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ABSTRACT. We comnsider a class of second-order elliptic equations with
nonlinearities defined by generalized N-functions. The existence of a
weak solution to the Dirichlet problem in a reflexive Musielak—Orlicz—
Sobolev space is proved for an arbitrary unbounded domain.
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1. INTRODUCTION

Let Q be an arbitrary unbounded domain in R = {x = (z1, Z2,...,z,)}, n > 2.
We consider the Dirichlet problem for a second-order quasilinear elliptic equation
of the form

(1) —diva(x, u, Vu) + ag(x,u, Vu) = F(x), x€

with homogeneous boundary condition

(2) = 0.

219}
The general boundary value problem of variational type for a high-order elliptic
equation in divergent form with nonlinearities of polynomial form was considered
by F. Browder [1] in an arbitrary domain without the conditions of boundedness
or smoothness for the boundary of the domain. It is proved that the corresponding
operator from a reflexive Banach space into its dual is pesudomonotone, and this
fact implies the existence of a solution to the problem under consideration.
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Following [1], L.M.Kozevnikova and A.Sh.Kamaletdinov (see [2]) established the
existence of a weak solution to the Dirichlet problem in an arbitrary domain
Q for an anisotropic equation (1) with variable nonlinearity exponents. Earlier
L.M. Kozhevnikova and A.A.Hadzhi proved in [3] that there exists a weak solution
to the Dirichlet problem in an arbitrary unbounded domain 2 for an anisotropic
elliptic equation (1) with nonlinearilities defined by N-functions.

The following existence results are known for quasilinear elliptic equations in Mu-
sielak—Orlicz—Sobolev spaces. In [4], [5], the existence of solutions is proved under
some assumptions like the As—condition and also the uniform convexity of the gene-
ralized N-function M, which guarantee that the Musielak—Orlicz—Sobolev space is
reflexive. The study of the problems of the existence of solutions to variational
boundary value problems for quasilinear elliptic equations in nonreflexive spaces
(provided that the complementary function M satisfies the A,-condition) is the con-
tents of [6], [7]. The existence of weak solutions for second-order differential equa-
tions with the Dirichlet or Neumann boundary condition in a separable nonreflexive
space was established in [8] by constructing super- and subsolutions.

It should be noted that the authors do not know any results on the existence
of solutions to nonlinear equations in Musielak—Orlicz—Sobolev spaces for unboun-
ded domains. In the present article, we prove an existence theorem for a solution
to problem (1), (2) for an arbitrary unbounded domain §2 in a reflexive Musielak—
Orlicz—Sobolev space.

2. MUSIELAK—ORLICZ-SOBOLEV SPACES

In this section, we give necessary information from the theory of generalized
N-functions and Musielak-Orlicz spaces (see [9], [10]).

Suppose that a Carathéodory function M (x, z) : QxR — R, satisfies the following
conditions:

(1) M(x,-) is an N-function with respect to z € R, i.e., it is convex downwards,
nondecreasing, even, continuous, M (x,0) = 0 for a.e. x € 2, and

iIelgM(X,Z)>O for all =z #0,

M
lim sup M =0,
2=0xeq z
M
lim inf M = 00;
z2—00 XEQ z

(2) M(-, z) is a measurable function with respect to x € Q for any z € R. Such
a function M (x, z) is called a Musielak—Orlicz function or a generalized N-function.

The complementary function M(x,-) to the Musielak—Orlicz function M(x, )
in the sense of Young is defined by the following equality for a.e. x € 2 and any
z>0:

M(x,z) =sup (yz — M(x,y)).

y=>0
This implies Young’s inequality:
(3) 2yl < M(x,2) + M(x,y), 2zy€R, xe
If, for every positive constant [, we have
M(x,1
(4) lim sup Mxlz) =0

20 xe0 P(sz)
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then this is designated as M << P and M is said to grow slower than P at oo.
A Musielak—Orlicz function M satisfies the As-condition if there exist ¢ > 0 and
zo > 0 such that the inequality

M(x,2z) < cM(x, z)

holds for a.e. x € Q and any z > zp.
The As-condition is equivalent to the fulfillment for a.e. x € © and any z > z
of the inequality

(5) M(x,1z) < c(l)M(x, 2),

where [ is an arbitrary number greater than one, ¢(l) > 0.

