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Abstract. A number of properties of pseudo-vertices of a boundary
value set in the Dirichlet problem to the �rst-order PDE of the eikonal
type are revealed. Special points of the boundary of the boundary set
responsible for the origin of the singularity of the generalized solution of
the equation from the corresponding domain � the fundamental solution
(according to S. N. Kruzhkov) in geometric optics or the minimax solution
(according to A. I. Subbotin) in the theory of optimal control, are studied.
In this paper, formulas for markers � numerical characteristics of pseudo-
vertices are obtained. The formulas are found for the non-stationary
case when the smoothness of the curvature of the boundary of the edge
set is broken. The necessary conditions for the existence of pseudo-
vertices are also derived in the form of relations generalizing the curvature
stationarity conditions. The obtained results are illustrated by the exam-
ple of building a solution to the velocity control problem.
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1. Ââåäåíèå

Â èçâåñòíîé ðàáîòå [1] Ñ.Í. Êðóæêîâ ââåë ïîíÿòèå îáîáùåííîãî ðåøåíèÿ
óðàâíåíèÿ ýéêîíàëà, èñïîëüçîâàâ ìåòîä êîðîòêîâîëíîâîé àïïðîêñèìàöèè. Ýòîò
ìåòîä áûë âçÿò íà âîîðóæåíèå ñïåöèàëèñòàìè ïî îáîáùåííûì ðåøåíèÿì óðàâ-
íåíèé â ÷àñòíûõ ïðîèçâîäíûõ, ðàçâèò è â äàëüíåéøåì ïîëó÷èë íàçâàíèå ìåòî-
äà èñ÷åçàþùåé âÿçêîñòè [2]. Íàðÿäó ñ ýòèì ïîäõîäîì ê îïðåäåëåíèþ îáîáùåí-
íûõ ðåøåíèé óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, èìåþùèì
ñâîè êîðíè â ìàòåìàòè÷åñêîé ôèçèêå è ôóíêöèîíàëüíîì àíàëèçå, êîíñòðóê-
öèè òåîðèè ïîçèöèîííûõ äèôôåðåíöèàëüíûõ èãð [3] ïîçâîëèëè À.È. Ñóááîòè-
íó ââåñòè îïðåäåëåíèå ìèíèìàêñíîãî ðåøåíèÿ [4] äëÿ óðàâíåíèé óêàçàííîãî
òèïà. Ìèíèìàêñíûé ïîäõîä, ñîâìåùåííûé ñ àïïàðàòîì âûïóêëîãî è íåãëàä-
êîãî àíàëèçà [5], ïðåäîñòàâèë øèðîêèå âîçìîæíîñòè äëÿ ñîçäàíèÿ ðåàëèçóå-
ìûõ ÷èñëåííûõ ïðîöåäóð ïîñòðîåíèÿ íåãëàäêèõ ðåøåíèé òåîðèè ïîçèöèîííûõ
äèôôåðåíöèàëüíûõ èãð è îïòèìàëüíîãî óïðàâëåíèÿ. Ñðåäè ýòèõ ïðîöåäóð âû-
äåëèì ðàçíîñòíûå àïïðîêñèìàöèîííûå îïåðàòîðû [6], ðåàëèçóåìûå íà ñåòêàõ.
×èñëåííûå ïðîöåäóðû ïîñòðîåíèÿ íà ñåòêàõ îáîáùåííûõ ðåøåíèé óðàâíåíèé
ãàìèëüòîíîâà òèïà è óðàâíåíèÿ ýéêîíàëà ðàçâèâàåò Sethian J. A. [7]. Àëãîðèò-
ìû ïîñòðîåíèÿ ýéêîíàëà è ýâîëþöèè âîëíîâûõ ôðîíòîâ, èñïîëüçóþùèå ðàç-
íîñòíûå ñõåìû ìàòåìàòè÷åñêîé ôèçèêè è êîíñòðóêöèè ìåòîäà õàðàêòåðèñòèê,
ïðåäëîæåíû è ðåàëèçîâàíû â ðàáîòàõ Ñ. È. Êàáàíèõèíà è Î. È. Êðèâîðîòüêî
(íàïðèìåð, [8]).

Â íàñòîÿùåé ðàáîòå ðàññìîòðåíà êðàåâàÿ çàäà÷à Äèðèõëå íà ïëîñêîñòè äëÿ
óðàâíåíèÿ Ãàìèëüòîíà-ßêîáè, îòâå÷àþùåãî óðàâíåíèþ ýéêîíàëà ñ ïîñòîÿí-
íûì êîýôôèöèåíòîì ïðåëîìëåíèÿ ñðåäû. Ìèíèìàêñíîå ðåøåíèå çàäà÷è Äè-
ðèõëå ñîâïàäàåò ñ ôóíêöèåé îïòèìàëüíîãî ðåçóëüòàòà ñîîòâåòñòâóþùåé çàäà-
÷è óïðàâëåíèÿ ïî áûñòðîäåéñòâèþ [9]. Èçó÷åí ñëó÷àé, êîãäà ãðàíèöà êðàåâîãî
ìíîæåñòâà ñîäåðæèò íåñòàöèîíàðíûå ïñåâäîâåðøèíû ñ ðàçðûâàìè ïðîèçâîä-
íûõ òðåòüåãî ïîðÿäêà êîîðäèíàòíûõ ôóíêöèé. Äëÿ óêàçàííîãî ñëó÷àÿ, îïè-
ðàÿñü íà óñëîâèÿ òðàíñâåðñàëüíîñòè, íàéäåíû ôîðìóëû äëÿ ìàðêåðîâ ïñåâ-
äîâåðøèí. Çäåñü ìàðêåðû � ñêàëÿðíûå âåëè÷èíû, êîòîðûå, ñ îäíîé ñòîðîíû,
õàðàêòåðèçóþò îñîáåííîñòè ãåîìåòðèè êðàåâîãî ìíîæåñòâà â îêðåñòíîñòè òî÷-
êè [10], ñ äðóãîé ñòîðîíû, ïîçâîëÿþò ñôîðìèðîâàòü äèíàìèêó îáûêíîâåííî-
ãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, èíòåãðàëüíûå êðèâûå êîòîðîãî ñîäåðæàò
âåòâè ñèíãóëÿðíîãî ìíîæåñòâà (ñì., íàïðèìåð, [11]). Âûâîä îñíîâíûõ ñîîò-
íîøåíèé ïðîâåäåí íà îñíîâå àïïðîêñèìàöèè çíà÷èìîé ÷àñòè êëþ÷åâîãî äëÿ
ýòèõ êîíñòðóêöèé óðàâíåíèÿ òèïà çîëîòîãî ñå÷åíèÿ ñ ïîìîùüþ îäíîñòîðîííèõ
ðàçëîæåíèé Òåéëîðà. Ïî ñóòè çäåñü èñïîëüçóåòñÿ àïïðîêñèìàòèâíàÿ òåõíèêà
ñòðóé, øèðîêî ïðèìåíÿåìàÿ â òåîðèè îñîáåííîñòåé ãëàäêèõ îòîáðàæåíèé [12].
Â ðàìêàõ çàÿâëåííûõ îãðàíè÷åíèé íà ïîðÿäîê äèôôåðåíöèðîâàíèÿ òàêæå ïî-
ëó÷åíû íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ ïñåâäîâåðøèí, êîòîðûå âûïèñà-
íû â òåðìèíàõ, îáîáùàþùèõ óñëîâèÿ ñòàöèîíàðíîñòè êðèâèçíû, è ïðèâåäåíû
â íåñêîëüêèõ ýêâèâàëåíòíûõ ôîðìàõ.

2. Ïîñòàíîâêà çàäà÷è. Îïðåäåëåíèÿ, îñíîâíûå ïîíÿòèÿ

Ðàññìàòðèâàåòñÿ çàäà÷à Äèðèõëå íà ïëîñêîñòè äëÿ óðàâíåíèÿ Ãàìèëüòîíà-
ßêîáè:

(1) min
ν : ‖ν‖61

(
ν1
∂u

∂x1
+ ν2

∂u

∂x2

)
+ 1 = 0, uΓ = 0.
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Çäåñü ‖ν‖ =
√
ν2

1 + ν2
2 � íîðìà âåêòîðà ν = (ν1, ν2) ∈ R2. Êðàåâîå óñëî-

âèå â (1) îïðåäåëåíî íà ãðàíèöå Γ = ∂M çàìêíóòîãî ìíîæåñòâà M ⊂ R2.
Γ = {x = (x1, x2) ∈ R2 : x = γ(t), t ∈ T} åñòü ïëîñêàÿ êðèâàÿ, ãäå γ : T → R2

� îòîáðàæåíèå ÷èñëîâîãî èíòåðâàëà T = (t̂, ť), −∞ < t̂ < ť < ∞, íà ïëîñ-
êîñòü. Âåêòîð-ôóíêöèÿ γ(t) =

(
γ1(t), γ2(t)

)
ÿâëÿåòñÿ äâàæäû íåïðåðûâíî äèô-

ôåðåíöèðóåìîé ôóíêöèåé è èìååò êîíå÷íîå ÷èñëî òî÷åê, â êîòîðûõ íå ñóùå-
ñòâóþò ïðîèçâîäíûå òðåòüåãî ïîðÿäêà, íî ñóùåñòâóþò êîíå÷íûå íå ðàâíûå
äðóã äðóãó îäíîñòîðîííèå ïðîèçâîäíûå òðåòüåãî ïîðÿäêà. Ïîëàãàåì òàêæå,
÷òî Γ íå èìååò òî÷åê ñàìîïåðåñå÷åíèÿ è ÿâëÿåòñÿ ðåãóëÿðíîé êðèâîé, ò.å.
γ′(t) =

(
γ′1(t), γ′2(t)

)
6= 0 ∈ R2 äëÿ âñåõ t ∈ T.

