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Abstract. The paper considers the initial-boundary-value problem
for the radiative transfer equation in an inhomogeneous medium with
a collision integral that describes Compton scattering by free electrons.
The problem is reduced to abstract Cauchy problem in Banach space.
Using the theory of strongly continuous semigroups, well-posedness of
the Cauchy problem is proved. Conditions of the operator semigroup
stability are found.
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1. Ââåäåíèå

Â ñâÿçè ñ øèðîêèì âíåäðåíèåì ïåðñïåêòèâíûõ òåõíîëîãèé â îáëàñòè ðàç-
ðàáîòêè èìïóëüñíûõ èñòî÷íèêîì ðåíòãåíîâñêîãî èçëó÷åíèÿ, è ñîâðåìåííûìè
èññëåäîâàíèÿìè àñòðîôèçè÷åñêèõ ïðîöåññîâ, áûñòðî ïðîòåêàþùèõ â ðàçëè÷-
íûõ íåáåñíûõ îáúåêòàõ, âåñüìà àêòóàëüíû ñòàíîâÿòñÿ çàäà÷è ìàòåìàòè÷åñêî-
ãî ìîäåëèðîâàíèÿ íåñòàöèîíàðíîãî âçàèìîäåéñòâèÿ ãàììà-èçëó÷åíèÿ ñ âåùå-
ñòâîì [1�3]. Ïðè òàêîì âçàèìîäåéñòâèè ïðåîáëàäàþùèì ýôôåêòîì ñòàíîâèòñÿ
íåêîãåðåíòíîå ðàññåÿíèå, êîãäà ãàììà-êâàíò ñòàëêèâàÿñü ñ ýëåêòðîíîì òåðÿåò
÷àñòü ñâîåé ýíåðãèè â çàâèñèìîñòè îò óãëà ðàññåÿíèÿ. Ñîîòíîøåíèå âûðàæà-
þùåå ñâÿçü ýíåðãèè äî è ïîñëå ñòîëêíîâåíèÿ ôîòîíà ñ ýëåêòðîíîì íîñèò íà-
çâàíèå çàêîíà Êîìïòîíà [3]. Â ïîñëåäíåå âðåìÿ íàáëþäàåòñÿ ñòàáèëüíûé ðîñò
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èññëåäîâàíèé äëÿ ìîäåëåé ðåíòãåíîâñêîé òîìîãðàôèè â ñðåäàõ ñ ïðåîáëàäàíè-
åì êîìïòîíîâñêîãî ðàññåÿíèÿ [4�7].

Íåñìîòðÿ íà òàêîé áîëüøîé èíòåðåñ ê óêàçàííûì ìîäåëÿì, âîïðîñû ñòðî-
ãîãî îáîñíîâàíèÿ êîððåêòíîñòè êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ ïåðåíîñà èçëó-
÷åíèÿ ñ êîìïòîíîâñêèì ðàññåÿíèåì äîñòàòî÷íî äîëãî îñòàâàëèñü áåç îòâåòà.
Â ðàáîòàõ Àíèêîíîâà Ä.Ñ., Êîíîâàëîâîé Ä.Ñ. [8�10] è ïîñëåäóþùèõ ñòàòüÿõ
ßðîâåíêî È.Ï. [11, 12] ðàññìàòðèâàëèñü âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåí-
íîñòè ðåøåíèé êðàåâûõ çàäà÷ äëÿ ñòàöèîíàðíîãî óðàâíåíèÿ ïåðåíîñà èçëó-
÷åíèÿ ñ êîìïòîíîâñêèì ðàññåÿíèåì â ðàçëè÷íûõ ôóíêöèîíàëüíûõ ïðîñòðàí-
ñòâàõ. Â [8�12] äîêàçàíû òåîðåìû îá îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è áåç
òðàäèöèîííûõ â òåîðèè ïåðåíîñà óñëîâèé ¾òèïà íåðàâåíñòâ¿ íà êîýôôèöèåí-
òû óðàâíåíèÿ.