Henceforth, in the article, we assume that the As-condition for the generalized
N-functions holds for all values z > 0 (i.e., zo = 0). For the complementary N-
function M(x, z), the As-condition takes the form:

(6) M(x,12) < c()M(x,2), z>0.

If a generalized N-function M (x, z) satisfies the Ay-condition then, due to convexity
and inequality (5), the inequality

(7) Mx,y+2) <cM(x,z)+cM(x,y), x€Q, zyeR

holds.

There exist three Musielak—Orlicz classes.

Lr(82) is the generalized Musielak—Orlicz class of measurable functions v :  —
R such that

oma(v) = /QM(X,U(X))dx < 0.

L () is the generalized Musielak—Orlicz space, which is the least space containing
the class £(€2) with the Luxembourg norm

lv]|ar, = inf {/\ >0 ‘ oM,Q (v()\x)) < 1}~

Below, in the notations || - ||a,q, 0m,0(+), we omit the index @ = Q.

En () is the closure in the norm |ul/a,n of bounded measurable functions
with compact support in Q. The embeddings Fy;(2) C L(Q) C L () hold.

A Musielak—Orlicz function M (x, z) is called locally integrable if

om,q(z) = /QM(x,z)dx < 00

for every z € R and every measurable set @ C 2 such that meas (Q) < co. We will
assume that M and M are locally integrable generalized N-functions.

The space Ej(f2) is separable and (En(2))* = Ly7(Q2). If M satisfies the Ao-
condition then Ep () = La(Q) = L (Q) and Ly, () is separable. The space Ly (€2)
is reflexive if and only if the Musielak-Orlicz functions M and M satisfy the As-
condition.

Define the Musielak—Orlicz—Sobolev space

Wi () = {v € La(Q) | [Vo| € Lar(Q)}
with the norm
[vllwy, @) = vl + Vol ar-
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Define the space WM(Q) as the closure of C§°(£2) in the x-weak topology over W3,().
The spaces Wi, (), WM(Q) are Banach (see [10, Theorem 10.2]).
The space dual to W1, (Q) is defined as

Wi (Q) = {F = fo — divf, fo € Lyz(Q), f= (fi,.... fu) € (Lgz()"}-

A sequence of functions v/ € Ly (2) converges modularly to v € Ly () if there
exists a positive constant k > 0 such that

J —
lim oy (v U) =0.
Jj—o0 k

If M satisfies the As-condition then the modular and norm topologies coincide.
If v € Lp(2) then we have the inequalities

(8) lvllar < onr(v) + 1;

if ||v]|ar <1 then opr(v) < ||v||ar;
if ||v]|ar > 1 then ||v]|p < oar(v).
The following inequality holds (see [11, Chapter II, Section 9, inequality 9.21])

(9) QMQ;M)sL

in which equality holds if the N-function M (x, z) satisfies the As-condition.
Moreover, if the N-function M (x,z) satisfies the As-condition then for v €
L (2) we have the inequalities

v

(10) w@gwgﬁﬂswamﬂzw,hmmwmu

Also, if M and M are complementary functions, u € Ly (2), and v € Ly7(€),
then Holder’s inequality holds:

/Q w(x)o(x)dx

The following embedding theorem is valid (see [6, Theorem 4]):

(11)

< 2||ullmllvll77-

Lemma 1. Suppose that a Musielak—Orlicz function M (x, z) satisfies the conditions

(12) / M- dzfoo /M dz<oo
and

M1
M,:l(x,z):/ #dﬂ xeQ, z>0.
0 T

Then M. (x, z) is a generalized N-function and Wj/[ (Q) = L, (Q) for any bounded
subdomain Q C Q. Moreover, the embedding W3,(Q) — Lp(Q) exists and is
compact for any Musielak—Orlicz function P << M, integrable over Q.
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3. STATEMENT OF THE RESULTS

We assume that the functions

a‘(X7 SOaS) = (CLl(X, 3078)7 e aan(Xa 8078))a CL()(X, SOaS)

are measurable with respect to x € 2 for s = (sg,8) = (50,51, .,8,) € R""! and
continuous in s € R™*! for a.e. x € Q.