Ìèíèìàêñíîå ðåøåíèå [4] çàäà÷è (1) ñ çàìêíóòûì êðàåâûì ìíîæåñòâîì èç-
âåñòíî (ñì. [7]):

(2) u(x) = ρ(x,M),

ãäå ρ(x,M) = inf
m∈M

‖x −m‖ � åâêëèäîâî ðàññòîÿíèå îò òî÷êè x = (x1, x2) äî

ìíîæåñòâà M. Âàæíî îòìåòèòü ñóùåñòâóþùóþ ñâÿçü ýòîé çàäà÷è ñ çàäà÷àìè
ãåîìåòðè÷åñêîé îïòèêè, êîòîðàÿ âûðàæàåòñÿ â òîì, ÷òî ôóíêöèÿ ïðîòèâîïî-
ëîæíîãî çíàêà uk(x) = −ρ(x,M) � ôóíäàìåíòàëüíîå (îáîáùåííîå) ðåøåíèå
[1] çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ ýéêîíàëà(

∂uk
∂x1

)2

+

(
∂uk
∂x2

)2

= 1, uΓ = 0,

ñ òåì æå êðàåâûì óñëîâèåì Γ = ∂M.
Ñ òî÷êè çðåíèÿ òåîðèè ìàòåìàòè÷åñêîãî óïðàâëåíèÿ u(x) = ρ(x,M) ÿâëÿåò-

ñÿ ôóíêöèåé îïòèìàëüíîãî ðåçóëüòàòà â çàäà÷å óïðàâëåíèÿ ïî áûñòðîäåéñòâèþ
ñ êðóãîâîé äèíàìèêîé åäèíè÷íîãî ðàäèóñà [9]. Îòìåòèì îñîáåííîñòè ôóíêöèè
(2), îòíîñÿùèåñÿ ê åå äèôôåðåíöèðóåìîñòè. Åñëè êðàåâîå (öåëåâîå) ìíîæå-
ñòâî M ⊂ R2 çàäà÷è óïðàâëåíèÿ ÿâëÿåòñÿ çàìêíóòûì âûïóêëûì ìíîæåñòâîì,
òî îíî óäîâëåòâîðÿåò îïðåäåëåíèþ ¾ñîëíöà¿ [13]. Â ýòîé ñèòóàöèè ðåøåíèå
óðàâíåíèÿ ýéêîíàëà ÿâëÿåòñÿ ãëàäêèì è åãî ñâîéñòâà âûÿâëÿþòñÿ, íàïðèìåð, ñ
ïîìîùüþ ìåòîäîâ è êîíñòðóêöèé ãåîìåòðè÷åñêîé òåîðèè ïðèáëèæåíèé [14], êî-
òîðûå îñíîâàíû íà îäíîýëåìåíòíîñòè çíà÷åíèé îïåðàòîðà ïðîåöèðîâàíèÿ PMx
òî÷åê x ∈ R2 \M íà M. Íåâûïóêëîå êðàåâîå çàìêíóòîå ìíîæåñòâî M ⊂ R2 íå
ÿâëÿåòñÿ ¾ñîëíöåì¿, ïîñêîëüêó ñóùåñòâóþò òî÷êè x ∈ R2 \M, ó êîòîðûõ ìíî-
æåñòâî ïðîåêöèé (áëèæàéøèõ â åâêëèäîâîé ìåòðèêå òî÷åê) PM (x) ñîäåðæèò
áîëåå îäíîãî ýëåìåíòà, çäåñü card(PM (x)) > 1. Íåâûïóêëîñòü êðàåâûõ óñëîâèé
â (1) âëå÷åò íàëè÷èå ó ôóíêöèè ñèíãóëÿðíîãî ìíîæåñòâà, êîòîðîå îòíîñèòñÿ ê
ìíîæåñòâàì ñèììåòðèè [15] è ñîñòîèò èç îáúåäèíåíèÿ íóëü- è îäíîìåðíûõ ìíî-
ãîîáðàçèé. Òàêèì îáðàçîì, â îáùåì ñëó÷àå u(x) = ρ(x,M) òåðÿåò ãëàäêîñòü,
ÿâëÿÿñü ñóïåðäèôôåðåíöèðóåìîé ôóíêöèåé [5] íà ìíîæåñòâå R2 \M.

Ïðè êîíñòðóèðîâàíèè ñèíãóëÿðíîãî ìíîæåñòâà ïðåæäå íóæíî âûäåëèòü ïñåâ-
äîâåðøèíû � îñîáûå òî÷êè ãðàíèöû êðàåâîãî óñëîâèÿ, êîòîðûå ¾îòâå÷àþò¿ çà
çàðîæäåíèå ãëàäêèõ âåòâåé ìíîæåñòâà ñèììåòðèè. Â ðàìêàõ íàñòîÿùåãî èññëå-
äîâàíèÿ ðàçîáðàí îäèí èç ñàìûõ èíòåðåñíûõ ñëó÷àåâ, êîãäà â ïñåâäîâåðøèíå
ðâóòñÿ ïðîèçâîäíûå äîñòàòî÷íî âûñîêîãî (òðåòüåãî) ïîðÿäêà è ïñåâäîâåðøè-
íà íå ÿâëÿåòñÿ ñòàöèîíàðíîé, è òåì íå ìåíåå îíà ÿâëÿåòñÿ îñîáîé òî÷êîé �
òî÷êîé, ïîðîæäàþùåé ñèíãóëÿðíîñòü.
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Íàïîìíèì îïðåäåëåíèå ëîêàëüíûõ äèôôåìîðôèçìîâ, èñïîëüçóåìûõ äëÿ ëî-
êàëüíîé ïåðåïàðàìåòðèçàöèè êðèâîé. Óêàçàííàÿ ïåðåïàðàìåòðèçàöèÿ ïîçâîëÿ-
åò îïðåäåëèòü ïñåâäîâåðøèíû êðèâîé ñ ïîìîùüþ ïðåäåëà íà ìíîæåñòâå òî÷åê
ïåðåñå÷åíèÿ ïîäêàñàòåëüíûõ ðàâíîé äëèíû (ïîäðîáíåå ñì. [16]).

Îïðåäåëåíèå 1. Ñêàëÿðíûé ëîêàëüíûé äèôôåîìîðôèçì t2 = t2(t1) íåïðåðû-
âåí ñëåâà â òî÷êå t1 = t0 ∈ T è îòîáðàæàåò ëåâóþ ïîëóîêðåñòíîñòü ýòîé
òî÷êè â åå ïðàâóþ ïîëóîêðåñòíîñòü, åñëè âûïîëíÿþòñÿ óñëîâèÿ:
(A1) t2

(
(t0 − δ1, t0)

)
= (t0, t0 + δ2), δ1 > 0, δ2 > 0,

(A2) lim
t1→t0−0

t2(t1) = t0.

Çàìåòèì, ÷òî óñëîâèå (A1) âëå÷åò ñòðîãîå íåðàâåíñòâî t′2(t1) < 0 äëÿ âñåõ
(t0 − δ1, t0), δ1 > 0.

Ëîêàëüíûé äèôôåîìîðôèçì t2 = t2(t1), óäîâëåòâîðÿþùèé íàáîðó óñëîâèé
(A1), (A2), îïðåäåëÿåò ïñåâäîâåðøèíó x(0) = x(t0), t0 ∈ T, êðèâîé Γ, â òîì ñëó-
÷àå, êîãäà t2 = t2(t1) ÿâëÿåòñÿ ëîêàëüíûì ðåøåíèåì óðàâíåíèÿ òèïà óðàâíåíèÿ
ãàðìîíè÷åñêîé ïðîïîðöèè ñ äâóõïàðàìåòðè÷åñêèìè êîýôôèöèåíòàìè (ôîðìó-
ëà (3.5) èç [14]):

2 (γ2(t1)− γ2(t2)) (γ1(t2)− γ1(t1)) +

(
γ′2(t1)

γ′1(t1)
+
γ′2(t2)

γ′1(t2)

)
(γ1(t2)− γ1(t1))

2−

−2
γ′2(t1)γ′2(t2)

γ′1(t1)γ′1(t2)
(γ1(t1)− γ1(t2)) (γ2(t2)− γ2(t1))−

(3) −
(
γ′2(t1)

γ′1(t1)
+
γ′2(t2)

γ′1(t2)

)
(γ2(t2)− γ2(t2))

2
= 0.