Â äàííîé ðàáîòå èññëåäîâàíû âîïðîñû êîððåêòíîñòè çàäà÷è Êîøè äëÿ íåñòà-
öèîíàðíîãî óðàâíåíèÿ ïåðåíîñà èçëó÷åíèÿ ñ êîìïòîíîâñêèì ðàññåÿíèåì. Äî-
êàçàòåëüñòâî êîððåêòíîñòè çàäà÷è ïðîâåäåíî ñ ïðèâëå÷åíèåì òåîðèè ñèëüíî
íåïðåðûâíûõ ïîëóãðóïï, ïóòåì ñâåäåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è ê àáñòðàêò-
íîé çàäà÷å Êîøè [13,14]. Ïîêàçàíî, ÷òî ñïåêòð ãåíåðàòîðà ñèëüíî íåïðåðûâíîé
ïîëóãðóïïû ðàçðåøàþùèõ îïåðàòîðîâ ñîäåðæèòñÿ â ëåâîé ïîëóïëîñêîñòè êîì-
ïëåêñíîé ïëîñêîñòè, è ïîëó÷åíû óñëîâèÿ ñòàáèëèçàöèè ðåøåíèÿ çàäà÷è Êîøè.

2. Óðàâíåíèå ïåðåíîñà èçëó÷åíèÿ, íà÷àëüíûå è ãðàíè÷íûå

óñëîâèÿ. Îñíîâíûå îãðàíè÷åíèÿ

Ïðåäìåòîì èññëåäîâàíèÿ ÿâëÿåòñÿ èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå
ïåðåíîñà èçëó÷åíèÿ ñëåäóþùåãî âèäà [10]

(1)

(
1

c

∂

∂t
+ ω · ∇r + µ(r, α)

)
I(r, ω, α, t) =

=
1

4π

∫
Ωω,α

σ(r, ω · ω′, α)I(r, ω′, g(ω · ω′, α), t)dω′.

Óðàâíåíèå (1) îïèñûâàåò ðàñïðîñòðàíåíèå ðàäèàöèè â âûïóêëîé îãðàíè÷åí-
íîé îáëàñòè G ⊂ R3, ãäå ôóíêöèÿ I(r, ω, α, t) èíòåðïðåòèðóåòñÿ êàê ïëîòíîñòü
ïîòîêà ãàììà-êâàíòîâ ñ ýíåðãèåé α ∈ [α, α] â ìîìåíò âðåìåíè t ∈ [0,∞) â òî÷-
êå r ∈ G, ïåðåìåùàþùèõñÿ â íàïðàâëåíèè ω ∈ Ω = {ω ∈ R3 : |ω| = 1} ñî
ñêîðîñòüþ c. Ôóíêöèÿ g îïðåäåëÿåòñÿ ñîîòíîøåíèåì Êîìïòîíà [3] è âûðàæàåò
ñâÿçü ìåæäó ýíåðãèåé ôîòîíà äî ðàññåÿíèÿ α′ = g(ω · ω′, α) è ýíåðãèåé ïîñëå
ðàññåÿíèÿ α:

g(ω · ω′, α) =
α

1 + α(ω · ω′ − 1)
.

Äëÿ óäîáñòâà ýíåðãèÿ α âûðàæåíà â áåçðàçìåðíûõ åäèíèöàõ è ñâÿçàíà ñ ýíåð-
ãèåé ôîòîíà E ñîîòíîøåíèåì α = E/E0, ãäå E0 � ýíåðãèÿ ïîêîÿ ýëåêòðîíà [3].
Âåêòîð ω′ ïðèíàäëåæèò ïîäìíîæåñòâó åäèíè÷íîé ñôåðû

Ωω,α = {ω′ ∈ Ω : α ≤ g(ω · ω′, α) ≤ α},
ãäå α � ìàêñèìàëüíàÿ ýíåðãèÿ èñòî÷íèêîâ èçëó÷åíèÿ. Íåðàâåíñòâà, îïðåäåëÿ-
þùèå ìíîæåñòâî Ωω,α íåïîñðåäñòâåííî âûòåêàþò èç ñîîòíîøåíèÿ Êîìïòîíà,
ñâÿçûâàþùåãî ýíåðãèè ôîòîíà äî è ïîñëå ðàññåÿíèÿ ñ êîñèíóñîì óãëà ðàññåÿ-
íèÿ, è âûðàæàþò òîò ôàêò, ÷òî ýíåðãèÿ ôîòîíà â ðåçóëüòàòå ðàññåÿíèÿ ìîæåò
òîëüêî óìåíüøèòüñÿ.
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Êîýôôèöèåíòû µ è σ â óðàâíåíèè (1) íàçûâàþòñÿ êîýôôèöèåíòîì ïîëíî-
ãî âçàèìîäåéñòâèÿ è äèôôåðåíöèàëüíûì ñå÷åíèåì ðàññåÿíèÿ, ñîîòâåòñòâåííî.
Ôóíêöèÿ σ(r, ω · ω′, α) âûðàæàåòñÿ ÷åðåç ïëîòíîñòü ýëåêòðîíîâ â ñðåäå è ñå÷å-
íèå ðàññåÿíèå Êëÿéíà � Íèøèíû [3]

σKN (α, α′) =
α

α′
+
α′

α
+

(
1

α′
− 1

α

)(
2 +

1

α′
− 1

α

)
ïðè ýíåðãèè α′ = g(ω · ω′, α), ãäå α ∈ [α, α], α > 0, α <∞.