Suppose there exist nonnegative functions ¥, ¥y, ¢ € L1 () and positive constants
/T,E such that the following inequalities hold for a.e. x € 2, sy € R, s,t € R",

S # t:

(13) a(x, 80,8) -+ s + ag(x, S0,8)s0 > aM (x, so) + aM (x, |s|) — ¢(x);
(14) M(x, |a(x, 50,5)|) < U(x) + AM(x, [s]) + AM(x, 50);
(15) M(x,|ag(x, s0,9)]) < Wo(x) + AoM (x, |s]) + AgM(x, 0);
(16) (a(x, s0,8) — a(x, sp,t)) - (s —t) > 0.

Here the Musielak—Orlicz functions M (x, z), M (x, z) satisfy the As-condition. As
an example, one can consider, for example, the function M(x, z) = |z[P®) (| In|z|| +
1), 1<p(-)<oo.

From (14), (15), using (8), for every u € W]b(Q) we deduce the estimate

(17) la(x, u, Vu)llar = [latx, u, Vu)llzz + llao(x, u, V) llzz

< oxr(lao(x, u, Vu)|) + oxz(la(x, u, Vu)|) + 2
< Crom(|Vul) + Cron(Ju]) + Ca < co.

Further, from an element
a(x,u, Vu) € (Lyp(2)"*,

for v € WJQ(Q) define some functional A(u) by the equality

(18) (A(u),v) = /(a(x, u, Vu) - Vo + ag(x, u, Vu)v) dx.
Q

Using Holder’s inequality (11), we infer the following inequalities for functions u, v €
Wi (9):
(19)  [(A(u), v)| < 2[aollzzllvllar + 2lallzz I Vllar < 2flalx, u, Vu)llzzllvllwy, @)
It follows from (17), (19) that the functional
Alu), u(x) € Wh (@)
defined by equality (18) in W,(€) is bounded.
We will assume that F' = fo—divf € W™ Ly7(€), then we can define the functional F:

(F,v) = /(f - Vv + fov) dx.

Q
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Definition 1. Refer as a weak solution to problem (1), (2) with
F = fo—divfe W_1(Q)

to a function u € Wb(ﬂ) satisfying the integral identity

(20) (A(u),v) = (F,v)

for any function v € WI%/I(Q)

Theorem 1. Suppose the fulfillment of conditions (13)—(16), (5), (6), (12). Then
for any F € W=L37(Q) there exists at least one solution to problem (1), (2).

4. AUXILIARY ASSERTIONS

Lemma 2. Suppose that condition (6) is fulfilled and {v'};en, v are functions
in Ly (Q) such that

Wl <C, jeN,
v s v, j—oo, ae in .

Then v/ — v weakly in Ly(), j — .

Lemma 3. Let 0 < e < 1 and let My be a Musielak—Orlicz function such that

1 -1 oo -1
My (x,2) My (x,2)

Then the generalized N-function M defined as

F My (x,7)

M_l(x,z) = Tlte

dr,
0

satisfies the condition My << M.

The proof for an N-function can be found in [12, Lemma 4.14]; it is carried out
similarly for a Musielak—Orlicz function.

Below we will use Vitali’s theorem in the following form (see [13, Chapter III,
Section 6, Theorem 15]).

Lemma 4. Let v7, j €N, v be measurable functions in a bounded domain Q such
that

v sv o aein Q, j— oo,

and the integrals

/ Wi()ldx, jeN,
Q

are uniformly absolutely continuous. Then
vl = v strongly in  Li(Q), j — oo.

Proposition 1. Suppose the fulfillment of conditions (13) — (16), (5), (6), {u’}en,
u € Wi (), and

(21) o’ lws, @) <C, JEN,

(22) W —u ae in Q, j— oo.
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Assume that the function sequence
(23)
¢ (x) = (a(x, v, Vu/) —a(x, v/, Vu)) - V(v —u) >0 ae in Q, j— oc.
Then, for some subsequence,
(24) a(x, v/, V) = a(x,u, Vu) in (Ly(Q)" ™, j — oo.

Proof. Denote by ' C Q the subset of full measure of the points for which
convergences (22), (23) hold, conditions (13)—(15), (5), (6) are fulfilled, and the func-
tions W, Wy, ¢ take finite values. Prove the convergence

(25) Vul — Vu everywhere in Q, j — oo.