Ïîä÷åðêíåì, ÷òî çàäà÷à íàõîæäåíèÿ ôóíêöèé ñî ñâîéñòâàìè (A1), (A2) ñâÿçà-
íà ñ ïðåîäîëåíèåì ïðîáëåìû ìíîæåñòâåííîñòè ëîêàëüíûõ ðåøåíèé óðàâíåíèÿ
(3), ñòÿãèâàþùèõñÿ â îáùóþ ïðåäåëüíóþ òî÷êó, â êîòîðîé ïðîèñõîäèò âûðîæ-
äåíèå êàóñòèêè (ïîäðîáíåå ñì. [17]). Çäåñü âñëåäñòâèå ñèììåòðè÷íîñòè ëåâîé
÷àñòè (3) îòíîñèòåëüíî t1, t2 òîæäåñòâåííûé äèôôåîìîðôèçì t2 = t2(t1) ÿâ-
ëÿåòñÿ î÷åâèäíûì ÷àñòíûì ðåøåíèåì ýòîãî óðàâíåíèÿ. Ïðè ýòîì óêàçàííàÿ
ôóíêöèÿ íå óäîâëåòâîðÿåò óñëîâèþ (A1). Â òî÷êè åå ãðàôèêà (ïðÿìîé) ñòÿãè-
âàþòñÿ äðóãèå ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ (3). Âñòàåò ïðîáëåìà îòñåâà ëîêàëü-
íûõ ðåøåíèé è âûäåëåíèÿ ðåøåíèÿ ñ íóæíûìè ñâîéñòâàìè (A1), (A2). Â ýòîì
ïðîöåññå çàòðóäíèòåëüíî ïðèâëåêàòü ìíîãèå òåîðåìû êëàññè÷åñêîãî àíàëèçà.
Â ÷àñòíîñòè, â îêðåñòíîñòÿõ òî÷åê (t1, t2) = (t0, t0) íà ãðàôèêå òîæäåñòâåí-
íîãî äèôôåîìîðôèçìà íå âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû î ñóùåñòâîâàíèè è
åäèíñòâåííîñòè íåÿâíîãî ðåøåíèÿ óðàâíåíèÿ.

Â äàëüíåéøåì îãðàíè÷èìñÿ èññëåäîâàíèåì ÷àñòíîãî ñëó÷àÿ, êîãäà êðèâàÿ Γ
ÿâëÿåòñÿ ãðàôèêîì ñêàëÿðíîé ôóíêöèè, ò.å. Γ =

{
x ∈ R2 : x =

(
γ1(t), γ2(t)

)
=

=
(
t, f(t)

)
, t ∈ T

}
. Â ýòîì ñëó÷àå óðàâíåíèå (3) ðåäóöèðóåòñÿ ê ýêâèâàëåíòíîìó

áîëåå ïðîñòîìó óðàâíåíèþ (ñì. ôîðìóëó (3.7) èç [16]):

(4) Q(t1, t2) ,
f(t2)− f(t1)

t2 − t1
− −1 + f ′(t1)f ′(t2) + s(t1)s(t2)

f ′(t2) + f ′(t1)
= 0.

Çäåñü s(t) =
√

1 + (f ′(t))2 � äëèíà êàñàòåëüíîãî âåêòîðà.
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Îïðåäåëåíèå 2. Ëåâàÿ îäíîñòîðîííÿÿ ïðîèçâîäíàÿ

(5) t′2(t0 − 0) , lim
t1→t0−0

t2(t1)− t0
t1 − t0

íàçûâàåòñÿ ëåâûì ìàðêåðîì ïñåâäîâåðøèíû x(0) ∈ Γ, çäåñü t2 = t2(t1) óäîâëå-
òâîðÿåò (A1), (A2).

Ëîêàëüíûé äèôôåîìîðôèçì t2 = t2(t1), t1 ∈ (t0 − δ1, t0) â ñèëó ïðèñóùèõ
ñåìåéñòâó äèôôåîìîðôèçìîâ ñâîéñòâ è ñ ó÷åòîì íàëàãàåìûõ óñëîâèé (A1),
(A2) èìååò îáðàòíûé ëîêàëüíûé äèôôåîìîðôèçì t1 = t1(t2), t2 ∈ (t0, t0 + δ2),
ñî ñâîéñòâàìè, àíàëîãè÷íûìè ñâîéñòâàì (A1), (A2), à èìåííî, âûïîëíÿþòñÿ
ñîîòíîøåíèÿ:
(A3) t1

(
(t0, t0 + δ2)

)
= (t0 − δ1, t0), δ2 > 0, δ1 > 0,

(A4) lim
t2→t0+0

t1(t2) = t0.

Îïðåäåëåíèå 3. Ïðàâàÿ îäíîñòîðîííÿÿ ïðîèçâîäíàÿ

(6) t′1(t0 + 0) , lim
t2→t0+0

t1(t2)− t0
t2 − t0

íàçûâàåòñÿ ïðàâûì ìàðêåðîì ïñåâäîâåðøèíû x(0) ∈ Γ, çäåñü t1 = t1(t2) óäî-
âëåòâîðÿåò (A3), (A4).

Çàìåòèì, ÷òî ëåâûé è ïðàâûé ìàðêåðû ïñåâäîâåðøèíû îáðàçóþò ïàðó âçà-

èìîîáðàòíûõ âåëè÷èí (t′1(t0 + 0), t′2(t0 − 0)) =
(
t′1(t0 + 0), 1

t′1(t0+0)

)
=
(

1
t′2(t0−0) ,

t′2(t0 − 0)
)
. Òåîðåòè÷åñêè íå èñêëþ÷åí ñëó÷àé ïàð ìàðêåðîâ ñ íåñîáñòâåííûì

çíà÷åíèåì, ò.å. ïàð âèäà (t′1(t0 + 0), t′2(t0 − 0)) = (0,−∞) è (t′1(t0 + 0), t′2(t0 − 0)) =
(−∞, 0). Ýòîò ñëó÷àé ðàíåå âûÿâëåí ïðè èíûõ óñëîâèÿõ ãëàäêîñòè ãðàíèöû,
íåæåëè òå, ÷òî ðàññìàòðèâàþòñÿ â íàñòîÿùåì èññëåäîâàíèè. Ïîñêîëüêó èìååò
ìåñòî îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ëåâûì è ïðàâûì ìàðêåðàìè ïñåâäîâåð-
øèíû, òî, âîîáùå ãîâîðÿ, äîñòàòî÷íî íàéòè îäèí èç íèõ. Â äàëüíåéøåì ñäåëàåì
óïîð íà èññëåäîâàíèå ñâîéñòâ ëåâîãî ìàðêåðà, â ÷àñòíîñòè, çàéìåìñÿ îòûñêà-
íèåì åãî çíà÷åíèÿ. Âû÷èñëåíèå ïðàâîãî ìàðêåðà îñóùåñòâëÿåòñÿ îáðàùåíèåì
ëåâîãî ìàðêåðà.

Èç (4) ñëåäóåò, ÷òî â òî÷êàõ (t1, t2) =
(
t1, t2(t1)

)
ãðàôèêà ëîêàëüíîãî äèô-

ôåîìîðôèçìà âûïîëíÿåòñÿ ðàâåíñòâî:

∂Q

∂t1
+ t′2

∂Q

∂t2
= 0.

Ïåðåéäåì â íåì ê ïðåäåëó âäîëü ëîêàëüíîãî äèôôåîìîðôèçìà t2 = t2(t1) (ñì.
òàêæå [17]):

(7) lim
t1→t0−0

(
∂Q
(
t1, t2(t1)

)
∂t1

+ t′2
∂Q
(
t1, t2(t1)

)
∂t2

)
= 0.

Ðàâåíñòâî (7) âûðàæàåò óñëîâèå òðàíñâåðñàëüíîãî (¾ïðîòûêàþùåãî¿) ïåðå-
ñå÷åíèÿ çàìûêàíèÿ ãðàôèêà ëîêàëüíîãî äèôôåîìîðôèçìà t2 = t2(t1) ñ ãðà-
ôèêîì òîæäåñòâåííîãî äèôôåîìîðôèçìà t2 = t1 â îáùåé ïðåäåëüíîé òî÷êå
(t1, t2) = (t0, t0).

Îïèðàÿñü íà óñëîâèå òðàíñâåðñàëüíîñòè, âûÿâèì íåêîòîðûå ñâîéñòâà ïñåâ-
äîâåðøèí. È çäåñü âàæíî îòìåòèòü, ÷òî åñëè ïîñòóëèðîâàòü ñóùåñòâîâàíèå



ÑÂÎÉÑÒÂÀ ÍÅÑÒÀÖÈÎÍÀÐÍÛÕ ÏÑÅÂÄÎÂÅÐØÈÍ 2033

ëåâîãî ìàðêåðà, òî èç (7) ñëåäóåò ôîðìóëà åãî âû÷èñëåíèÿ:

(8) t′2(t0 − 0) = − lim
t1→t0−0

∂Q(t1, t2(t1)
)

∂t1
·

(
∂Q
(
t1, t2(t1)

)
∂t2

)−1
 .

