê (1)) óðàâíåíèÿ

−
∫ t

t0

K (t, s) ¯̄y (s) ds = h (t) .



2082 Á.T. KÀËÈÌÁÅÒÎÂ, Â.Ô. ÑÀÔÎÍÎÂ, Î.Ä. ÒÓÉ×ÈÅÂ

References

[1] S.A. Lomov, Introduction to the general theory of singular perturbations, Nauka, Moskva, 1981.
Zbl 0514.34049

[2] S.A. Lomov, I.S. Lomov, Osnovy matematicheskoy teorii pogranichnogo sloya, Izdatel'stvo
Moskovskogo universiteta, Moskva, 2011.

[3] A.D. Ryzhikh, Primeneniye metoda regulyarizatsii dlya uravneniy s bystro ostsilliruyushchimi

koe�tsiyentami, Materaly Vsesoyuznoy konferentsii po asimptoticheskim metodam, chast' I,
Nauka, Alma-ata, 1979, 64�66.

[4] S.F. Feshchenko, N.I. Shkil', L.D. Nikolenko, Asymptotic methods in the theory of linear

di�erential equations, Modern Analytic and Computational Methods in Science and
Mathematics, 10, American Elsevier Publishing Company, Inc., New York, 1967. Zbl
0153.40501

[5] N.I. Shkil', Asimptoticheskiye metody v di�erentsial'nykh uravneniyakh, Vyshcha Shkola, Kiev,
1971 (In Russian).

[6] Yu.L. Daletskii, S.G. Kreyn, O di�erentsial'nykh uravneniyakh v gil'bertovom prostranstve,
Ukr. Mat. Zh., 2:4 (1950), 71�91. Zbl 0045.39302.

[7] Yu.L. Daletskii, An asymptotic method for certain di�erential equations with oscillating

coe�cients, Sov. Math., Dokl., 3 (1962), 520�523. Zbl 0119.32501
[8] YU.L. Daletskii, M.G. Kreyn, Stability of solutions of di�erential equations in Banach space,

Nauka, Moskva, 1970. Zbl 0233.34001
[9] B.T. Kalimbetov, V.F. Safonov, Integro-di�erentiated singularly perturbed equations with fast

oscillating coe�cients, Bulletin of KarSU, series Mathematics, 94:2, (2019), 33�47.
[10] A.A. Bobodzhanov, V.F. Safonov, Singulyarno vozmushchennyye integral'nyye i integro-

di�erentsial'nyye uravneniya s bystro izmenyayemymi yadrami i uravneniya s diagonal'nym

vyrozhdeniyem yadra, ¾Sputnik +¿, Moskva, 2017.
[11] B.T. Kalimbetov, V.F. Safonov, Integro-di�erentsial'nyye singulyarno vozmushchennyye

uravneniya s bystro ostsilliruyushchimi koe�tsiyentami, Sovremennyye problemy matematiki
i mekhaniki, Moskva, (2019), 299�302.

[12] B.T. Kalimbetov, Asimptotika resheniy integro-di�erentsial'noy sistemy s parametricheskim

usileniyem, Teoreticheskiye i prikladnyye voprosy matematiki, mekhaniki i informatiki,
Karaganda, (2019), 82�83.

[13] B.T. Kalimbetov, V.F. Safonov, Singulyarno vozmushchennaya sistema integro-

di�erentsial'nykh uravneniy s bystro ostsilliruyushchimi koe�tsiyentami i s bystro

izmenyayushchimisya yadrami, Izvestiya MKTU im. Kh.A. Yasavi, Seriya matematika,
�zika, informatika, 9:2 (2019), 42�69.

[14] B.T. Kalimbetov, V.F. Safonov, Integro-di�erentsial'noye uravneniye tipa Fredgol'ma s bystro

ostsilliruyushchimi koe�tsiyentami, Materialy Uzbeksko-Rossiyskoy nauchnoy konferentsii
¾Neklassicheskiye uravneniya matematicheskoy �ziki i ikh prilozheni¿, Tashkent, (2019), 158�
159.

[15] B.T. Kalimbetov, M.A. Òemirbekov, Asimptotika resheniya singulyarno vozmushchennoy

integro-di�erentsial'noy sistemy s bystro ostsilliruyushchimi koe�tsiyentami, Sbornik tezisov
dokladov mezhdunarodnoy konferentsii ¾Aktual'nyye problemy matematicheskoy �ziki¿,
Moskva, (2019), 29-30.

[16] V.F. Safonov, A.A. Bobodzhanov, Kurs vysshey matematiki. Singulyarno vozmushchennyye

zadachi i metod regulyarizatsii: uchebnoye posobiye, Izdatel'skiy dom MEI, Moskva, 2012.
[17] V.F. Safonov, O.D. Tuychiyev, Regularization of singularly perturbed integral equations with

rapidly varying kernels and their asymptotics, Di�er. Equ., 33:9 (1997), 1203�1215.

B.T.Êàlimbetov

Khoja Ahmet Yasawi International Kazakh-Turkish University,

29â, B. Sattarkhanov ave.,

Turkestan, 161200, Kazakhstan

Email address: burkhan.kalimbetov@ayu.edu.kz



ÑÈÍÃÓËßÐÍÎ ÂÎÇÌÓÙÅÍÍÛÅ ÈÍÒÅÃÐÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß 2083

V.F.Safonov

National Research University, Moscow Power Engineering Institute,

14, Krasnokazarmennaya str.,

Moscow, 111250, Russia

Email address: safonovvf@rambler.ru

O.D. Tuychiev

Khudjant state University named after B.Gafurov,

1, Movlonbekov ave.,

735700, Khudjant, Tajikistan

Email address: tuychievolim67@mail.ru