To the contrary, suppose that, at some point x* € €', there is no convergence. Put
sh = (x*), so=u(x*), s/ =Vu(x*), s = Vu(x*).
Suppose that the sequence {M (x*,|s?|)};en is unbounded. Using inequalities (3),
(5), (6) and conditions (13)—(15), for £ € (0,1) we infer
¢ x") = (a(x*,sé,sj> —a(x,s,9)) - (5 9)
> a(x*, s),87) 87 —eM(x*, |a(x*, s},87)]) — e M (x*, |s7])
—Ci(e)M(x", [a(x", 53,5)|) — Ca(e) M (x", |s])
> aM (x", s9) +aM (x",|s']) = ¢(x") = eM(x", |a(x", 5,5)|) — eM(x", |ao(x", 50,
—eM(x",[s’]) = C1(e) M (x", Ja(x", s}, 5)[) — Ca(e) M (x", |s]) — Cs(e) M (x*, 57)
> (a—eCM(x",|s’|) — Co(e)M(x*, Is]) — Cr(e) M (x", 55) — Cs.
Choosing € < @/Cy, we obtain the estimate

¢ (x*) > CgM(x*, |7 |) — Co M (x*, |s|) — C7M(x*,sé) —Cs.

In view of the assumption, we conclude that {q¢’(x*)};en is unbounded, which
contradicts (23). Therefore, the sequence {s’};cn is bounded.

Let s* = (s7,s5,..., n) be one of the partial limits of the sequence s/ =
(s1,8%,...,8)) for j — oo; then, with account taken of (22), we have
(26) s) = 50, & =8, j— o0

Therefore, (23), (26) and the continuity of a(x*, sg,s) in s = (sg,s) imply that

(a(X*7SO,S*) - a(X*v‘SO»S)) ’ (S* - S) =05

consequently, s = s* by (16). This contradicts the fact that there is no convergence
at the point x*.
Thus, (22), (25) and the continuity of a(x, sg,s) in s = (sg,s) imply that

a(x, v/, V') = a(x,u,Vu) ae. in Q, j — oo.

Moreover, (10), (17), (21) imply the boundedness of {a(x, u/, Vu’)}jen in (Ly7(Q2))"H.

Due to Lemma 2, we get the weak convergences (24). O

s/)1)
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5. PROOF OF THE EXISTENCE THEOREM

The proof of Theorem 1 is based on an assertion about the pseudomontonicity
of the operator A.

Definition 2. An operator A :V — V' is called pseudomonotone if
(i) A is a bounded operator;
(ii) the conditions uw/ — u weakly in V and limsup(A(u?),uw/ — u) < 0 imply

j—o0
that

(27) liminf(A(u’),w/ —v) > (A(u),u — v)

J—00

for everyv € V.

Lemma 5. Suppose that V is a reflerive separable Banach space and an operator
AV — V' possesses the following properties: A is pseudomonotone and coercive,
i.e.,
(28) Aw.w) |

|
as ||u|| = oco. Then the mapping A : V. — V' is surjective, i.e., for every F € V'
there exists uw € V' such that A(u) = F [14, Chapter II, Section 2, Theorem 2.7].

Proposition 2. Suppose the fulfillment of conditions (13)—(16), (5), (6), (12).
Then the operator

A W(Q) — W)
defined by (18) is pseudomonotone.
Proof. The boundedness of A follows from (17), (19). Consider a sequence {u’}32;
in W1, (€) such that

(29) W —u weakly in W1 (), j— oo
(30) jlirglosup<A(uj),uj —u) <0.

Show that

(31) A(w/) — A(u) weakly in Wﬁl(Q), j — o0;
(32) (A(),uf —u) =0, j— oo.

Obviously, (31), (32) imply (27).
First of all, convergence (29) and inequality (10) yield the estimates:

(39) o (W) + on (VW) < G, j=1,2,....
Moreover, combining (17) and (34), we infer
(35) Ha(x,uj,Vuj)HﬁgCg, J=12....