3. Îñíîâíîé ðåçóëüòàò

Èññëåäóåì ñëó÷àé ðàçðûâà ïðîèçâîäíîé òðåòüåãî ïîðÿäêà ñêàëÿðíîé ôóíê-
öèè â óñëîâèÿõ íåñòàöèîíàðíîñòè. Íàéäåì ôîðìóëó äëÿ ëåâîãî ìàðêåðà ïñåâäî-
âåðøèíû. Çàòåì âûâåäåì íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ ïñåâäîâåðøèíû
äëÿ íåñòàöèîíàðíîãî ñëó÷àÿ.

Òåîðåìà 1. Åñëè x(0) =
(
t0, f(t0)

)
� ïñåâäîâåðøèíà ïëîñêîé ðåãóëÿðíîé êðè-

âîé Γ =
{
x ∈ R2 : x = x(t) =

(
t, f(t)

)
, t ∈ T

}
, îãðàíè÷èâàþùåé êðàåâîå ìíîæå-

ñòâî M â çàäà÷å Äèðèõëå (1), ãäå ëîêàëüíûé äèôôåîìîðôèçì t2 = t2(t1) ÿâëÿ-
åòñÿ ðåøåíèåì óðàâíåíèÿ (4), ïðè ýòîì óäîâëåòâîðÿåò óñëîâèÿì (A1), (A2)
è èìååò êîíå÷íûé ëåâûé ìàðêåð λ = t′2(t0 − 0) 6 0, à ñêàëÿðíàÿ ôóíêöèÿ
y = f(t) òàêîâà, ÷òî

(9) f ′(t0) 6= 0,

ïðè ýòîì ñóùåñòâóþò êîíå÷íûå îäíîñòîðîííèå ïðîèçâîäíûå òðåòüåãî ïî-
ðÿäêà f ′′′(t0 − 0) è f ′′′(t0 + 0), ïðè÷åì

(10) f ′′′(t0 − 0) 6= f ′′′(t0 + 0),

òî ëåâûé ìàðêåð λ óäîâëåòâîðÿåò ðàâåíñòâó

(11) (3− λ)λ2f ′′′(t0 + 0)− (3λ− 1)f ′′′(t0 − 0) + 3
(f ′′(t0))2f ′(t0)

s2(t0)
(λ− 1)3 = 0.

Äîêàçàòåëüñòâî. Íàéäåì àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ÷àñòíûõ ïðîèçâîäíûõ
ôóíêöèè Q(t1, t2) âäîëü ðåøåíèÿ t2 = t2(t1) â ëåâîé ïîëóîêðåñòíîñòè òî÷êè
t1 = t0 è ïåðåéäåì ê ïðåäåëó, âîñïîëüçîâàâøèñü ñîîòíîøåíèåì (8), êîòîðîå
âûðàæàåò íåÿâíóþ çàâèñèìîñòü äëÿ λ = t′2(t0 − 0).

Èìååì

∂Q

∂t1
(t1, t2) =

(
f(t2)− f(t1)

t2 − t1
− −1 + f ′(t1)f ′(t2) + s(t1)s(t2)

f ′(t2) + f ′(t1)

)′
t1

=

=
−f ′(t1)(t2 − t1) + (f(t2)− f(t1))

(t2 − t1)2
−

(12) −
f ′′(t1)

(
(f ′(t1))2 − s(t1)s(t2)

)
+ s′(t1)s(t2)

(
f ′(t2) + f ′(t1)

)
+ f ′′(t1)(

f ′(t2) + f ′(t1)
)2 .

Âñþäó íèæå äëÿ êðàòêîñòè èçëîæåíèÿ è âûêëàäîê ïðèìåì ðÿä ñîãëàøåíèé
è óïðîùàþùèõ îáîçíà÷åíèé. Äëÿ óïîðÿäî÷åííîé òðîéêè òî÷åê t0, t1, t2 èç T,
òàêèõ, ÷òî t1 < t0 < t2, ãäå öåíòðàëüíûé óçåë t0 � àðãóìåíò ïñåâäîâåðøèíû
êðèâîé Γ, ââåäåì â ðàññìîòðåíèå ïðèðàùåíèÿ ∆1 = t0 − t1 > 0, ∆2 = t2 − t0 >
0, ∆ = ∆1 + ∆2 > 0. Â òîì ñëó÷àå, êîãäà òðîéêà òî÷åê ñâÿçàíà ëîêàëüíûì
äèôôåîìîðôèçìîì t2 = t2(t1), ïðèðàùåíèå ∆2 = ∆2(∆1) = t2(t1) − t1, ò.å. ∆2

çàâèñèò îò ∆1, ïðè÷åì

(13) ∆2 = ∆2(∆1) = t2(t1)−t1 = t′2(t0−0)(t1−t0)+o1(t1−t0) = −λ∆1+o1(∆1).
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Îáîçíà÷åíèå o1(∆1) èñïîëüçîâàíî äëÿ ôóíêöèè, èìåþùåé áîëåå âûñîêèé ïî-
ðÿäîê ìàëîñòè ïî îòíîøåíèþ ê àðãóìåíòó ñëåâà îò òî÷êè ðàññìîòðåíèÿ, ò.å.

çäåñü lim
∆1↓0

o1(∆1)
∆1

= 0. Âñþäó íèæå ¾î ìàëîå¿ ñ íèæíèì èíäåêñîì èìååò àíà-

ëîãè÷íûé ñìûñë. Îáîçíà÷åíèå ε1(∆1), ãäå lim
∆1↓0

ε1(∆1) = 0, è àíàëîãè÷íûå îáî-

çíà÷åíèÿ ñ äðóãèìè èíäåêñàìè èñïîëüçóåòñÿ äëÿ áåñêîíå÷íî ìàëûõ âåëè÷èí.
Ïîëàãàåì òàêæå, ÷òî äâå ñêàëÿðíûå ôóíêöèè y = q(t) è y = g(t) ýêâèâàëåíò-

íû ñëåâà îò òî÷êè t = t0 ∈ R, åñëè lim
t→t0−0

q(t)
g(t) = 1. Â ýòîì ñëó÷àå ïèøåì

q(t) ∼ g(t), t→ t0 − 0.
Äëÿ ðàññìàòðèâàåìîé ôóíêöèè y = f(t) è åå ïðîèçâîäíûõ, âû÷èñëåííûõ

â öåíòðàëüíîì óçëå t0, áóäåì îïóñêàòü îáîçíà÷åíèå àðãóìåíòà, ïðè ýòîì äëÿ
îäíîñòîðîííèõ ïðîèçâîäíûõ óáåðåì îáîçíà÷åíèÿ t0 − 0 è t0 + 0, îïóñêàÿ ñîîò-
âåòñòâóþùèé çíàê ìèíóñ èëè ïëþñ â íèæíèé èíäåêñ:

f ′ = f ′(t0), f ′′ = f ′′(t0), f ′′′− = f ′′′(t0 − 0), f ′′′+ = f ′′′(t0 + 0).

Îáëåã÷åíèå äëÿ àíàëèçà ñîñòàâëÿåò òîò ôàêò, ÷òî ÷àñòíûå ïðîèçâîäíûå ôóíê-
öèè Q(t1, t2) çàâèñÿò îò ñêàëÿðíûõ ôóíêöèé îäíîãî ïåðåìåííîãî. Ïðèìåíèì
ê íèì ôîðìóëó Òåéëîðà â îêðåñòíîñòÿõ ñîîòâåòñòâóþùèõ òî÷åê t1 = t0 è
t2 = t0. Ïðè ýòîì áóäåì ïðèäåðæèâàòüñÿ ëîãèêè, ñîãëàñíî êîòîðîé ñíà÷àëà
ñòðîèì ðàçëîæåíèÿ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè ∆1 > 0 è ∆2 > 0, ïîëó÷àÿ
àïïðîêñèìàöèè ñ ïîðÿäêîì ìàëîñòè îòíîñèòåëüíî ∆12 = max{∆1,∆2} > 0. Çà-
òåì, ñâÿçûâàÿ òî÷êè t1, t2 ëîêàëüíûì äèôôåîìîðôèçìîì t2 = t2(t1), ó÷èòûâàÿ
(13), ôîðìèðóåì àïïðîêñèìàöèè âäîëü ýòîãî äèôôåîìîðôèçìà ñ ñîîòâåòñòâó-
þùèì ïîðÿäêîì ìàëîñòè îòíîñèòåëüíî ∆1 > 0. Îòìåòèì ÷òî íåðàâåíñòâî (10)
ñóùåñòâåííî óñëîæíÿþò ñòðóêòóðó ðàçëîæåíèé â ñðàâíåíèè ñî ñëó÷àåì ãëàä-
êîé êðèâèçíû [18].

