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EXISTENCE OF A SOLUTION TO A NONLINEAR ELLIPTIC

EQUATION IN A MUSIELAK�ORLICZ�SOBOLEV SPACE

FOR AN UNBOUNDED DOMAIN

L.M. KOZHEVNIKOVA, A.P. KASHNIKOVA

Abstract. We consider a class of second-order elliptic equations with
nonlinearities de�ned by generalized N -functions. The existence of a
weak solution to the Dirichlet problem in a re�exive Musielak�Orlicz�
Sobolev space is proved for an arbitrary unbounded domain.
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1. Introduction

Let Ω be an arbitrary unbounded domain in Rn = {x = (x1, x2, . . . , xn)}, n ≥ 2.
We consider the Dirichlet problem for a second-order quasilinear elliptic equation
of the form

(1) −div a(x, u,∇u) + a0(x, u,∇u) = F (x), x ∈ Ω;

with homogeneous boundary condition

(2) u
∣∣∣
∂Ω

= 0.

The general boundary value problem of variational type for a high-order elliptic
equation in divergent form with nonlinearities of polynomial form was considered
by F. Browder [1] in an arbitrary domain without the conditions of boundedness
or smoothness for the boundary of the domain. It is proved that the corresponding
operator from a re�exive Banach space into its dual is pesudomonotone, and this
fact implies the existence of a solution to the problem under consideration.

Kozhevnikova, L.M., Kashnikova A.P., Existence of a solution to a nonlinear
elliptic equation in a Musielak�Orlicz�Sobolev space for an unbounded domain.
© 2020 Kozhevnikova L.M., Kashnikova A.P.
Supported by RFBR (Grant 18-01-00428).
Received April 9, 2020, published December, 11, 2020.

2055



2056 L.M. KOZHEVNIKOVA, A.P. KASHNIKOVA

Following [1], L.M.Kozevnikova and A.Sh.Kamaletdinov (see [2]) established the
existence of a weak solution to the Dirichlet problem in an arbitrary domain
Ω for an anisotropic equation (1) with variable nonlinearity exponents. Earlier
L.M. Kozhevnikova and A.A.Hadzhi proved in [3] that there exists a weak solution
to the Dirichlet problem in an arbitrary unbounded domain Ω for an anisotropic
elliptic equation (1) with nonlinearilities de�ned by N -functions.

The following existence results are known for quasilinear elliptic equations in Mu-
sielak�Orlicz�Sobolev spaces. In [4], [5], the existence of solutions is proved under
some assumptions like the ∆2�condition and also the uniform convexity of the gene-
ralized N -function M , which guarantee that the Musielak�Orlicz�Sobolev space is
re�exive. The study of the problems of the existence of solutions to variational
boundary value problems for quasilinear elliptic equations in nonre�exive spaces
(provided that the complementary functionM satis�es the ∆2-condition) is the con-
tents of [6], [7]. The existence of weak solutions for second-order di�erential equa-
tions with the Dirichlet or Neumann boundary condition in a separable nonre�exive
space was established in [8] by constructing super- and subsolutions.

It should be noted that the authors do not know any results on the existence
of solutions to nonlinear equations in Musielak�Orlicz�Sobolev spaces for unboun-
ded domains. In the present article, we prove an existence theorem for a solution
to problem (1), (2) for an arbitrary unbounded domain Ω in a re�exive Musielak�
Orlicz�Sobolev space.

2. Musielak�Orlicz�Sobolev Spaces

In this section, we give necessary information from the theory of generalized
N -functions and Musielak�Orlicz spaces (see [9], [10]).