Fix arbitrary R > 0. By Lemma 1, the space W}, (Q(R + 1)) is compactly
embedded in Lp(Q2(R + 1)) for any Musielak—Orlicz function P(x,z) with P <<
M,. By Lemma 3, M << M, and WL (Q(R + 1)) is compactly embedded in
Ly (QR+1)).
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Let nr(r) = min(1, max(0, R+1—r)). Using (7), (34), we deduce the inequalities
MV ng))) < o (VW | + [u?])
< Caon(IVW]) + Caom (J0]) < G5, j=1,2,....

Therefore, the function sequence {ujnR};?‘;l is bounded in W1, (Q(R + 1)). Since
the embedding

Wi (R +1)) € Ly (QR A+ 1)),
is compact, we have the strong convergences on a subsequence
wngp = ung in Ly (QUR+1)), j— oo,
which imply the strong convergences
(36) w —u in Ly (QR)), j— o0

and the convergence on a subsequence u/ — u a.e. in Q(R). Using the diagonal
process, we establish the convergence

(37) w —u ae in Q, j— oo
Put
A (x) = (a(x,u!, Vil ) — a(x,u, Vu)) - V(u! — u)
+ (ao(x, u!, Vu?) — ag(x, u, Vu)) (w! —u), j=1,2,....
Then
(A(w)) — A(w), v/ — ) = /Ai(x)dx, i=1,2,....

By (29), (30), we have

(38) lim sup / Al (x)dx < 0.

J—00

Write down A7(x) as
A (x) = (a(x,u!, Vul) — a(x,u!, Vu)) - V(v — u)

(39) + (a(x, v/, Vu) — a(x,u, Vu)) - V(v — u)
+ (ao(x,u?, V! ) — ag(x,u, V) (v —u) = ¢ (x) +r/(x) + s/ (x), j=1.2,....
Show that
(40) r(x) =0 ae in Q, j— oo,
(41) sI(x) >0 ae in Q, j— oc.

For every measurable set E C Q(R), applying (7), (14), we infer

/M (x, a(x, w?, Vu) — a(x, u, Vu)|)dx
x, |a(x, u?, Vu)|) + M(x, |a(x, u, Vu)|)) dx

,!
/ x, |Vaul) + M(x,u’) + M(x,u)) dx.
E
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From this, in view of the fact that ¥, M (x,u), M (x, |Vu|) € L1(Q2), convergence (36),
and the absolute continuity of the integrals, for every ¢ > 0 and E such that
meas (E) < ¢, we have

/M(x, la(x, u?, Vu) — a(x,u, Vu)|)dx < €.
B

Thus, the integrals [ M(x, |a(x,u/, Vu) — a(x,u, Vu)|)dx, j € N are uniformly
Q(R)

absolutely continuous. Applying Lemma 4, we have modular convergence, which

implies the convergence

(42) a(x,u!, Vu) — a(x,u, Vu) in (L37(UR))",  j — oc.
Applying (11), we infer

/ |77 (x)]dx < 2a(x, v, Vu) = a(x,u, V) |57 gy IV (@ = w)|lar-
Q(R)

The first factor tends to zero, and the second is uniformly bounded (see (33)). Thus,
we have proved for every R > 0 that r7(x) — 0 in L1 (Q(R)), j — oo. From here
convergence (40) is established by the diagonal process.

Inequality (11) yields

/ |57 (x)]dx < 2[lao(x, v, V) — ag(x, u, V) |7llv’ — ullar0cr)-
Q(R)

The first factor is uniformly bounded (see (35)), and the second tends to zero
(see (36)); therefore, for every R > 0, s/(x) — 0 as j — oo in L1(2(R)). Hence,
using the diagonal process, we establish convergence (41).

Next, write down A7 (x) as

(43) AN (x) = a(x,u!, Vu?) - Vud + ao(x,w?, Vul )u? — g7 (x), j=1,2,...,
where
¢ (%) = a(x,u, Vu) - V(v — u) + ag(x,u, Vu)(u? —u)
ta(x,u!, Vul) - Vu + ao(x, v, Vul u € Li(Q), j=1,2,....
Using (3), (5), (6), for £ € (0,1) we obtain
169 (9) < & (M(x, [Vd]) + M) + M, Jals, o?, ud)) + T (x, o (s, w7, V)
+Cr(e) (M(x, [Vul) + M (x,u) + M(x, a(x, u, Vu)|) + M(x, |ag(x,u, Vu)|)) .