Êàê ïðàâèëî, ïðîöåññ ïåðåíîñà èçëó÷åíèÿ ïðîèñõîäèò â íåîäíîðîäíîé ñðå-
äå, ïîýòîìó êîýôôèöèåíòû óðàâíåíèÿ (1) ïðåäñòàâëÿþò ñîáîé êóñî÷íî-íåïðå-
ðûâíûå ôóíêöèè â îáëàñòè G. Äëÿ õàðàêòåðèñòèêè íåîäíîðîäíîñòè ñðåäû ââå-
äåì â ðàññìîòðåíèå íåêîòîðîå ïîäìíîæåñòâî G0 ⊂ G ïëîòíîå â G è ñîñòîÿùåå
èç êîíå÷íîãî îáúåäèíåíèÿ ïîïàðíî-íåïåðåñåêàþùèõñÿ îáëàñòåé G1, G2, ...., Gp.
Ïðåäïîëàãàåòñÿ, ÷òî ãðàíèöû îáëàñòåé Gi ÿâëÿþòñÿ ãëàäêèìè ïîâåðõíîñòÿìè
êëàññà C1(∂Gi) è ìíîæåñòâî G0 óäîâëåòâîðÿåò óñëîâèþ îáîáùåííîé âûïóê-
ëîñòè [15, 16]. Óñëîâèå îáîáùåííîé âûïóêëîñòè íàêëàäûâàåò îãðàíè÷åíèå íà
ñòðîåíèå ìíîæåñòâà G0, çàêëþ÷àþùèåñÿ â òîì, ÷òî ëþáàÿ ïðÿìàÿ, èìåþùàÿ
îáùóþ òî÷êó ñ G0, ïåðåñåêàåò ∂G0 â êîíå÷íîì ÷èñëå òî÷åê.

Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèè µ ≥ const > 0 è σ ≥ 0 ïðèíàäëåæàò
ïðîñòðàíñòâàì Cb(G0 × [α, α]) è Cb(G0 × [−1, 1] × [α, α]), ñîîòâåòñòâåííî, ãäå
÷åðåç Cb(Y ) îáîçíà÷åíî áàíàõîâî ïðîñòðàíñòâî íåïðåðûâíûõ è îãðàíè÷åííûõ
íà íåêîòîðîì ìíîæåñòâå Y ôóíêöèé ñ íîðìîé ‖f‖Cb(Y ) = sup

y∈Y
|f(y)|.

Ââåäåì åùå ðÿä îáîçíà÷åíèé: X = G × Ω × [α, α]; X0 = G0 × Ω × [α, α];
Γ± = ∂G×Ω±(r)× [α, α]; Ω± = {ω ∈ Ω : sgn(n(r) ·ω) = ±1}, ãäå n(r) åäèíè÷íûé
âåêòîð âíåøíåé íîðìàëè â òî÷êå r ∈ ∂G.

Â ðàáîòå ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) ñ íà-
÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè ñëåäóþùåãî âèäà:

(2) I|t=0 = I0 íà X,

(3) I = 0 íà Γ− × [0,+∞).

Ôóíêöèÿ I0(r, ω, α) ≥ 0 â ñîîòíîøåíèè (2) îïèñûâàåò ñîñòîÿíèå ïðîöåññà â
íà÷àëüíûé ìîìåíò âðåìåíè t = 0. Îäíîðîäíîå óñëîâèå (3) èíòåðïðåòèðóåòñÿ
êàê îòñóòñòâèå èçëó÷åíèÿ, ïîñòóïàþùåãî èçâíå â îáëàñòü G.