Suppose that a Carath�eodory functionM(x, z) : Ω×R→ R+ satis�es the following
conditions:

(1) M(x, ·) is an N -function with respect to z ∈ R, i.e., it is convex downwards,
nondecreasing, even, continuous, M(x, 0) = 0 for a.e. x ∈ Ω, and

inf
x∈Ω

M(x, z) > 0 for all z 6= 0,

lim
z→0

sup
x∈Ω

M(x, z)

z
= 0,

lim
z→∞

inf
x∈Ω

M(x, z)

z
=∞;

(2) M(·, z) is a measurable function with respect to x ∈ Ω for any z ∈ R. Such
a functionM(x, z) is called a Musielak�Orlicz function or a generalized N -function.

The complementary function M(x, ·) to the Musielak�Orlicz function M(x, ·)
in the sense of Young is de�ned by the following equality for a.e. x ∈ Ω and any
z ≥ 0:

M(x, z) = sup
y≥0

(yz −M(x, y)) .

This implies Young's inequality:

(3) |zy| ≤M(x, z) +M(x, y), z, y ∈ R, x ∈ Ω.

If, for every positive constant l, we have

(4) lim
z→∞

sup
x∈Ω

M(x, lz)

P (x, z)
= 0
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then this is designated as M ≺≺ P and M is said to grow slower than P at ∞.
A Musielak�Orlicz function M satis�es the ∆2-condition if there exist c > 0 and

z0 ≥ 0 such that the inequality

M(x, 2z) ≤ cM(x, z)

holds for a.e. x ∈ Ω and any z ≥ z0.
The ∆2-condition is equivalent to the ful�llment for a.e. x ∈ Ω and any z ≥ z0

of the inequality

(5) M(x, lz) ≤ c(l)M(x, z),

where l is an arbitrary number greater than one, c(l) > 0.
Henceforth, in the article, we assume that the ∆2-condition for the generalized

N -functions holds for all values z ≥ 0 (i.e., z0 = 0). For the complementary N -
function M(x, z), the ∆2-condition takes the form:

(6) M(x, lz) ≤ c(l)M(x, z), z ≥ 0.

If a generalizedN -functionM(x, z) satis�es the ∆2-condition then, due to convexity
and inequality (5), the inequality

(7) M(x, y + z) ≤ cM(x, z) + cM(x, y), x ∈ Ω, z, y ∈ R

holds.
There exist three Musielak�Orlicz classes.
LM (Ω) is the generalized Musielak�Orlicz class of measurable functions v : Ω→

R such that

%M,Ω(v) =

∫
Ω

M(x, v(x))dx <∞.

LM (Ω) is the generalized Musielak�Orlicz space, which is the least space containing
the class L(Ω) with the Luxembourg norm

‖v‖M,Ω = inf

{
λ > 0

∣∣∣ %M,Ω

(
v(x)

λ

)
≤ 1

}
.

Below, in the notations ‖ · ‖M,Q, %M,Q(·), we omit the index Q = Ω.
EM (Ω) is the closure in the norm ‖u‖M,Ω of bounded measurable functions

with compact support in Ω. The embeddings EM (Ω) ⊂ LM (Ω) ⊂ LM (Ω) hold.
A Musielak�Orlicz function M(x, z) is called locally integrable if

%M,Q(z) =

∫
Q

M(x, z)dx <∞

for every z ∈ R and every measurable set Q ⊂ Ω such that meas (Q) <∞. We will
assume that M and M are locally integrable generalized N -functions.

The space EM (Ω) is separable and (EM (Ω))∗ = LM (Ω). If M satis�es the ∆2-
condition then EM (Ω) = LM (Ω) = LM (Ω) and LM (Ω) is separable. The space LM (Ω)
is re�exive if and only if the Musielak�Orlicz functions M and M satisfy the ∆2-
condition.

De�ne the Musielak�Orlicz�Sobolev space

W 1
M (Ω) = {v ∈ LM (Ω)

∣∣ |∇v| ∈ LM (Ω)}

with the norm

‖v‖W 1
M (Ω) = ‖v‖M + ‖∇v‖M .



2058 L.M. KOZHEVNIKOVA, A.P. KASHNIKOVA

De�ne the space W̊ 1
M (Ω) as the closure of C∞0 (Ω) in the ∗-weak topology overW 1

M (Ω).