Applying (14), (15), we infer the inequalities
(44) | |
|97 ()] < eCs (M(x, [V |) + M(x,u7)) +Col(e) (M (x, [Vul) + M (x, u) + ¥(x) + Yo (x)) .

Using (13), rewrite (43) in the form

(45) A (x) > a (M(x, [Vo!]) + M(x,0')) = o(x) — ¢’ (x)].
Combining (44), (45), choosing € < a/Cs, we prove the estimate
(46) Al (x) 2 Cro (M (x,|Ve!]) + M(x,u7)) — ¢(x)

—Cy (M (x,|Vul) + M(x,u) + ¥(x) + Yo(x)), j=1,....
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Let AJ(x) = A/ (x) — AV~ (x) and AI*(x), A/~ (x) be the positive and negative
parts of AJ(x) respectively. If y7(x) is the characteristic function of the set {x €
Q: AV (x) > 0} then

AT = quj + Xjrj 4 stj;
moreover, by (40), (41), x/ri(x) — 0, x?s/(x) — 0 a.e. in Q as j — oco. In view
of (16), /¢’ (x) > 0 a.e. in ; then AV~ (x) — 0 a.e. in Q as j — oo.
In addition, (46) implies the estimate

A (x) > —p(x)—Cy (M (x,|Vu|) + M(x,u) + ¥(x) + Uy (x)) = =T, (x), j=1,...,

with a nonnegative function ¥, (x) € L1(2) finite a.e. in Q. Hence, AT~ (x) <
U, (x), j=1,.... Then, by Lebesgue’s theorem,

(47) AT7(x) =0 in Li(R), j— oc.
Therefore, by (38),
0 < lim sup/Aj+(x)dx = lim sup/Aj (x)dx + lim sup/Aj*(x)dx <0.
Q Q Q

Consequently,
(48) ATt (x) =0 in Li(Q), j— oo
Thus, from (47), (48) we have the convergence
(49) A(x) =0 in L1(Q), j— oo,
and also the convergence on a subsequence
(50) Al(x) =0 aein Q, j— oo

Now, (39), (40), (41), and (50) imply that

@ (x) =0 ae in Q j— oo

Applying Proposition 1, we obtain the weak convergences
(51) a(x, v/, Vu!) = a(x,u, Vu) in (Ly(Q)""!, j— cc.

Obviously, (51) implies the weak convergence (31).
For finishing the proof, observe that (29), (49) imply (32)

(A(w?), v’ —u) = (A(w) — A(u), v —u) + (A(u),u’ —u) =0, j— oo.
([

Lemma 6. Suppose the fulfillment of condition (6). Then any function u € L (£2)
enjoys the relation

(52) [ull 37 oas (w) = o0
as ||ul|pr — oo.

The proof of the lemma for an N-function can be found in [12, Lemma 3.14]; it
is similar for a Musielak—Orlicz function.
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Proof of Theorem 1. Let us prove the coerciveness of the operator A. Using (13),
we infer

(Aw)u) _ 1
lallwyy @~ Tallar + Vel

(@(on () + one (|Vul)) — [I¢ll1) -

Suppose that ||Vu|as + ||ullar > 2) and, for definiteness, the second summand
[lw]lar > A is the greatest. In view of (52), for every R > 0 there exists A > 0 such
that the inequality ||u|lps > A implies opr(u) > R||u| pr- Then we infer

(Aw),uw) _ @om(uw) ol
lullwy, @) — 2 llullv 22
Thus, (28) is proved.

By Lemma 5, Proposition 2 implies the existence of a function u € Wj/l () such
that A(u) = F. Thus, every v € W1, () satisfies (20). O

> RC7 — Cs.

Thus, in the present article, we have found conditions on the structure of equa-
tion (1) and the function M(z, z) sufficient for the corresponding elliptic operator
to be pseudomonotone and coercive. Condition (12) ensures the compactness of the
embedding W]&(Q) C Ly (Q) for bounded domains Q. Therefore, in Proposition 2,
it has been possible to establish the strong convergences (36) and (42) only for
bounded sets Q(R).

It is obvious that the existence theorem proved in the article in particular holds
for an arbitrary bounded domain 2.
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