3. Ôóíêöèîíàëüíûå ïðîñòðàíñòâà. Ïîñòàíîâêà çàäà÷è

Îáîçíà÷èì ÷åðåç Lr,ω ëó÷ èñõîäÿùèé èç òî÷êè r â íàïðàâëåíèè ω, òî åñòü
Lr,ω = {z ∈ R3 : z = r + tω, t > 0}. Ñîãëàñíî óñëîâèþ îáîáùåííîé âûïóêëîñòè
ëó÷ ïåðåñåêàåò ìíîæåñòâî ∂G0 â êîíå÷íîì ÷èñëå òî÷åê {r+tiω, i = 1, ..., q(r, ω)}.
Ïóñòü d(r, ω) � ðàññòîÿíèå îò òî÷êè r ∈ G äî ãðàíèöû îáëàñòè G â íàïðàâëå-
íèè ω, òîãäà èç îïðåäåëåíèÿ ìíîæåñòâ G0 è G ïîëó÷àåì d(r, ω) = tq(r,ω). Èç
âûïóêëîñòè îáëàñòè G âûòåêàåò, ÷òî d ∈ Cb(G0 × Ω) [16].

Ðàññìîòðèì îïåðàòîð L : D → Cb(X0), îïðåäåëåííûé âûðàæåíèåì

Lf = ω · ∇rf(r, ω, α) + µ(r, α)f(r, ω, α),
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ãäå ïåðâîå ñëàãàåìîå â îïðåäåëåíèè îïåðàòîðà L ïîíèìàåòñÿ êàê ïðîèçâîäíàÿ
â òî÷êå r ïî íàïðàâëåíèþ ω:

ω · ∇rf(r, ω, α) =
df(r + τω, ω, α)

dτ

∣∣∣∣
τ=0

.

Ìíîæåñòâî D ÿâëÿåòñÿ îáëàñòüþ îïðåäåëåíèÿ îïåðàòîðà L è ñîñòîèò èç ôóíê-
öèé f , óäîâëåòâîðÿþùèõ óñëîâèÿì:

1. äëÿ âñåõ (r, ω, α) ∈ X0 ôóíêöèÿ f(r+ tω, ω, α) àáñîëþòíî íåïðåðûâíàÿ ïî
t íà îòðåçêå [−d(r,−ω), d(r, ω)];

2. äëÿ âñåõ (r, ω, α) ∈ X0 ñïðàâåäëèâî óñëîâèå f(r − d(r,−ω)ω, ω, α) = 0;
3. ôóíêöèÿ Lf ïðèíàäëåæèò ïðîñòðàíñòâó Cb(X0).
Îïåðàòîð L èìååò îãðàíè÷åííûé îáðàòíûé

(4) L−1F =

d(r,−ω)∫
0

exp

− τ∫
0

µ(r − ωτ ′, α)dτ ′

F (r − τω, ω, α)dτ,

äåéñòâóþùèé èç Cb(X0) â D, ïðè÷åì

(5) ‖L−1F‖Cb(X0) ≤ (1− exp(−µd))

∥∥∥∥Fµ
∥∥∥∥
Cb(X0)

,

ãäå µ = ‖µ‖Cb(G0×[α,α]) è d � äèàìåòð îáëàñòè G. Äîñòàòî÷íî òðóäîåìêîå è

íåòðèâèàëüíîå äîêàçàòåëüñòâî íåïðåðûâíîñòè ôóíêöèè f = L−1F íà ìíîæå-
ñòâå X0 ïðè µ ∈ Cb(G0 × [α, α]), F ∈ Cb(X0) ìîæíî íàéòè â [16]. Çàìåòèì, ÷òî
èç ñîîòíîøåíèé (4),(5) âûòåêàåò âëîæåíèå D ⊂ Cb(X0).

Òàê êàê ôóíêöèè σ è g, êàê ôóíêöèè ïåðåìåííûõ (r, ω, ω′, α) íåïðåðûâíû è
îãðàíè÷åíû íà ìíîæåñòâå G0 × Ω× Ωα,ω,×[α, α]), òî îïåðàòîð ñòîëêíîâåíèé

Sf =
1

4π

∫
Ωω,α

k(r, ω · ω′, α)f(r, ω′, g(ω · ω′, α))dω′,

ïåðåâîäèò ïðîñòðàíñòâî Cb(X0) â ñåáÿ. Ýòîò ôàêò ÿâëÿåòñÿ ñëåäñòâèåì òåîðå-
ìû Ëåáåãà î ïðåäåëüíîì ïåðåõîäå ïîä çíàêîì èíòåãðàëà.