The spaces W 1
M (Ω), W̊ 1

M (Ω) are Banach (see [10, Theorem 10.2]).

The space dual to W̊ 1
M (Ω) is de�ned as

W−1

M
(Ω) = {F = f0 − div f, f0 ∈ LM (Ω), f = (f1, . . . , fn) ∈ (LM (Ω))n}.

A sequence of functions vj ∈ LM (Ω) converges modularly to v ∈ LM (Ω) if there
exists a positive constant k > 0 such that

lim
j→∞

%M

(
vj − v
k

)
= 0.

If M satis�es the ∆2-condition then the modular and norm topologies coincide.
If v ∈ LM (Ω) then we have the inequalities

(8) ‖v‖M ≤ %M (v) + 1;

if ‖v‖M ≤ 1 then %M (v) ≤ ‖v‖M ;
if ‖v‖M > 1 then ‖v‖M ≤ %M (v).
The following inequality holds (see [11, Chapter II, Section 9, inequality 9.21])

(9) %M

(
v

‖v‖M

)
≤ 1,

in which equality holds if the N -function M(x, z) satis�es the ∆2-condition.
Moreover, if the N -function M(x, z) satis�es the ∆2-condition then for v ∈

LM (Ω) we have the inequalities

%M (v) ≤ %M
(
l

v

‖v‖M

)
≤ c(l)%M

(
v

‖v‖M

)
= c(l), l = max (‖v‖M , 1) .(10)

Also, if M and M are complementary functions, u ∈ LM (Ω), and v ∈ LM (Ω),
then H�older's inequality holds:

(11)

∣∣∣∣∫
Ω

u(x)v(x)dx

∣∣∣∣ ≤ 2‖u‖M‖v‖M .

The following embedding theorem is valid (see [6, Theorem 4]):

Lemma 1. Suppose that a Musielak�Orlicz functionM(x, z) satis�es the conditions

(12)

∫ ∞
1

M−1(x, z)

z
n+1
n

dz =∞,
∫ 1

0

M−1(x, z)

z
n+1
n

dz <∞

and

M−1
∗ (x, z) =

∫ z

0

M−1(x, τ)

τ
n+1
n

dτ, x ∈ Ω, z ≥ 0.

ThenM∗(x, z) is a generalized N -function and W̊ 1
M (Q) ↪→ LM∗(Q) for any bounded

subdomain Q ⊂ Ω. Moreover, the embedding W̊ 1
M (Q) ↪→ LP (Q) exists and is

compact for any Musielak�Orlicz function P ≺≺M∗ integrable over Q.
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3. Statement of the Results

We assume that the functions

a(x, s0, s) = (a1(x, s0, s), · · · , an(x, s0, s)), a0(x, s0, s)

are measurable with respect to x ∈ Ω for s = (s0, s) = (s0, s1, . . . , sn) ∈ Rn+1 and
continuous in s ∈ Rn+1 for a.e. x ∈ Ω.

Suppose there exist nonnegative functions Ψ,Ψ0, φ ∈ L1(Ω) and positive constants

Â, a such that the following inequalities hold for a.e. x ∈ Ω, s0 ∈ R, s, t ∈ Rn,
s 6= t:

(13) a(x, s0, s) · s + a0(x, s0, s)s0 ≥ aM(x, s0) + aM(x, |s|)− φ(x);

(14) M(x, |a(x, s0, s)|) ≤ Ψ(x) + ÂM(x, |s|) + ÂM(x, s0);

(15) M(x, |a0(x, s0, s)|) ≤ Ψ0(x) + Â0M(x, |s|) + Â0M(x, s0);

(16) (a(x, s0, s)− a(x, s0, t)) · (s− t) > 0.