Íà÷íåì ñ àïïðîêñèìàöèè óìåíüøàåìîé äðîáè â (12) äî ÷ëåíîâ âòîðîãî ïî-
ðÿäêà âêëþ÷èòåëüíî â ÷èñëèòåëå, äîïóñòèìî ïðåíåáðåãàÿ ÷ëåíàìè áîëåå âû-
ñîêîãî ïîðÿäêà ìàëîñòè ïî îòíîøåíèþ ê ∆12. Çäåñü, à òàêæå äàëåå ïî òåêñòó,
ïðèíèìàÿ âî âíèìàíèå ãðîìîçäêîñòü âû÷èñëåíèé, êîòîðûå âî ìíîãîì íîñÿò
òåõíè÷åñêèé õàðàêòåð, îïóñòèì ðÿä ïðîìåæóòî÷íûõ âûêëàäîê, êîòîðûå ïðè
íåîáõîäèìîñòè ëåãêî ïîääàþòñÿ âîññòàíîâëåíèþ:

−f ′(t1)(t2 − t1) + (f(t2)− f(t1))

(t2 − t1)2
=
−
(
f ′ −∆1f

′′ +
∆2

1

2 f
′′′
− + o1(∆2

12)
)

(∆2 + ∆1)

(∆2 + ∆1)2
+

+
f + ∆2f

′ +
∆2

2

2 f
′′ +

∆3
2

6 f
′′′
+ − f + ∆1f

′ − ∆2
1

2 f
′′ +

∆3
1

6 f
′′′
− + o1(∆3

12)

(∆2 + ∆1)2
=

=
(∆2+∆1)2

2 f ′′ − (∆2 + ∆1)
∆2

1

2 f
′′′
− +

∆3
1

6 f
′′′
− +

∆3
2

6 f
′′′
+ + o1(∆3

12)

(∆2 + ∆1)2
=

=
1

2
f ′′ − ∆2

1

2∆
f ′′′− +

∆3
1

6∆2
f ′′′− +

∆3
2

6∆2
f ′′′+ + o4(∆12).

Ïåðåéäåì ê àïïðîêñèìàöèè âû÷èòàåìîé äðîáè â (12):

f ′′(t1)
(
(f ′(t2))2 + 1− s(t1)s(t2)

)
+ s′(t1)s(t2)(f ′(t2) + f ′(t1))

(f ′(t2) + f ′(t1))2
=

=
s(t2) [f ′′(t1)(s(t2)− s(t1)) + s′(t1)(f ′(t2) + f ′(t1))]

(f ′(t2) + f ′(t1))2
=
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=
(s+ ∆2s

′)(f ′′ −∆1f
′′′
− )(∆2 + ∆1)s′

4(f ′)2 + (∆2 −∆1)2(f ′′)2 + 4(∆2 −∆1)f ′f ′′ + 2∆2
2f
′f ′′′+ + 2∆2

1f
′f ′′′− + o6(∆2

12)
+

+
(s+ ∆2s

′)(s′ −∆1s
′′
−)(f ′ + ∆2f

′′ + f ′ −∆1f
′′) + o5(∆12)

4(f ′)2 + (∆2 −∆1)2(f ′′)2 + 4(∆2 −∆1)f ′f ′′ + 2∆2
2f
′f ′′′+ + 2∆2

1f
′f ′′′− + o6(∆2

12)
=

=
2f ′ss′ + (∆2 + ∆1)f ′′ss′ + (∆2 −∆1)f ′′ss′ − 2∆1f

′ss′′− + 2∆2f
′(s′)2 + o5(∆12)

4(f ′)2 + (∆2 −∆1)2(f ′′)2 + 4(∆2 −∆1)f ′f ′′ + 2∆2
2f
′f ′′′+ + 2∆2

1f
′f ′′′− + o6(∆2

12)
=

=
f ′ss+ ∆2f

′′ss′ −∆1f
′ss′′− + ∆2f

′(s′)2 + o5(∆12)

2(f ′)2 + 2(∆2 −∆1)f ′f ′′ + o7(∆12)
.

Ïîëó÷èëè

∂Q

∂t1
(t1, t2) =

1

2
f ′′ − ∆2

1

2∆
f ′′′− +

∆3
1

6∆
f ′′′− +

∆3
2

6∆
f ′′′+ + o4(∆12)−

−
f ′ss+ ∆2f

′′ss′ −∆1f
′ss′′− + ∆2f

′(s′)2 + o5(∆12)

2(f ′)2 + 2(∆2 −∆1)f ′f ′′ + o7(∆12)
=

=
−∆1f

′(f ′′)2 − ∆2
1

∆ (f ′)2f ′′′− +
∆3

1

3∆ (f ′)2f ′′′− +
∆3

2

3∆ (f ′)2f ′′′+

2(f ′)2 + 2(∆2 −∆1)f ′f ′′ + o7(∆12)
+

+
∆1f

′ss′′− −∆2f
′(s′)2 + o8(∆12)

2(f ′)2 + 2(∆2 −∆1)f ′f ′′ + o7(∆12)
=

=
−∆1(f ′′)2 − ∆2

1

∆ f ′f ′′′− +
∆3

1

3∆f
′f ′′′− +

∆3
2

6∆f
′f ′′′+

2f ′ + 2(∆2 −∆1)f ′′ + o7(∆12)
+

+
+∆1ss

′′
− −∆2(s′)2 + o8(∆12)

2f ′ + 2(∆2 −∆1)f ′′ + o7(∆12)
=

=
−∆1

(f ′′)2(f ′)2

s2 − ∆2
1

∆ f ′f ′′′− +
∆3

1

3∆f
′f ′′′− +

∆3
2

6∆f
′f ′′′+ + ∆1f

′f ′′′− −∆2(s′)2 + o8(∆12)

2f ′ + 2(∆2 −∆1)f ′′ + o7(∆12)
.

×àñòíàÿ ïðîèçâîäíàÿ ∂Q
∂t2

(t1, t2) â ñèëó ñèììåòðèè ôóíêöèè Q(t1, t2) îòíîñè-

òåëüíî ïåðåìåííûõ ïîëó÷àåòñÿ èç ∂Q
∂t1

(t1, t2) öèêëè÷åñêîé ïåðåñòàíîâêîé ïåðå-
ìåííûõ:

∂Q

∂t2
(t1, t2) =

(
f(f2)− f(t1)

t2 − t1
− 1 + f ′(t1)f ′(t2) + s(t1)s(t2)

f ′(t2) + f ′(t1)

)′
t2

=

=
f ′(t2)(t2 − t1)− (f(f2)− f(t1))

(t2 − t1)2
−

(14) −
f ′′(t2)

(
(f ′(t1))2 + 1− s(t1)s(t2)

)
+ s(t1)s′(t1)(f(t2)− f(t1))

(f ′(t2) + f ′(t1))2
.

Íàéäåì àïïðîêñèìàöèþ óìåíüøàåìîé äðîáè â (14):

f ′(t2)(t2 − t1)− (f(f2)− f(t1))

(t2 − t1)2
=(

f ′ + ∆2f
′′ +

∆2
2

2 f
′′′
+ + o9(∆2

12)
)

(∆2 + ∆1)

(∆2 + ∆1)2
−

−
f + ∆2f

′ +
∆2

2

2 f
′′ +

∆3
2

6 f
′′′
+ − f + ∆1f

′ − ∆2
1

2 f
′′ +

∆3
1

6 f
′′′
+ + o10(∆3

12)

(∆2 + ∆1)2
=
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=

(
f ′ + ∆2f

′′ +
∆2

2

2 f
′′′
+ + o9(∆2

12)
)

(∆2 + ∆1)− (∆2 + ∆1)f ′

(∆2 + ∆1)2
+

+
−∆2

2−∆2
1

2 f ′′ − ∆3
2

6 f
′′′
+ −

∆3
1

6 f
′′′
− + o10(∆3

12)

(∆2 + ∆1)2
=

=
(∆2+∆1)2

2 f ′′ + (∆2 + ∆1)
∆2

2

2 f
′′′
+ −

∆3
2

6 f
′′′
+ −

∆2
1

2 f
′′′
− + o11(∆3

12)

(∆2 + ∆1)2
=

=
1

2
f ′′ +

∆2
2

2∆
f ′′′+ −

∆3
2

6∆2
f ′′′+ −

∆3
1

6∆2
f ′′′− + o12(∆12).