Ó÷èòûâàÿ ñâîéñòâà ëèíåéíûõ îïåðàòîðîâ L è S, îïðåäåëèì îïåðàòîð

A = −c(L − S),

äåéñòâóþùèé â áàíàõîâîì ïðîñòðàíñòâå Cb(X), ñ îáëàñòüþ îïðåäåëåíèÿ D.
Ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (1),(2),(3) áóäåì íàçûâàòü âåêòîð-ôóíê-

öèþ I(t), óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëîâèÿì:
çíà÷åíèÿ I(t) ïðè âñåõ t ∈ [0,+∞) ïðèíàäëåæàò D;
â êàæäîé òî÷êå t ñóùåñòâóåò ñèëüíàÿ ïðîèçâîäíàÿ ôóíêöèè I(t), ïðèíàäëå-

æàùàÿ ïðîñòðàíñòâó C([0,+∞);Cb(X0));
ñïðàâåäëèâû ñîîòíîøåíèÿ

(6)
∂I(t)

∂t
= AI(t),

è

(7) I(0) = I0,

ãäå I0 ∈ D. Òàêèì îáðàçîì, èçó÷åíèå íà÷àëüíî-êðàåâîé çàäà÷è (1),(2),(3) ñâå-
äåíî ê èññëåäîâàíèå êîððåêòíîñòè àáñòðàêòíîé çàäà÷è Êîøè â áàíàõîâîì ïðî-
ñòðàíñòâå.



ÇÀÄÀ×À ÊÎØÈ ÄËß ÍÅÑÒÀÖÈÎÍÀÐÍÎÃÎ ÓÐÀÂÍÅÍÈß ÏÅÐÅÍÎÑÀ 1947

4. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Äëÿ äîêàçàòåëüñòâà êîððåêòíîñòè çàäà÷è (6), (7) äîñòàòî÷íî ïîêàçàòü, ÷òî
íàéäåòñÿ òàêîå ÷èñëî β, ÷òî ðåçîëüâåíòà Rλ = (λI − A)−1 îïåðàòîðà A ñó-
ùåñòâóåò äëÿ âñåõ λ ∈ C, Reλ > β, è åå íîðìà îãðàíè÷åíà ÷èñëîì 1/(Reλ −
β). Â ýòîì ñëó÷àå òåîðåìà Õèëëå-Èîñèäû [13, 14] ãàðàíòèðóåò ñóùåñòâîâàíèå
åäèíñòâåííîé ñèëüíî íåïðåðûâíîé ïîëóãðóïïû U(t) ðàçðåøàþùèõ îïåðàòî-
ðîâ (I(t) = U(t)I0), ïðè÷åì íîðìà îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà îïåðàòî-
ðîâ U(t) íå ïðåâîñõîäèò âåëè÷èíû M exp(βt), M ≥ 1. Òàêîé ïîäõîä íàèáîëåå
ïðîñò â ðåàëèçàöèè è áûë èñïîëüçîâàí íàìè ïðè äîêàçàòåëüñòâå êîððåêòíîñòè
íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ ïåðåíîñà ñ îáîáùåííûìè óñëîâèÿìè
ñîïðÿæåíèÿ íà ãðàíèöàõ ðàçäåëà ñðåä [17�20].

Äëÿ âñåõ λ ∈ C ââåäåì â ðàññìîòðåíèå ñåìåéñòâî îïåðàòîðîâ

Lλ = L+
λ

c
I,

ãäå I åäèíè÷íûé îïåðàòîð. Îïåðàòîð Lλ, òàêæå êàê è îïåðàòîð L, ïðè
(8) Reλ > λ−, ãäå λ− = −c inf

(r,α)∈G0×[α,α]
µ(r, α),

èìååò îãðàíè÷åííûé îáðàòíûé

(9) L−1
λ F =

d(r,−ω)∫
0

exp

− τ∫
0

µ(r − ωτ ′, α)dτ ′ − λ

c
τ

F (r − τω, ω, α)dτ,

ïðè÷åì
(10)

‖L−1
λ F‖Cb(X0) ≤

c(1− exp(−(Reλ− λ−)d/c))

Reλ− λ−
‖F‖Cb(X0) ≤

c

Reλ− λ−
‖F‖Cb(X0) .

Âåçäå äàëåå, åñëè íå îãîâîðåíî ïðîòèâíîå, ïðåäïîëàãàåòñÿ ñïðàâåäëèâîñòü íåðà-
âåíñòâà (8). Åñëè íà ëèíåéíîì ôóíêöèîíàëüíîì ìíîæåñòâå D îïðåäåëèòü íîð-
ìó

(11) ‖f‖D = ‖Lλf‖Cb(X0) ,

òîãäà èç ñîîòíîøåíèÿ (10) íåïîñðåäñòâåííî âûòåêàåò íåðàâåíñòâî

(12) ‖f‖Cb(X0) ≤
c

Reλ− λ−
‖f‖D .