Here the Musielak�Orlicz functions M(x, z),M(x, z) satisfy the ∆2-condition. As
an example, one can consider, for example, the function M(x, z) = |z|p(x)(| ln |z||+
1), 1 < p(·) <∞.

From (14), (15), using (8), for every u ∈ W̊ 1
M (Ω) we deduce the estimate

‖a(x, u,∇u)‖M = ‖a(x, u,∇u)‖M + ‖a0(x, u,∇u)‖M(17)

≤ %M (|a0(x, u,∇u)|) + %M (|a(x, u,∇u)|) + 2

≤ C1%M (|∇u|) + C1%M (|u|) + C2 <∞.

Further, from an element

a(x, u,∇u) ∈ (LM (Ω))n+1,

for v ∈ W̊ 1
M (Ω) de�ne some functional A(u) by the equality

(18) 〈A(u), v〉 =

∫
Ω

(a(x, u,∇u) · ∇v + a0(x, u,∇u)v) dx.

Using H�older's inequality (11), we infer the following inequalities for functions u, v ∈
W̊ 1

M (Ω):

|〈A(u), v〉| ≤ 2‖a0‖M‖v‖M + 2‖a‖M‖∇v‖M ≤ 2‖a(x, u,∇u)‖M‖v‖W 1
M (Ω).(19)

It follows from (17), (19) that the functional

A(u), u(x) ∈ W̊ 1
M (Ω)

de�ned by equality (18) in W̊ 1
M (Ω) is bounded.

We will assume that F = f0−div f ∈W−1LM (Ω), then we can de�ne the functional F:

〈F, v〉 =

∫
Ω

(f · ∇v + f0v) dx.
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De�nition 1. Refer as a weak solution to problem (1), (2) with

F = f0 − div f ∈W−1

M
(Ω)

to a function u ∈ W̊ 1
M (Ω) satisfying the integral identity

(20) 〈A(u), v〉 = 〈F, v〉

for any function v ∈ W̊ 1
M (Ω).

Theorem 1. Suppose the ful�llment of conditions (13)�(16), (5), (6), (12). Then
for any F ∈W−1LM (Ω) there exists at least one solution to problem (1), (2).

4. Auxiliary Assertions

Lemma 2. Suppose that condition (6) is ful�lled and {vj}j∈N, v are functions
in LM (Ω) such that

‖vj‖M ≤ C, j ∈ N,

vj → v, j →∞, a.e. in Ω.

Then vj ⇀ v weakly in LM (Ω), j →∞.

Lemma 3. Let 0 < ε < 1 and let M0 be a Musielak�Orlicz function such that∫ 1

0

M−1
0 (x, z)

z1+ε
dz <∞,

∫ ∞
1

M−1
0 (x, z)

z1+ε
dz =∞.

Then the generalized N-function M de�ned as

M−1(x, z) =

∫ z

0

M−1
0 (x, τ)

τ1+ε
dτ,

satis�es the condition M0 ≺≺M .

The proof for an N -function can be found in [12, Lemma 4.14]; it is carried out
similarly for a Musielak�Orlicz function.

Below we will use Vitali's theorem in the following form (see [13, Chapter III,
Section 6, Theorem 15]).

Lemma 4. Let vj , j ∈ N, v be measurable functions in a bounded domain Q such
that

vj → v a.e. in Q, j →∞,
and the integrals ∫

Q

|vj(x)|dx, j ∈ N,

are uniformly absolutely continuous. Then

vj → v strongly in L1(Q), j →∞.

Proposition 1. Suppose the ful�llment of conditions (13) � (16), (5), (6), {uj}j∈N,
u ∈W 1

M (Ω), and

(21) ‖uj‖W 1
M (Ω) ≤ C, j ∈ N,

(22) uj → u a.e. in Ω, j →∞.
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Assume that the function sequence

qj(x) =
(
a(x, uj ,∇uj)− a(x, uj ,∇u)

)
· ∇(uj − u)→ 0 a.e. in Ω, j →∞.