Àïïðîêñèìèðóåì âû÷èòàåìóþ äðîáü â (14):

f ′′(t2)
(
(f ′(t1))2 + 1− s(t1)s(t2)

)
+ s(t1)s′(t1)(f(t2)− f(t1))

(f ′(t2) + f ′(t1))2
=

=
s(t1)[f ′′(t2)(s(t1)− s(t2)) + s′(t2)(f ′(t2) + f ′(t1))]

(f ′(t2) + f ′(t1))2
=

=
(s−∆1s

′)(f ′′ + ∆2f ′′′+ )(s−∆1s
′ − s−∆2s

′)(
f ′ + ∆2f ′′ +

∆2
2

2 f
′′′
+ + f ′ −∆1f ′′ +

∆2
1

2 f
′′′
− + o14(∆2

12)
)2 +

+
(s−∆1s

′)(s′ + ∆2s′′+)(f ′ + ∆2f
′′ + f ′ −∆1f

′′) + o13(∆12)(
f ′ + ∆2f ′′ +

∆2
2

2 f
′′′
+ + f ′ −∆1f ′′ +

∆2
1

2 f
′′′
− + o14(∆2

12)
)2 =

=
(
−(∆1 + ∆2)f ′′ss′ + 2f ′ss′ + (∆2 −∆1)f ′′ss′ + 2∆2f

′ss′′+−

−2∆1f
′(s′)2 + o13(∆12)

)
/
(

4(f ′)2 + 4(∆2 −∆1)f ′f ′′+

+(∆2 −∆1)2(f ′′)2 + 2∆2
2f
′f ′′′+ + 2∆2

1f
′f ′′′− + o15(∆2

12)
)

=

=
(
−(∆1 + ∆2)f ′′ss′ + 2f ′ss′ + (∆2 −∆1)f ′′ss′ + 2∆2f

′ss′′+−

−2∆1f
′(s′)2 + o13(∆12)

)
/
(

4(f ′)2 + 4(∆2 −∆1)f ′f ′′+

+(∆2 −∆1)2(f ′′)2 + 2∆2
2f
′f ′′′+ + 2∆2

1f
′f ′′′− + o15(∆2

12)
)
.

Òîãäà
∂Q

∂t2
(t1, t2) =

1

2
f ′′ +

∆2
2

2∆
f ′′′+ −

∆3
2

6∆2
f ′′′+ −

∆3
1

6∆2
f ′′′− + o12(∆12)−

−
2f ′ss′ − 2∆1f

′′ss′ + 2∆2f
′ss′′+ − 2∆1f

′(s′)2 + o13(∆12)

2(f ′)2 + 2(∆2 −∆1)f ′f ′′ + o16(∆12)
=

=
(f ′)2f ′′ + (∆2 −∆1)f ′(f ′′)2 +

∆2
2

∆ (f ′)2f ′′′+ −
∆3

1

3∆2
(f ′)2f ′′′+

2(f ′)2 + 2(∆2 −∆1)f ′f ′′ + o16(∆12)
+

+
− ∆3

2

3∆2 (f ′)2f ′′′− + o17(∆12)

2(f ′)2 + 2(∆2 −∆1)f ′f ′′ + o16(∆12)
=

=
−f ′ss′ + ∆1f

′′ss′ −∆2f
′ss′′+ + ∆1f

′(s′)2 + o17(∆12)

2f ′ + 2(∆2 −∆1)f ′′ + o16(∆12)
=

=
∆2(f ′′)2 +

∆2
2

∆ f ′f ′′′+ −
∆3

2

3∆2 f
′f ′′′+ −

∆3
1

3∆2 f
′f ′′′−

2f ′ + 2(∆2 −∆1)f ′′ + o16(∆12)
+
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+
−∆2

(
f ′f ′′′+ + (f ′′)2

s2

)
+ ∆1(s′)2 + o17(∆12)

2f ′ + 2(∆2 −∆1)f ′′ + o16(∆12)
=

=
∆2(f ′′)2(f ′)2

s2 +
∆2

2

∆ f ′f ′′′+ −
∆3

2

3∆2 f
′f ′′′+ −

∆3
1

3∆2 f
′f ′′′− −∆2f

′f ′′′+ + ∆1(s′)2 + o17(∆12)

2f ′ + 2(∆2 −∆1)f ′′ + o16(∆12)
.

Íàêîíåö ïðèâëå÷åì ðàçëîæåíèå (13) äëÿ ëåâîãî ìàðêåðà è íàéäåì ðàçëîæåíèÿ
÷àñòíûõ ïðîèçâîäíûõ âäîëü äèôôåîìîðôèçìà. Èìååì

∂Q
(
t1, t2(t1)

)
∂t1

=
−∆1

(f ′′)2(f ′)2

s2 − ∆2
1

∆1(1−λ)+o2(∆1)f
′f ′′′− +

∆3
1

3(∆1(1−λ)+o2(∆1))2 f
′f ′′′−

2f ′ − 2∆1(1 + λ)f ′′ + o2(∆1)
+

+

(−λ∆1+o1(∆1))3

3(∆1(1−λ)+o2(∆1))2 + ∆1f
′f ′′′− − (−λ∆1 + o1(∆1))(s′)2 + o3(∆1)

2f ′ − 2∆1(1 + λ)f ′′ + o2(∆1)
=

= ∆1

[ (f ′′)2(f ′)2

s2 − ∆1

∆1(1−λ)+o2(∆1)f
′f ′′′− +

∆2
1

3(∆1(1−λ)+o2(∆1))2 f
′f ′′′−

2f ′ − 2∆1(1 + λ)f ′′ + o2(∆1)

+

(−λ+ε1(∆1))(−λ∆1+o1(∆1))2

3(∆1(1−λ)+o2(∆1))2 f ′f ′′′+ + f ′f ′′′− − (−λ∆1 + o1(∆1))(s′)2 + ε3(∆1)

2f ′ − 2∆1(1 + λ)f ′′ + o2(∆1)

]
.

Çäåñü, êàê è îãîâîðåíî âûøå, ε1(∆1)→ 0, ε3(∆1)→ 0, êîãäà ∆1 ↓ 0. Íå òðóäíî
âû÷èñëèòü ïðåäåë äðîáåé â êâàäðàòíûõ ñêîáêàõ, ïîñêîëüêó òàì ôèãóðèðóþò
îòíîøåíèÿ áåñêîíå÷íî ìàëûõ âåëè÷èí îäèíàêîâîãî ïîðÿäêà. Ïîñëå ÷åãî ïîëó-
÷àåì ýêâèâàëåíòíîñòü ôóíêöèé

∂Q

∂t1

(
t1, t2(t1)

)
∼ (t0 − t1)

[
− (f ′′)2(f ′)2

s2 − 1
1−λf

′f ′′′− + 1
(1−λ)2 f

′f ′′′−

2f ′
+

+
− λ3

(1−λ)2 f
′f ′′′+ + f ′f ′′′− + λ(s′)2

2f ′

]
, t1 → t0 − 0.

Àíàëîãè÷íî ïîñòóïèì ñî âòîðîé ÷àñòíîé ïðîèçâîäíîé:

∂Q

∂t2

(
t1, t2(t1)

)
=

∆2(f ′′)2(f ′)2

s2 +
∆2

2

∆ f ′f ′′′+ −
∆3

2

3∆2 f
′f ′′′+ −

∆3
1

3∆2 f
′f ′′′−

2f ′ + 2(∆2 −∆1)f ′′ + o16(∆12)
+

+
−∆2f

′f ′′′+ + ∆1(s′)2 + o17(∆12)

2f ′ + 2(∆2 −∆1)f ′′ + o16(∆12)
=

=

(−λ∆1+o1(∆1))(f ′′)2(f ′)2

s2 + (−λ∆1+o1(∆1))2

∆1(1−λ)+o1(∆1)f
′f ′′′+ −

(−λ∆1+o1(∆1))3

3(∆1(1−λ)+o1(∆1))2 f
′f ′′′+

2f ′ + 2(∆2 −∆1)f ′′ + o16(∆12)
+

+
− ∆3

1

3(∆1(1−λ)+o1(∆1))2 f
′f ′′′− − (∆1(1− λ) + o1(∆1))f ′f ′′′− + ∆1(s′)2 + o17(∆12)

2f ′ − 2∆1(1 + λ)f ′′ + o4(∆1)
=

= ∆1

[
(−λ+ ε1(∆1))(f ′′)2(f ′)2

s2
+

(−λ∆1 + o1(∆1))2

∆1(1− λ) + o1(∆1)
f ′f ′′′+ −

− (−λ+ ε1(∆1))(−λ∆1 + o1(∆1))2

3(∆1(1− λ) + o1(∆1))2
f ′f ′′′+ −

∆2
1

3(∆1(1− λ) + o1(∆1))2
f ′f ′′′−−

−(−λ+ ε1(∆1))f ′f ′′′+ + (s′)2 + ε17(∆1)

]
/
(

2f ′ − 2∆1(1 + λ)f ′′ + o4(∆1)
)
.
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Âû÷èñëèâ ïðåäåë äðîáè, ïîëó÷èì ýêâèâàëåíòíîñòü ôóíêöèé:

∂Q
(
t1, t2(t1)

)
∂t2

∼

[ −λ(f ′′)2(f ′)2

s2 + λ2

1−λf
′f ′′′+ + λ3

3(1−λ)2 f
′f ′′′+ − 1

3(1−λ)2 f
′f ′′′−

2f ′
+

+
λf ′f ′′′+ + (s′)2

2f ′

]
, t1 → t0 − 0.