Èç (12) ñëåäóåò, ÷òî ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè ôóíêöèé â ïðîñòðàíñòâå
D âëå÷åò çà ñîáîé ñõîäèìîñòü â ïðîñòðàíñòâå Cb(X0). Òàê êàê ïðîñòðàíñòâî
Cb(X0) áàíàõîâî, òî íåòðóäíî ïîêàçàòü, ÷òî è D ñ íîðìîé (11) òàêæå îáðàçóåò
áàíàõîâî ïðîñòðàíñòâî (ñì., íàïðèìåð, [15,16]).

Ó÷èòûâàÿ îïðåäåëåíèå îïåðàòîðà Lλ, äëÿ ðåçîëüâåíòû îïåðàòîðà A ñïðà-
âåäëèâû ñîîòíîøåíèÿ

(13) Rλ = (λI − A)−1 = (λI + c(L − S))−1 = (L+
λ

c
I − S)−1c−1 =

= (Lλ − S)−1c−1 = (I − L−1
λ S)−1L−1

λ c−1.

Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ è îãðàíè÷åííîñòè ðåçîëü-
âåíòû îïåðàòîðà A äîñòàòî÷íî ïîêàçàòü ñóùåñòâîâàíèå îãðàíè÷åííîãî îïåðà-
òîðà (I−L−1

λ S)−1. Â ñëåäóþùåì ðàçäåëå ìû ïîêàæåì, ÷òî îïåðàòîð (I−L−1
λ S),



1948 È.Â. ÏÐÎÕÎÐÎÂ, È.Ï. ßÐÎÂÅÍÊÎ

òàêæå êàê è îïåðàòîð Lλ èìååò îãðàíè÷åííûé îáðàòíûé ïðè âûïîëíåíèè óñëî-
âèÿ (8).

5. Îñíîâíîå óòâåðæäåíèå

Ïðåæäå, ÷åì ïåðåéòè ê äîêàçàòåëüñòâó îñíîâíîãî óòâåðæäåíèÿ, äîêàæåì äâå
âñïîìîãàòåëüíûå ëåììû. Â ïåðâîì óòâåðæäåíèè óñòàíàâëèâàþòñÿ íåêîòîðûå
ñâîéñòâà îïåðàòîðîâ (L−1

λ S)n, à âî âòîðîì ïîëó÷åíà âñïîìîãàòåëüíàÿ îöåíêà
äëÿ ðåçîëüâåíòû îïåðàòîðà A.

Ëåììà 1. Äëÿ âñåõ (r, ω, α) ∈ X0 ñïðàâåäëèâî íåðàâåíñòâî

(14) |(L−1
λ S)nf(r, ω, α)| ≤ 1

n!

(
c ‖σ‖Cb(X0)

2(Reλ− λ−)

(
1

α
− 1

α

))n
‖f‖Cb(X0),

Äîêàçàòåëüñòâî. Ïðåäâàðèòåëüíî äëÿ ëþáûõ n ≥ 0 è α ∈ [α, α] ïîêàæåì ñïðà-
âåäëèâîñòü âñïîìîãàòåëüíîãî íåðàâåíñòâà

(15)
1

4π

∫
Ωω,α

(
1

g(ω · ω′, α)
− 1

α

)n
dω′ ≤ 1

2(n+ 1)

(
1

α
− 1

α

)n+1

.

Åñëè ïðè èíòåãðèðîâàíèè íà åäèíè÷íîé ñôåðå Ω èñïîëüçîâàòü ïàðàìåòðèçàöèþ

ω = ω(ν, γ) = (cos γ
√

1− ν2, sin γ
√

1− ν2, ν),

ãäå ν = ω · ω′ ∈ [−1, 1], γ ∈ [0, 2π), dω = dνdγ, òî, ó÷èòûâàÿ ñëåäóþùèå âûðà-
æåíèÿ äëÿ ôóíêöèè g(ν, α) è åå ïðîèçâîäíîé

(16) g(ν, α) =
α

1 + α(ν − 1)
,

∂g

∂ν
= − α2

(1 + α(ν − 1))2
= −g2,

ïîëó÷àåì

(17)
1

4π

∫
Ωω,α

(
1

g(ω · ω′, α)
− 1

α

)n
dω′ =

=
1

4π

2π∫
0

1∫
−1

χ[α,α](g(ν, α))

(
1

g(ν, α)
− 1

α

)n
dνdγ =

=
1

2

1∫
−1

χ[α,α](g(ν, α))

(
1

g(ν, α)
− 1

α

)n
dν = −1

2

α∫
α∗

(
1

α′
− 1

α

)n
dα′

α′2
≤

≤ −1

2

α∫
α

(
1

α′
− 1

α

)n
dα′

α′2
=

1

2(n+ 1)

(
1

α
− 1

α

)n+1

.