(23)

Then, for some subsequence,

(24) a(x, uj ,∇uj) ⇀ a(x, u,∇u) in (LM (Ω))n+1, j →∞.

Proof. Denote by Ω′ ⊂ Ω the subset of full measure of the points for which
convergences (22), (23) hold, conditions (13)�(15), (5), (6) are ful�lled, and the func-
tions Ψ,Ψ0, φ take �nite values. Prove the convergence

(25) ∇uj → ∇u everywhere in Ω′, j →∞.

To the contrary, suppose that, at some point x∗ ∈ Ω′, there is no convergence. Put
sj0 = uj(x∗), s0 = u(x∗), sj = ∇uj(x∗), s = ∇u(x∗).

Suppose that the sequence {M(x∗, |sj |)}j∈N is unbounded. Using inequalities (3),
(5), (6) and conditions (13)�(15), for ε ∈ (0, 1) we infer

qj(x∗) =
(

a(x∗, sj0, s
j)− a(x∗, sj0, s)

)
· (sj − s)

≥ a(x∗, sj0, s
j) · sj − εM(x∗, |a(x∗, sj0, s

j)|)− εM(x∗, |sj |)

−C1(ε)M(x∗, |a(x∗, sj0, s)|)− C2(ε)M(x∗, |s|)

≥ aM(x∗, sj0) + aM(x∗, |sj |)− φ(x∗)− εM(x∗, |a(x∗, sj0, s
j)|)− εM(x∗, |a0(x∗, sj0, s

j)|)

−εM(x∗, |sj |)− C1(ε)M(x∗, |a(x∗, sj0, s)|)− C2(ε)M(x∗, |s|)− C3(ε)M(x∗, sj0)

≥ (a− εC4)M(x∗, |sj |)− C6(ε)M(x∗, |s|)− C7(ε)M(x∗, sj0)− C5.

Choosing ε < a/C4, we obtain the estimate

qj(x∗) ≥ C8M(x∗, |sj |)− C6M(x∗, |s|)− C7M(x∗, sj0)− C5.

In view of the assumption, we conclude that {qj(x∗)}j∈N is unbounded, which
contradicts (23). Therefore, the sequence {sj}j∈N is bounded.

Let s∗ = (s∗1, s
∗
2, . . . , s

∗
n) be one of the partial limits of the sequence sj =

(sj1, s
j
2, . . . , s

j
n) for j →∞; then, with account taken of (22), we have

(26) sj0 → s0, sj → s∗, j →∞.

Therefore, (23), (26) and the continuity of a(x∗, s0, s) in s = (s0, s) imply that

(a(x∗, s0, s
∗)− a(x∗, s0, s)) · (s∗ − s) = 0;

consequently, s = s∗ by (16). This contradicts the fact that there is no convergence
at the point x∗.

Thus, (22), (25) and the continuity of a(x, s0, s) in s = (s0, s) imply that

a(x, uj ,∇uj)→ a(x, u,∇u) a.e. in Ω, j →∞.

Moreover, (10), (17), (21) imply the boundedness of {a(x, uj ,∇uj)}j∈N in (LM (Ω))n+1.
Due to Lemma 2, we get the weak convergences (24). �
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5. Proof of the Existence Theorem

The proof of Theorem 1 is based on an assertion about the pseudomontonicity
of the operator A.

De�nition 2. An operator A : V → V ′ is called pseudomonotone if
(i) A is a bounded operator;
(ii) the conditions uj ⇀ u weakly in V and lim

j→∞
sup〈A(uj), uj − u〉 ≤ 0 imply

that

(27) lim
j→∞

inf〈A(uj), uj − v〉 ≥ 〈A(u), u− v〉

for every v ∈ V .