Îòìåòèì, ÷òî óñëîâèå íåñòàöèîíàðíîñòè (9) ïðè âû÷èñëåíèè àïïðîêñèìàöèé
∂Q(t1,t2(t1))

∂t1
è ∂Q(t1,t2(t1))

∂t2
ãàðàíòèðóåò ñóùåñòâîâàíèå êîíå÷íûõ ïðåäåëüíûõ âå-

ëè÷èí â ðàçëîæåíèÿõ.
Ïåðåéäåì ê ïðåäåëó, ðóêîâîäñòâóÿñü óñëîâèåì òðàíñâåðñàëüíîñòè (8):

lim
t1→t0−0

∂Q(t1,t2(t1))
∂t1

∂Q(t1,t2(t1))
∂t2

=

(
− (f ′′)2(f ′)2

s2
− 1

1− λ
f ′f ′′′− +

1

3(1− λ)2
f ′f ′′′−−

− λ3

3(1− λ)2
f ′f ′′′+ + f ′f ′′′− + λ(s′)2

)
/

(
−λ(f ′′)2(f ′)2

s2
+

λ2

1− λ
f ′f ′′′+ +

+
λ3

3(1− λ)2
f ′f ′′′+ −

1

3(1− λ)2
f ′f ′′′− + λf ′f ′′′+ + (s′)2

)
.

Ñòàëî áûòü,

λ =

(
− (f ′′)2(f ′)2

s2
− 1

1− λ
f ′f ′′′− +

1

3(1− λ)2
f ′f ′′′−−

− λ3

3(1− λ)2
f ′f ′′′+ + f ′f ′′′− + λ(s′)2

)
/

(
−λ(f ′′)2(f ′)2

s2
+

λ2

1− λ
f ′f ′′′+ +

+
λ3

3(1− λ)2
f ′f ′′′+ −

1

3(1− λ)2
f ′f ′′′− + λf ′f ′′′+ + (s′)2

)
.

Îòñþäà

(f ′′)2(f ′)2

s2
+

1

1− λ
f ′f ′′′− −

1

3(1− λ)2
f ′f ′′′− +

λ3

3(1− λ)2
f ′f ′′′+ − f ′f ′′′− − λ(s′)2 =

=
−λ2(f ′′)2(f ′)2

s2
+

λ3

1− λ
f ′f ′′′+ +

λ4

3(1− λ)2
f ′f ′′′+ −

λ

3(1− λ)2
f ′f ′′′− +λ2f ′f ′′′+ +λ(s′)2.

(f ′′)2(f ′)2

s2
+

(
1

1− λ
− 1

3(1− λ)2
− 1

)
f ′f ′′′− +

λ3

3(1− λ)2
f ′f ′′′+ − λ(s′)2 =

(15)

=
−λ2(f ′′)2(f ′)2

s2
+

(
λ3

1− λ
− λ4

3(1− λ)2
+ λ2

)
f ′f ′′′+ −

λ

3(1− λ)2
f ′f ′′′− + λ(s′)2.

Çäåñü
1

1− λ
− 1

3(1− λ)2
− 1 =

−1 + 3λ− 3λ2

3(1− λ)2
,

λ3

1− λ
+

λ4

3(1− λ)2
+ λ2 = λ2λ

2 − 3λ+ 3

3(1− λ)2
.
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Ïîýòîìó ðàâåíñòâî (15) ïðèíèìàåò âèä

(f ′′)2(f ′)2

s2
+
−1 + 3λ− 3λ2

3(1− λ)2
f ′f ′′′− +

λ3

3(1− λ)2
f ′f ′′′+ − λ(s′)2 =

=
−λ2(f ′′)2(f ′)2

s2
+ λ2λ

2 − 3λ+ 3

3(1− λ)2
f ′f ′′′+ −

λ

3(1− λ)2
f ′f ′′′− + λ(s′)2.

Ó÷òåì óñëîâèå íåñòàöèîíàðíîñòè (9), ñîêðàòèì îáå ÷àñòè óðàâíåíèÿ íà f ′(t0) 6=
6= 0 è âûïîëíèì àëãåáðàè÷åñêèå ïðåîáðàçîâàíèÿ:

−1 + 3λ− 3λ2

3(1− λ)2
f ′′′− +

λ

3(1− λ)2
f ′′′− +

λ3

3(1− λ)2
f ′′′+ − λ2λ

2 − 3λ+ 3

3(1− λ)2
f ′′′+ =

=
−λ2(f ′′)2f ′

s2
+ 2λ(s′)2 − (f ′′)2f ′

s2
.

−1 + 4λ− 3λ2

3(1− λ)2
f ′′′− − λ2 (λ− 1)(λ− 3)

3(1− λ)2
f ′′′+ =

−λ2(f ′′)2f ′

s2
+ 2λ(s′)2 − (f ′′)2f ′

s2
.

−3(λ− 1)(λ− 1/3)

3(1− λ)2
f ′′′−−λ2 (λ− 1)(λ− 3)

3(1− λ)2
f ′′′+ =

−λ2(f ′′)2f ′

s2
+2λ

(f ′′)2f ′

s2
− (f ′′)2f ′

s2
.

3λ− 1

3(λ− 1)
f ′′′− − λ2 3− λ

3(λ− 1)
f ′′′+ = − (f ′′)2f ′

s2
(λ2 − 2λ+ 1).

λ2 3− λ
3(λ− 1)

f ′′′+ −
3λ− 1

3(λ− 1)
f ′′′− +

(f ′′)2f ′

s2
(λ− 1)2 = 0.

Îòñþäà ñëåäóåò

(3− λ)λ2f ′′′+ − (3λ− 1)f ′′′− + 3
(f ′′)2f ′

s2
(λ− 1)3 = 0.

Ïîëó÷èëè (11). Òåîðåìà äîêàçàíà.
�

Ñëåäñòâèå 1. Â óñëîâèÿõ òåîðåìû 1 ðàâåíñòâî (11) ýêâèâàëåíòíî ðàâåíñòâó

(16) (3λ2 − λ3)k′+ + (1− 3λ)k′− = 0.

Çäåñü k′− = k′(t0 − 0) � îäíîñòîðîííÿÿ ëåâàÿ ïðîèçâîäíàÿ êðèâèçíû, k′+ =
k′(t0 + 0) � îäíîñòîðîííÿÿ ïðàâàÿ ïðîèçâîäíàÿ êðèâèçíû.

Äîêàçàòåëüñòâî. Óìíîæèì îáå ÷àñòè ðàâåíñòâà (11) íà f ′(t0) 6= 0. Âîñïîëüçî-

âàâøèñü ôîðìóëàìè äëÿ îäíîñòîðîííèõ êðèâèçí k′± =
f ′f ′′′± s

2−3(f ′′)2(f ′)2

s5 , âûðà-

çèì f ′f ′′′± = k′±s
3 +3 (f ′′)2(f ′)2

s2 è ïîäñòàâèì â ïîëó÷åííîå ðàâåíñòâî. Îñóùåñòâèì
àëãåáðàè÷åñêèå ïðåîáðàçîâàíèÿ:

(3− λ)λ2

(
k′+s

3 + 3
(f ′′)2(f ′)2

s2

)
+ (1− 3λ)

(
k′−s

3 + 3
(f ′′)2(f ′)2

s2

)
+

+3
(f ′′)2(f ′)2

s2
(λ− 1)3 = 0,

(3λ2−λ3)k′+s
3 + (1− 3λ)k′−s

3 + 3
(f ′′)2(f ′)2

s2

(
3λ2 − λ3 + (1− 3λ) + (λ− 1)3

)
= 0,

(3λ2 − λ3)k′+s
3 + (1− 3λ)k′−s

3 + 3
(f ′′)2(f ′)2

s2

(
−(λ− 1)3 + (λ− 1)3

)
= 0,

(3λ2 − λ3)k′+s
3 + (1− 3λ)k′−s

3 = 0.

Ñîêðàòèâ íà s3 6= 0, ïîëó÷èì (16). �
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Çàìå÷àíèå 1. Óñëîâèå (16) ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì ñóùåñòâîâà-
íèÿ íåñòàöèîíàðíîé ïñåâäîâåðøèíû ãðàíèöû êðàåâîãî ìíîæåñòâà â çàäà÷å (1)
â êëàññå êðèâûõ ñ ðàçðûâíîé ãëàäêîñòüþ êðèâèçíû. Ôîðìàëüíî ðàâåíñòâî (16)
ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ ïñåâäîâåðøèíû è íà ìíîæå-
ñòâå ñòàöèîíàðíûõ òî÷åê, èáî îäíîñòîðîííèå êðèâèçíû ïðè óñëîâèè f ′(t0) = 0
ðàâíû íóëþ è ðàâåíñòâî (16) âûïîëíÿåòñÿ.

Ñëåäñòâèå 2. Åñëè â óñëîâèÿõ òåîðåìû 1 äîïóñòèòü ãëàäêîñòü êðèâèçíû
ãðàíèöû êðàåâîãî ìíîæåñòâà â ïñåâäîâåðøèíå x(0) =

(
t0, f(t0)

)
, t0 ∈ T, òî â

ïñåâäîâåðøèíå âûïîëíÿåòñÿ óñëîâèå ñòàöèîíàðíîñòè êðèâèçíû:

(17) k′(t0) = 0.