Ïðè ïîñòðîåíèè öåïî÷êè íåðàâåíñòâ (17) èñïîëüçîâàëèñü ñëåäóþùèå îáîçíà÷å-

íèÿ α∗ = min{α, g(−1, α)}, ãäå g(−1, α) =
α

1− 2α
.
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Òåïåðü ïðèñòóïèì íåïîñðåäñòâåííî ê îöåíêå âûðàæåíèÿ |(L−1
λ S)nf | íà ìíî-

æåñòâå X0 ïðè ëþáûõ n ≥ 1. Ïðè âñåõ Reλ > λ− èç (17) âñþäó íà X0 ïîëó÷àåì

(18)

∣∣L−1
λ Sf(r, ω, α)

∣∣ =

∣∣∣∣∣∣∣
d(r,−ω)∫

0

exp

− τ∫
0

µ(r − τ ′ω, α)dτ ′ − (Reλ+ iImλ)τ

c

×
× 1

4π

∫
Ωω,α

σ(r − τω, ω · ω, α)dω′dτ

∣∣∣∣∣∣∣ ‖f‖Cb(X0) ≤

≤
d(r,−ω)∫

0

exp

(
− (Reλ− λ−)τ

c

) ‖σ‖Cb(X0)

4π

∫
Ωω,α

dω′dτ‖f‖Cb(X0) ≤

≤ C
(

1

α
− 1

α

)
‖f‖Cb(X0),

ãäå ÷åðåç C îáîçíà÷åíî

(19) C(λ) =
c‖σ‖Cb(X0)

2(Reλ− λ−)
.

Èìåÿ â íàëè÷èè îöåíêó (18), ïðè ëþáîì n íàõîäèì

(20)
∣∣(L−1

λ S)nf
∣∣ ≤ C ∣∣∣∣(L−1

λ S)n−1

(
1

α
− 1

α

)∣∣∣∣ ‖f‖Cb(X0) ≤

≤ C2

2!

∣∣∣∣∣(L−1
λ S)n−2

(
1

α
− 1

α

)2
∣∣∣∣∣ ‖f‖Cb(X0) ≤ .... ≤

Cn

n!

(
1

α
− 1

α

)n
‖f‖Cb(X0),

ãäå C îïðåäåëåíà â (19). Ñðàâíèâàÿ ïîëó÷åííûé â (20) ðåçóëüòàò ñ òåì, ÷òî
òðåáîâàëîñü äîêàçàòü, çàêëþ÷àåì ñïðàâåäëèâîñòü óòâåðæäåíèÿ ëåììû. �

Ëåììà 2. Ðåçîëüâåíòà îïåðàòîðà A ñóùåñòâóåò ïðè Reλ > λ− è óäîâëå-
òâîðÿåò ñîîòíîøåíèþ

(21) ‖Rλ‖ ≤
exp (Λ/(Reλ− λ−))

Reλ− λ−
,

ãäå

(22) Λ =
c ‖σ‖Cb(X0)

2

(
1

α
− 1

α

)
.

Äîêàçàòåëüñòâî. Èç óòâåðæäåíèÿ ëåììû 1 âûòåêàåò, ÷òî ïðè ëþáîì n îïåðà-
òîð (L−1

λ S)n îãðàíè÷åí èç Cb(X0) â Cb(X0), ïðè÷åì

(23) ‖(L−1
λ S)n‖ ≤ Λn

n!(Reλ− λ−)n
.
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ãäå Λ îïðåäåëåíà â (22). Ó÷èòûâàÿ íåðàâåíñòâî (23) äëÿ íîðìû ðåçîëüâåíòû
îïåðàòîðà A ïîëó÷àåì

(24) ‖Rλ‖ = ‖((I − L−1
λ S)−1L−1

λ c−1‖ ≤ ‖L−1
λ c−1‖

∞∑
n=0

‖(L−1
λ S‖

n ≤

≤ 1

Reλ− λ−

∞∑
n=0

Λn

n!(Reλ− λ−)n
=

exp (Λ/(Reλ− λ−))

Reλ− λ−
.