Lemma 5. Suppose that V is a re�exive separable Banach space and an operator
A : V → V ′ possesses the following properties: A is pseudomonotone and coercive,
i.e.,

(28)
〈A(u), u〉
‖u‖

→ ∞

as ‖u‖ → ∞. Then the mapping A : V → V ′ is surjective, i.e., for every F ∈ V ′
there exists u ∈ V such that A(u) = F [14, Chapter II, Section 2, Theorem 2.7].

Proposition 2. Suppose the ful�llment of conditions (13)�(16), (5), (6), (12).
Then the operator

A : W̊ 1
M (Ω)→W−1

M
(Ω)

de�ned by (18) is pseudomonotone.

Proof. The boundedness of A follows from (17), (19). Consider a sequence {uj}∞j=1

in W̊ 1
M (Ω) such that

(29) uj ⇀ u weakly in W̊ 1
M (Ω), j →∞;

(30) lim
j→∞

sup〈A(uj), uj − u〉 ≤ 0.

Show that

(31) A(uj) ⇀ A(u) weakly in W−1

M
(Ω), j →∞;

(32) 〈A(uj), uj − u〉 → 0, j →∞.
Obviously, (31), (32) imply (27).

First of all, convergence (29) and inequality (10) yield the estimates:

(33) ‖uj‖W 1
M (Ω) ≤ C1, j = 1, 2, . . . ;

(34) %M (uj) + %M (|∇uj |) ≤ C2, j = 1, 2, . . . .

Moreover, combining (17) and (34), we infer

(35) ‖a(x, uj ,∇uj)‖M ≤ C3, j = 1, 2, . . . .

Fix arbitrary R > 0. By Lemma 1, the space W̊ 1
M (Ω(R + 1)) is compactly

embedded in LP (Ω(R + 1)) for any Musielak�Orlicz function P (x, z) with P ≺≺
M∗. By Lemma 3, M ≺≺ M∗ and W̊ 1

M (Ω(R + 1)) is compactly embedded in
LM (Ω(R+ 1)).
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Let ηR(r) = min(1,max(0, R+1−r)). Using (7), (34), we deduce the inequalities

%M (|∇(ujηR)|) ≤ %M (|∇uj |+ |uj |)
≤ C4%M (|∇uj |) + C4%M (|uj |) ≤ C5, j = 1, 2, . . . .

Therefore, the function sequence {ujηR}∞j=1 is bounded in W̊ 1
M (Ω(R + 1)). Since

the embedding

W̊ 1
M (Ω(R+ 1)) ⊂ LM (Ω(R+ 1)),

is compact, we have the strong convergences on a subsequence

ujηR → uηR in LM (Ω(R+ 1)), j →∞,
which imply the strong convergences

(36) uj → u in LM (Ω(R)), j →∞
and the convergence on a subsequence uj → u a.e. in Ω(R). Using the diagonal
process, we establish the convergence

(37) uj → u a.e. in Ω, j →∞.
Put

∆j(x) =
(
a(x, uj ,∇uj)− a(x, u,∇u)

)
· ∇(uj − u)

+
(
a0(x, uj ,∇uj)− a0(x, u,∇u)

)
(uj − u), j = 1, 2, . . . .

Then

〈A(uj)−A(u), uj − u〉 =

∫
Ω

∆j(x)dx, j = 1, 2, . . . .

By (29), (30), we have

(38) lim
j→∞

sup

∫
Ω

∆j(x)dx ≤ 0.

Write down ∆j(x) as

∆j(x) =
(
a(x, uj ,∇uj)− a(x, uj ,∇u)

)
· ∇(uj − u)

+
(
a(x, uj ,∇u)− a(x, u,∇u)

)
· ∇(uj − u)(39)

+
(
a0(x, uj ,∇uj)− a0(x, u,∇u)

)
(uj − u) = qj(x) + rj(x) + sj(x), j = 1, 2, . . . .