Äîêàçàòåëüñòâî. Ïî óñëîâèþ â ïñåâäîâåðøèíå èìååì ðàâåíñòâî îäíîñòîðîí-
íèõ êðèâèçí êëàññè÷åñêîé êðèâèçíå:

k′(t0 − 0) = k′(t0 + 0) = k′(t0).

Òîãäà (16) ïðèíèìàåò âèä

(3λ2 − λ3)k′ + (1− 3λ)k′ = 0,

(3λ2 − λ3 + 1− 3λ)k′ = 0,

(1− λ)3k′ = 0.

Ïîñëåäíåå ðàâåíñòâî âíå çàâèñèìîñòè îò çíà÷åíèÿ ëåâîãî ìàðêåðà λ 6 0 ýêâè-
âàëåíòíî (17). �

Çàìå÷àíèå 2. Óñëîâèå (17) ïîëó÷åíî ðàíåå [18] êàê íåîáõîäèìîå óñëîâèå
ñóùåñòâîâàíèÿ ïñåâäîâåðøèíû òðèæäû ãëàäêîé êðèâîé. Â ýòîì ñìûñëå Òåî-
ðåìà 1 è Ñëåäñòâèå 2 óñòàíàâëèâàþò äëÿ çàäà÷è (1) ñîãëàñîâàííîå ñîîòâåòñòâèå
ìåæäó ãðàíèöàìè êðàåâûõ ìíîæåñòâ, èìåþùèõ ãëàäêóþ êðèâèçíó è êðèâèçíó
ñ ðàçðûâàìè åå ãëàäêîñòè.

4. Ïðèìåð çàäà÷è óïðàâëåíèÿ ïî áûñòðîäåéñòâèþ

Äëÿ çàäà÷è (1) ïðèìåì â êà÷åñòâå êðàåâîãî ìíîæåñòâà ïîäãðàôèê ôóíêöèè

(18) f(t) =

{
−(t− 2)−1 + (t− 1)3/2, t 6 1,

(t− 0.5)2 + 0.75, t > 1.

Îòìåòèì, ÷òî M ÿâëÿåòñÿ íåâûïóêëûì ìíîæåñòâîì. Åãî ãðàíèöà èìååò ïñåâ-
äîâåðøèíó â òî÷êå x(0) =

(
t0, t2(t0)

)
= (1, 1), ïðè÷åì f(1) = 1, f ′(1) = 1,

f ′′(1) = 2, f ′′′(1 − 0) = 9, f ′′′(1 + 0) = 0. Òàêèì îáðàçîì, ïðîèçâîäíàÿ ïåðâî-
ãî ïîðÿäêà îòëè÷íà îò íóëÿ, à îäíîñòîðîííèå ïðîèçâîäíûå òðåòüåãî ïîðÿäêà
ñóùåñòâóþò, êîíå÷íû è íå ðàâíû äðóã äðóãó. Íàõîäèìñÿ â óñëîâèÿõ òåîðåìû.
Ëåâûé ìàðêåð λ = t′2(t0 − 0) â ïñåâäîâåðøèíå óäîâëåòâîðÿåò ðàâåíñòâó (11),
êîòîðîå äëÿ äàííûõ óñëîâèé ïðèíèìàåò âèä

(19) 2λ3 − 6λ2 − 3λ+ 1 = 0.

Çíà÷åíèå ìàðêåðà íàõîäèì ñ ïîìîùüþ ÷èñëåííûõ ïðîöåäóð, çäåñü λ ≈ −0.63122.
Çàìåòèì, ÷òî äâà äðóãèõ êîðíÿ (19) ÿâëÿþòñÿ êîìïëåêñíûìè ÷èñëàìè.

Íàéòè â ÿâíîé àíàëèòè÷åñêîé ôîðìå ðåøåíèå êðàåâîé çàäà÷è (1) óäàåòñÿ
â î÷åíü ðåäêèõ ñëó÷àÿõ. Ïîýòîìó àêòóàëüíîé ïðîáëåìîé ÿâëÿåòñÿ ñîçäàíèå
÷èñëåííûõ àëãîðèòìîâ (ïîäðîáíåå ñì. [11]). Ïðè ïîñòðîåíèè ðåøåíèÿ ðàññìàò-
ðèâàåìîé çàäà÷è ñ îãðàíè÷åíèåì (18) òàêæå óäàåòñÿ ïðîäâèíóòüñÿ, ïðèìåíÿÿ



ÑÂÎÉÑÒÂÀ ÍÅÑÒÀÖÈÎÍÀÐÍÛÕ ÏÑÅÂÄÎÂÅÐØÈÍ 2041

âû÷èñëèòåëüíûå àëãîðèòìû. Íà ðèñóíêå 1 ïðåäñòàâëåíû ãðàôèêè íàéäåííûõ
ñ ïîìîùüþ ÷èñëåííûõ ïðîöåäóð ëîêàëüíûõ äèôôåîìîðôèçìîâ � ôóíêöèè
t2 = t2(t1), îïðåäåëåííîé ñëåâà îò òî÷êè t1 = t0 = 1, è åé îáðàòíîé ôóíê-
öèè t1 = t1(t2), îïðåäåëåííîé ñïðàâà îò òî÷êè t2 = t0 = 1. Çäåñü îòìåòèì, ÷òî ñ
òî÷êè çðåíèÿ ãåîìåòðèè ëåâûé ìàðêåð λ ≈ −0.63122 ÿâëÿåòñÿ òàíãåíñîì óãëà
íàêëîíà ïî îòíîøåíèþ ê îñè t1 ëåâîé êàñàòåëüíîé ê ãðàôèêó t2 = t2(t1) â òî÷-
êå (t1, t2) = (1, 1). Ñîîòâåòñòâåííî, ïðàâûé ìàðêåð µ = 1

λ ≈ −1.58423 ÿâëÿåòñÿ
òàíãåíñîì óãëà íàêëîíà ïî îòíîøåíèþ ê îñè t2 ïðàâîé êàñàòåëüíîé ê ãðàôè-
êó t1 = t1(t2) â òî÷êå (t1, t2) = (1, 1). Ðàñïîëàãàÿ îäíîñòîðîííèìè ìàðêåðàìè
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Ðèñ. 1. Ñêëåéêà ãðàôèêîâ âçàèìîîáðàòíûõ ëîêàëüíûõ äèô-
ôåîìîðôèçìîâ â îáùåé ïðåäåëüíîé òî÷êå.

è íàéäåííûìè ëîêàëüíûìè äèôôåîìîðôèçìàìè, ôîðìèðóåì âåòâü ñèíãóëÿð-
íîãî ìíîæåñòâà � äóãó êðèâîé, íà êîòîðîé ìèíèìàêñíîå ðåøåíèå çàäà÷è (1)
èìååò ðàçðûâíûé ãðàäèåíò. Ãîâîðÿ î ïðèëîæåíèÿõ, ñëåäóåò ïîä÷åðêíóòü, ÷òî
ìèíèìàêñíîå ðåøåíèå u = u(x) çàäà÷è (1) ñîâïàäàåò ñ ôóíêöèåé îïòèìàëüíî-
ãî ðåçóëüòàòà äëÿ ñîîòâåòñòâóþùåé çàäà÷è óïðàâëåíèÿ ïî áûñòðîäåéñòâèþ ñ
íåâûïóêëûì öåëåâûì ìíîæåñòâîìM. Ïðè ýòîì âåòâü ñèíãóëÿðíîãî ìíîæåñòâà
îòíîñèòñÿ ê ðàññåèâàþùèì êðèâûì (ñì. Ðèñ. 2), îáëàäàþùåé òåì ñâîéñòâîì,
÷òî îïòèìàëüíûå òðàåêòîðèè ñ íà÷àëüíîé òî÷êîé íà ýòîé ëèíèè, à èõ òóò ðîâíî
äâå, óñòðåìëåíû â ðàçíûå ñòîðîíû îò êðèâîé. Ëèíèè óðîâíÿ Φ ôóíêöèè îïòè-
ìàëüíîãî ðåçóëüòàòà u = u(x) ïîêàçàíû íà Ðèñ. 2 ñ øàãîì 0.5. Àïïðîêñèìàöèÿ
ãðàôèêà íåãëàäêîé ôóíêöèè îïòèìàëüíîãî ðåçóëüòàòà íà ïðÿìîóãîëüíîé ñåòêå
ñ ÿ÷åéêàìè 0.1× 0.1 ïðåäñòàâëåíà íà Ðèñ. 3.
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Ðèñ. 2. Ãðàíèöà Γ öåëåâîãî ìíîæåñòâà M, ëèíèè óðîâíÿ Φ
ôóíêöèè îïòèìàëüíîãî ðåçóëüòàòà u = u(x) è ðàññåèâàþùàÿ
êðèâàÿ L.
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Ðèñ. 3. Ãðàôèê ôóíêöèè îïòèìàëüíîãî ðåçóëüòàòà u = u(x).
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