Óòâåðæäåíèå ëåììû äîêàçàíî. �

Òåîðåìà 1. Çàäà÷à Êîøè (6),(7) îäíîçíà÷íî ðàçðåøèìà è ïðè âûïîëíåíèè
óñëîâèÿ

(25) λ− + Λ < 0

åå ðåøåíèå ñòàáèëèçèðóåòñÿ ê íóëþ ïðè t→∞.

Äîêàçàòåëüñòâî. Ïîäáåðåì êîíñòàíòó β òàê, ÷òîáû äëÿ ëþáîãî Reλ > β âû-
ïîëíÿëîñü íåðàâåíñòâî

(26)
exp (Λ/(Reλ− λ−))

Reλ− λ−
≤ 1

Reλ− β
.

Èç ñïðàâåäëèâîñòè (26) âûòåêàåò

(27) β ≥ λ− + (Reλ− λ−)(1− exp (Λ/(Reλ− λ−)) .

Òàê êàê äëÿ âñåõ Reλ > λ−

(28) 1− exp (Λ/(Reλ− λ−)) ≤ Λ/(Reλ− λ−),

òî íåðàâåíñòâî (26) áóäåò âåðíî äëÿ âñåõ λ, óäîâëåòâîðÿþùèõ óñëîâèþ Reλ >
β = λ− + Λ.

Èç (26) è ëåììû 2 âûòåêàåò, ÷òî íîðìà ðåçîëüâåíòû ïðîèçâîäÿùåãî îïå-

ðàòîðà A íå ïðåâîñõîäèò
1

Reλ− β
. Ïðèìåíÿÿ òåîðåìó Õèëëå-Èîñèäû [13, 14]

çàêëþ÷àåì, ÷òî ñóùåñòâóåò åäèíñòâåííàÿ ñèëüíî íåïðåðûâíà ïîëóãðóïïà U(t)
ðàçðåøàþùèõ îïåðàòîðîâ çàäà÷è Êîøè (6),(7)

(29) I(t) = U(t)I0 = lim
ε→+∞

1

2πi

∆+iε∫
∆−iε

e−λt(λI − A)−1I0dλ, ∆ > β,

ïðè÷åì ‖U(t)‖ ≤ M exp(βt), ãäå β = λ− + Λ. Îòñþäà â ÷àñòíîñòè âûòåêàåò
ñòàáèëèçàöèÿ ê íóëþ ðåøåíèÿ çàäà÷è Êîøè ê íóëþ ïðè β = λ− + Λ < 0.

�

Ñîãëàñíî Ëåììå 2 ñïåêòð îïåðàòîðà A ñîäåðæèòñÿ â êîìïëåêñíîé ïîëó-
ïëîñêîñòè, âñå ýëåìåíòû êîòîðîé, èìåþò îòðèöàòåëüíóþ âåùåñòâåííóþ ÷àñòü
λ ∈ C, λ = Reλ + iImλ, Reλ ≤ λ− < 0. Íå ñìîòðÿ íà îòìå÷åííûé ôàêò,
òåîðåìà ãàðàíòèðóåò óñòîé÷èâîñòü ïîëóãðóïïû U(t) òîëüêî ïðè âûïîëíåíèè
óñëîâèÿ λ−+Λ < 0. Òàêàÿ ñèòóàöèÿ íå ðåäêîñòü â òåîðèè ñèëüíî íåïðåðûâíûõ
ïîëóãðóïï ñ íåîãðàíè÷åííûìè ïðîèçâîäÿùèìè îïåðàòîðàìè [13,14].

Òåì íå ìåíåå â äîñòàòî÷íî óçêîì èíòåðåñóþùåì íàñ äèàïàçîíå ýíåðãèé
α ∈ [α, α] âñåãäà ìîæíî äîáèòüñÿ ìàëîñòè âåëè÷èíû Λ, îïðåäåëÿåìîé ñîîòíî-
øåíèåì (22), òàê, ÷òîáû îáåñïå÷èòü âûïîëíåíèå óñëîâèÿ (25), ãàðàíòèðóþùåãî
óñòîé÷èâîñòü ïîëóãðóïïû ðàçðåøàþùèõ îïåðàòîðîâ çàäà÷è Êîøè.
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