Show that

(40) rj(x)→ 0 a.e. in Ω, j →∞,

(41) sj(x)→ 0 a.e. in Ω, j →∞.
For every measurable set E ⊂ Ω(R), applying (7), (14), we infer∫

E

M(x, |a(x, uj ,∇u)− a(x, u,∇u)|)dx

≤ c
∫
E

(
M(x, |a(x, uj ,∇u)|) +M(x, |a(x, u,∇u)|)

)
dx

≤ C6

∫
E

(
Ψ(x) +M(x, |∇u|) +M(x, uj) +M(x, u)

)
dx.
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From this, in view of the fact that Ψ,M(x, u),M(x, |∇u|) ∈ L1(Ω), convergence (36),
and the absolute continuity of the integrals, for every ε > 0 and E such that
meas (E) < δ, we have∫

E

M(x, |a(x, uj ,∇u)− a(x, u,∇u)|)dx < ε.

Thus, the integrals
∫

Ω(R)

M(x, |a(x, uj ,∇u) − a(x, u,∇u)|)dx, j ∈ N are uniformly

absolutely continuous. Applying Lemma 4, we have modular convergence, which
implies the convergence

(42) a(x, uj ,∇u)→ a(x, u,∇u) in (LM (Ω(R)))n, j →∞.
Applying (11), we infer∫

Ω(R)

|rj(x)|dx ≤ 2‖a(x, uj ,∇u)− a(x, u,∇u)‖M,Ω(R)‖∇(uj − u)‖M .

The �rst factor tends to zero, and the second is uniformly bounded (see (33)). Thus,
we have proved for every R > 0 that rj(x) → 0 in L1(Ω(R)), j → ∞. From here
convergence (40) is established by the diagonal process.

Inequality (11) yields∫
Ω(R)

|sj(x)|dx ≤ 2‖a0(x, uj ,∇uj)− a0(x, u,∇u)‖M‖u
j − u‖M,Ω(R).

The �rst factor is uniformly bounded (see (35)), and the second tends to zero
(see (36)); therefore, for every R > 0, sj(x) → 0 as j → ∞ in L1(Ω(R)). Hence,
using the diagonal process, we establish convergence (41).

Next, write down ∆j(x) as

∆j(x) = a(x, uj ,∇uj) · ∇uj + a0(x, uj ,∇uj)uj − gj(x), j = 1, 2, . . . ,(43)

where

gj(x) = a(x, u,∇u) · ∇(uj − u) + a0(x, u,∇u)(uj − u)

+a(x, uj ,∇uj) · ∇u+ a0(x, uj ,∇uj)u ∈ L1(Ω), j = 1, 2, . . . .

Using (3), (5), (6), for ε ∈ (0, 1) we obtain

|gj(x)| ≤ ε
(
M(x, |∇uj |) +M(x, uj) +M(x, |a(x, uj ,∇uj)|) +M(x, |a0(x, uj ,∇uj)|)

)
+C7(ε)

(
M(x, |∇u|) +M(x, u) +M(x, |a(x, u,∇u)|) +M(x, |a0(x, u,∇u)|)

)
.

Applying (14), (15), we infer the inequalities
(44)
|gj(x)| ≤ εC8

(
M(x, |∇uj |) +M(x, uj)

)
+C9(ε) (M(x, |∇u|) +M(x, u) + Ψ(x) + Ψ0(x)) .

Using (13), rewrite (43) in the form

(45) ∆j(x) ≥ a
(
M(x, |∇uj |) +M(x, uj)

)
− φ(x)− |gj(x)|.

Combining (44), (45), choosing ε < a/C8, we prove the estimate

∆j(x) ≥ C10

(
M(x, |∇uj |) +M(x, uj)

)
− φ(x)(46)

−C9 (M(x, |∇u|) +M(x, u) + Ψ(x) + Ψ0(x)) , j = 1, . . . .
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Let ∆j(x) = ∆j+(x)−∆j−(x) and ∆j+(x), ∆j−(x) be the positive and negative
parts of ∆j(x) respectively. If χj(x) is the characteristic function of the set {x ∈
Ω : ∆j−(x) > 0} then

−∆j− = χjqj + χjrj + χjsj ;

moreover, by (40), (41), χjrj(x) → 0, χjsj(x) → 0 a.e. in Ω as j → ∞. In view
of (16), χjqj(x) ≥ 0 a.e. in Ω; then ∆j−(x)→ 0 a.e. in Ω as j →∞.

In addition, (46) implies the estimate

∆j(x) ≥ −φ(x)−C9 (M(x, |∇u|) +M(x, u) + Ψ(x) + Ψ0(x)) = −Ψu(x), j = 1, . . . ,

with a nonnegative function Ψu(x) ∈ L1(Ω) �nite a.e. in Ω. Hence, ∆j−(x) ≤
Ψu(x), j = 1, . . . . Then, by Lebesgue's theorem,

(47) ∆j−(x)→ 0 in L1(Ω), j →∞.

Therefore, by (38),

0 ≤ lim
j→∞

sup

∫
Ω

∆j+(x)dx = lim
j→∞

sup

∫
Ω

∆j(x)dx + lim
j→∞

sup

∫
Ω

∆j−(x)dx ≤ 0.

Consequently,

(48) ∆j+(x)→ 0 in L1(Ω), j →∞.

Thus, from (47), (48) we have the convergence

(49) ∆j(x)→ 0 in L1(Ω), j →∞,

and also the convergence on a subsequence

(50) ∆j(x)→ 0 a.e. in Ω, j →∞.

Now, (39), (40), (41), and (50) imply that

qj(x)→ 0 a.e. in Ω, j →∞.

Applying Proposition 1, we obtain the weak convergences

(51) a(x, uj ,∇uj) ⇀ a(x, u,∇u) in (LM (Ω))n+1, j →∞.

Obviously, (51) implies the weak convergence (31).
For �nishing the proof, observe that (29), (49) imply (32)

〈A(uj), uj − u〉 = 〈A(uj)−A(u), uj − u〉+ 〈A(u), uj − u〉 → 0, j →∞.

�

Lemma 6. Suppose the ful�llment of condition (6). Then any function u ∈ LM (Ω)
enjoys the relation

(52) ‖u‖−1
M %M (u)→∞

as ‖u‖M →∞.

The proof of the lemma for an N -function can be found in [12, Lemma 3.14]; it
is similar for a Musielak�Orlicz function.
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Proof of Theorem 1. Let us prove the coerciveness of the operator A. Using (13),
we infer

〈A(u), u〉
‖u‖W 1

M (Ω)

≥ 1

‖u‖M + ‖|∇u|‖M
(a(%M (u) + %M (|∇u|))− ‖φ‖1) .

Suppose that ‖∇u‖M + ‖u‖M > 2λ and, for de�niteness, the second summand
‖u‖M > λ is the greatest. In view of (52), for every R > 0 there exists λ > 0 such
that the inequality ‖u‖M > λ implies %M (u) > R‖u‖M . Then we infer

〈A(u), u〉
‖u‖W 1

M (Ω)

≥ a

2

%M (u)

‖u‖M
− ‖φ‖1

2λ
> RC1 − C2.

Thus, (28) is proved.

By Lemma 5, Proposition 2 implies the existence of a function u ∈ W̊ 1
M (Ω) such

that A(u) = F. Thus, every v ∈ W̊ 1
M (Ω) satis�es (20). �

Thus, in the present article, we have found conditions on the structure of equa-
tion (1) and the function M(x, z) su�cient for the corresponding elliptic operator
to be pseudomonotone and coercive. Condition (12) ensures the compactness of the

embedding W̊ 1
M (Q) ⊂ LM (Q) for bounded domains Q. Therefore, in Proposition 2,

it has been possible to establish the strong convergences (36) and (42) only for
bounded sets Ω(R).

It is obvious that the existence theorem proved in the article in particular holds
for an arbitrary bounded domain Ω.
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